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BLOCK REPRESENTATION TYPE
OF REDUCED ENVELOPING ALGEBRAS

IAIN GORDON AND ALEXANDER PREMET

ABSTRACT. Let K be an algebraically closed field of characteristic p, G a con-
nected, reductive K-group, g = Lie(G), x € g* and Uy(g) the reduced envelop-
ing algebra of g associated with x. Assume that G(1) is simply-connected, p is
good for G and g has a non-degenerate G-invariant bilinear form. All blocks
of Uy (g) having finite and tame representation type are determined.

1. INTRODUCTION

Let G be a connected, reductive algebraic group over an algebraically closed field
of characteristic p and g = Lie(G). The Lie algebra g carries a natural restriction
map z — zP!. We assume that the derived group GV of G is simply-connected, p is
a good prime for the root system of G, and g has a non-degenerate G-invariant bilin-
ear form. Given a linear function x € g*, we denote by U, (g) the reduced enveloping
algebra of g associated with x. Let x = xs + x»n be the Jordan decomposition of x.
We fix a triangular decomposition g = n_ @ b & n;. and, without loss of generality,
assume that x vanishes on ni and x, vanishes on ny. Then the blocks B, \ of
Uy (g) are parametrised by the set WA, /W, where W = Ng(h)/Za(h) is the Weyl
group of g and A, is the set of all \ € h* satisfying A(h)? — A(hPl) = x4(h)P for
all h € b, [3]. Given A € A, we denote the stabiliser of A by W (\).

In this paper, we show that the rank variety of B, ) coincides with the intersec-
tion of the rank variety of B, x with the p-nilpotent cone of the coadjoint stabiliser
30(x), see Theorem B2 This result implies that the rank variety of U, (g) is equal
to the p-nilpotent cone of 34(x), hence generalises in our class of Lie algebras the
main theorem of [38]. In proving Theorem l.2] we use a deformation argument and
some tools from [38]. In particular, we employ the Mil'ner map 3: U(g) — S(g)
and its analogue 3, : U, (g) — Sy(g) constructed in [3§].

According to [9], [11] the dimension of the rank variety of a finite dimensional
B, x-module M equals the rate of growth of a minimal projective resolution of M.
So Theorem [.2] enables us to compute the maximum value of the rate of growth of
minimal projective resolutions in the category of finite dimensional B, x-modules,
hence provides valuable information on the homological complexity of the blocks
of U, (g), see our analysis in Section 8] Combined with the results of Section[3 on
block degeneration and our determination of partial coinvariant algebras of tame
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representation type in Section [ this information turns out to be almost sufficient
for detecting all blocks of U, (g) having finite and tame representation type. For G
almost simple and x nilpotent the only case where we have to look closely at the
basic algebra of By x, apart from the relatively easy regular case, is the case where
X is subregular, G has type A, and the stabiliser of A\ in W has type A,_1 as a
Coxeter group. These subregular blocks, denoted B, are studied in detail in Section
It is shown there that any such B is Morita equivalent to a quiver with relations
of “special biserial type”, hence tame. Notably, the quiver of any subregular tame
block has the same shape as in the sly-case, and n, the rank of G(), appears in the
relations only.

The classification of all blocks By, x of finite and tame representation type is
given in Theorems [52] and [5.3] which should be combined with Proposition 2.7}
The particular case when G is simple is straightforward to present. The general
case is similar, but there is one further example of a block of tame representation

type.

Theorem. In addition to the underlying hypotheses, assume G is simple. Let
XEN and A € AJ/WV.
(i) The block By x has finite representation type if and only if one of the following
occurs:

1. W=W() ;

2. x is regular and one of the following holds:

(a) W is of type A,, and W(X) is of type Ap_1;

(b) W is of type By, (or Cy) and W (X) is of type Byn—1 (or Cp_1);
(¢) W is of type G and W (X) is of type A;.

(i1) The block By has tame representation type if and only if one of the following
occurs:

1. x is regular and one of the following holds:
(a) W has rank 2;
(b) W is of type Az and W(X) is of type Ay X A;;
(¢) W is of type Bz (or C3) and W(X) is of type Asz;
(d) W is of type Dy, and W () is of type Dp_1;
2. x is subregular, W is of type A,, and W () is of type A,_1.

The classification of the representation type of reduced enveloping algebras and
their blocks was begun, in the case y = 0, by Pollack, [33], and explicit calculations
in the sly case were made by Fischer, Rudakov and Drozd, proving tameness, []],
[42] and [5]. Since 0 is the subregular element of slp, this is consistent with the
final part of the above theorem. For a general character, partial results on the
representation type of reduced enveloping algebras were discovered by the second
author, using rank varieties, [38]. In Theorem [1.4] we give a precise description of
the representation type of reduced enveloping algebras, refining this. Later, blocks
of finite representation type were classified for characters of standard Levi type by
Nakano and Pollack, [32]. This was generalised to arbitrary characters by Brown
and the first author, [3], giving Part (i) of the above theorem.

It is known that any indecomposable non-projective Uy(slz)-module is up to
isomorphism either a Weyl module or a dual Weyl module or a maximal submodule
of a Weyl module, see [34]. It would be interesting to obtain a purely Lie theoretic
description of all indecomposable representations of the subregular tame blocks.
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2. GENERALITIES

2.1. Let G be a connected, reductive algebraic group over K, an algebraically
closed field of characteristic p, and let g = Lie(G). We assume the following hy-
potheses are satisfied:

(A) the derived group GV of G is simply-connected;

(B) p is a good prime for G;

(C) g has a non-degenerate G-invariant bilinear form.

We will denote the bilinear form on g by
B(,):gxg— K.

Let T be a maximal torus of G and let h = Lie(T"). Let ® be the root system of G
with respect to T'. For each a € ® let U, denote the corresponding root subgroup
of G and let g, = Lie(U,) be its Lie algebra, a root subspace of g. We will abuse
notation by considering o € b* rather than its proper designation da. Choose a
system ®* of positive roots and set n™ equal to the sum of all g, with o > 0.
The subalgebra n~ is similarly defined on ®~, the negative roots. We have the
triangular decomposition

g=n @hont,

Let bT = h @ nT, the Lie algebra of a Borel subgroup of G containing T. Let
A ={ai,... ,a,} denote the simple roots associated with the choice of positive
roots ®+.

Let X = X(T) be the character group of 7. This contains the root lattice,
Q = 7Z®, as a subgroup. For a € ®*, there exists ho € [ga,0-a) such that
Aha) = (A, aY)(p) for all A € X(T). Let W be the Weyl group of G. Then W is
generated by the simple reflections s, for all & € A. There is an action of W on
both X (T') and b*, given by s4(A) = A — A(hy).

2.2.  We write g.x for the adjoint action of an element g € G on an element
x € g. Similarly we will write g.x for the coadjoint action of G on g*, defined by
gx(x) = x(¢7t.x). Let § : g — g* send = € g to the functional (x) defined
by 6(z)(y) = B(z,y) for all y € g. By Hypothesis (C), 6 is a G-equivariant
isomorphism.

Recall there is a Jordan decomposition in g: each element x € g can be written
uniquely as & = z; + @, with x4 semisimple, x,, nilpotent and [zs,x,] = 0. Given
x € g, we can always find ¢ € G such that g.x € b™, [2, Proposition 14.25]. Let
3g(x) ={y€g:[r,y] =0} and Zg(z) = {g € G : g.x = z}. If x is semisimple,
then Zg(x) is a connected, reductive algebraic group satisfying Hypotheses (A),
(B) and (C), and Lie(Zg(z)) = 34(x), 19, Theorem 3.10], [44] I1.3.19] and [24, 6.5].

Using 0, we can transfer the Jordan decomposition to g*. In particular, any
element of g* is conjugate to xy € g* such that x(n*) = 0. For x € g* let 34(x) =
{yeg:x(g,y]) =0} and Zg(x) = {9 € G: g.x = x}. Then Zg(z) = Zz(0(x))
and 3(z) = 34 (0(z)).

2.3. Since g = Lie(G), g is a restricted Lie algebra with restriction x —— zP!,
The p-centre Z, = K[z? — zlPl : 2 € g] is a central subalgebra of U = U(g), the
enveloping algebra of g. By the PBW theorem Z, is a polynomial ring in dim g
variables and U (g) is free over Z, of rank pdims.
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Given x € g*, define I, as the ideal of U(g) generated by the elements aP —
zlPl — x(z)P for = € g. Set Uy = Uy(g) = U(g)/Iy, a reduced enveloping algebra.
This is an algebra of dimension pd™¢. As the isomorphism class of U, depends
only on the G-orbit of x € g*, [24] 2.9], it suffices, by Section 22, to look at x
satisfying x(n™) = 0. In this case if x = x5+ X is the Jordan decomposition, then,
possibly after further conjugation, we also have xs(n~) = 0 and x,(h) = 0, and so
in particular we can consider x5 € h*.

2.4. Let x = xs + Xn € g* with x(n™) = 0, and set
Ay, ={Aeb* : AR)P = A(hP)y = x4 (R)P for all h € b}.
By Hypothesis (A) the elements h,, for « simple are linearly independent, so, since

hg)] = hq, we can find p € Ag such that p(hy) = 1 for all simple o. Fix once and for
all such a p. Note that W acts on Ag. For each A € Aglet W(A\) ={w € W : w(\) =
A}, a parabolic subgroup, [30, Lemma 7]. In general we will only be interested in
A up to W-conjugacy, so we may assume without loss of generality that W ()\) is a
standard parabolic subgroup; that is, it is generated by simple reflections.

2.5. For each A € A, one defines a baby Verma module
Zy(A) == Uyx(8) ®u, (6+) Kr—p»

where bt = nt @ b and K,_, is the one dimensional U, (b*)-module defined by
A—p. Every irreducible U, (g)-module is a factor of a baby Verma module, although
in general a baby Verma module can have several irreducible images, and different
choices of A can yield the same module [24], 6.7, 6.9].

2.6. Let Z = Z(U(g)), Z1 = U(g)¥ C Z. By [30, Theorem 2] and [3, Theorem
3.5] there is a K-algebra isomorphism

(1) Z =27 ®mezl Zp.

We have a natural map Z®z, Ky, — U, sending z®1 to z+1I,. By [30, Theorem
10] the primary components of Z ®z, K, are labelled by elements of the orbits of
W on the set WA, ,, denoted by WA, /W. Thanks to () we have an isomorphism

(2) 2@z, Ky, 2 21 Qz,nz, Ky,-

Let {ex € Z1 : A € WA,,/W} be a set of elements such that {ex ® 1 : A €
WA,,/W} correspond to a set of primitive idempotents of Z ®z, K, under (2.
By [3, Theorem 3.18] the elements e5 + I, € U, give a complete list of central

primitive idempotents of U, as A runs through WA,,/W. In other words we have
a block decomposition of U, (g):

(3) Uye)= @ B0,
NEW Ay, /W
where B, 5(g) = esUx(g). By [24, 10.11] the baby Verma module Z, () belongs to

B, 5(g), where \ is a representative for the orbit of .

