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TERM VALUES IN COMPLEX SPECTRA
(COLUMBIUM 1 & 1)

By V. RAMAKRISIINA RAO)

(Received for publication, August 19, 1015)

ABSTRACT. Term valnes inthe casc of d' and d% s configurations of Ch 1T have been
caleulated from Ostrofshy’s and Bowman's tormulac and comparcd with experimental data
dne to Meggers and Humplirevs  New formulie are caleulated £ df < conbiearation of
Ch Tand the term valucs estimated from them are found to agrec well with the observed

data, the positions of the unidentified terms are also predicted.
INTRODUCTTION

Ina paper on the theery of complox spectra, Slater (192¢) first tieated
atomic multiplets by the method of wave-mechanics and derived 1) Hund's
scheme for multiplet classification directly from thieory and «2) cnergy distances
of multiplet tarms in atomic  spe tra aising out of a given  electronic
configuration.  Definite formulie ware calewlated for the energy values of
cortain integrats which could he estimated well enough to permit comparison
with experiment. A fairly cood acreemaent was shown from typical examples
of  spectra due to confienrations  particalatly ol cquivalent p* and d°
clections,

Condon and Shortley (1y31) applied slater’s wethod o dotermine formulwe
for the tetation hetween the encigies of terms for all two celection and scveral
cases of three cleetron  configurations, and in particular extonded Stater’s table
of values for a® g 5 U’y and 6" by 5 P'y)in the case of equivalent f
clectrons, represented by the spectrum of Janthanum 11, Slater's method,
however, does not distinguish hetween terms of the samce type occuring more
thin once in a eiven configuration, cases of which are vary  tiequent in the
more complex spectra, the method gives only their mean enaigies. But for
this deficiency the Slater-Condon fHomulae in terms of their s and G's are
capable of viving a good agrecment with experimental observation.

A different method of treatment of the problem of complex spectia wis
given by Van Viech Gozp and extended by Sarber 1921 . Dirac’s veetor
model was cmploye Uhy them and Serber was able to obtain aiso the energy
differences Detween similar terms of the same configuration, which couid not
be done in the Slater derivation.

“Lhe purpose of the present paper is to apply the results of the theorcetical
work outiined above, to check up the energy values of the mualtiplet-terms
arising out of the d' and v configurations in Ch I1, the d's configuration of
Ch I, the structure of which was worked out extensively hy Mcegeer and
Humphrey (1o40).  This attempt has led to the calenlation of - expressions
for the d*s configuration which have not been determined before, and to
estimate in the above spectra the values of a few terms which are yet to be

identified.
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RESULTS

Spectrum of Cb 1] :—Tables I and IT embody the results in the spectrum
of Cb II for terms due to the d' and d’s electron configurations respectively.
The first column in each table contains the configurations, the second the
predicted terms.  The experimental data as obtained from the analysis of the
spectrum are given in the third coluinn. ‘These values are reduced and
expressed  with respect to the lowest term which is adopted as zero.  Further
the mean value of a multiplet term alone is given against each ; the individual
components cannot be considered here.  They involve thce question of intervals
which werc discussed for Cb I and Cb II according to Goudsmit’s method,
carlier papers by the author (Rao and Rao, 1948). The fourth column gives the
cnergy valucs of terms as calculated from the theoretical formulic  quoted in
the last column. The formulwe n Table I are due to Ostiofsky (1934) and those
mentioned in Table II are taken from Bowman'’s paper (1941). The derivation
of these formulic was by the methods of Van Vleck and Scrber. For the
meaning of the paramcters /s and s reference may be made to Condon
and Shortley’s work., T‘or estimating the numerical values of these parameters
in the above formulae the author adopted the method of Normal

equations.
Tanre 1
Term values of Ch 11
Config. ; Term Obs. value [ Cal value 1 Formula (Ostrofsky)
i | I
| — = - |
RE | |
! 5D l 0 | =212 ! 6Fy =211y — 1801y
‘ ‘H 1 9311 3 0556.6 ! oF)— 17k~ 691:‘,
3G [ Houbso | 10715.4 ] 6Fg—120 - g4l
‘31) 1.'(?92 T 124090 | Fg— 51— 1291%
1 S I 4 S-S KR 7t XU 61y~ 15k~ 9F4
Mean valuc of | 16710.1 | 15716.5 ; 6F — w1.6 )
3y 20557 7 30773.0 F I 4 20028 1‘460] B2
Meanvalue of | roore | agies | Vg sly—76
ean value o | 16191.0 15716 § 61 Sly—176
P, |68 22647 { 1 110121 + 38025 112, 996(;1 tIT )12
3P / 5813 7 11160 3 -
Mean valne of | 21187 6 201265 6Fg— 514 ~6.5
G, L9y 3 ~25490.2 J +1(7081% + 30825 F, -—’1421)1‘21‘ IR
‘\T '(,I ] [ 14265.9 | 147628 l oFt ‘ P
ean valuc o 211392 | 23454 3% Yoty ‘2——7 51
my, 30530.0 | 860gs 2 | +1(1206, I",-Ho‘l s — 10190 FFy) 112
D 11738 4 —230186 6 ‘

