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W e review som e recentresultson the connection between CP violation atlow

energies and Leptogenesis in the fram ework ofspeci�c 
avour structures for

the fundam entalleptonic m assm atrices with zero textures.
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1. Introduction

Neutrinos have m asses which are m uch sm aller than the other ferm ionic

m assesand thereislargem ixingin theleptonicsector.TheStandard M odel

(SM ) ofelectroweak interactions cannot accom m odate the observed neu-

trino m asses and leptonic m ixing since in the Standard M odelneutrinos

are strictly m assless:the absence ofrighthanded com ponentsforthe neu-

trino �elds does not allow one to write a Dirac m ass term ;the fact that

the lefthanded com ponents ofthe neutrino �elds are partofa doublet of

SU (2)rulesoutthe possibility ofintroducing M ajorana m assterm ssince

these would violate gauge sym m etry;�nally,in the SM ,B � L is exactly

conserved,thereforeM ajorana m assterm scannotbegenerated neitherra-

diativelyin higherordersnornonperturbatively.Therefore,neutrinom asses

requirephysicsbeyond theSM .Atpresent,thisistheonly directevidence

forphysicsbeyond theSM .Theorigin ofneutrino m assesrem ainsan open

question.It is part ofa wider puzzle,the 
avour puzzle,with questions

such aswhether ornotthere is a connection between quarksand leptons

explaining the di�erent patterns of
avourm ixing in each sector and the

di�erent m ass hierarchies.In the seesaw fram ework1{5 the explanation of

the observed sm allness ofneutrino m asses is related to the existence of

heavy neutrinos with m asses that can be ofthe order ofthe uni�cation

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by CERN Document Server

https://core.ac.uk/display/93516421?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://arxiv.org/abs/0712.1930v2


April12,2013 13:13 W SPC -Proceedings Trim Size:9in x 6in m nrdark07

2

scaleand haveprofound im plicationsforcosm ology.M ixing in theleptonic

sectorleadsto the possibility ofleptonic CP violation both atlow and at

high energies.CP violation in the decay ofheavy neutrinosm ay allow for

the explanation ofthe observed baryon asym m etry ofthe Universe(BAU)

through leptogenesis.6 Neutrino physicsm ay also berelevantto theunder-

standing ofdark m atterand dark energy aswellasgalaxy-clusterform a-

tion.Recentdetailed analysesofthe presenttheoreticaland experim ental

situation in neutrino physicsand itsfuture,can be found in Refs.7 and 8.

In thiswork thepossibility thatBAU m ay begenerated vialeptogenesis

through the decay ofheavy neutrinos is discussed.Leptogenesis requires

CP violation in the decays ofheavy neutrinos.However,in generalit is

not possible to establish a connection between CP violation required for

leptogenesisand low energy CP violation.9,10 Thisconnection can only be

established in speci�c 
avourm odels.The factthatin thisfram ework the

m assesoftheheavy neutrinosareso largethatthey cannotbeproduced at

presentcollidersand would have decayed in the early Universe showsthe

relevance of
avourm odelsin orderto prove leptogenesis.In whatfollows

itwillbeshown how theim position oftexturezerosin theneutrinoYukawa

couplingsm ay atthe sam etim econstrain physicsatlow energiesand lead

to predictionsforleptogenesis.

2. Fram ew ork and N otation

The work described here isdone in the seesaw fram ework,which provides

an elegentway toexplain thesm allnessofneutrino m asses,when com pared

to the m assesofthe otherferm ions.

In the m inim alseesaw fram ework,the SM is extended only through

the inclusion ofrighthanded com ponents for the neutrinos which are sin-

gletsofSU (2)� U (1).Frequently,onerighthanded neutrinocom ponentper

generation isintroduced.Thiswillbethecasein whatfollows,unlessother-

wisestated.In fact,neutrinom assescan begenerated withoutrequiringthe

num berofrighthanded and lefthanded neutrinostobeequal.Presentobser-

vationsareconsistentwith theintrodution oftwo righthanded com ponents

only.In thiscaseoneofthe threelightneutrinoswould be m assless.

