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ABSTRACT. The collision of cloctron and hydrogen atom has been intvestigatod
by the varationsl mothod of Hulthen mn tho energy raage helow the theeshold for the exeita-
tion of socond quantum level (10.2 ev) of atomic hydeogen. The wfluence of the polurisa-
tion has been taken mn the wave function which meludes o term indieating virtunl excitation
to 28 and 2pg levels, here this choiee loads to the oceurenco of pronounced rosonunco at
9.74 ov onergy which agrees with the theoreticul results of Burke and Schey (1962) in their

15-2s-2p close couplmg approxmation. Recently Schuly (1964) has expernmaentally found
a resonsnce pouk al 9 7 ov enorgy.

INTRODUCTION

The scattering of electrons by hydrogen atom is theoretically the simplest
of all eloctron-atom collision problems, hence it has been the subject of detailed
theoretical investigation. This has many important applications in astrophvsics,
controlled thermonuclear devices and other processes.

A number of experiments have been carried out on slow electron scattoring
by atomic hydrogen by Neynaber (1961), Brackmann, Fite ef ol (1958).  Recently
Schulz (1964) has reported an exporimental evidence for a reronance in the elastic
scattoring of clectrons hy atomic hydrogen. below the onset of excitation of the
clectronic statos of hydrogen atom.

The scattoring at low energy invotves the offect of exchange because of the
indistinguishability of the incident electron from atomic oloctron. There is a
great probability of the incident clectron being captured and the atomic electron
being cjected in the process of slow collision.  Moreover. due to the influence
of the incoming electron, there iy a polarisation effect arising out of the dictor-
tion of the spherically symmetrical charge distribution of 1s-electron cloud in the
neutral atomic hydrogen.

Massey and Moisoiwitsch (1951) have used variational method to caleulate
the S-wavo phase shift due to scattering of electrons by atomic hydrogen, taking
the exchange effect and the partial distortion of the atomic cloud. They have
troated this distortion by introducing explicity in the trial wave function a term
which depends on the electron-electron correlation distance ry,.  In rome of the
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more recent works (¢f. Burke and Schey (1962) with the use of modern computing
machines, sets of coupled equations resulting from the retention of only a few
solocted oxcitod states of the hydrogen atom in the wave function, have been
solved numerically. Burke and Schey (1962) have utilised a close—coupling
approximation in which the total wave -function has been expanded in hydrogen
cigen states and only torms corresponding to the 1s, 2s and 2p states are retained.
In their investigations, they have found that except for the very low energy region
below .68 ev the short-range distortion effeet dominates over the long-range
one and the 2s-state gives a largercontribution to the phase-shift than 2p state.
Morsover, once all statos corresponding to second quantum level have been in-
corporated in the formulation of the problem. all other remaining states have
negligibie offects.  Recently, Temkin and Pohle (1963) have caiculated the singlet
S-wave phaso shift in clectron hydrogen atom collisions below the inelastic
threshold, they have obtained two resonances, the first one centred at 9.4 ev
is broader than the second one occurring at 10.1 ov.

In the present paper, we have invoestigated the the S-wave phase-shift values
in eloctron-hydrogen atom collisions.  Since the proton is very massive comparerd
to the electron the wavefunction for the electron-hydrogen system will depend only
upon the coordinates of the bound and free electrons. Here wo assume that
the distortion of the initial le-state is in the form of a ruperposition of highor
oxcited #tates induced temporarily when the incident electron is close to the target;
but when the colliding electron is far away, the original ls-state of the bound
clectron is restored. Our formulatton is in conformity with the remark of Burke
and Schey (1962).  For simplicity of caleulations, we have considered the virtual
excitation to 28 and 2p, stales only, the polar axis being taken along the target
nucleus. Wo have used Hulthen's variational method to calculate the S-wave
phase-shift as a function of energy and we have neglected the effect of exchange.
By making use of Breit-Wignerformula we obtain a resonance at an energy 9.74 ev
which agrcos favourably with the most recent oxperimental findings by Schulz
(1964).