Remarks. 1. The reference [3] Theorem 3.5] requires the assumption p # 2. If p = 2
then the block decomposition of U, (g) remains valid thanks to [16, Theorem 3.6].
Moreover, if G = SL,(K) or GL,(K), then [3, Theorem 3.5] continues to hold and
the results of this section go through. Thanks to Proposition this is sufficient
for our applications.
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2. If no confusion can occur, we will write By, » when really we mean B)a x(g) for

some Lie algebra g and some representative A of the orbit of A € A, .

2.7. The following is an easy consequence of [46] Theorem 2] and [LI, Theorem
3.2].

Proposition. Let x = xs + xn € ¢* and let W’ be the Weyl group of Zg(xs)-
Then there is a bijection

T WA /W — Ao/ W',
such that for any A € WA, /W we have an algebra isomorphism

Bx,)\(g) = Matpd' (BX",TK‘()\) (39(X9))) s
where d = §(dim G.x,).

Proof. We may assume that y(n™) = 0. Let &, = {a € ® : x5(ha) = 0}. Then
39(xs) is the algebra generated by b and the root spaces g, for a € @, [24], 7.4].

Choose an element v € A, such that v(he) = 0 for all @ € ®,. We have a
W'-equivariant bijection between Ag and A,, sending u to p+ v. Thus Ag/W’
is isomorphic to W'A,,/W’. Moreover, the inclusion A,, — WA, induces an
isomorphism between W'A, /W' and WA, ,/W. Combining these isomorphisms
yields 7= 1.

By [46, Theorem 2| and [11l, Theorem 3.2], there is an isomorphism

Ux(g) = Matya (Ux(36(xs))) -

Let 0, be the winding automorphism of U (34(xs)) which sends h to h—v(h) for h €
and is the identity on the root spaces of 34(xs). Then o, induces an isomorphism
between U, (34(xs)) and Uy (34(xs)) which sends the baby Verma module Z,,, (x)
to Zy(p + v). The proposition follows. O

Remarks. 1. Let N = {x € g : x nilpotent} be the nilpotent cone of g. The image
of N under 6 is the set {x € g* : x nilpotent}. We will denote this by N also.
Proposition 2.7 shows that it is sufficient to consider only blocks By, with x € N/
and A € Ag/W.
2. To ease notation we write A for the IF,-space Ag. That is,

A={Xebh*: Ah)P — AhIP)) =0 for all X € b}.

It is clear that A is W-invariant.

3. BLOCK DEGENERATION

3.1. We intend to study the behaviour of B, \ as we vary x € N. Let ma :
N x A — A be the projection map.

Lemma. The function ¢ : N x A — N defined by sending (x,\) to dim By  is
constant on the fibres of wy.

Proof. Let x(z) = B(z,e) for some e € N. There exists ¢/ € N such that e, =
e+T7e’ € N for all 7 € K and such that e; = e+ ¢’ is regular nilpotent, [45, Section
5]. Let x- € g* be defined by x-(z) = B(z,e,). For A € A/W the function

Ay: K — Matd(K)
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sending 7 to the matrix of left multiplication in U, by ey is, by construction, a
morphism of varieties. Thus the set

Oy ={r € K :rank A\(7) > rank A,(0)}

is open and dense in K. Let O = (1,5 - Ox. By @) the rank of Ax(7) equals the
dimension of By, x. We deduce that

O={reK:dimB,, ,=dimbB, ) for all \ € A/W}.

Since the set of regular nilpotent elements, Neq, is dense in N, we deduce that
ONN;eg is dense in O. The lemma now follows since the restriction of ¢ to Nyeg X A
is constant along the fibres of 7y, see for example [3, Proposition 3.16]. O

3.2.  We recall the following definitions from the theory of finite dimensional alge-
bras, [13] and [27, Chapter II]. Let

Bil(n) = {bilinear maps m : K" x K" — K"} A"S,
and
Alg(n) = {associative, bilinear m which have an identity} C Bil(n).

As discussed in [I3], Alg(n) is an affine variety, locally closed in Bil(n). The group
GL(n) acts on Alg(n), the orbits being isomorphism classes of n-dimensional alge-
bras. We let O4 denote the orbit in Alg(n) of algebras isomorphic to A. We say
that A’ is a degeneration of A if Oy C O, the closure of Oy4.

Theorem. Let x,Xx' € N be such that x is in the closure of the orbit G.x'. Then
for any A € AJW the algebra By is a degeneration of By x.

Proof. Let d = pU™9 and let wy, ... ,wq be a free basis of the Zp-module U. Then
the cosets w; + I form a K-basis of U, for all ¢ € g*.

Fix A € A/W. Let uq, ... ,u, € U be such that {exu; + I, : 1 <i <r} is a basis
of By,x. We have a morphism

G.x' — Mat,»q4(K),

sending ¢ to M, the matrix expressing the elements exu; + I¢ in terms of the basis
elements {w; + I }. The set

Ox={CeGx :rank M, =71}

is a dense open subset of G.x’ and includes xy. Now Lemma 2.1 says that for all
¢ € O, the block B¢ » has a basis {exu; + I : 1 <i <r}, and so, by definition, we
have a morphism

O, — Alg(r)
sending ¢ to B¢ x. Since G.x’ is open in its closure, the theorem follows. O

3.3. A finite dimensional K-algebra A is said to have wild representation type, or
be wild for short, if for any finite dimensional K-algebra B, there is a representation
embedding of the module category of B into that of A, so that A-mod contains
B-mod although not necessarily as a full subcategory. The algebra A has finite
representation type or has finite type if it has finitely many isomorphism classes of
indecomposable modules. Finally, A has tame representation type or is tame if it
is neither wild nor of finite type.
Thanks to Theorem we can compare the representation type of two blocks.
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Corollary. Let x,Xx' € N be such that x is in the closure of the orbit G.x'. Let
AEAN/W.

1. If By x has finite representation type then By x has finite representation type.
2. If By,\ has tame representation type then By x has either finite or tame rep-
resentation type.

Proof. By Theorem 8213, is a degeneration of B,/ . The first assertion follows
since the algebras in Alg(d) having finite representation type form an open set, [13]
Theorem 4.2]. The second assertion is a consequence of the main result in [I4],
which states that a degeneration of a wild algebra is wild. O

4. RANK VARIETIES
4.1. Let L be a finite dimensional restricted Lie algebra over K and define
Ny(L) = {z € £: 2PV =0},

a Zariski closed, conical subset of L, called the p-nilpotent cone of L. Let M be a
finite dimensional U (£)-module. We define the rank variety of M to be

Ve (M) ={z € Np(L) : M|y is not free},

where (x) denotes the subalgebra of U¢(L) generated by z.

Let x € g* and A € WA, /W. Let Si,...,5, be a list of the simple By x-
modules (up to isomorphism). We define the rank variety of the block By x to
be

T

Ve, A) = [ Va(S).

i=1
By [11I, Section 7] the rank variety of any B, x-module is contained in Vg (x, A).

Remark. For G of type A,, the variety V4(0,\) is described in [23, Proposition
2.6]. This was recently generalised to all types in [31, Theorem 6.2.1] only under
the assumption that p is good.

4.2.  The rest of this section is devoted to a proof of the following result.
Theorem. Let x = xs + Xn € g% and A € WA, /W. Then
Vg(Xv >‘) = VQ(XSa >‘) N 39(X)

Remark. If Si,...,S; is a complete list of the simple U,-modules up to isomor-
phism, we define

Suppose x € N. By [21, Satz 2.14] we have V,(0) = N,(g), so we deduce the
principal result of [3§], namely

Ve () = Nop(36(X))-

Our class of Lie algebras, however, is smaller than that considered in [38] (the latter
includes for example sl,,,(K)).
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4.3.  We recall the Mil’'ner map, introduced in [29]. The algebra U has a natural
increasing filtration {U*}, where U* denotes the span of all products of at most k
elements of g.

Given a vector space V', we let S(V') be the symmetric algebra of V. The algebra
S(V) also has a natural increasing filtration {S<*(V)}, where S<¥(V) denotes the
sum of the homogeneous components S*(V) with i < k.

Let z = (z1,...,2,) € 9. For I ={iy < ... <ig} CA{L,...,r} weset z1 =
iy ... Ti, €U. Let

(br(&) = th .. X, € S(U),

where the summation runs through all decompositions
LU...Ul, ={1,...,r}

of {1,...,r} into non-empty disjoint subsets. By [1{, Section 1.1] there exists
a unique linear map ¢ : U — S(U) such that ¢(1) = 1 and ¢(zy...2,) =
or((x1,... ,2,)) for all z1,... 2. € g. Let 7 : U — g be an ad g-equivariant pro-
jection, which exists by [38, Section 3.3]. This induces a map S(n) : S(U) — S(g).
We let 5= S(m)o¢: U — S(g).

Given x = xs + Xn € g%, let J, be the two-sided ideal of S(g) generated by the
elements 2P — x(z)? for all z € g. We let S, = S(g)/Jy. There is a natural action of
g on S, induced by the adjoint action on g C S,. The filtration {U*} (respectively
{S=*(g)}) induces a natural increasing filtration on U, (respectively S, ).

Lemma. [38, Lemma 3.2] The map 8 : U — S(g) induces a g-equivariant
filtration-preserving isomorphism 3y : Uy — Sy.