|
|
Mean mlue of \ 20204.5 oL+ lubg+6P
167 8 | 42927.6 |+ ¥r30881’22+133°or>1’2 —20h4011gF ) 12
‘% I 15481.4
t r 17983 9 t 18007.5 61"0—-84174
! B L i
6Fg=23299 5 Fy=552.7 Fy=63

Note —In this and the following tables the suffixes + and — indicate the higher and
lower of two similar terms and the corresponding formulie must be taken with the

respective signs.
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TasrLe 11

Term values of Cb I

. ‘
Config. Term ‘[ Obs. value ‘f Cale. value ’ Formulwe (Bowman)
S
dis e ‘ 10913 0 S1og 6 ! Fo—147l - =30y
}“ p I 11055.2 [ 11842 0 1 Fy—1471% + G,
! r 20y30.0 | ’8"53-“' Lg- Ol 121 =26,
! p 20137.6 ‘ 19018.2 5 j Iy— OFy—12F,
g 35108 -1L50 9 J Vg - 1517 =721 30
i3 ‘ 1900 20812 | Ly asly—r2li4 Gy
3¢ 25378, 27212.5 o+ oFy—871% 20,
Iy 31762 3 ‘ 29078 7 Fot+  9ly—871%
! G 13851.1 ! 14908 Fo— 1l - 26,
‘ G 16219.0 ! 16801 7 I0— nil,+ 131,
T 0062. ‘ 18052.0 Lo— 61, 121 -2G,
71 210731 ’ 19918.2 Ly 61y —121
D, — | 16025 1 Lo+ sy + 31 —26,
D 213329 | 20412.3 Jg._'.(1931"22~m_snI"Zl",-5-83,:51"‘,>i
D, \ 17801 3 Fo+ sly+ 36
D | 21332 278 s £10931%, 165015104 83512}
|
17y=28651 8 Fy=1214.2 IYy~120.7 Gy- 933.1

The following five expressions are taken and equated to their numerical values
as found from the experimental data. “I'hen we have

S - oFg-21ly &Yy o

M- 6Fg—1;Fy— 0gFy g311.3

G=6Fg—1.:1% - o1l 100065.3

A oFg- sly-129lfy y20n2.7

=0l 150 ol 148712

More cquations arc taken thau there are counstants to be determined

as the latter are mot rigid in their values but are adjustable to give maximum
satisfaction to the equations. The procedure of finding the valucs of thesce
constants, which will give the largest mecasure of agreement with the
numerical values, is as detailed below.
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If the cocfficients of the three constants arc respectively a, b, and ¢,
and d is the numerical value of the expiession, i.c., the term on the 1ight
hand side and \ is the algebraic sum of the a, b, ¢, and d, then the
correspondmg  values for the five terms for cach of the equations are tabulated

as below (—

‘I'ABLE 111

a b

1 21
1 =-17
1 1"
1 5
1 15

i

5 =70

¢ d
- Ix\() 4
— 69 Oy11 3
91 100635 3
129 12602 7
- 9 14871 2
— 1 46010 5

- 209

9220 3
9uHO 3
1°559.7
11818 >

4638+ 5

‘I'he tormation of
conducicd.

For, \is cqual to the algebraic sum of a, b, «, and d.

1s just to indicate the correctness of the operations

T'hen

cach row 15 muitiplied by the value of “u’ m that 1om as shown in the

followiny arrangement :—

ua ub

e

ad

(L

(this arrangement is the same as above, for, ali «’s are taken as umty)