W ith onerighthandedneutrinocom ponentpergenerationthenum berof

ferm ionicdegreesoffreedom forneutrinosequalsthoseofallotherferm ions

in the theory.Howeverneutrinosare the only known ferm ionswhich have

zero electricalchargeand thisallowsoneto writeM ajorana m assterm sfor

the singletferm ion �elds.After spontaneous sym m etry breakdown (SSB)
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the leptonicm assterm isofthe form :

Lm = � [�0
L
m D �

0
R +

1

2
�
0T
R C M R �

0
R + l0

L
m ll

0
R ]+ h:c:=

= � [
1

2
n
T
L C M

�
nL + l0

L
m ll

0
R ]+ h:c: (1)

with the 6� 6 m atrix M given by:

M =

�
0 m D

m T
D M R

�

(2)

the upperscript0 in the neutrino (�)and charged lepton �elds(l)isused

to indicate thatwe are stillin a weak basis(W B),i.e.,the gaugecurrents

arestilldiagonal.The charged currentisgiven by:

LW = �
g
p
2
W

+
� l0

L


�
�
0
L + h:c: (3)

Since the M ajorana m assterm isgauge invariantthere are no constraints

on thescaleofM R .Theseesaw lim itconsistsoftakingthisscaletobem uch

larger than the scale ofthe Dirac m ass m atrices m D and m l.The Dirac

m ass m atrices are generated from Yukawa couplings after SSB and are

thereforeatm ostofthe electroweak scale.Asa resultthe spectrum ofthe

neutrino m assessplitsinto two sets,oneconsisting ofvery heavy neutrinos

with m assesofthe orderofthatofthe m atrix M R and the othersetwith

m assesobtained,to a very good approxim ation,from the diagonalisation

ofan e�ectiveM ajorana m assm atrix given by:

m eff = � m D

1

M R

m
T
D (4)

This expression shows that the light neutrino m asses are strongly sup-

pressed with respectto theelectroweak scale.Thereisno lossofgenerality

in choosing a W B wherem l isrealdiagonaland positive.Thediagonaliza-

tion ofM isperform ed via the unitary transform ation:

V
T
M

�
V = D (5)

where D = diag(m 1;m 2;m 3;M 1;M 2;M 3),with m i and M i denoting the

physicalm assesofthelightand heavy M ajorana neutrinos,respectively.It

isconvenientto write V and D in the following block form :

V =

�
K G

S T

�

; D =

�
d 0

0 D

�

: (6)

Theneutrino weak-eigenstatesarethen related to them asseigenstatesby:

�
0
iL

= Vi��� L = (K ;G )

�
�iL

N iL

� �
i= 1;2;3

�= 1;2;:::6

�

(7)
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and the leptoniccharged currentinteractionsaregiven by:

LW = �
g
p
2

�
liL
�K ij�jL + liL 
�G ijN jL

�
W

� + h:c: (8)

with K and G being the charged currentcouplings ofcharged leptons to

the lightneutrinos�j and to the heavy neutrinosN j,respectively.

In theseesaw lim itthem atrixK coincidestoan excellentapproxim ation

with the unitary m atrix U� thatdiagonalisesm eff ofEq.(4):

� U
y
� m D

1

M R

m
T
D U

�
� = d (9)

and the m atrix G veri�esthe exactrelation:

G = m D T
�
D

�1 (10)

and isthereforevery suppressed.

In a generalfram ework,with M sym m etric,without the zero block

present in Eq.(2) the 3 � 6 physicalm atrix (K ;G ) ofthe 6 � 6 unitary

m atrix V would depend on six independent m ixing angles and twelve in-

dependent CP violating phases.11 This would be possible with a further

extention ofthe SM including a Higgs triplet.The presence ofthe zero

block reducesthe num berofindependentCP violating phasesto six.12 In

the seesaw fram ework m assive neutrinoslead to the possibility ofCP vio-

lation in theleptonicsectorboth atlow and athigh energies.CP violation

at high energies m anifests itselfin the decays ofheavy neutrinos and is

sensitiveto phasesappearing in the m atrix G .

3. Low Energy Leptonic P hysics

The light neutrino m asses are obtained from the diagonalisation ofm eff

de�ned by Eq.(4)which isan e�ectiveM ajoranam assm atrix.Theunitary

m atrix U� that diagonalises m eff in the W B where the charged lepton

m assesare already diagonalrealand positive isknown asthe Pontecorvo,

M aki,Nakagawa,Sakata (PM NS)m atrix,13 and can beparam etrised as:14

U� =

0

@

c12c13 s12c13 s13e
�i�

�s 12c23 �c 12s23s13e
i�

c12c23 �s 12s23s13e
i�

s23c13

s12s23 �c 12c23s13e
i� �c 12s23 �s 12c23s13e

i�
c23c13

1

A � P (11)

with P = diag (1;ei�;ei�),�and � arephasesassociated to theM ajorana

characterofneutrinos.TherearethreeCP violating phasesin U�.

