
 

  
  
  
  
  
McMeekin, S.G. and Khokhar, A.Z. and Basudev, L. and De La Rue, 
R.M. and Johnson, N.P. (2007) Analysis of resonant responses of split 
ring resonators using conformal mapping techniques. In, Kuzmiak, V. 
and Markos, P. and Szoplik, T., Eds. Metamaterials II, 16-18 April 2007 
Proceedings of SPIE--the International Society for Optical Engineering 
Vol 6581, Prague.

 
http://eprints.gla.ac.uk/3703/  
  
  
  
 



Analysis of resonant responses of split ring resonators using conformal 

mapping techniques. 

  
Scott G McMeekin,  

Department of Electrical and Electronic Engineering, School of Science Engineering and Design, 

Glasgow Caledonian University, Cowcaddens Road, Glasgow, G4 0BA, United Kingdom 

Ali Z. Khokhar, Basudev Lahiri, Richard M. De La Rue and  Nigel P. Johnson. 

Department of Electrical and Electronic Engineering, University of Glasgow, Oakfield Avenue, 

Glasgow, G12 8QQ, United Kingdom 

 

ABSTRACT. 

We report a novel method for modeling the resonant frequency response of infra-red light, in the range of 2 to 10 

microns, reflected from metallic spilt ring resonators (SRRs) fabricated on a silicon substrate. The calculated positions of 

the TM and TE peaks are determined from the plasma frequency associated with the filling fraction of the metal array 

and the equivalent LC circuit defined by the SRR elements. The capacitance of the equivalent circuit is calculated using 

conformal mapping techniques to determine the co-planar capacitance associated with both the individual and the 

neighbouring elements. The inductance of the equivalent circuit is based on the self-inductance of the individual 

elements and the mutual inductance of the neighboring elements.  

 

The results obtained from the method are in good agreement with experimental results and simulation results obtained 

from a commercial FDTD simulation software package. The method allows the frequency response of a SRR to be 

readily calculated without complex computational methods and enables new designs to be optimised for a particular 

frequency response by tuning the LC circuit. 
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1. INTRODUCTION. 

Much attention has focused on a specific class of metamaterials
1
 with the potential of possessing a negative permittivity, 

! and negative permeability,  " enabling them to achieve negative refraction
2
 and to be exploited for a wide range of 

novel applications including perfect lensing
3
. Optical metamaterials are typically formed from an array of elements 

whose dimensions are in the order of one tenth of the wavelength of the light with which they interact. A common 

element used to form the metamaterial array is the Split Ring Resonator (SRR), which shows a strong dependence on the 

orientation of the polarization of the incident light with respect to the orientation of the geometry of the SRRs. To 

achieve a true negative index in the material, both the permittivity, !, and the permeability, ", of the material should go 

negative over the same frequency range. When this condition is satisfied the material can be classified as a “left handed” 

and is often referred to as a Negative Index Material or NIM. The condition can be satisfied with in-plane incident 

geometries
4,5

 with simple planar arrays of split ring resonators, however, light incident to the normal of the surface 

shows a distinct difference in the spectrum of reflected and transmitted light as the polarization of the light is altered
6
.  

 

Figure 1 shows a typical array of SRR elements comprising of gold rings on a silicon substrate. The array of SRR 

elements will interact with the incident light through two separate mechanisms to produce resonant peaks and troughs in 



the spectrum of the reflected and transmitted light respectively. The first resonant peak in the spectrum of reflected light 

that is of interest is related to the dilute plasma frequency of the metal film from the SRR elements and is largely 

independent of the polarization of the incident light. The peak is referred to as the Mie resonance
7
. The second resonant 

peak, which is at a lower frequency relative to the plasmon resonant peak, is strongly dependent upon the polarization of 

the incident light. This peak is commonly attributed to the resonance of the LC equivalent circuit that each of the 

individual element of the array forms. Recent work has attributed the second resonant peak to higher order plasmon 

resonances
8
, however, a more complete analysis of the effective inductance and capacitance of the SRR elements, 

presented here, supports the assumption that the peak is associated with an electrical LC resonance and not a higher 

order plasmon resonance. 

 

The LC equivalent circuit is formed by the capacitance from the gap in the ring while the almost single-turn metal ring 

forms the inductor
5
. With the electric field polarized parallel to the SRR gap a potential difference will be created 

between the opposite face of the SRR gap resulting in a current flow round the ring and an induced inductance around 

the ring and capacitance across the gap. If the polarization of the incident light is rotated such that the electric field is 

perpendicular with the gap, no potential difference will be induced across the gap and no charge will flow around the 

ring and hence the resonant peak associated with the LC resonance will disappear.  A similar effect can be obtained by 

closing the gap in the SRR rings resulting in no LC resonant peak in the reflection spectrum of the incident light.  

 

By controlling the inductance or capacitance of the SRR elements it would be possible to tune the resonant frequency of 

the LC peak.  Steps towards controlling the resonant response will be important to add functionality to the SRR array and 

will enable new applications to be developed. Developing a fuller understanding of the dependence of the capacitance 

and inductance of the SRR element upon the design and layout of the SRR layout will enable a better physical 

understanding. 