4.4. We define the map
Yyt S — Sy,

by sending =z € g C Sy to = + xn(z) € Sy,, and extending algebraically. Since
36(x) C 3¢(xs), the map 7, is a 34(x)-equivariant isomorphism. This allows us to
construct a 34(x)-equivariant isomorphism

Px :@Zjoyxoﬁx 1 Uy — Uy,

4.5. Tt will be important for us to vary x. To this end we let ¢ be a indeterminate.
We define g, = g ®x K[t]. We can consider the algebras U, tty,, (9¢), Uy, (8¢),
Sy.ttxn (8¢) and Sy (g:), all of which are free K[t]-modules of rank pdime. We
define a map

Byettxn * Uxatixn (86) — Sy.tixn (8t),

which, for z1,...,z, € g C g, sends z1...2, to Y. 7w(zr)...7(zr,), where the
summation runs through all decompositions I;U. ..Ul of {1,... ,r} into non-empty
disjoint subsets, and is extended to Uy, tiy,, (9¢) by K[t]-linearity. As before, it can
be shown that this is a g;-equivariant isomorphism of K[t]-modules. Moreover,
Byxs+tx, Dreserves the natural filtrations on Uy, 44y, (8¢) and Sy, 1y, (8¢)-
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4.6. Similarly we have a 34, (x)-equivariant isomorphism of K [t]-algebras

Vo ttxn © Sxatixn (1) — Sy, (81);
sending = € g C g to  + txn(x) € Sy, (g:). This allows us to construct a 34, (x)-
equivariant isomorphism of K [t]-modules
Oxatitxn = (/BXs)t_l © Yxattxn © Bxattxn  Uxatixa (81) — Uy, (8¢)-
4.7. By definition we have that, as elements of Sy, (g¢),
(Ve +txn © Bxattxa ) (1 - - - 1)

= (w(en) +txn(n(2n) - (7(@r,) + txn(m(21,)),
for z1,... ,z,. € g C g¢. This expression is equal to
By, (x1...2r) +t- (linear combination of y; ...y with y; € g, and d < r).
Since the Mil’'ner map (8y, ); is a filtration-preserving isomorphism of K [t]-modules,
we see that all y;...ys’s are contained in (By.):(Uy,(g:)%). We deduce that the
map ¢y, +ty, : Uxottx, (8t) — Uy, (g¢) is such that
Gyatixn (1. ) = @1 2, mod U, (g)" ).

4.8. Tt follows from [35] Theorem 2.5] that one can find a one-dimensional torus
h(t) in Zg(xs) such that h(T).x, = 72X, for all 7 € K*. Since the elements ey
are G-invariant, the isomorphism between U, and U, for g € G restricts to an
isomorphism between B, x and B, . In particular we can find weight vectors for
h(T), say ui,...,u, € U, such that {exu; + I,, : 1 < i < r} is a basis for B, .
Arguing as in the proof of Theorem [32] we find a dense open subset O of K such
that {exu; + Iy, yoy, : 1 <@ < r}is abasis of By, vy, for all v € O. Conjugating
by h(T) shows that the set {exu; + I, : 1 <14 < r} is a basis of B, .

4.9. For 1< <r we have
Dy o+txn (6,\’(1,1') =e\u; +tmy; + t2m2,i +...,

where m;; € Uy, (g) C Uy, (g:). Let mx : Uy, (g) = By.,\ be projection, a g-
invariant homomorphism. We find that

2
T\ O ¢Xs+t><n (e)\ui) = e\u; + tnl,i +t no;+ ...,

where n;; = ma(m;;). It follows that the matrix expressing mx o ¢y, 1¢y,, il terms
of the basis {e)u; : 1 <i <7} has the form

1+taq taqis - taq,
tasq 1+tass ... tas,
Cr = :
tar tars . 1+ tay,

for some a;; € KJt]. Thus, for almost all v € K, we have that det(C,) is non-
zero and, from R that {exu; + Iy, 4vy, : 1 < @ < r} is a basis of By, tuy,.,\-
Thus, for almost all v € K, restriction of ¢y, yuy,, vields a 34(xs +vxn)-equivariant
isomorphism

By +vxn,x = By

In particular, for almost all v € K*, we have an equality

(4) Vzg (xs+vXxn) (Bxs ,A) = Vag (xs+vXxn) (Bxs +UXn,A )7
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where By, x and By, tvy,,» are modules for the adjoint action of the stabiliser
3a(Xs T 0Xn) = 3g(Xs) N3a(VXn) = 3g(X)-

4.10. Let L = Zg(xs), a Levi subgroup of G, and Np(34(x)) = {9 € L:g.z €
3g(x) for all z € 34(x)}. Let N be the identity component of Nz (34(x)). Recall
that L, and hence N, acts on U,,. Moreover, if we decompose U, as a direct
sum of ad 34(x)-modules, say € M;, then, by the Krull-Remak-Schmidt theorem,
N permutes the isomorphism classes of the modules M;. Since, however, N is the
minimal normal subgroup of finite index in N, (34(x)), we deduce that N fixes the
isomorphism class of the modules M;. This implies that the rank variety of M; is
N-invariant for any 1.

It can be deduced from [35, Theorem 2.5] that, given v € K*, there exists g € N
such that g.x = xs + vxn. As a result we deduce from the above that

(5) Vag(x) (BXA> = Ad(g) (Vzg(x) (va\)> = Vag(strvxn)(Bxs+vxn«\)-

4.11. By [37, Theorem 1.1] and [38, Theorem 2.4], we have that for any U, -module
M, Vg(M) C 34(x). Since V; () (M) = 34(x) N Vg(M) for any U,-module M, we
deduce that

(6) Ve(x; A) € 3g(x)-
4.12. Arguing as in [38] Proposition 2.2], we have
(7) Va(x; A) = Vg(By.a)-

The required equality Vg(x, A) = Vg(Xs,A) N 34(x) now follows by combining (@),
@), @) and {@).

5. REPRESENTATION TYPE

5.1.  We come to the description of the representation type of a block, By », of
the reduced enveloping algebra U,. By Proposition 2.7 we can assume without
loss of generality that x is nilpotent and A € A/W. Let Gy,... , Gy, be the simple
(simply-connected) normal subgroups of G(!) and let g’ = Lie G(") and g; = Lie G}
for 1 < j <m. Let e = 671(x) be the nilpotent element in g corresponding to x.
By [36l, Section 2.9] e € g’, so we can decompose X = X1+...+Xm, Where x; € g is
the restriction of x to g;. The Weyl group W can be identified with Wy x - -+ x Wi,
where W; is the Weyl group of G;. Under this identification W (A) decomposes as
Wi(A) X -+« X Wip(A) for any A € A. We will retain this notation throughout this
section.

5.2.  We first classify the blocks of finite representation type, completing work
begun in [32].
Theorem. Recall the notation of [ Let x € N and A € A/W. Then the block
By x has finite representation type if and only if one of the following occurs.
1. WA =W.
2. There exists an integer j, 1 < j < m, such that x; is reqular, W;(\) = W; for
i # 7, and one of the following conditions holds:
(a) W; is of type A, and W, () is of type Ay—1;
(b) W; is of type By, (or Cp) and W;(X) is of type Byp—1 (or Cp—_1);
(c) W; is of type Go and W;(X) is of type A;.
(Here we take Ag = () and By = A;.)



BLOCK REPRESENTATION TYPE OF REDUCED ENVELOPING ALGEBRAS 1559

5.3. We come to the classification of blocks of tame representation type.

Theorem. Recall the notation of [G. Let x € N and A € A/W. The block By x
has tame representation type if and only if one of the following occurs.

1. There exists j, 1 < j < m, such that x; is reqular, W;(A) = W; fori # j, and
one of the following holds:
(a) W; has rank 2;
(b) Wj is of type Az and W;(X) is of type A1 x Ay;
(c) W; is of type Bz (or Cs) and W;(\) has type As;
(d) W; is of type Dy, and W;(\) is of type Dy—1.

2. There exists j, 1 < j < m, such that x; is subregular, W;(\) = W, for i # j,
W; is of type Ap, and W;(\) is of type Apn_1.

3. There exist j1,72, 1 < j1 < ja < m, such that both x;, and x,, are regular,
Wi(X) = W, for i # ji,j2, and Wj, x W, is of type A1 x Ay whilst Wj, (X\) x
W;, (A) s trivial.

(Here we take Ag =) and D3 = As.)

5.4. Finally, we describe the representation type of a reduced enveloping algebra
U,.

Theorem. Let y € N.

1. The algebra U, has finite representation type if x is regular and one of the
following holds:
(a) W is trivial;
(b) W has type A;;
) p=2 and W has type As;
(d) p=3 and W has type By (or C3);
(e) p=>5 and W has type Gs.
2. The algebra U, has tame representation type if one of the following holds:
) x =0 and W has type As;
) x is regular and W has type A1 x Ay;
) p# 2, x is reqgular and W has type As;
) p# 3, x is reqular and W has type Ba (or Cs);
) p#D5, x is reqular and W has type Ga;
) p =2, x is subreqular and W has type As;
)

3. In all other cases Uy, has wild representation type.

Remark. In [38, Proposition 5.2] a list of possible tame U, was given. This list,
however, was incomplete and should have also included case 2(f) above. (Indeed
the proof of [38, Proposition 5.2] should be adjusted on p.278, line 7 from “If the
number of blocks is > 1 ...”7 to “If the number of blocks of size > 1is > 1 ...”. Then
one must consider Ay and Az with x subregular and p = 2. A calculation shows
that the support variety in the A3 case is three-dimensional, implying wildness.) Of
course, Part 2 of the above theorem refines the (corrected) list in [38 Proposition
5.2].

5.5. Theorem will be proved in and Theorem B4 in 8T8 Most of the rest
of the paper is concerned with proving Theorem [5.3]
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6. A REDUCTION

6.1. Let G be the derived subgroup of G and let g’ = Lie(G()). Then g, C ¢’
for all @ € ®. Let Gy, ... ,G,, be the simple (simply-connected) normal subgroups
of GM and let g; = Lie(G;) for 1 <i < m. Then g1 ®...®gs, = g C g, and
lgi,0;] =0if i # j. )
For 1 <i < m, define G; by setting

G GL(V;), it G; =2 SL(V;) and p|dim V;,
LG, otherwise.
Put G =Gy X -+ X Gy, 8 = Lie(G;) and § = Lie(G). We have § =1 @ - - - @ g,
and either g; = g;, or g; = sl(V;) and g; = gl(V;) and p|dim V;. We identify each g;
with an ideal of codimension at most one in g;.

6.2. Recall that a restricted Lie algebra is called toral if it is abelian and has
a basis consisting of toral elements, that is, a basis consisting of elements which
satisfy ¢/?! = ¢t. Thanks to [38, Lemma 4.1] there is a toral Lie algebra ¢y and an
embedding of restricted Lie algebras

Yig—gdt
such that ¥(g;) = g; C g and ¥(h) C b @ to, where b is a Cartan subalgebra of §
satisfying hNg' =hNg. Set g=gPtoand h =hH D to.

Lemma. There exists a toral subalgebra t; C § such that § = gt and [t1,0] = 0.

Proof. Let ¢ denote the centraliser of g’ in g. Since g’ is invariant under the adjoint
action of G, s0 is ¢. Now g, C g for any root o, and [ga, o] > ha # O.
Therefore the maximal torus 7N GM of G acts trivially on ¢, implying ¢ C 6
Since § = h + g’ and h is abelian, we deduce that ¢ is a central toral subalgebra of
g. Let ¢' denote the F,-subspace of toral elements of c.