Similarly with b and ¢ as tollows .—

TABLE 1V

ab bb j e bd b
— ! y_
i [ {
11 | 3969 —o ‘ =435
289 i 1173 -15%202 1 y —15h847 1
114 | 1128 --120783 6 ~119323 6
| 25 .‘ "5 63103 5 ~ 02798 5
' 225 I 135 ! -223008 0 ‘ 21230
_ o | !
|
-70 I 112 7080 - 565607 557503
TABLE V
ac } be o od ’ 1
! |
- - } — e — - - — - j e
35721 > i 39599
( 4761 = 04-479 7 i 636611 7
883h ~ 946138 2 ’ ~ 936208.2
6641, ~1637358 3 --1620201 3
81 — 133810 8 —133633 8
! T
_ ; )
—490 | 7050 66040 [ —3359817.0 ~ 32872170
| . .
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The values of the sums of «’s cte. are taken as the coefficients of the
respective F's and the normal equations are formed.
sTg—701,~ 1911 = 10910 5
=70l 1124, 470501 —5650)7.2
—490F ¢+ 7050 1650 101 = — 3359817 0

For each constant there is an cquation, and solving the thiec sumultancous
equations, the valucs of the F's are obtumcd  These values give maximum
satisfaction to the equations and arc given at the foot of cach tablc
Substituting them i the espressions 101 the terms the teim-values are
obtained and given in column 4

SPECTRUM O1 Ch 1

Table VI gives sinnlar calcuiations tor the terms i the spectium of
Ch 1, anising from the dlection configuiation d's ‘I'he theoretical formulic
for this configuation have thus becn obtained by the author.

Van Vleck (1934) has shown that m the casc of a configuation of the
form sa*, the eneigy due to the addition of an s cleetron to the core a*,
caters in the following manna,

W=Wih) =K, {h+ 2SS+ =88, t 11—=3 g }—kja- e (1)
‘I'\BLE V1

‘I'erm values of Ch 1

Calc val  Cal val

! a (authot
(Ton data) (Formulw, Formula (author)

Config; Base , Tam  Obs val

dis 5 61) o o 181 01y 11, xé:QF,v— 33,
D | 53114 Sq20 b Sgs 61y 211, 189F4 26,
D1 11 To012 1 11520 1CON4 O 0l g=171 ;— O9lYy =206,
1 g1 16570 O 1057 1521 1.0 olg 1;1%  (QF+ C’.!
W46 oSy a2z Doaigge, ol 12k, 9IF -G,
i 2G | 10g01 6 173 O 168 ly 1T ol (,‘,
Moyt afme gy 1Sy < 2919 6Ly Fy 70 51-2G,
Sp_ 4 — 11931.9 | FH6121 200514 4800 Ey 1)
1 + 2y + ‘ R SNIT 0 "1‘0 ‘SI'.{ 'fY ﬁF; t ‘;z ,
W 17155 O 22 202 T2 1560k, )1
‘DD 11830 0 149 1 1280 OFg 51, 19ly 26,
2D 10054 1831 0l g- Fy 1208+ G,
3p, 1 1P, aghry & S 1')877 v 6Hy L —76 sl =Gy
r | a | — ! bogn ; i g P 2%- 18021 ‘—-ogéllgl g2
P, p, | 13285 N103 4 1.1«0 sl,—76 gl* + G, )
p_| 757 3 FHigiel 2380051 4% ggboF 1)1
1 o - 17439 1 | oFy s, oYy Gy
1G, G, - [ 20047 6 6L N1 ,- 0S5y G, ‘
1. 2G — 1755 2 | 4 ’(,06F2‘+308‘51'4 -0}2 1' R
ir By 197119 oIy 811 - G,

\
. | 3710 6Fo+ ol 76 51— Gy
1 4y, - 7390 | ot 9lg 7 a
O L L R o | L0l acBasTy T J0 g joltyly) 112
e zg | | 422421 | ol g+ 10X,+ 6F -G,
M S | — 1 178617 |+ 1(3088F 2413320003 - 20040F,F 112
| |

¥y=26748 9 Iy = 466.7 Fy 63 Gym1742 0 Ko, =1684
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where W s the cucigy of sa*
W (a*) the energy of «* alone
Ka.+ the exchange energy between the s cicctron and core a
1Jas The Coulomb cnergy
S the resultant spin

PR
. (i eo the hase terms)

S* The spin of the core a
The core « gives rise to a certain set of terms ; 1f we add an s-ciectron
the multiplicity is changed by +1. Thus nd' gives «'D terms, hesides some
morc.  Addition of an s-clectron gives «'D and «'D.  From a knowledgce of
the coergy of "D, we can caleulate that of *D and/o1*D, if Ka, and J, arc
determined.
But S=S.+!

thercfore the difierence between 'D and ‘D is merely given by
hAv=2K,, 8,14 v (2

The difference Dbetween the two terms that arise out of an addition of an
clectron to the core is just propottional to 2(S; +4)=25.+1, i . the
multiplicity of the core terms or the bases ou which the two terms arc formed.
Taking the above case we have
D=1D=hArv=2(K, (S, +})
=(ESL | I]K,”
:‘-SI\:{I t (3)
The difference is equal to 5 times a constant.
Taking again a "D of d* and the resulting ‘D, *I) of d's we have