Experim entallyitisnotyetknownwhetheranyofthethreeCP violating

phasesoftheleptonicsectorisdi�erentfrom zero.Thecurrentexperim ental
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boundson neutrino m assesand leptonic m ixing are:14

�m 2
21 = 8:0

+ 0:4
�0:3 � 10�5 eV

2
(12)

sin2(2�12)= 0:86
+ 0:03
�0:04 (13)

j�m 2
32j= (1:9 to 3:0)� 10�3 eV

2
(14)

sin2(2�23)> 0:92 (15)

sin2 �13 < 0:05 (16)

with �m 2
ij � m 2

j� m
2
i.Theangle�23 m ay bem axim al,m eaning45

�,whilst

�12 is already known to deviate from this value.Atthe m om ent,there is

only an experim entalupperbound on the angle�13.

Itisalsonotyetknownwhethertheorderingofthelightneutrinom asses

isnorm al,i.e,m 1 < m 2 < m 3 orinverted m 3 < m 1 < m 2.Thescaleofthe

neutrino m assesisalso notyetestablished.Directkinem aticallim itsfrom

M ainz15 and Troitsk16 placean upperbound on m � de�ned as:

m � �

s
X

i

jUeij
2m 2

i (17)

given by m � � 2:3 eV (M ainz),m � � 2:2 eV (Troitsk).The forthcom ing

K ATRIN experim ent17 isexpected to be sensitive to m � > 0:2 eV and to

starttaking data in 2010.18

It is possible to obtain inform ation on the absolute scale ofneutrino

m assesfrom thestudy ofthecosm icm icrowaveradiation spectrum together

with thestudyofthelargescalestructureoftheuniverse.Fora
atuniverse,

W M AP com bined with other astronom icaldata leads to19
P

i
m i � 0:66

eV (95% CL).

Neutrinoless double beta decay can also provide inform ation on the

absolute scale ofthe neutrino m asses.In the present fram ework,in the

absence ofadditionallepton num ber violating interactions,it provides a

m easurem entofthe e�ective M ajorana m assgiven by:

m ee =
�
�m 1U

2
e1 + m 2U

2
e2 + m 3U

2
e3

�
� (18)

The presentupperlim itism ee � 0:9 eV 20 from the Heidelberg-M oskow 21

and the IG EX 22 experim ents.There isa claim ofdiscovery ofneutrinoless

double beta decay by the Heidelberg-M oscow collaboration.23 Interpreted

in term sofa M ajoranam assoftheneutrino,thisim pliesm ee between 0.12

eV to 0.90 eV.Thisresultawaitscon�rm ation from otherexperim entsand

would constitute a m ajordiscovery.
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Itwasshown thatthestrength ofCP violation atlow energies,observ-

able for exam ple through neutrino oscillations can be obtained from the

following low energy W B invariant:24

Tr[heff;hl]
3 = � 6i� 21� 32� 31Im f(heff)12(heff)23(heff)31g (19)

where heff = m effm eff
y, hl = m lm

y

l
,and � 21 = (m �

2 � m e
2) with

analogous expressions for � 31,� 32.The righthand side ofthis equation

isthe com putation ofthisinvariantin the specialW B where the charged

lepton m assesarerealand diagonal.In thecaseofno CP violation ofDirac

type in the leptonic sectorthisW B invariantvanishes;on the otherhand,

itisnotsensitiveto thepresenceofM ajoranaphases.Thisquantity can be

com puted in any W B and thereforeisextrem ely usefulform odelbuilding

since itenablesone to investigatewhethera speci�c ansatz leadsto Dirac

type CP violation ornot,withoutthe need to go to the physicalbasis.It

isalso possibleto writeW B invariantconditionssensitiveto theM ajorana

phases.Thegeneralprocedurewasoutlined in Ref.25 whereitwasapplied

to the quark sector.Forthree generationsitwasshown thatthe following

fourconditionsaresu�cient24 to guaranteeCP invariance:

Im tr
�
hl(m eff m

�
eff)(m eff h

�
l m

�
eff)

�
= 0 (20)

Im tr
�
hl(m eff m

�
eff)

2 (m eff h
�
l m

�
eff)

�
= 0 (21)

Im tr
�
hl(m eff m

�
eff)

2 (m eff h
�
l m

�
eff)(m eff m

�
eff)

�
= 0 (22)

Im det
�
(m �

eff hlm eff)+ (h�l m
�
eff m eff)

�
= 0 (23)

provided that neutrino m asses are nonzero and nondegenerate (see also

Ref.26).In Ref.27 alternativeW B invariantconditionsnecessary to guar-

anteeCP invariancein theleptonicsectorunderlessgeneralcircum stances

aregiven.