It is worth mentioning that previous calculations with the variational
moethod by Massey and Moiseiwitsch (1951) and Geltman (1960) have failed to
show the oceurrence of resonsnce, whereag our suitable choice of the wavefunc-
tion brings out the resonance with the samo variational method.

THEORY

The wave function yr(xr,, r,) of the system of two clectrons moving in the
field of a proton satisfies the wave equation

(H—E) yr(xy, rg) == 0 e (I
i H = -~ - Y.!2 - :2’ -—__l —_..I - _l.
vith [ 2 2 ror, * rm]
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In atomic units (i.e. e =m =k — 1 = a,); hore r, and r, aro the co-ordinate of
the atomic electron and impinging eloctron, respectively, relative to the proton
and 7y, is the distance between the olectrons.

Expanding the total wave function ¥ in torms of the eigen states of the targot
Hamiltonian, we have

¥(r; rp) = (2‘; FIVpu(xy) Fo(ry) e (2)
where the summation and intogration signs hawve thoir usual meanings. Hero
¥n(ry) represonts the wave function for the r-th stato of the hydrogen atom and

. . . 2
satisfies the eigen-value cquation (V,z—-rl —2E, ) yra(ey) = 0 where E, repre-
sents the ecigen-energy of the n-th state of the atom. If the kincotic cnergy of

K.z
e e . 0 . s
the incident eloctron is -5 » the functions ¥, must have the asymtotic forms

. )‘&.K 7y
Fy~ Koy | @ T"_‘ f(0g. $,)
2

K7

and F, ~ ”__;f__ TulOy y) e (3
2

ot o2

where E = L“)ﬂﬁ + B, = ]‘r)ﬁ* +E,

Hore E, and E, ropresent tho energics of the ground state and the z-th state of the
atom respectivoly and K, and K, represent respectively the momenta of the inci-
dent electron and scattered electron aftor oxcitation of the n-th state of the atom.

To solve equation (1) under the prescribed boundary conditions in (2). wo shall
apply the variational method of Hulthen (1944). We make a choice of the fol-

lowing trial wave function

Y(ey, 1) = x(ry, 1) Firy)

2 22
whoere x(ry. ;) == 'ﬁu(”l)( 1- a:;ﬁ "—'2'.2) | ayrg(ry)e ~T2 - Bl 2pory. ry)e T2

) = L oiKour, pe—ray(] —o—r2) €08 Koy } ,
F(ry) = {eiRomec (a-4-be ~rs)(1 —o=rs) Sp0002
here we have taken only tho S-wave part of the scatterod wave and x(r), 1) satis-
fies the normalisation condition [ y*ydr, = 1, correct to terms of the order of
a? and #2. The wave function F(r;) having adjustable parameters a and b has
the asymtotic form {eiko,rs4-a cos Kor,/Kr,} and is finite at the origin. The S-wave

phase-shift 7, is given by 7, = tan™' a.
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Wo substitute the trial wave function y(r;, r;) in the variational integral
L = [ ¢ (H~ Ey*dr, dr, e (4)

and ovaluate it. The value of the phase-paramoter ‘e’ is obtained from the fol-
lowing set of simultaneous equations

Lo, f,bya) = 0

oL
a7
f’]J
- 0
oy
oL
ok T 0

Tt is to be noted that cubes and higher powers of & and £ in L have been neg-
lected.

. . . 4m
The clasticS-wave cross-section Qi K2 sin® g,
0

In disucssing the resonance eftect. we decompose the total phase shift into
two parts a8 Wy — Npotsntiar <+ Presonanee Where p potential is the slowly varying
potential part of the phase-shift and 3 resonance is the phase shift due to the
resonance offect.  Following Burke and Schey, wo write

Qmml o ;{r 2 | Arn “]‘Apot ]2
0

where Ayes = 0200901 [€2170, —1]
and Aoy = [e2Zinpot - 1]

The S-wave resonant part of the cross section is written as

12
A L
= =gz, BINNpg,

Orea= ” K2
[}

K2

Ares

Hence wo got @, as a function of K 2.