 

 

 
 

Figure 1. Micrograph of a typical SRR array with gold elements on a Silicon substrate 

showing the orientation of the TE and TM polarisations for a LC resonant response. 

 

Computational techniques used to model the resonant response of a SRR array include FDTD
9
 and finite element 

models
10

 which simulates the electromagnetic field distribution as a function of time and space as a result of the 

specified dispersive permittivity response of the metal film. These computational simulation techniques have been 

demonstrated to provide an accurate simulation of the reflection and transmission spectrum from a range of SRR designs 

and provide an analysis of the electrical field distribution around the structure and can be a useful tool in determining 

how the electromagnetic field interacts with the SRR elements. However these complex simulation techniques tend to be 

computationally intense and do not provide an understanding of the complex relationship between capacitance and 

inductance of the elements and the physical design and layout of the SRR array. 

 

The development and use of equivalent LC circuit models has received little attention in the literature in comparison 

with the computational simulation techniques, despite the common reference in the literature of the longer wavelength 



peak being related to the LC resonance of the SRR element. The standard reference for the inductance of the SRR ring is 

the simplified calculation of a wire wound coil while the capacitance of the element is modeled as a parallel plate 

capacitance formed from the opposite faces of the gap in the SRR element. However this simplistic approach does not 

take into account all the capacitive and inductive components formed by the SRR elements and does not provide an 

accurate LC equivalent circuit to determine resonant response of the array. A more complete analysis of the LC 

equivalent circuit is given below which takes into account the effect of adjacent SRR elements. 

 

2. LC RESONANCE ANALYSIS FOR A SRR RING.  

To provide an accurate model of the LC resonance for the SRR array it is necessary to identify all the inductive and 

capacitive components that will contribute to the equivalent circuit model. By analysing the charge distribution and the 

charge flow around the SRR element, shown schematically in Figure 2, we can identify the following inductive 

components 1) a charge flow around the rectangular loop will form a self inductance element, LRing,  and 2) the charge 

flowing in opposite directions in the arms of two adjacent elements will form a mutual inductance, Lmut. Similarly we can 

identify the following capacitive components 1) the differential potential difference formed by the charge distribution 

across the  gap of the SRR element will form a capacitance that can be separated into a parallel plate component formed 

by the opposite faces and a coplanar component formed by the finite width conductors on the silicon substrate, CG-PP, and 

CG-CP respectively, and 2) the opposite charge on the arms of two adjacent elements will form capacitance between the 

with a parallel plate and coplanar capacitive component, CEE-PP and CEE-CP respectively.  

 

The high frequency current flow and charge distribution around the SRR elements shown in Figure 2 will be induced 

only when the TE field is parallel to the gap in the SRR element. If the polarisation is rotated so the TE field is 

perpendicular to the gap there will no potential difference induced across the gap and no charge will flow around the 

ring.  

 

 
 

Figure 2. Schematic showing the charge flow and distribution between the SRR gap and 

adjacent SRR elements. 
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Figure 3. Schematic showing the co-planar and parallel plate capacitances for SRR array 

that is infinite in both in-plane dimensions. 

 



The excitation frequency at which the incident light is equal to the resonance of the LC circuit is given by the standard 

equation for an LC resonant circuit given by:  

  

 !!C !
1

!TCT

. (1) 

 

where LT and CT are the total inductance and capacitance formed for a single SRR element and the adjacent elements. 

 

The total inductance of the SRR is formed by the by the self-inductance of the ring in series with the mutual inductance 

formed by the parallel rectangular conductors of the adjacent rings. An approximation for the self-inductance of a 

complete rectangular loop made from rectangular cross-section wire is given by
11

: 
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An approximation for the mutual inductance of two parallel rectangular conductors is given by
12

:  
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where, referring to Fig. 2, l is the length of the SRR element, w is the width of the wire forming the split ring, t is the 

thickness of the wire - and d is the centre-to-centre separation between the arms of adjacent SRR elements. 

 

Previously only the parallel plate capacitance of the gap in the SRR element has been taken into account when 

considering the capacitance of the SRR array
5
. However, due to the proximity of the individual SRR elements to each 

other, it is necessary to consider the capacitance between the individual elements. It is necessary to take into account not 

only the parallel plate but also the coplanar capacitances formed between both the individual SRR elements, CEE, and the 

capacitance formed by the gap in the SRR structure, CG. The parallel plate capacitance of both components can be 

calculated from the standard equation: 
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g
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l.t

a ! l
F  (4a) and (4b) 

 

The coplanar capacitance can be calculated by using conformal mapping techniques to take into account the field that is 

present in the substrate. The general form of the equation for the coplanar capacitance per unit length for two metal strips 

of width p, separated by distance q, is given by
13

: 

 

 

Ccp =
!r +1( )!o
2

1

"
ln 2

1+ k
'

1# k
'

$ 

% 

& 
& 
& 

' 

( 

) 
) 
) 

F /m

. (5) 

 

where k’ is a geometrical factor given by: 
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For the coplanar capacitance across the gap p is given by the gap length, g, and q is given by the length of the short arms, 

(l-g)/2. For the coplanar capacitance between the SRR elements p is given by the separation between the elements, (a-l), 

and q is given by the width, w.  