4. Leptogenesis

The observed baryon asym m etry ofthe universe(BAU)isgiven by:28

nB � n
B

n

= (6:1

+ 0:3
�0:2 )� 10�10 : (24)

Itisalready established thatthisobservation requiresphysicsbeyond the

SM in orderto beexplained.O neofthem ostplausibeexplanationsisLep-

togenesis6 where out-of-equilibrium L-violating decaysofheavy M ajorana

neutrinosgeneratealepton asym m etrywhich ispartiallyconverted through

sphaleron processes29 into a baryon asym m etry.Thelepton num berasym -

m etry "N j
,thusproduced wascom puted by severalauthors.30{34 Sum m ing
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over allcharged leptons one obtains for the asym m etry produced by the

decay oftheheavy M ajorana neutrino N j into thecharged leptonsl
�

i
(i=

e,�,�):

"N j
=

=
g
2

M W
2

P

k6= j

h

Im

“

(m
y

D
m D )jk(m

y

D
m D )jk

”

1

16�

“

I(xk)+
p
xk

1�x k

”i

1

(m
y

D
m D )jj

=

=
g
2

M W
2

P

k6= j

h

(M k)
2
Im

“

(G
y
G )jk(G

y
G )jk

”

1

16�

“

I(xk)+
p
xk

1�x k

”i

1

(G yG )jj

(25)

whereM k denotetheheavy neutrino m asses,thevariablexk isde�ned as

xk =
M k

2

M j
2 and I(xk)=

p
xk

�

1+ (1+ xk)log(
xk

1+ xk
)

�

.From Equation (25)

it can be seen that,when one sum s over allcharged leptons,the lepton-

num berasym m etry isonly sensitive to the CP-violating phasesappearing

in m
y

D
m D in theW B,whereM R isdiagonal.W eak basisinvariantsrelevant

forleptogenesiswerederived in:9

I1 � Im Tr[hD H R M
�
R h

�
D M R ]= 0 (26)

I2 � Im Tr[hD H
2
R M

�
R h

�
D M R ]= 0 (27)

I3 � Im Tr[hD H
2
R M

�
R h

�
D M R H R ]= 0 (28)

with hD = m
y

D
m D and H R = M

y

R
M R .These constitute a setofnecessary

and su�cientconditionsin the caseofthree heavy neutrinos.See also.33

Thesim plestrealisation oftherm alleptogenesisconsistsofhaving hier-

archicalheavy neutrinos.In thiscasethereisa lowerbound forthem assof

thelightestoftheheavy neutrinos.35,36 Depending on thecosm ologicalsce-

nario,therangeform inim alM 1 variesfrom order107 G ev to 109 G ev.37,38

Furtherm ore,an upperbound on thelightneutrinom assesisobtained in or-

derforleptogenesisto beviable.W ith theassum ption thatwashoute�ects

arenotsensitiveto thedi�erent
avoursofcharged leptonsinto which the

heavy neutrino decays this bound is approxim ately 0:1 ev.39{42 However,

itwasrecently pointed out43{51 thattherearecaseswhere
avourm atters

and the com m only used expressions for the lepton asym m etry,which de-

pend on the totalCP asym m etry and one single e�ciency factor,m ay fail

to reproducethecorrectlepton asym m etry.In thiscases,thecalculation of

the baryon asym m etry with hierarchicalrighthanded neutrinosm usttake

into consideration 
avourdependentwashoutprocesses.Asa result,in this

case,the previous upper lim it on the lightneutrino m asses does not sur-

vive and leptogenesis can be m ade viable with neutrino m asses reaching

the cosm ologicalbound of
P

i
m i � 0:66 eV.The lowerbound on M 1 does
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notm ove m uch with the inclusion of
avoure�ects.Flavoure�ects bring

new sourcesofCP violation to leptogenesisand the possibility ofhaving a

com m on origin forCP violation atlow energiesand forleptogenesis.52{55

Therearevery interesting alternativescenariosto them inim alleptoge-

nesisscenario brie
y m entioned here.Itwaspointed outatthisconference

that an SU(2)-singlet neutrino with a keV m ass is a viable dark m atter

candidate.56 Som e leptogenesisscenariosare com patible with m uch lower

heavy neutrino m assesthan the valuesrequired form inim alleptogenesis.