Calculation of L
The variation integral L in (4) can be written in the form :

L=L,+L,
whero

Ly = | A*Pdr,+ [ B*Qdry+[[C*Ryrap *(r, xy) r2p(r;, ro)dr, dry
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2 2
wd L= (r: B r;) LA () + B () + C2po¥r, 7))

X[AYr (1) Bifrgslry)+ Cif2p(xy, ry))dr, dr,

in which
4= (1- ‘fj%ﬁz e—2r ) Fr,
B = ae—r1 F(r,)

C = pe~r: F(r,)

P = g2 {F(r,){ - (al;ﬁf )sz{"“m" F(r,)}-+ R‘o21f’(r2)__]\'02(£2_!~,/,’2 ),:—2;-.,]3(1.2)

Q = V.2{e—r2F(x,)}+ Koo —r:F(xy)-|- 2(e,—€y)e—r2 F(r,)

R = 1 vetle- r2F(r,) cos Op}-+ K gt - 2 F(wy)+ 2(6,— ey)e = T2 Firxy)

cos 0,

A*_ B* and (** are the complox conjugates of A, B and (! respoctively,
and ¢; and €, arc the binding onergics of the ground state (Ls) and 28 (also 2p)
states of the atom respectively.

On carrying out the integrations over dr; and over the angular co-ordinates
Oy, ¢y of dryspace, we got

L, = 1‘?’2 Jo-n [ps(1-4 cos 2K ry) | s sin 2K gry)dr,
0 0
4 T 2K in 2K g, |d
- Kk of [g(1 —cos 2Kyr,) | pg sin 2K 7, |dr,
0
T T[Tk +cos 2K )4 14 sin 2K rele 2 dr,
o 0

[ 4
— qma? [ [Try2le—2r: dr,
0

- g/;; - jp [7p3(1+4-cos2K yrp)+ 14p sin 2K role—2r: dry
o ©

- 27,

-, drg
2
Ty

n.

— El_giz f [4p%(14-cos 2K 4r;)+8p sin 2K(,r2]e.
o 0

— npr [ [Trp+8)e—2rdr,
0
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where

= (a+be—ri)(1—e—r2)
g =ae~724-b(2e-2r; —e-r3)
8§ — —ae—7r3+4-ble—ra—4e—2ry)

Similarly, we get

=3 (1 L) e2m ] ear

K, A Ty
w
87 I [(ry2-+-7p)e—2r:]dr,
4. o2 [ 219 8\ o—3py 1 —4
]_ﬁ[o{(r, +_.r2—1—6+.7..2) e~3rs— 8( 14 3 ) e—4ry ]tdr2
+ma? I [(re-2rg3 1 67,2 8r,)e— 3ra—8(r 2 4-1y)e — 4r2]dr,
°

i 78 ; [(=29) emon it (rtrory2s 504 90, 90) s,

3
) Ta Te "za

—8 (l+ -rl-s) e—4r; ] tdr,

+7r,82]2 [(—-?2) e—2rs}(ry -{—67'23-]—221'224-567'3..-{——96—{-9‘6 ) e—ir;

[}

—8(rg¥+rg) e—4r2 ] dr,

+_Kéf[(ra) e = rpananen 8098 o o g,

Ty £

[ o)
+maf I [ (48)6"2" 2~ (2rgt+-8r,3 247,21 48r,-1-48)e "’3'“] drg
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_¥2x2 e

57 xzjf‘;zj [ (3rg+2) e ”5/2"“] tdr,
0
32x2 T
—'_22; X e f [ (3rsz+2r=,)e-5/2'1]dr2
0

