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U niversality of traveling waves w ith Q CD running
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\G eom etric scaling", ie. the dependence of D IS cross—sections on the ratio Q =Qs ;
where Q5 (Y ) is the rapidity-dependent saturation scale, can be theoretically obtained
from universal \traveling wave" solitions of the nonlinear Balitsky-K ovchegov (BK )
QCD evolution equation at xed coupling. W e exam ine the sin ilar m ean—- eld predic—
tions beyond lead ing-logarithm ic order, incluiding running Q CD coupling.

1 M otivation

\G eom etric scaling" (G S) is a striking em pirical scaling property rst observed in deep-—
inelastic (D IS) cross-sections . It consists In the dependence of p cross-sections on the
ratio Q=05 (Y );where ogQs / Y is the rapidity-dependent saturation scale. On a theo—
retical ground, G S can be found as a consequence of saturation e ects in QCD , when the
density of gluons becom e large enough to in pose unitarity constraints on the scattering
am plitude. Tt has been shown [2]that the Q CD evolution w ith a nonlinear term describing
unitarity dam ping, the BalitskyK ovchegov (BK ) equation, leads to asym ptotic \traveling
wave" solutions exhibiting the G S property [2]. They are \universal" since they do not
depend neither on the initial conditions nor on the precise form of the nonlinear dam ping
term s.

These results were mainly obtained at

leading logarithm ic order. In the present (e
contribution,wedescribbe how higher orders,
In particular incorporating running Q CD

coupling, In uence these predictions. Po-
tential e ects may be due to, eg., next-
toJeading (NLL) contributions to the evo-
ution kemel, higherorder resumm ations
schem es, observable dependence, infra-red . - - -
regularization, position vs. m om entum for- Transparency

mulation. These aspects and the restaura—
tion of universality at high enough rapidity
Y has been discussed in R efs.[3], whose re-
sults are here brie y describbed. The m ain
di erence ggEh the xed coupling prediction is a new kind of geom etrical scaling w ith
IogQs / Y ;which appears to be as well veri ed by data [4] as the origihal G S prop—
erty.
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Figure 1: Traveling waves
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2 The BalitskyK ovchegov equation w ith running coupling

Before entering the discussion, let us introduce the traveling wave m ethod in the case 2]
w here the running coupling has been introduced de facto in m om entum space. O ne w rites

2 2

bL og k?= @y T = LL @ogkz T T3 (1)

where T (k;Y ) is the dipoletarget am plitude In m om entum space, 11 the leading—log Q CD
kemeland WLog k= 2 (k?); the oneJoop Q CD running coupling. T he asym ptotic
solutions of the BK equation can be obtained by recognizing the sam e structure [2]than the
traveling wave equation u (t;x)! u(t wvx)

x]G@u(tx)= @§+ 1 u(tx) u?(tx) ;

w here the ttgvg]jngw ave/BK \dictionnary" is the follow ing:

Time= t Y ;Space= x logk?; Travelingwave u(t;x)= u(x wvet) T o

U sing the dictionnary, one t’hu% rlecogm'zes the G S property u(x  vet) T (kP=e" ¥ );with
a saturation scale Qs (Y) &% ¥ ;where v, is the criticalw ave velocity determ ined [2] from
the linear kemel 1 :

3 Traveling waves beyond leading Q CD logs

Let us Introduce the general traveling-wave m ethod for the extension beyond Q CD Ileading
logarithm s. Tt consists In the follow ing steps:

Sole th%evolutjon equation restricted to linear term s In term s ofa dispersion relation:
u(t;x) d ek vt

Find the critical (m lnin al) velocity ¥ = minv( ) = v( ) which is selected by the
nonlinear dam ping independently of its precise form .

Verify sharp enough initial conditions ¢ > ; in order for the critical wave form to
be selected.

The m athem atical properties of such obtained solutions ensure that the corresponding
asym ptotic solutions are \universal" that is independent from initial conditions, the nonlin—
ear dam ping term s and from details of the linear kemelaw ay from the criticalvalues. H ence
the traveling-wavem ethod de nes universality classes from which di erent equations adm it
the sam e asym ptotic solutions. O ne caution is that the range of asym ptotics m ay depend
on the singularity structure of the kemel. This m ay have a phenom enological in pact on
the possibility of using these solutions In the available experim ental range of rapidities. T he
saddlepoint behavesas !y Y 72 except near singularities n  of the kemel.