Identify b with ¢(h) C . Let h € b and let a; = a;(h), where 1 < i < n. Let
€+a; be root vectors such that [eqn,;,€—a;] = hqa,. It follows from the T-invariance
of B that B(eq,;,e—q;) # 0. Since hqy,- .. ,ha, € b are linearly independent and
the restriction of B to b is non-degenerate, there is h € h such that B(h,,,h) =
a;B(ea;,€—q,) for all i. By the g-invariance of B,

aiB(eame—Oﬁ,) = B([eame—aa‘,]v h) = B(e—am [ha 60(7:]) = ai(h)B(eO{mB—O{i)a

yielding «;(h) = a; for all i. As a consequence, h — h centralises the Lie subal-
gebra generated by all e4,,. The latter coincides with g/, because GV is simply-
connected, see [26] 1.2] for example. Thus for any h e 6 there is h € b such that
h — h € ¢. In other words, § = ¢+ g. Now ¢ N g is a restricted subalgebra of ¢, and
hence is spanned by its F,-subspace (¢ N g)'" of toral elements. The latter has a
complement in ¢*°*, say t'°". The K-span t; of t{°" is a central toral subalgebra of
g satisfying g = g @ ;. O

6.3. Let Ty be an algebraic torus over K such that ty = Lie(Tp) and let T = T x T
be a maximal torus of G x Ty such that h = Lie(T). There is a decomposition

T =T x -+ x Ty, where T; is a maximal torus of éj for 1 < j < m. Let
h; = Lie(T};) for 1 < j < m. Define

A={xeb*: Ah)? — AhP))y =0 for all h € b}.



BLOCK REPRESENTATION TYPE OF REDUCED ENVELOPING ALGEBRAS 1561

Any element of A can be uniquely decomposed into (A1,... ,Am, ) EHI D ... D
hr, @ t§. There is an isomorphism between W, the Weyl group of G with respect
to T or of G x T, with respect to T, and Wi x --- x W,,, where W; is the Weyl
group of @j with respect to T; for 1 < j < m. Under this isomorphism W () is
identified with Wi(A1) X -+ x Wy, (Am).

6.4. Since ¥: h — 6 is an embedding of restricted Lie algebras, the induced
map ¢~ : 6* — Bh* is surjective and sends A onto A. Recall that g’ contains all
root spaces of g. Therefore we can consider any root « as an element of h* and as
an element of 6*. We have

P (sa) = P (A = AM@p(ha))a) = P"(A) = " (M) (ha)a = sa(P7A),
showing that ¢* is W-equivariant. Hence we have a surjective map
T AW — AJW.

Given £ € g*, we denote by é the functional on g whose restriction to g (respectively
to t1) equals £ (respectively 0). If £ vanishes on b then & vanishes on b+ bT. In
particular, £ is nilpotent in this case.

Lemma. Keep the above notation and suppose that x wvanishes on b*. Let A €
A/W. Then there is an isomorphism of algebras

(8) B A(8) = By x(n)(9)-

Proof. Since 6 =bhDty, each p € A decomposes into (W*p, 1) € h* @ t;. Clearly
A1 (h)P = A (hlP]) for all b € t;. Let K, denote the one-dimensional Up(t;)-module
corresponding to A;. Thanks to Lemmal[6.2 and the PBW theorem, there exists an
algebra isomorphism

¢ : Ux(8) — Uy(g) @ Uo(tr)

such that ¢(u) = u® 1 for any u € U, (g) C Ug(g). Since Up(t1) is a commutative
semisimple algebra, there is a primitive idempotent e € Uy(t;) such that e(Ky,) # 0
and

(B A(8)) = Byu(9) ®e = By ~)(9)

for some v € A/W. Tt is straightforward to see that ¢ sends the U, (g) ® Up(t1)-
module Z, (¢¥*\) ® K, to the baby Verma module Zy(X). It follows that By ()
acts non-trivially on Z, (¢*)). Therefore w(v) = m(X), as required. O

6.5. Let x be as above, and define x; = X|5,. Since g = g1 ®... D g O to, we have

B (@) = By, a, (81) @ -+ @ By, 2, (8m) © Box, (to)-

Since tg is toral, B x,(to) = K. Combining this with and Lemma [6.4] we have
the following result.

Proposition. Keep the above notation. There is an isomorphism of algebras

BXI;)\I (gl) ® e ® BX"L:)‘m (ﬁm) = BX,TI’()\) (g)

such that x = x1+...+Xxm (considered as functionals on g') and W(X) = Wi(A1) X
s X Wi (Am)-
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7. REGULAR ALGEBRAS

7.1. Recall from B0 the definition of G. We will assume throughout this section
that G = G and GO is simple. We determine the representation type of the blocks
By for x € g* regular nilpotent and A € A/W. Thanks to [30, Theorem 12] and
[3, Proposition 3.16], the block B, is Morita equivalent to the partial coinvariant
algebra

9) Ch = S(H)"™N @gpw K,

where W () is defined as in 24 So we only need to calculate the representation
type of Cy. If p = 2 then g = sl(V) (respectively g = gl(V)) if dimV is odd
(respectively even). It is straightforward to check that in these situations the same
analysis applies.

7.2. The partial coinvariant algebras of finite representation type are described in
[3, Corollary 3.19], see also [32, Theorem 4.2]. They are as follows.

Theorem. Let A € A/W. The algebra Cy has finite representation type if and only
if one of the following cases occurs:

1. W\ =W;

2. W is of type A,, and W () is of type Ap_1;

3. W is of type B, (or C,) and W () is of type Bn—1 (or Cpn—1) ;

4. W is of type Ga and W () is of type A;.
In all these cases Cy =2 K[X]/(X"), where r = [W : W(\)].

7.3.  We spend the rest of the section proving the following result.

Theorem. Let A € A/W. The algebra Cy has tame representation type if and only
if one of the following cases occurs:

1. W has rank 2 and W(X) = 1;

2. W is of type As and W () is of type Ay X Ay;

3. W is of type Bs (or Cs3) and W () is of type As;
4. W is of type D,, and W(X) is of type Dp_1.

We prove this by case-by-case analysis after making several general observations
and simplifications.

74. Let A € A/W. By [3, 3.8] the partial coinvariant algebra C) is a local,
symmetric, commutative algebra of dimension [W : W(\)]. Let Wy be the subset
of W consisting of minimal length coset representatives for the subgroup W(\) in
W, [18, 1.10]. It is shown in [3, Lemma 3.19] that C\ admits a N-grading such that
its Poincaré series is

(10) P(Cy )= Y ),

weWy

7.5. Tame, local, symmetric, commutative algebras are classified in [6, Theorem
II1.1] (the proof follows the ideas in [40)]). They have the form K[X,Y]/I, where I
is an ideal of the following type:

1. I=(X"™-Y" XY), where m >n >2and m+n > 4;

2. I =(X2Y?);

3. I =(X%Y? - XY), where char K = 2.
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In particular any algebra with minimal number of generators greater than two is
wild. Note that the first type of algebra has dimension m +n > 4.

7.6. As a consequence of [ 4 and [TH, if A € A/W is such that C) is tame, then
the rank of W and the rank of W()\) as Coxeter groups must differ by either one
or two. Indeed, if the ranks differ by more than two then C) has at least three
generators by (I0), implying wildness.

7.7. The following lemma gives a useful criterion for the wildness of a partial
coinvariant algebra.

Lemma. Suppose A\ € A/W is such that
PO t) = (14t 4 ...+ + 206 4 ¢772) 4 tHIN[t]
for some i > 1, or
P(Cy,t) =1+t + 3t* + tN[t].
Then C, is wild.

Proof. Since C' is local, it admits a minimal generating set consisting of elements
homogeneous with respect to the grading of [(.41

We consider the first Poincaré series. We have a generator X in degree one.
If Y is a new generator in degree j < 4, then X/ = 0. Therefore the algebra
generated by X and Y has only one-dimensional homogeneous components. Since
dim(C))i+1 > 2, we deduce that C) requires a third generator, implying wildness.
Similarly, if X! = 0 or X**2 = 0, then C} requires at least three generators, so
is wild.

Assume X2 #£ (0. Let Y be any element in (C));41, linearly independent from
X1 Then, since i > 1, either Cy requires a third generator in degree i + 2,
implying wildness, or X2 and XY are linearly independent. In this last situation
the non-vanishing of XY implies that C\ cannot be an algebra of Type[T5l1. Since
dim C > 4, we deduce from [[5l that C) is indeed wild.

For the second Poincaré series we need a generator in degree one and at least
two new generators in degree two, implying wildness. O

7.8. We also have a sufficient criterion for the tameness of a partial coinvariant
algebra.

Lemma. Let A € A/W be such that Cy is generated in degree one with Poincaré
series

P(Cx,t) =142t + 12 4. ..+t 1) + 17,

for some r > 3. Assume that the unique quadratic relation in C) is square-free.
Then C'y is tame.

Proof. Since the quadratic relation in C) is square-free, we can find linearly inde-
pendent elements X,Y € (C); such that XY = 0. By hypothesis these elements
generate C. We deduce from the Poincaré series that the elements X’ and Y
for 1 < i < r —1 are linearly independent. Since dim(Cy), = 1, we see that X"
and Y are linearly dependent. Therefore either exactly one of X", Y is zero, or
0%# X" =cYT for some ¢ € K*. If X" = 0 (respectively Y" = 0), then both X" !
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(respectively Y™71) and Y (respectively X") belong to the socle of Cy, contradict-
ing symmetry. So, possibly after rescaling, we have an algebra isomorphism
K[X,Y]

O\ Y o
AT XY, XY
implying that Cx has tame representation type, by O

7.9. Let A € A/W be such that the rank of W (A) is two less than the rank of W.
Consider the following part of a Dynkin diagram:

.. 0 ° ®--- -

Here (and for the rest of this section) the coloured nodes indicate the simple reflec-
tions of W not contained in W (). Using the grading from ([I0), we see that C' has
two elements of degree one, namely those corresponding to s;y1 and s;42, and at
least three elements of degree two, corresponding to s;S;+1, Si+1Si+2 and S;j42S;41.
It follows from Lemma [Z7 that C is wild in this case.

Now consider the following diagram:

By (I0) the algebra C) has two elements of degree one, corresponding to s; and
5j+1, and at least three of degree two, corresponding to s;5;41, 5i+15; and s;5;j41.
It follows from Lemma [7.7] that C) is wild.

7.10.  So, in the case when W () has rank two less than W, the only possibility
for C'\ to be tame is if W has rank two, so is one of As, By or Gs. In case A,
(respectively By and G2) a straightforward calculation shows that the hypotheses
of Lemma [T8]are satisfied with » = 3 (respectively r = 4 and r = 6), and hence C)
is tame.