[-.]
32x2t gp . o 96, 64\ _5p2,, 64
- 243 - 2K°2-[ [( 27r, | 72 FE +;;~§> ¢ - rn-i-()—"z]idr._,

Ps

32X ¢
<4 2-:;—2 Xnﬂj‘ LETrg® | 72,2 | 967, 64)0=5/2r, Gde—r, ]dr.‘,
0
whero == Y14 cos 2K gr,) -+ 2p sin 2Ky

Thero is no further difficulty in carrying out tho integrations appoaring in L,
and L,, although the caleulations become very tediows due to the oceurrence of
a largo number of terms.  For simplicity in caloulations. we have taken b ~ 0.

In the low energy region we first find the solutions of the quadratic equation
L = 0 obtained by putting « = f'= 0. One of the solutions agroes with the
reqults of Maseey and Moisciwitsch (1951). Now to find the required rolution
of the sixth degroo equation at low cnergy we soarch the roct in the neighbourhood
of the particular solution mentionod above; a root is obtained difforing only slightly

g
g |
&
4
7
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1
% * ~h LN » ?

1Kl (an)
Fig. 1. The S.wave phase shift is plotted as a function of K,? in the neighbourhood of
resonance.
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from the particular solution choson of the quadratic equation. Once the root
has been fixed for a particular low energy, the phase-shifts for higher encrgios have
beon obtained by solving tho sixth degree oquation and using the continuity
property of the phase-shift.

RESULTS AND DISCUSSIONS

We have ovaluated tho S-wave phase-shift values for the case b = 0 in the
trial function F(r,), for energics ranging from 3.4 ev to 9.85 ov by using only the
coupling of Is, and the virtuaily excitod 2s and 2p, statos.

We give a plot of S-wave phase shift values g, versus K? in Fig. T. In tho
presont calculation the 2s state gives a large correction to the S-wave phase shift
than the 2p, state at the energy range under considoration.  This fact has beon
corroborated by the results obtained by Bruke and Schey (1962).

The most notable characteristic part of our result is the sharp incroase in phase
ahift values above Ko == .70. The curve has a pronounced resonating behaviour,
with a definite flattoning out before the threshold is reached.

Tn the Fig. (2), we have plotted @, as a function of K¢* Uring  Breit-Wigner

cross seetion formula

Oy = 47 I2/4
res — 7 Ty

Al’z (E‘“me)z { T

4
~ L
E
5 3
EX X
.702 708 710 714 718 722
K,?(au)

Fig. 2. The resonant part of S-wave cross-section is plotted as a function of K,2.

we obtain E,,, = (.7158a.1w.) 9.735 ev, which agrees very favourably with experi-
mental findings by Schulz (1964). The value of our resonance cross section comes
out to be 5.203ma,? and the calculated vaiue of the width I' of the resonanco state

is found to be about .055 ev.
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In experiments by Schulz (1964) 1t has heon observed that the width of reso-
nance in atomic hydrogen is approximately double that of helium, which could
not be resolved due to hmited energy resolution (~.3 ey )and the drop in the elastic
seattering crossdscction. indicative of resonance is centred m the vianity of 9.7
A5 ev. Honee the position of hydrogen resonance m our case 1 m very good
agroement with the experimental findigs by Schulz (1964)  Also our total S-wave
cross section (. tor the encrgy 3.4 ev comes ot o he equal to 1232 in units of
ma,? whoreas the eaperimental value of the total eross soction from the curve of
Noynaber (1961) 1s about 1118 w2 Henee our result for total S-wave cross
secetion without exchange m the low energy region agrees reasonable weil with
experiment

Recently. several theoretical papers have appeared showing the existence of
of resonance level helow the threshold for exeitation of the second quantum level
Thus. Burke and Schey (1962) have obtamed a regonance at 961 ev. o ith a width
of 109 ev i 'S state and the corresponding resonance cross seetion bemg 5.66
magt.  Numerical caleulations taking the effect of exchange mto account are in

progress and will be published soon
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