5. Im plications from Zero neutrino Yukaw a Textures

Thegeneralseesaw fram ework containsa largenum beroffreeparam eters.

The introduction ofzero textures and/or the reduction ofthe num ber of

righthanded neutrinosto two,allowsto reduce the num berofparam eters.

In thiswork only zero texturesim posed in the fundam entalleptonic m ass

m atricesare considered and,in particular,zero texturesofthe Dirac neu-

trino m assm atrix,m D in theW B whereM R and m larerealand diagonal.

Zero textures ofthe low energy e�ective neutrino m ass m atrix are also

very interesting phenom enologically.57 The physicalm eaning ofthe zero

texturesthatappearin m ostofthe leptonic m assans�atzewasanalysed in

a recentwork58 where itisshown thatsom e leptonic zero texture ans�atze

can be obtained from W B transform ationsand therefore have no physical

m eaning.

In general,zero textures reduce the num ber ofCP violating phases,

as a result som e sets ofzero textures im ply the vanishing ofcertain CP-

odd W B invariants.59 Thisisan im portantfactsince clearly zero textures

are not W B invariant,therefore in a di�erent W B the zeros m ay not be

presentm aking itdi�cultto recognisetheansatz.Furtherm ore,itwasalso

shown59 thatstarting from arbitrary leptonicm assm atrices,thevanishing

ofcertain CP-odd W B invariants,togetherwith theassum ption ofno con-

spiracy am ong theparam etersoftheDiracand M ajorana m assterm s,one

isautom atically lead to given setsofzero texturesin a particularW B.

Fram pton,G lashow and Yanagida have shown60 that it is possible to

uniquely relate the sign ofthe baryon num ber ofthe Universe to CP vi-

olation in neutrino oscillation experim ents by im posing two zerosin m D ,

in the seesaw fram ework with only two righthanded neutrino com ponents.

Two exam plesweregiven by theseauthors:

m D =

0

@

a 0

a0 b

0 b0

1

A or m D =

0

@

a 0

0 b

a0b0

1

A (29)
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The two zerosin m D elim inate two CP violating phases,so thatonly one

CP violating phase rem ains.Thisisthe m osteconom icalextension ofthe

standard m odelleading to leptogenesisand atthe sam e tim e allowing for

low energy CP violation.Im posing thatthe m odelaccom m odatesthe ex-

perim entalfactsatlow energy strongly constrainsitsparam eters.

In Ref.61 m inim alscenariosfor leptogenesis and CP violation at low

energieswere analysed in som e speci�c realisationsofseesaw m odelswith

three righthanded neutrinosand fourzero texturesin m D ,where three of

thezerosarein theuppertriangularpartofthem atrix.Thislatterpartic-

ularfeaturewasm otivated by thefactthatthereisno lossofgenerality in

param etrising m D as:

m D = U Y4 ; (30)

with U a unitary m atrix and Y4 a lowertriangularm atrix,i.e.:

Y4 =

0

@

y11 0 0

y21 e
i�21 y22 0

y31 e
i�31 y32 e

i�32 y33

1

A ; (31)

where yij are realpositive num bers.Choosing U = 1 reducesthe num ber

ofparam etersin m D .M oreover,U cancelsoutin the com bination m
y

D
m D

relevantin the case ofun
avoured leptogenesis,whilst it does not cancel

in m eff.Therefore choosing U = 1 allows for a connection between low

energy CP violation and leptogenesis to be established since in this case

the sam e phasesa�ectboth phenom ena.The nonzero entriesofm D were

written in term sofpowersofa sm allparam etera la FrogattNielsen62 and

chosen in such a way as to accom m odate the experim entaldata.Viable

leptogenesiswasfound requiring the existence oflow energy CP violating

e�ects within the range ofsensitivity ofthe future long baseline neutrino

oscillation experim entsunderconsideration.

