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ABSTRACT. The responses of o Prezo Eloetrical Plate Transducor, vibrating in a thick-
ness mode exeted by transient stress ainput has been worked out followmg  the  powerful
operitionu] method due to Heaviside  The problem s diseussod m two ditforent cases, (a) the
transducor s open at both ends, (h) to one end of the transducer thae s o rosistanee Joading,
As a particulnn ease the results corresponding to periodie stress mput to the Plate Transdueer

hias also boen diseussed e the present paper
INTRODUCTION

Rigorous theory for o Piozo-Electric Crystal Vibrator of any form and orien-
tation, vibrating in any desired mode would have to take account of all boundary
conditions, size and position of eloctrodes. losses due to diclectrne and mounting
non-linear offects. coupling due to different modes of vibration. non-umformity
of eteetric fiold, and when the electrodes soparated by a gap, inchuding possible
resonance effect in the airitself. - While no such general theory has been attempted.
special problem involving most of these considerations have heen attacked by may
writers.  Wo conxidor a few smaple cases here,  In practice, the commonest type
of Prezo-Transducers are the bar, vibrating compressionally lengthwise and the
Plate vibrating in the thickness mode.  For this purpose one cnploves an X-cut
quartz plate  With this cut the vibrations are compressional, the Plate hecoming
alternately thicker and thmer  The experimental evidence of this mode of
vibration is that acoustics waves in the air are emitted  from the surface. A
number of practical problems mvolve the application of a transient eloetrical or
mochanieal signal to Piezo Eleetrical Transducer and also continuous wave gencra-
tion for ultrasonic use and detoction.  Redwood (1961) has studied the charac-
teristics of transient pulses, responses cte. for a Piezo Eloctric Transducer (both
Plate and Bar) in the case when the input exeiting function is a step function.
In this paper the mput is taken as a mathematical function of time.  Spocial
cases have been worked out using sinusoidal exeiting function both Moechanical
and Electrical acting as continnous wave-guide which, as Redwood has remarked
elsowhere. is nearer the type of source obtained in practice than those represented
by simple mathematical functions. Tho results worked out here after reasonablo
approximations agroe with the results arrived at by Redwood,
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EXPLANATIONS OF THE SYMBOLS USED

X == Length of the Plate

t = Variablo timo.

x = Variable length, measured along the length of the Plate.
§ = Mochanical displacement of any particle in the x-direction
§o = Mechanical displacement of any particle at « = 0.

v = Velocity of propagation of wave along the Platc

F = Mochanical stross applied to the surface normal to 2-ire Lon at o
h = Piezo-electric constant.

@ = Total charge at the surface of the Plate

V == Potential across the Plate from &+ 0 to & X,

E = Young’s Modulus of the material of the Plage

Cy = Static Capacitance of the Plato-transducor.

R = Resistance due to Plate Transducer.

0

D= :ilt (Operator).

SOLUTION OF THE PROBLEM

In the present problem we propose to find out c¢leetrical response when a
Piezo-electric Plate transducer is oxcited by transiont wmechaniceal stross jnput
and vice-versa. The equation of vibration of a Piczo-clectrie Plate-transdacor
is,

g, P 1 0
o a drs (.0
solution of which is,
£ — 1 cosh n | Brinh I: x o (1)
)

A, B being constants.

We consider that the Plate is vibrating mochanically in a thickness-mode and
the z-axis coincides with this particular direction.  The potential difference across
the Plate transducer is relatod with the corresponding displacements of the two
onds of the Plate by,

Ve 1@)oms— ol | o . (20)

0

The equation for the planc compressional wave propagation along 2-direction
at x = 0 of the Plate can be written as,

FihQ=E ( %i ) e (30)

T=al)
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The problem has been discussed m two distiiet cases In case T the transducer
1 open at both ends ie o the Plate s comented hetween two semi-infinite mecha-
meal systems and in ease 1T to one end of the transducer there is a resistance
loading anadogons 19 the ease of a fined-free system

The two cases are explained following the powerful operational wethod due
to Heaviside whieh s very straight forward shorteut and gives results of higher
dcceutacs
Cuse |

Here the cncuit may be taken to he open the condition tor which is at

o (LI &n . (40)

+ X ST v (D)
N

() 1]

Relation (1.1 together with these end-conditions give

cosh (1:e)(¢ - X)

L I ol
° S cosh (DX 0
and the cquation for compressional wave propagation is,
7¢
FooElF e 15,
i r?r). o o-1)
From (5 0) and (A1)
Fr I n . N
o - - coth . X e (0.2)
Thus the potential difference as obtained by the help of (5.2) and (2 0) s
e 1
v M (M x) LI o ()
K V2o '
where, iy  fodt. Kty  Fhh RN (NG

The equation (6.0) reprosenting the series ean also be summed up like a geometri-

cal progression when

" A
I’ lup{f'( ‘)I b ¢ e (6.2)

~in.