7.11. Type A,. Assume that the rank of W(\) is one less than the rank of W.
We know by Theorem [Z22 that if W (A) has type A,_1, then C) has finite repre-
sentation type. Suppose we have the following diagram:

(11) .0 o ° O

Then C)\ has a unique element of degree one corresponding to s;y2, whilst there
are two elements of degree two corresponding to s;11;4+2 and s;138;42. In degree
three we have at least the elements corresponding to $;S;4+1Si+2 and S;4+1S;+3Si+2,
so Cy is wild by Lemma [[7.

7.12.  We have only the following case to consider in type As:

o

o -

Here C), is isomorphic to the algebra with generators A = X1 + Xo, B = X3+ X4,
C = X1X5 and D = X3X4 subject to the relations A+ B=0, AB+C+ D =0,
AD + BC =0 and CD = 0. This is a six-dimensional algebra. Calculation shows
that this algebra is generated by X = A and Y = A% — 2C, and that XY =0 and
X* = Y2 We deduce that C) is isomorphic to the algebra K[X,Y]/(X*-Y?2 XY)
of Type [[511, and hence tame.
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7.13. Types B, and C,. We assume that W (X) has rank one less than W. If
W () has type B,,—1 (or C,—1), then we know by Theorem [[2.3 that C) has finite
representation type. Consider the following diagram:

(12) ---0

Then C) has one element of degree one corresponding to s;4+1, two elements of
degree two corresponding to s;S;+1 and s;115;42, and elements of degree three
corresponding to s;y25;5;+1 and at least one of $;138;128;41 Or $;118i+28;+1 (which
occurs if ¢ = n — 2). Therefore C) is wild by Lemma [Z7

Consider the following diagram:

Then C) has one element of degree one corresponding to s,, and one element
of degree two corresponding to s,_1S,. In degree three we have the elements
corresponding to S,_2S8,_18, and S$,S,_18,, whilst in degree four we have the
elements corresponding to s,_3Sn—2Sp—15, and S, _25,Sr_1S,. This implies that
C) is wild by Lemma [T

7.14. The only remaining case is the following diagram:

In this case it can be checked that C) is the algebra generated by elements A =
X1+ X0+ X3, B= X1 X0+ X1 X34+ X2X3 and C = X1 X5 X3 subject to the relations
induced by X7+ X3+ X2 =0, X? X3+ X? X2+ X3X2 =0and X7 X3XZ = 0. This
is an eight-dimensional algebra. Calculation shows that A? = 2B and B? = 24C
and A* = 8AC and C? = 0. This implies that A" = 0. Since charK # 2 (this
is a bad prime), we deduce that C) is a quotient of K[A,C]/(A7,C?, A* — 8AC).
Making the substitution X = nA and Y = A% — 8C, we find that C) is the algebra
K[X,Y]/(X%—Y?2 XY) of Type[ZHl1, and so tame.

7.15. Type D,,. We assume that the rank of W ()) is one less than the rank of W.
Consider the following diagram:

(13) .

In degree one (respectively two) Cy has a unique element corresponding to s,
(respectively s,_28,). In degree three it has elements corresponding to $,,—18,—25n
and S, _3S8,_25,; in degree four it has elements corresponding to s,_38n,—1Sn—25n
and S;,—4Sp—3Sp—25,. This implies that C) is wild by Lemma [Z.71
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Consider the following diagram:

(14) o

Then C) has an element in degree one corresponding to s,_o whilst in degree two
we have elements corresponding to s,8n,—2, Sn—1Sn—2 and s,_38,—2. Therefore C)
is wild by Lemma [T

7.16. Thanks to ([I) the only remaining case is the following diagram:

(¢]

Let 0; € K[X1,...X,] (respectively o/ € K[Xa,...,X,]) be the i elementary
symmetric polynomial in n (respectively n — 1) variables. Then the algebra C) is
generated by the polynomials X1, o(X3,... ,X2)for1 <i<n-2,and Xs...X,,
subject to the relations induced by o;(X?,...,X2) = 0for 1 <i <n—1 and
Xq...X, =0. This is a 2n-dimensional algebra. Let A = X; and B = X,... X,,.
The formula

oi(X3,.. X2 = XPo,_ (X3, X2) +ol(XE,... , X2)

shows by induction that A and B generate this algebra. In fact we find that
ol = (—=A?)! for 1 <i <n— 1. It follows that B? = (—A?)"~! and it is clear that
AB = 0. Thus C) is a tame algebra of Type [[H.1.

7.17. Type E. We assume that the rank of W () is one less than the rank of W.
Consider the following diagram:

@ [e) o O:«--

Arguing as in the previous subsections, we find that C) has a Poincaré series of the
form described in Lemmal77] and is therefore wild. Other possibilities for diagrams

are dealt with in (), (I3]) and (I4).

7.18. Type Fy. Suppose the rank of W()) is three. Consider the following dia-
gram:

o o

o -

Then in degrees one, two and three respectively C) has elements corresponding
to s1, s251 and s3sasy respectively, whilst in degree four we have elements corre-
sponding to s2S38281 and s4838251. In degree five C'y has elements corresponding
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to $159538251 and $254535251. It follows from Lemma [Z.7 that C) is wild. The case
(I2) finishes type Fy, and therefore the proof of Theorem [[3]

8. COMPLEXITY

8.1. The purpose of this section is to find a necessary condition on x € g* and
A € A/W for By, to be tame, and to prove Theorems and (4] (we continue
assuming that x vanishes on b™). Our principal tools will be the results of Sections

Bland [

8.2.  We assume until RI4 that G = G and that GV is simple. In the next lemma
we do not assume that the parabolic subgroup W () is standard in W.

Lemma. Let A € A/W.

1. Suppose that W(X) does not contain simple reflections s;1), ... ,5aq) such
that i(j) and i(k) are not adjacent on the Dynkin diagram of A for j # k.
Then G.(ea,y + -+ €a,y) € Vg(0,A).

2. If W(X) # W, then G.eq € Vy(0, ) for some short root o € A.

Proof. 1. There exists v € X (T) such that 0 < (v,a)) < pfor all i, and dv = . Let
V denote the Weyl module for G with highest weight v—p. Differentiating the action
of G on V gives V anatural By x-module structure. Let G denote the subgroup of G
generated by all U, , and go = Lie(Gp). Obviously e := €a;y T T Cayy € B0
Let Vp denote the subspace of V' spanned by all weight spaces V, with v —p—p €
L1y @ - .. ® Zaqy- By construction Vp is a direct summand of the go-module V.
It is well-known (and easy to see) that dim Vo = [[, v(ha,,, )- Since sig) & W(A),
we have that v(hq,,,) < p—1 for all k. Therefore p { dim Vp. In particular, Vo
is not a free (e)-module. Since all e,,,, commute, we also have that e € N, (g).
Using our discussion in BT, we now deduce that e € Vg(0, A).

2. Since the short roots in ® span the root lattice @ and p is a good prime for G,
there is a short root S € ® such that (\,5Y) # 0(p), for otherwise W(\) = W,
contradicting our assumption. Since G(!) is simple, all short roots in ® are conjugate
under W. Replacing A by its W-conjugate, we can assume that there exists a short
root @ € A such that (\,aV) # 0(p). Then s, ¢ W(A). Applying the first part
of this lemma (with d = 1), we now deduce that e, € V4(0,A). Since this set is
G-invariant, the result follows. O

8.3. In the following subsections we give lower bounds for dim Vy(x, A) in a number
of important cases. We let e = 671(x) € N be the element of g corresponding to
X- Recall that by 222 and Theorem 2] dim Vy(x, A) = dim Vg(0, ) Nz4(e).

Given a subset J C A, we denote by u; the Lie algebra of the unipotent radical
of the standard parabolic of type J in G.

8.4. Type A,. For a = o; +...+a; € ¢ we choose as a root vector e, the matrix
E; j+1 whose (i,j + 1)™ entry equals 1 and all other entries are zero, and we set
e_o ="'E; j11, the transpose of E; j11. Assume that W () # W. First we consider
the subregular case.

Assume n > 2. Lete=e€q, +...+€q, , and J ={2,...,n}. The orbit G.e,,
is minimal in A, and so is the Richardson class corresponding to uy; that is, it
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intersects densely with u;. Thus G.en, = G.uy. We have
Keat..van + Keayt.. ya, €Guy ﬂgg(e),

so it follows that dim Vg (0, \) N 34(e) > 2.

Now assume n = 1. Then zero is the subregular orbit, and the closure of the
minimal orbit is the nilpotent cone. It is immediate that dim Vg(0,A) N z4(e) = 2
in this situation.

8.5.  The closure ordering of conjugacy classes in type A, is given by the domi-
nanace ordering on partitions of n, [T9 7.19]. It can be checked that for n > 2 there
is a unique maximal non-regular, non-subregular class. If n > 3 this corresponds
to the partition (n — 1,2). Let e = e4, + ...+ €4, _, + €a, be a representative of
this orbit. The element e is centralised by the set

Keat. 4. .an > T Keat. ta, + Ke—q, | + Keq, C Np-

The orbit G.eq, is characterised as those matrices of rank one whose square is zero.
We deduce that the set

{Z1€014.. 4an_o T T2€01+. fa, + T3€—a, , T Ta€q, : T1T4 — Tox3 = 0}

is contained in G.eq, N 3g4(e). Therefore dim Vy(0,A) N34(e) > 3.

Now assume n = 2. We have to consider the zero orbit. We have G.e,, = G.u(;.
Since any element in ugoy has square zero, we deduce that dim Vg (0, ) N34(0) >
dim G.u{Q} =4.

8.6. Suppose n =3 and W(A) = X x ¥3. Adopt the notation of [23, Proposition
2.6]. It is easy to see that the subsystem R, of ® has type A; x A; and the
partition ‘7(\) of n + 1 = 4 introduced in [23] 2.6] equals (2,2). Combining [23]
Proposition 2.6] with our discussion in 1] we derive that eq, + eq; € V4(0,A). As
a consequence, Vg4(0, A) contains all matrices in g of rank two whose square is zero.
Let e = eq, + €q,, a subregular nilpotent element in g. The element e is centralised
by €a; + €ass €artas, Cartastas and e_q,. The set

{xl(eal + €ay) + T2€0, tay + T3€ay+astas T Td€—ag ! x% + 2314 = 0}
is a three-dimensional subvariety of G.(eq, + €as) N3g(e). It follows that
dim Vg (0, X) N 34(e) > 3.

8.7. Suppose that n = 2 and W(\) = 1. Then A is a regular weight. Hence
p is greater than or equal to 3, the Coxeter number, and N, = N. Moreover,
Vg(0,A) = N, by [23, Proposition 2.6]. Let e = e,,, a subregular element. We
have

Keoq + KeOtlJrOtz + Ke*az < NN 3g(e)a
showing that dim V4(0, A) Nz4(e) > 3.