H-*D=3K,, B

Ihus the 'D terms computed from cqns. 3 and 1) are  obtained
separately and we can get different formulie for the two similar terms.
T'aking from Ostiofsky’s formula the eneigy value of D aund substitutiug

this in equation (1) for W (ax) we have

WO =W(D) =K, Ak +2[ SIS+ 1) =8 (Se+4 )=37 11+ kjae
=W0OD)=4K. 4+ ki,
Similarly
WEDI=W(ED) Ko+ ko
Subtracting *D—"'D is = 5K, ,, as previously obtained.

Thus in computing the theoretical formula for the "D, it is scen that the
formula differs from the base ( D) only in one respect, it contains an additional
term (=4Kq). (The term kju, is only a Coulomb term afiecting only the
absolute level but not the relative separation and so can be ncglected from

consideration;,
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Similarly the ‘D differs only in containing an additional term Kg .
The value for the other 'D from °D bhasc is

W(D)=W(D)=3K,,
which is obviously different fiom the "D out of the 'D base. ‘I'he wvalue for
the °D out of the 'D is W(*D)=W('D) +o

Tabulating the results obtained in the above two typical cascs :

TpLE VII

Config base | config term , formula
|

d* D | d's | D WD) =Ke.=6F, = 211", — 180, 4K,
AD WDV Kao=6IY, - 21F, =187, + Kga.
|

D b'D W D)= 3K, =6F,— st —1201" —3Ka,

r ‘D (W(D)-a =6, — sF.—120F,

This additional term containine the constant K,. can in fact be denoted
by the Slater-Condon’s G's for it represents the interaction encrgy hetween
non-cquivalent eclections {d and +). ‘I'his method can be followed tor the
derivation of formula for ail other terms of d's out of all bases given by
the d* configuration. In the above mecthod of representation rt can be easily
scen that the 2D has apparently the same energy as the base D and there
is no symmetrical disposition of the formule in that the 'D terms have
different coefficients for the GG's.  Bowman in his derivation for d’s has
given the formuli in this fashion But a moie symmetrical and clegant
method of 1epresentation is scen i Condon and Shortley formulae for the
d* « ete. 1t is easy to see that all that matters in the formulas is that *D and ‘D
must differ by 5G.  So instead of putting ‘D= D—4G and a'D="D1G, we
may put *D="'D=3G and «*D= D+ 2G which gives "D~ "D=—5G Similarly
we may put b'D=°D=20 and *D="D+G which gives b'D—"D= -3G. The
advantage of this representation is that similar terms like a’D aud b'D have
the same coefficient for ('s (varying in sien) and no term appears with the
same formula as that of the corresponding basc term. It will be relevant to
point out a regularity here mnamely the sextet formulac contain as the
coefficient of G, 3 ; the quariet contains 2, and the doublet 1.

The respective formulw obtained thus are given in the last column of
Table VI against each termi. The numerical values of the constants are
determined by the method of mnormat equations explained earlier, and are
given at the foot of the table and the values of the terms themselves arc

shown in column 5.
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A different method is also adopted to calculate the term values utilising
the experimental data of the analysis of Cb II. Thc procedure, as mentioned
previously, is:

‘D="D=4Ks,'Sp+1)

trom which K,, is calculated assumiug the observed values of ‘D and 'D of
d's configuration in Cb 1. Substituting this vaiue of K., in Van Vicek's
equation (1) the values of the terms of d" s of Cb I can be determined knowing
those of d'of Ch Il. “The value of kj,. necd not be known for reasons
alrcady mentioned. It should be noted that the terms of Cb I which can be
calculated by this proceduie is limited by the known number of terms of d'
configuration of Cb I1.  All terms which could thus be calenlated are shown
in the same ‘I'able V1 in column 4. ‘These values provide another check
on the theoretical formulie.

A study of the Tables I, IT and VI aud a comparison of the calculated
and observed term values in Ch I and Cb IT indicate generally a fairly ¢ood
agreement. A few exceptions are "H, 'I' and “F and perhaps P of d's
configuration of Ch 11 in which the discrepancies arc rather large. It should
be noticed that this agrecment is approximate and considered as a method
for the prediction of unknown terms. It gives us a rough dlsposition of the
region of the multiplets.  With this limitation Table VI contains the predicted
values of the several terms of Cb I which are yet to be identified. These
are expected to be uscful in further work on the analysis of the spectrum.
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