. . w1
The average value of #/(x./r) for t between nx/e and (1)
"
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Then the

r .
W here l. '/" | iy the greatest anteger hut not gieater than ’/\
.

quantity

I/'\ Li/"}; _;..t,r 0

"

bast— v diops diseontimously at ¢ Vet

mereases uniformly 1o
This clementary theory does not take into

and then rvepeats atselt periodically
account the attenuation due to losses withi the materal (Jefferss 1956

I the mechanical stress apphed be perodie step input 1e il

Kty F cos el ) sin o e (T

)
From (6 0) and 7.0) 1t follows that there corresponds aperiodie step voltage response
m agreement with that derived by Smha (1962)
Cuse 1

Here the transducer s conmeeted 1o a finte dectrieal impedence o1 resistanee
Y ohms  The boundimry conditions are at

! 0 1‘. ""’u ‘ 3
. 7 . .. bl
LN (8 0)

ro
r-

The relation (1.1) with the above houndary conditions give

sinh “ (N )
,
(9 &)

ra.

“l

stih -l-) N
'

and the electroanechameal stross relation at the mput end of the Plate is eiven by,

F oWy - K ( ')“{\) . (o
e n
From (90) awd (1L0)

(F by X e (0D
X ) !

&

The expresaion for the eleetrical response can now be obtained by the help of the

equations (10 1) (2.0) and the relation ’ DR to he

hF» 1
4 . - e (110
! K () )

.
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where,

: 1 kWL D }1 D
D)= [ 4w~ g e tanh—EX] 5 tanh DX oLl

Now substituting the exponential values for hyperbolic tangonts in oguation
(11.1) and writing D+a = D,, D48 = D, respectively, we got

(D) - DD, [} {l f)“g }exp(-—-2DX/v) ] e (11.2)
]){ ]-——(‘X)( ~-—2D.X)}L ik
¥ I —-v
vhete, DD, (Da)D-Lp) - D4 p— P (12.0)
e C.R ER
wmd --2, —/7 are the roots of the equation, D, D, = 0 given by,
i 1 1 4h% \ 1t
RS . - N e (121
[ /i 2[('03*((.;,232}%)] (120

With the help of (11.0) and (11.2) the difference of potential across the ends of the
Piczo-cloctric Plate transducer can he obtained as,

c WF D [ 2DX\\ [y, 2ap (“ZDX)TI
' ) lm{' “x"( " p )} [1 F{l 1)',1")2}""}’ A

(13.0)

Neglecting terms containing higher powers of af other than unity in the multi-
nomial expansion of relation (13.0) we obtain,

7 ])__(_@D 228D ) o ( _21)x> ( 2D _ 6apD )
E 'p,p,” \Dp,” Dgpg) P\ T DD, DDy

_4DX '\ ¢/ 2D  10apD _6DX\
(»xp( " ) (Dlﬁ: I_)lnzT).‘;z) oxp< el )-{ ] . (13.1)

Thus,

4DX }

DX e —epty exp |~ 422

v =[ r—ern-2nmes (-

—{2f",(6)—107,&)} exp( — 91.’515) +o.. ] .. (132)
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wheore, Silt)y = — }Ziﬁ . Dlj)
1+~
_ __hF 1 1

1, ]
AR [  =ef— 21— a')] . (14.0)

wd = - BT
S [ ) e (4 2
. (14.0)
Therefore,
v [ro=far (50) 2 (=20 ))
o 45 )
e (1~ 63') S 10f, ( /- ‘%)} F o ] .. (15.0)

Relation (15.0) is the electrical voltagoe response corresponding to the given mecha-
nical stress input to the Plate transducer. a result quite in agreemont. with that
derivod by Redwood (1961).

DISCUSSIONS

Discussion I : If further approximation bhe made in the right hand side
expression for the valwe V in (15.0) by neglecting terms containing higher powers
of b other than one, the expression for V is,

vV _——[ f’,(t)_-)f]'(t— 355 )_uf’](t X )— ] ... (16.0)

v

The first term of which is.

hnF D

4 == - ~ . - — sea ] 7 IO

70 E DD, (17.9)
_ _WwF eh—e . (17.1)

E W Ta-f
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I
hreyRE e (7.2
'I"v (\ ] ¢ ,) |l l-..)
"now Koas very large
I - ln"l’ o (18.0)
E
Thus to the first order of approximation

v hel (19.0)

A

Fouation (190) shows 17 i hoearly dependent on time 1

Discussion 11 periodic stress s applied 1o
A N n 120 1)
D - e
The first term of the expression of 17 mequation (16.0) s
f )
1) hel, / 21 )

E (D ieDD,

Sinee x - 40 v are the simple zeros of the denominator by Heavisides axpan-

ston theorem we get

740 hok, L e o . pe B! 1ot ! (21 1)
2

K oy f) (B e 4 (x i) i)
The real part ot the vight hand side of (21.1) is given by,

hek, e fe B oA, 1)
EF | (22~wd) 1) (% )i~ a) (221 @2)(f%-- @P)

o8 ol

(-:\17/1'w (u‘)_ sin o ," 290
(2 W) (M2 ) “ J S (=2

Nince the higher powers of b is neglected  we have, g . 6 x = 1'eyR It nown

R i~ very large x— 0 and the first termof ' hecomes

by 1

sin ! e (230
K © ’ ( )

quite similar to that obtained by Sinha in the case of an open erenit,
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It turther o s very small (23 0) hecomes

hek,

(2em
K

Thus the electrical voltage response under different cases and approxmations
can be obtained by resalts in relations (6 3) (7.0) (15 0) (23.0) and (24.0).

The converse problem ie the Mechanical stress response corresponding o
voltage inpnt is uider consideration of the anthoms amd will b pablished soon.
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