8.8. Type B,. We begin by identifying the orbit G.e,, . Since a,, is a short root,
the closure of G.e,,, contains the minimal nilpotent orbit strictly, so we deduce that
dimG.eq, >4(n—1)+2. Let J ={2,...,n}. We have G.uy D G.e,,. Moreover,
by [19, Theorem 5.3], dim G.uy = 2dimuy = 2(n? — (n — 1)?) = 4n — 2. We deduce
that G.e,, = G.uy, the closure of the Richardson class of g corresponding to J.

Since e([ﬁl =0, we must have z[P! = 0 for all z € G.eq, . In particular, ug)] =0.

Now let € = eq, + ... + €q,, & subregular element [26, 3.2]. We mention for
further reference that e is conjugate under Ng(T') to eq, + ...+ €ap,_5 + €an_1+an-
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The centraliser of e includes the elements e_q,, €0y +2a5+... 420, ANd €ny+20s+.. 420,
(if n = 2 take e_q,, €q, and eq, 424, ). Applying a preimage of s1 in Ng(T') to these
elements yields non-zero multiples of en,, €ay+200+...42a, AA €a;+as+20s+... 420
(respectively eq,, €a;+as a0d €4, 424, ), all of which lie in u;. Therefore

dim Vg (0, A) N3g(e) > 3.

8.9. Type C,. We can assume that n > 3. Let us describe G.e,,, ,. To this end
let

6 —= 89283...8,—-15152 .. .Sn_QSn(Oén_l),

(00,8 = {1 ifi =2,

a short root. We have

0 otherwise.

By [44] TV.2.2.8] the dimension of the orbit is independent of p. Using the grading
on g induced by the above, we therefore calculate that dimG.eg = 4n — 2. Let
J = {2,...,n}. Then, by [19, Theorem 5.3], dimG.u; = 2dimu; = 4n — 2.
Since eg € uy we deduce that G.eg = G.uy, the closure of the Richardson class
corresponding to J.

Let e =eq, + ...+ €q, + €2a1+..20,,_1+a, - 1t is easily seen that e is conjugate
under Ng(T) to eq, +. . .4€qa, _, +€a, +€2a,_,+a,, a Richardson element in 1y, _q3.
It follows that e is a subregular nilpotent element of g. The centraliser of e includes

the elements €2a,+..+2a, _1+a,> Car+20a+...+20m_1+a, N €20, +. +2a,_1+a,- 1t 1S
straightforward to check that the set

U_ay-(Kea, 4200+ 4200 _1+an + K62a1+---+2an_1+an) C GauyNig (e)a
is three-dimensional. We deduce that dim Vg (0, \) N 34(e) > 3.

8.10. Type D,,. The present assumption on G implies that G = G(V). Assume
that W(\) is a standard parabolic subgroup of W of type D,,_1. Then A = rw;
for some r € F,. Adopt Bourbaki’s notation for the root system of type D,,. Since
w1 = €1, we can find w € W such that wA =re,—1. Set y =re,—1. Fork=n—1,n
we have

2r(en—1l€n—1 L €n)

:u’(hak): ( :7“7&0'

€p—1E €n|€n—1 =+ en)

Therefore we can assume in what follows that A is such that s,_1,s, € W(M\).
Then, by Lemma B2, G.(eq, _, + €a,) C Vg(0,A). The present assumption on G
implies that G = GV,

8.11. Let o denote the outer involution of the algebraic group G induced by the
nontrivial symmetry of A. It induces an automorphism of g, also denoted by
o, which swaps €44, , and e4,, and fixes e4,, for i <n —2. Let G° denote the
connected component of the fixed point group G?, and g the fixed point subalgebra
of 0. Tt is well-known (and not hard to see) that g° = Lie(G°) has type B,_1 and
is generated by e+q,,...,€+q, , and €+q, ; + €14, . Moreover, the elements eq,
with ¢ < n—2 together with e,,, , +eq, generate a maximal nilpotent subalgebra of
g% and can be viewed as simple root vectors for g7 with respect to h7 = g? Nh. Let
B1, ..., Pn—1 denote the corresponding simple roots, so that eg, = eq, for i <n—2
and eg, _, = €q, _, + €q,. Note that 3,_1 is a short root of g°.
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8.12. Theelement e =eq, +...+€a, 5+ €a,_stan o+ €Capn_stan_1 T Ean_s+ans
fixed by o, is Richardson in uy, ), hence subregular in g. There exist root vectors
in g% such that e =eg, +... 4+ €3, 5 + €8, _s+8,_2 + €3,_s+8,_,- Lhis is conjugate
under Ug, , = U, _, to eg, + ...+ €3, 5 + €8, s+8,_,, & subregular nilpotent
element of g° (see B.§). Since eg, , is a short root vector in g° we have, by B3]
that

dim GO.eg, , Nzg-(€e) > 3.
Since 34-(€) C 34(e) and eg, , = €q,_, + €q, our discussion in yields

dim V5 (0, A) N 34(e) > 3.

8.13. Type Ga. The element ¢ = e,, + €q,+2a, is conjugate under Ng(T') to
€ar+as T €ai+2a,, & Richardson element in ugoy. Hence e is subregular in g. Then
3q(e) has a basis consisting of e_q,, €a,+43as, €201 +3a, and e. It is easily seen that
Uay+2a:U—a1—as (Keq,) is a dense subset of Keq, @ Ke_o, P Kea,+3q,. From
this it is immediate that the Zariski closure Y of U, 105 Uas+200 U—01—as (K €q,) 1S
an irreducible, conical hypersurface in

X :=Kea, ®Ke_o, ®Kea, 120, ® Koy 1300 ® Keoa, 130, = A®.

Since 34(e) is a hyperplane in X, all irreducible components of Y N 34(e) must be
at least three-dimensional. As a consequence, dim Vg(0,A) N3q4(e) > 3.

8.14. Let us return to general G satisfying the hypotheses of ZT1 Recall the com-
plexity of a module over a finite dimensional algebra is the rate of growth of its
minimal projective resolution. If we consider a U, (g)-module M, then the com-
plexity of M equals dim Vy(M), see [9, Proposition 3.2] and [11l, Section 6]. Thus
the following lemma provides the link between rank varieties and representation
type.

Lemma. Let x € N and A € A/W.

1. The algebra By x is simple if and only if Vy(x, A) = 0.

2. [7, Theorem 3.2] The algebra By, x has finite representation type if and only if
dim Vg (x, A) < 1.

3. [39, Theorem 2] If By » has tame representation type, then Vy(x,A) is two-
dimensional.

8.15. Thanks to Proposition [B.5] in order to prove the results of Section B we
may assume that G =G =G1 X - - X Gy =01 ... PG, X =X1+---+ Xm
and A = (A1,..., Ap). In this situation

Bx,)\(g) = BX1,)\1 (ﬁl) @ ® BX"“)\m (gm)
Asin [37], p.242], we have Vy(x, A) = Vi, (x1, A1) X+ -+ X V;, (Xm; Am). In particular,

m

(15) dim Vg (x, ) =Y dim Vg, (x;, A))-

j=1

Let us remark that, thanks to [I2, Theorem 4.2], if W;(\;) = W;, then By, A(8;)
is simple (this also follows from Theorem 2 combined with the irreducibility and
projectivity of the restricted Steinberg module).
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8.16. Proof of Theorem It follows from Theorem that the blocks con-
sidered in Theorem have finite representation type.

Thanks to BI4.2, B, has finite representation type if and only if Vy(x, A) has
dimension at most 1. So by (IH) By, has finite representation type if and only if
there exists j, 1 < j < m, such that Vg, (xi, A;) = 0 for ¢ # j and dim V3, (x;, ;) <
1.

Suppose V;, (0, A) is non-zero. Since it is a closed G-invariant variety, it contains
es, where & is the longest root of g;. Since x(n™ N g;) = 0, we see that e5 €
V;5,(0,A) N3, (xi). We deduce that Vg, (0,X) = 0 for all i # j, implying W()\;) = W
for all such ¢ by Lemma 822. By Lemma 8141 we have that B,, x,(8;) is a simple
algebra for all such 1.

Suppose By, is of a type not considered in Theorem [5.2] By Theorem [T.2 x;
is not regular. If {; is regular nilpotent, then B¢, x,(g;) has finite representation
type by Corollary B3l Thus the pair (W, W;();)) must be of the type described
in Theorem Since x; is not regular, however, the calculations of R4l [
and RT3 show that dim Vg, (x;, A;) > 2, a contradiction.

8.17.  We give a necessary condition for tame representation type.

Proposition. Let x € N and A € A/W. If By \ has tame representation type,
then x and \ satisfy one of the conditions of Theorem [5.3.

Proof. Suppose B, » is tame. By Lemma BT413 we must have dim Vy(x, A) = 2.
By (IO) there are two cases to consider.

1. There exist ji,j2, 1 < ji < jo < m, such that dim Vg, (xi, Ai) = 645, + dij, -

2. There exists j, 1 < j < m, such that dim Vg, (x4, Ai) = 26;5.

In Case 1, arguing as in[8.T6, the blocks By, », (8;) are simple and W;(\;) = W; for
i # j1,jo. By Lemma[8T412, Theorem [5.2] and Theorem [7-2 the block By, i (8.)
is isomorphic to K[X]/(X"*), where k = 1,2 and rp = [W}, : W;, (\)]. By[ZH the

tensor product of these algebras is tame if and only if
(Wi = Wi (M) = W, = Wi, (A)] = 2.
This is equivalent to Condition 3 in Theorem [5.3]

In Case 2 the blocks B,, »,(8;) are simple and W(\;) = W; for i # j. By
Corollary B.3, if &; is regular then the block Be; x;(g;) has either finite or tame
representation type. Thus the pair (W;, W;(};)) belongs to one of the cases of
Theorem and Theorem [Z3l Suppose x; is itself not regular. Then, applying
Corollary B.3lonce again, we deduce that B¢, x;(g;) has finite or tame representation
type for subregular ¢;. In particular, dim Vg, (¢, Aj) < 2. The calculations in [8.6]-
RT3 show that W is of type of A, and W;(};) is of type A,—1. If x; is not itself
subregular, then B5lshows that dim Vg, (x;,A;) > 3, contradicting tameness. O

As a consequence it only remains to show that Condition 2 of Theorem (3] yields
a tame block. This will be done in Section [d.

8.18. Proof of Theorem [5.4l We assume that Theorem has been proved.
This is proved in [38, Proposition 5.3] that U, has finite representation type if
and only if one of the conditions of Part 1 is satisfied. It is also a consequence of
Theorem B2, see [32, 4.3].