In order to illustrate the m ethod, let us consider the general form of the N LL-extended
BK equation, replacing in equation ), . ( @) ! vin ( @@y );where L = Iogk?:
Introducing the function 7

the linear solution reads

z
d
TL;Y)= —T ex L+
( ) 21o() P b
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where a dotmeans @, and !4 is given by the saddlepoint equation
Yo!Z X ( i)+ 1eX( ;lg)=0: )
From the solutions of the saddlepoint equation, one can infer [3]:

For generic kernels beyond lading logs: T he kemelsm ay contain singularities up to
triple poles due to the NLL contridbution. By integration, new single and doublepole
singularities appear in X atnext leading order. T he universality class is still the sam e
but subasym ptotics corrections m ay be large, and thus the critical wave solutions
delayed to very large energies.

For Renom alization-G roup im proved kemels[fl]: T he behaviour of the kemels y 11,
near the singularities are sin ple poles. T his leadsonly tom id logarithm ic singularities
in the function X ( ;! ):Thenetresult[@]isthatone ndsthe sam euniversality classas
the equation (), sihce the ! dependence in X can be neglected and thus w11 ! 11 .

T he sam e approach hasbeen follow ed forrecentQ CD form ulationsofthe B alitsky-K ovchegov
equation w ith running coupling constant obtained from quark-loop calculation [@]. It leads
to the sam e conclusion (with the sam e waming about eventual kemel singularities): the
universality class for the BK equations w ith running coupling is the one de ned by Eq.({l).

P
4 G eom etric Scaling in Y :

O n a phenom enologicalground, the m ain property of solutions corresponding to I1;_h_e univer—
sality class of Eq.(dl) is the travelingwave form u(x;t) u(x vet)= uk?=e" Y ) i the
asym ptotic regin e. A ssum Ing a sin ple re-

lation between that am plitude and the p
cross-section, one is led to look for geom et 10
ric scaling of the form P (Q%=e" Y );
with v, = cst: n Figld, one displays the
corresponding data plot [@]. T he valdity of
the scaling property hasbeen quanti ed us-
ing the Quality Factor" Q F m ethod, which
allow s to determ ine the adequacy ofa given
scaling hypothesis w ith data independently
of the form of the scaling curve [4].

One may also use the QF method to -0 8 6 -4 -2 0 2 4
evaluate the schem e dependence of the sub-
asym ptotic, nonuniversal term s in the the-
oretical formulke. In this case, the geo—
m etric scaling prediction is considered in a
\strong" version, nam ely, w ith the critical param eters (such asv.) xed aprioriby the the-
ory. In Fig[d one displays the QF for geom etric scaling for di erent NLL schemes. The
top Q F is Jarger than :1 which ensures a good G S property (sin ilar than g[d). D epending
on the resumm ation scheme (S3;S4;CCS; see [H]), ¥ jgives the typical strength of the
non-universal temm s. The S4 scheam e seam s to reach G S sooner (at an aller g 7).

P_
Figure 2: G eom etric Scaling in = Y [4]
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5 Conclusions

Let usgive them ain results of our analysis:

M ean- ed saturation beyond lading-
Igs: The modi ed Balitsky-K ovchegov
equations including running coupling and
higher-order Q CD corrections to the linear
kemel asym ptotically converge to the sam e
traveling-w ave solution.

Characterisation of the universality
chss: The universality class of these solu—
tions is the BK equation w ith the leading
logarithm ic BFK L kemel supplem ented by
a factorized running coupling w hose scale is

given by the glion transverse m om entum .
H igher order contributions to the kemelw i1l
a ect the subasym ptotic behaviour.

H igher-order e ects in the kernel: The
renomm alization-group In proved kemels are expected to in prove the convergence tow ards
the universal behaviour, spurious sjngularjijesg;e_jng canceled.

G eom etric Scaling: G eom etric scaling in Y is a generic prediction of the universality
clss of the BK equation w ith running coupling. It is well bome out by actualdata, using
the \Q uality Factor" m ethod [4] to quantify the validity of the scaling hypothesis w ithout
assum Ing the scaling curve a priori.

Nonuniversal term s: W hen using the theoretical \critical" param eters geom etrical
scaling is veri ed but requires the introduction of schem e-dependent subasym ptotic

Prospects of the present studies are interesting. On the theoretical side, it would be
fruitfial to investigate the universality properties of Q CD equations beyond the m ean- eld
approxin ation. On the phenom enological side, the problam is still not settled to know
w hether there is a slow drift towards the universal solutions or w hether it exists subasym p—
totic traveling w ave structures, asm athem atically [1] or num erically [8]m otivated.

Figure 3: NLL Q uality Factors [4]
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