 

For an SRR array with a period significantly larger than the size of the SRR element the total inductance capacitance of 

the array will be determined by the self inductance of the square coil and the capacitance formed across the gap in the 

SRR. As the spacing between the SRR elements decrease the mutual inductance and capacitance will increase and 

dominate over the self-inductance of the SRR element.      

!

3#!$%&'(&!)*+,-+./0!

The shorter wavelength peak in the reflectance spectrum shown in Figure. 1 can be identified as the reduced plasma 

frequency
14

 and is a collective property of the dilute metal film forming the SRR array. This resonance has relatively low 

dependence on shape and, at frequencies in the infra-red part of the spectrum, is also not strongly dependent on the 

particular metal used. An expression for the resonant plasma frequency of an array of metal columns has been developed 

from the bulk value of the plasma frequency of a metal which takes account of the reduced electron density and 

enhanced effective electron mass
10

.  The resonant frequency of the peak is dependent upon the dilution of the metal and 

is inversely proportional to the natural logarithm of the filling fraction given by the ratio of the period of the array to the 

radius of extended cylindrical pillars and is given by
15

:  
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To take into account the more complex geometry of the SRR elements - and the fact that they are closely packed - a 

geometric factor F is introduced, which is the area of exposed silicon in a unit cell, i.e the total area of the unit cell minus 

the area covered by the metallic SRR and given by: 
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A modified expression for the reduced plasma frequency may then be written as: 
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where neff is the effective refractive index of the dielectric medium at the frequency of the infra-red radiation interacting 

with the SRR array.  The value of neff is approximately 70% of the value of silicon and is related to the distribution 

between silicon and air of the electric flux density interacting with the SRR array. As the metal area of an individual 

SRR increases, for a fixed unit cell area, F decreases - and the plasma frequency also decreases. This effect is greatest at 

the smallest spacing between SRRs, where the position of the peak diverges substantially from the simple theory. 

 

 

4#!+2$+*3(+.4&%!5+*3)3/&436.!!

SRRs were fabricated using gold, aluminium and silver on a silicon substrate and the refection spectrum measured to 

identify the Mie and LC resonant peaks. Silicon was selected for the substrate due to the potential of integrating with 

electronic or optoelectronic elements on the substrate to form an active metamaterial. The SRRs were designed to have 

an LC resonance in the range of 2 to 10 microns  

 

The reflection spectrum from the aluminium SRR, shown in Figure 4a), is typical of the samples fabricated. For TE 

polarisation, with the electric field oriented across the SRR gaps, two reflectance peaks are observed for the particular 
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be attributed to the fact the coplanar capacitance across the SRR gap is dependant on the width of the SRR and not the 

length. The parallel plate capacitance across the SRR gap is independent of both length and width of the SRR and will 

remain for both scenarios. The increase in LC resonant wavelength in Figure 5 c) is due to an increase in the mutual and 

self-inductance of the SRR and the mutual capacitance between the neighbouring SRR elements. Figures 5 b) and c) 

show that the Mie resonant peak is independent of the orientation of the dimensional changes as the dilute plasma 

frequency is dependent on the area of metal rather than the specific SRR shape. Figure 5 a) shows the strongest 

dependence of both the Mie and LC resonant peaks occurs when both the width and length of the SRR are changed. Also 

of note is the non-linear dependence of the LC peak evident in Figure 5 a) and b) while in c) the LC has a linear 

dependence on ly.  

 

  
   a)      b) 

   

   
   c) 

 

Figure 5. Variation in the Mie and LC resonant frequency as a function of the length of the 

width, lx, and length, ly, of the SRR element. a) Both lx and ly are  changed by 

equal amount, b) lx is varied and ly is constant and c) ly is varied and lx is constant. 

All other parameters are constant, a = 750 nm, t= 30 nm, w = 120 nm, g = 130 nm. 

 

!. CONCLUSION.  

We have developed a model for the resonant response of an SRR array based on the reduced plasma frequency and the 

equivalent LC circuit model that provides correlation with experimental and FDTD simulation results for a range of SRR 

arrays. The techniques provides a relatively straight forward method of predicting the behaviour of a SRR design and 

enables further understanding to be developed of the dependency of the optical response on the electrical and physical 

design of the SRR elements. The equations were used to predict the effect of changes in the geometry of an SRR array 

on the Mie and LC resonant peaks and the results verified by proven FDTD simulations. The model for the LC resonance 

was refined using the expression for the self and mutual inductances of an SRR element and coplanar capacitance in 

parallel with the SRR gap capacitance for individual elements and the effective capacitance between neighbouring 

lx

ly



elements. The Mie resonance is given by a modified model for the plasma frequency that takes into account the spacing 

between SRRs and not simply the area dilution factor. The model will be further developed to account for more complex 

geometries including wire and SRR arrays. 
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