We want to describe x for which all blocks B, » are tame. It is straightforward to
check using Theorems and B3lthat all the algebras mentioned in Theorem (412



1572 IAIN GORDON AND ALEXANDER PREMET

are tame. We need to discount all other possibilities. It follows from Theorems
and B3] that if B, » is tame then x must be regular or subregular.

Suppose first that x; is subregular, and assume p # 2. Then g; is of type A4,
by Theorem B.312, and rank W;();) > rankW; — 1 for all A € A/W. If n > 3,
then the parabolic subgroup of W corresponding to any weight whose restriction
to TN GW equals wy,_1 + w, contains at least rank W; — 2 simple reflections. If
p = 2 and n > 3 then the parabolic subgroup corresponding to 0 is reducible as
a Coxeter group. But then U, has a wild block by Theorem .3l The only case
remaining (apart from A;) is Ap. Since the Coxeter number is 3, for p > 3 there
are A such that W()\) = 1, by [22] 11.6.2]. We deduce that g; is of type A; (any
p) or Az (p = 2). In both cases dim V, (x;,\;) = 2 is achieved, and so by (I3
Vs, (Xis Ai) = 0 for all \; and all i # j. This implies W;(\;) = W; for all i # j and
all \;. Therefore W is trivial for all ¢ # j. This yields cases 2(a) and 2(b).

Suppose that x; is regular for 1 < j < m. If g; is of type A, then the argument
of the previous paragraph shows that either n <2orn=3andp=2 (and ifn =1
then we have finite representation type). If g; has type B, or C,,, then G; = G§»1),
and the parabolic subgroup of W corresponding to w,, is of type A, _1. Therefore
n < 3. If n = 3 the Coxeter number is 6, so for p > 7 there exists A such that
W;(XA;) = 1. If p = 5, then the weight wy + ws provides a wild block, whilst if
p = 3, the weight w, yields a wild block. If g; has type D, then again G; = Gg-l),
and the weight w,, yields a parabolic subgroup of type A,_1, and so yields a wild
block unless n = 4. In case D4 the Coxeter number is 6, so we need to consider
the cases p = 3 and p = 5 only. In both cases the weight ws yields a wild block.
By Theorem [5.3] there are no tame blocks in types F and Fy. If GM has more
than two simple components, then (A shows that dim Vy(x,A) > 3 for some A,
implying wildness. If there are two simple components, then dim Vg (x, A) > 3 for
some A unless the components belong to the finite representation list of Theorem
54 It follows from and Theorem that both components must be of type
A;. The theorem follows.

9. THE SUBREGULAR TAME CASE

9.1. In this section we show that the blocks occurring in Theorem 312 have tame
representation type. Thanks to Theorem [[3] and Proposition BI7] this completes
the proof of Theorem The proof relies heavily on the results of [26].

9.2. Let G = SL,4+1(K) if char K = p does not divide n+ 1, and G = GL,,41(K)
if char K = p divides n + 1. Let g = Lie(G), so that g = sl,1(K), respectively
g =gl,1(K). Let B:gxg — K be the non-degenerate G-invariant bilinear
form defined by B(z,y) = tr(zy) for z,y € g. Choose root vectors e, as in[R4 and
let x € g* be the subregular nilpotent element defined by x(z) = B(z,e), where
€e=¢€q +...1t€qn, ;-

Let A € A/W be such that the group W () is the standard parabolic subgroup
of W generated by the simple reflections s1,... ,8,_1.

9.3. We will be concerned with the category of finite dimensional U,-modules,
U, -mod, or more specifically the subcategory of B, x-modules. These categories
have graded analogues, which we introduce now.
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If G=SL,1(K) let
n—1
(16) To = ﬂ ker(a;),
i=1
whilst if G = GLp41(K) let
(17) To={rE11+...+7TEpn + Eptiny1: 7€ K*}.

Thus, in either case, Ty is a one-parameter subgroup of the torus 7' C G such that
X(Ad(t)r) = x(x) for all x € g and ¢t € Ty. As a result the adjoint action of T on
U passes to an action on the quotient U, .

We define a U,-Tp-module to be a finite dimensional vector space V over K that
has a structure both as a Uy-module and as a rational Tp-module such that the
following compatibility conditions hold:

1. We have t(zv) = (Ad(t)x)tv for all x € g,t € To and v € V.
2. The restriction of the g-action on V' to Lie(Tp) C b is equal to the derivative
of the Ty-action on V.

We obtain the category, Uy-Tp-mod, with objects the U,-Tp-modules and mor-
phisms Tp-equivariant U,-module homomorphisms. Since B, » = exU,, for some G-
invariant element ey, the full subcategory B, x-1p-mod of the category U,-Tp-mod
is well-defined. Its objects are B, x-modules with a compatible rational Tp-action.

Remark. In [26] the case G = SL,,41(K) where p does not divide n+1 is considered,
and the category U,-Tp-mod is studied where T is as in ([I8). The results of [26]
Section 2] continue to hold for G = GL,41(K) where p divides n+1, if we choose Tj
as in (I7). The proofs can be repeated almost verbatim. The only difference occurs
in character formulae, where appearances of (n + 1) in [26] should be replaced
by 1. This is due essentially to the following fact: if ¢ is the cocharacter of T
corresponding to Ty in (I6) (respectively (IT)), then (a,,¢) = n + 1 (respectively
(an, ®) = 1). From now on we will use the results in [26] in both cases without
further comment.

9.4. Let F : Uy-Top-mod — U, -mod denote the functor which forgets the Tp-
structure. The objects of U, -mod which are in the image of F' are called gradable.
Suppose M is gradable, that is, there exists a U,-To-module V such that F'(V) = M.
Then, by [25 Remark 1.5], we have F(socV) =soc M and F(rad V) = rad M.

It follows from [17, Corollary 3.4] and [25, Corollary 1.4.1] that the simple U,-
modules and their projective covers are gradable. Moreover, any lift of a simple
Uy-module is simple in U,-Tp-mod and any lift of a projective indecomposable
U,-module is projective indecomposable in U,-Tj-mod.

9.5. The category U,-Tp-mod has shift functors

[£1] : Uy-Tp -mod — U,-Tp-mod .
These send a given Uy-Tp-module V' to the object having the same U,-module
structure but with t € Ty acting by t.v = (£pay,)(t)tv for all v € V. Given i € N,

we write [i] (respectively [—i]) for the i-fold composition of [1] (respectively [—1]).
Given U,-Tp-modules Vj and Vi, we have a natural isomorphism

(18) P Homy, .1, (Vili], Vi) = Homy, (F(Vp), F(V1)).
1€Z
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Moreover, if Vi = Vi, then the left hand side of [I8]) acquires an algebra structure
through the identification

Homy, .1, (Voli + 4], Va[j]) = Homy, -1, (Vo[d], VA1),
for all 4, j € Z. With this (I¥) becomes an isomorphism of algebras.

9.6. Thanks to [26, Theorem 2.6], there are exactly two non-isomorphic simple
By a-modules. We let Sy and S; be lifts of these to By 1-Tp-mod, and let P(Sy)
and P(S1) be lifts of their projective covers, projecting onto Sy and S; respectively.
By [I7} Theorem 4.1] and [25, Theorem 1.4.2] we have that {Sy[i], S1[i] : ¢ € Z} is a
complete set of representatives of mutually non-isomorphic simple By x-Tp-modules.
Then P(Sp)[i] (respectively P(S1)[i]) is the projective cover of Sy[i] (respectively
Sl [Z]) in BX7,\—T0 -mod.

9.7. The category Uy-Tp-mod admits a contravariant self-equivalence, D, whose
square is the identity functor. By [26] Proposition 2.16] we have for all i € Z

(19) D(Sold]) = Soli],  D(S1i]) = Sifi].
Since U, is a symmetric algebra, [43] and [T, 1.2], P(Sp) and P(S;) are both
projective and injective. So we deduce from ([9) that

(20) D(P(S50)) = P(50), D(P(51)) = P(51).

9.8. Besides the simples and their projective covers there are two other fami-
lies of distinguished objects in By x-Tp-mod. The first we denote by Z(Sp) and
Z(S1). These are indecomposable B, y-Tp-modules whose underlying U, -modules
F(Z(So)) and F(Z(S1)) are the baby Verma modules in U, -mod with heads F(Sp)
and F(S1) respectively. We have, by [26] Theorem 2.6], short exact sequences in
By -1 -mod

(21) 0— 51— Z(Sy) — Sop — 0,
and
(22) 0 — So[-1] — Z(51) — S1 — 0.

To define the second objects we need a little notation. Let ® C ® be the root
system generated by ag, ... ,a,—1. Let p be the parabolic subalgebra of g spanned
by b and all g,, for & € ®’. Then p = [®u, where u is the unipotent radical of p and
[ is the Levi subalgebra of g which equals the direct sum of h and all g,, for a € @'.
Since x(u) = 0, any U, ([)-module M can be extended to a U, (p)-module by letting
u act trivially. Thus we obtain a U, (g)-module by Harish-Chandra induction,

Ind(M) = UX(g) ®UX(P) M.

Let p € X(T) and let Z}(u) be the corresponding baby Verma module over [ Let
Q' (1) be the projective cover of Z!(u) as a Uy(l)-module. Then Ind(Z!(u)) =
Zy(p), and we write Ay () for Ind(Q' (1)). We furnish these modules with a
compatible Ty-structure by concentrating 1® Z! (1) (respectively 1® Q! (1)) in the
weight space given by the restriction of u to Ty and letting Ty act on U, (g) via the
adjoint action. This is well-defined, since the Tp-action on U, ([) is by construction
trivial. For further details, see [24, Sections 10 and 11] and [25] Section 2].

Using the above construction, we see that for ¢ = 1,2 there exists y; € X (7))
such that Z(S;) = Ind(Z{ (1)) as a By x-To-module. We define A(S;) := Ay (1)
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as By x-To-modules. By [24] 11.18] and [25, 2.9] we have A(Sy) = Z(Sy), whilst
the module A(S) has a filtration in B, 1-Tp-mod

(23) OZA()(Sl) CAl(Sl) (@R CAn(Sl) ZA(Sl),

such that A;(S1)/A;—1(S1) =2 Z(51) for 1 <i < n. By [24] Proposition 11.18] and
[25, Proposition 2.9] we have short exact sequences

(24) 0 — A(S1)[1] — P(So) — A(Sp) — 0,
and
(25) 0 — A(Sy) — P(S1) — A(S1) — 0.

In particular, both A(Sp) and A(S7) are indecomposable with simple heads Sy and
S1 respectively.

9.9. We are able to calculate some extension groups in U, -Tj-mod.

Lemma. Let V be a simple U, -Ty-module. Then

K ifv S, Sl

Exti S, V) =
XUX'TO( oV) {0 otherwise.