In order to understand how the connection between CP violation re-

quired forleptogenesisand low energy physicsisestablished in thepresence

ofzeros in the m atrix m D ,the following relation derived from Eq.(9) in

the W B whereM R and m l arerealpositiveand diagonalisim portant:

m D = iU�

p
dR

p
D R (32)

with R an orthogonalcom plexm atrix,
p
D R adiagonalrealm atrixverifying

the relation
p
D R

p
D R = D R and

p
d a realm atrix with a m axim um

num berofzerossuch that
p
d
p
d
T
= d.Thisisthe wellknown Casasand

Ibarra param etrisation.63 From thisequation itfollowsthat:

m
y

D
m D =

p
D R R

y
p
d
T p

dR
p
D R (33)
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Since the CP violating phasesrelevantforleptogenesisin the un
avoured

case are those contained in m
y

D
m D ,itisclearthatleptogenesiscan occur

even ifthereisno CP violation atlow energiesi.e.no M ajorana-orDirac-

type CP phases at low energies.10 Un
avoured leptogenesis requires the

m atrix R to be com plex.In 
avoured leptogenesis the separate lepton i

fam ily asym m etry generated from the decay ofthe kth heavy M ajorana

neutrinodependson thecom bination45 Im

�

(m
y

D
m D )kk0(m

�
D )ik(m D )ik0

�

as

wellason Im

�

(m
y

D
m D )k0k(m

�
D )ik(m D )ik0

�

.Them atrix U� doesnotcancel

in each ofthese term sand itwasshown thatitispossible to have viable

leptogenesis even in the case ofrealR,with CP violation in the PM NS

m atrix asthe sourceofCP violation required forleptogenesis.

From Eq.(32)itisclearthatonezero in (m D )ij correspondsto having

an orthogonality relation between theith row ofthem atrix U�

p
d and the

jth colum n ofthe m atrix R:

(m D )ij = 0 : (U�)ik
p
dklR lj = 0 (34)

Ibarra and Ross64 showed that, in the seesaw case with only two

righthanded neutrinos,asinglezerotexture,hasthespecialfeatureof�xing

the m atrix R,up to a re
ection,withoutim posing any furtherrestriction

on lightneutrinom assesand m ixing.Thepredictionsfrom m odelswith two

zero textures in m D were also analysed in detailin their work,including

the constraintson leptogenesisand lepton 
avourviolating processes.The

num ber ofalldi�erent two texture zeros is �fteen.Two zeros im ply two

sim ultaneous conditions ofthe type given by Eq.(34).Com patibility of

thesetwo conditionsim pliesrestrictionson U� and
p
m i.O nly �veofthese

casesturned outto be allowed experim entally,including the two casesof

Eq.(29)in thisreference.

Allofthese two zero texture ans�atzesatify the following W B invariant

condition:59

I1 � tr

h

m D M
y

R
M R m

y

D
;hl

i3

= 0 (35)

with hl= m lm
y

l
,asbefore.Itwasalso shown59 thatforarbitrary com plex

leptonicm assm atrices,assum ing thatthereareno specialrelationsam ong

the entries ofM R and those ofm D this condition autom atically leads to

one ofthe two zero anz�atzeclassi�ed in Ref.64.The assum ption thatM R

and m D are notrelated to each otherisquite natural,since m D and M R

originatefrom di�erentterm softhe Lagrangian.

There are otherCP-odd W B invariantswhich vanish forallofthe two

zero texturesjustm entioned,even ifthey arisein a basiswhereM R isnot
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diagonal.An exam pleisthe following W B invariantcondition:59

I
0
� tr

h

m D m
y

D
;hl

i3

= 0 (36)

which isveri�ed forany texture with two zerosin m D in a W B where m l

isdiagonal,while M R isarbitrary.

The case ofzero textures with three righthanded neutrinos was also

considered in Ref59.In thiscase the W B invariantI1 alwaysvanishesfor

threezerotexturesin m D with twoorthogonalrows,which im pliesthatone

row hasno zeros.The caseofthreezeroscorresponding to two orthogonal

colum ns ofm D ,which in this case im plies that one colum n has no zeros

leadsto the vanishing ofa new invariantI2,de�ned by:

I2 � tr

h

M
y

R
M R ; m

y

D
m D

i3

(37)

Fourzero texturesin thecontextofseesaw with threerighthanded neu-

trinosarestudied in detailin Ref.65.Itisshown thatfouristhem axim um

num berofzerosin texturescom patible with the observed leptonic m ixing

and with theadditionalrequirem entthatnoneoftheneutrino m assesvan-

ishes.Itisalsoshown thatsuch textureslead to im portantconstraintsboth

atlow and high energies,and allow fora tightconnection between lepto-

genesisand low energy param eters.Itispossiblein allcasesto com pletely

specify them atrix R in term soflightneutrino m assesand the PM NS m a-

trix.These relationsareexplicitly given in Ref.65.
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