Similarly, we have

K if V22 Sy, So[—1]
0 otherwise.

EthUX_TO (Sl, V) == {

Proof. Thanks to [26, Proposition 2.19] it only remains to prove that Sy and S;
have no self-extensions.
We have an exact sequence induced from (24))

Homy, .1, (A(S1)[1], S0) — Extyr g, (A(S0), So) — Extyr g, (P(So), So)-

Since P(Sy) is injective and since the head of A(Sy)[1] is Si[1], we deduce that
Exth_TO (A(Sp),Sp) = 0. We have an exact sequence from (21])

HomUX_TO (51, SQ) — Ethl,fX-To (SQ, S()) — Ethl,fX-To (A(So), SQ)

It follows that Exty; g, (So,S0) = 0.
To deal with S7, consider the following exact sequence induced from (25]):

Homy, .1, (S1, A(S1)) — Exty g, (S1, A(S0)) — Extyr g, (S1, P(S1)).
Since P(S1) is projective and the socle of A(Sy) is Sp[—1], it follows that
Exty; oz, (51, A(S0)) = 0.
The exact sequence induced from (21]),
Homy, 1, (S1, So) — Extyr,_r, (S1,91) — Exty g, (S1, A(S0)),

now shows that ExtlUX_TO(Sl, S1) =0, as required. O
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9.10. A module is called uniserial if it has a unique composition series. Given a
Ux-To-module V', we define the radical series of V as follows: set rad’V =V and
for i > 0 let rad’ V = rad(rad" "' V).

Lemma. Suppose V is a Uy-To-module such that rad’ V/ra
i. Then V is uniserial.

AV is simple for all

Proof. 1t is sufficient to prove that any U,-Tp-submodule M of V' equals rad’ V for
some i > 0. We prove this by downward induction on the number of composition
factors of M. Let M be a proper U,-Tp-submodule of V and let M’ D M be
such that M’'/M is simple. By induction M’ = rad’ V for some i > 0, and so

rad”™ V = rad(M’) C M. Therefore M'/M is a factor of rad’V/rad™' V, a
simple module, implying equality. (|
9.11. The following lemma is the crucial result in this section.
Lemma. The modules A(Sy) and A(Sy) are uniserial.

Proof. The module A(Sp) is trivially uniserial. We will show that the module
rad’ A(Sy)/ rad ™ A(S;) is simple in U,-Tp-mod for all 4 > 0, and then apply
Lemma Suppose for a contradiction that 7 is minimal such that the module
rad’ A(S;)/ rad"™ A(S)) is not simple. Since A(S;) has a simple head we have
i > 1. There is a short exact sequence

rad” A(S;) rad’~ ' A(S;) rad’~! A(S;)

1 EERYS - i
rad ™ A(S)) rad"™ A(Sy) rad” A(Sy)
By hypothesis the term on the right hand side of [28]) is simple. The module A(S1)
has only two isomorphism classes of composition factors, S; and Sy[—1]. We assume
that the right hand side of [28l) is isomorphic to Sy[—1]. The other case is treated
similarly.

The left hand side of [20]) is semisimple, so isomorphic to a direct sum of copies
of So[—1] and S7. By Lemmal[0.9] Extlle_To (So[—1], So[—1]) = 0, so we deduce that
this direct sum can contain no copies of So[—1].

Let us write V = rad~' A(S;)/rad"™* A(S), a module with head isomorphic
to Sp[—1] and socle a number of copies of S1. By [20} Proof of Theorem 9] we have
that
(27) [rad P(Sp)[—1]/ rad® P(Sp)[—1] : Si] = dim Exth_To(So[—l], Sy).

By Lemma the right hand side of (21) equals one. We have a commutative
diagram

(26) 0— — 0.

P(Sy)[—1] —— So[—1]

]
1%

>

where f exists by the projectivity of P(Sp)[—1]. This induces a homomorphism
= rad P(Sp)[—1]

" rad? P(Sp)[1]

If f is not surjective, then we have V/im f # 0, and so there is a copy S; in

the head of V', a contradiction. Therefore f is surjective and so radV = Sy, as
required. O

—s rad V.
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9.12. Let A be a finite dimensional K-algebra. Given any A-module M with
simple head, we define the heart of M to be

rad M
soc M’

H(M) =

The algebra A is called biserial if every nonuniserial projective indecomposable left
or right A-module P contains two uniserial submodules whose sum is the unique
maximal submodule of P and whose intersection is either zero or simple. It is
easily seen that if A is symmetric and the heart of any projective indecomposable
A-module is a direct sum of two uniserial modules, then A is biserial. According
to [M], any biserial algebra A is tame.

Theorem. Let x € g* and A € A/W be as in[@2A Then By x is a biserial algebra.
In particular By x is tame.

Proof. By B4 the radical and socle of a By x-To-module V' agree with the radi-
cal and socle of F(V), so it is enough to prove that the heart of the projective
indecomposables in B, z-Tp-mod are direct sums of two uniserial modules.

We claim that

and
H(P(51)) 2 rad A(S1) @ So.

The uniseriality of these summands follows from Lemma @111
Thanks to (Z4)), we have a short exact sequence

A(Sy[1]
So
Using (24), (13), 20) and 1)), we also have a composition

D(A(S0)) _ D(P(50)) o, P(So)
D(So) D(So) — So '

00—

— H(P(Sp)) — S1 — 0.

O—>SlgD(51)g

showing that there is a copy of S7 in the head and the socle of H(P(Sy)). By
@3) and @4) S; = S51[0] occurs only once as a composition factor of P(Sp) in
By a-To-mod. So we deduce that S; is a direct summand of H(P(Sy)), proving the
first half of the claim.

For the second half of the claim we have, thanks to ([23) and Lemma [Tl a
short exact sequence

0 — Sy — H(P(S1)) — rad A(S1) — 0.
By ([8), ([9) and @0) we have a composition of maps
rad P(Sy) = rad D(P(S1)) — D(Sp) =2 Sy — 0.

As above, we deduce that S is a direct summand of H(P(S1)), as required. O
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9.13. Quiver and relations for B, ). Using the results of the previous subsec-
tions, we will determine the quiver and relations for the algebra B, ». The basic
algebra Morita equivalent to By x is simply Endgs, , (F(P(So)) @ F(P(S1))). To
ease notation, set Py = P(Sp) and P, = P(S1). '

By (I8) we have an algebra isomorphism

(28) Endg, , (F(FPy) © F(P1)) = EB Endg, -1, (Poli] © Pyi[i], Po © Py).

i€Z
We construct four elements in the right hand side of (28), show that these generate
the basic algebra, and then describe the relations between these elements.

Let A be the unique (up to scalars) map in B, x-Tp-mod of degree zero, defined
as the composition Py — A(Sg) < Py. Similarly, let B : Py[1] — A(S1)[1] — Py
be the unique map of degree 1.

By the proof of Theorem @12 rad P, has head isomorphic to Sy @ Sp[—1]. So
we have

Py[-1] —— So[-1]
c ]
rad P;

Composing f with the inclusion rad P, C Py, we obtain A : Py[-1] — Py, a map
of degree —1. Similarly, using the proof of Theorem [I.12] we define B as

Pi=—— 5 H(Py) Py/So
S T
~sp

By construction, B is a map of degree zero.

Lemma. The elements A,A,B and B generate Endg, , (F(FPy) @ F(Py)) as an
algebra.

Proof. Consider the map induced by A,
Pl

. A_l(Sl) Sl .
Using Theorem we see the image of A is rad A(S;). Since S; = soc P; C ker B,
we deduce that

(29) im(Bo A) =im(B o A) = rad A(S;)[1].

Write X = BA. By (29) X induces an endomorphism of A(S;)[1] € Py which sends
the head of A(S;)[1] onto rad® A(S;)[1]. Since A(S;)[1] is uniserial, it follows that
X sends rad’ A(S1)[1] to rad”"? A(S;)[1]. Hence the image of X" : Py — P,
equals Sy = soc Py.

Let Y = AB. We have

~ _qyn—1
Boynt.p —L . po1 LT

Py[-1].
It follows from the definition of B and the previous paragraph that the image of
B o Y™ ! equals rad®” % A(S;), a module with composition factors Sy[—1] and

So by Lemma Using (1), 22), 3), 24) and (28), we see that the kernel
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of A has composition factors Sp[—1] and S;[—1]. Tt follows that Y™ has image
S| = soc Py.

It is clear that im(B o A) = soc Py and im(A o B) = soc P;. Thus, possibly after
rescaling, X" =cBo A and Y = A o B, for some non-zero scalar c.

Let flz =YioA and Bi = X% o B. The elements XLY?, fL and Bz are linearly
independent in Endg,_, (F(Py)© F(Py)) for 0 <4 < n. On the other hand, by (2I)),
22), @3), ) and (25), we have

[P(Py) : F(S0)] = [F(Po) : F(S1)] = [F(Py) : F(So)] = [F(Py) : F(S1)] = n+1.
We deduce, by [I, Lemma 1.7.6], that

dimEndg_, (F(Py) ® F(P1)) = Y [F(P) : F(S;)] = 4(n + 1),
i,5=0

as required. O

9.14. It is now straightforward to obtain the quiver and relations (up to scalars).

Theorem. Let x be subregular and A € A/W be such that W () has type An_1.
Then By x is Morita equivalent to the quiver

e~

with relations AB = BA = AB = BA =0, AB = (AB)" and BA = ¢(BA)", for
some non-zero scalar ¢ € K.

Proof. We have shown in Lemma that A,A,B and B generate the 4(n +
1)-dimensional algebra Endp_, (F(Po) ® F(P1)). The first set of relations holds
thanks to the grading on Py and P;: the module Py (respectively P;) has no
composition factors isomorphic to Sp[i] (respectively Si[é]) for i non-zero. The
second set of relations already appeared in the proof of Lemma [0:.13] Therefore the
endomorphism ring is a quotient of the above path algebra. The path algebra has
a basis consisting of A, B, e1, eo and alternating products of A and B of length no
more than 2n. Consequently the algebras are isomorphic. O

Remark. In the case n = 1 there is a unique subregular nilpotent element, y = 0,
and A is a regular weight. The above description of the basic algebra of By y was
given in [§], where it was shown that ¢ = 1. For n = 2, the quiver and relations
were found independently in [28], and it is shown that ¢ = £1 in this case.

Remark. 1t follows from Theorem[@.I4lthat the basic algebra of B, x is special bise-
rial (see [6] Definition II.1.1]). All indecomposable representations of such algebras
are classified, [6] I1.3]. The classification is based on [I5] and [41]. It would be in-
teresting to pull the information provided by [6l, II1.3] back to g to obtain an explicit
description of all indecomposable representations of the tame subregular blocks.
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