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Lattice Models,
Cylinder Partition Functions,
and the

Affine Coxeter Element.

Robert Paul Thomas Talbot
Ph.D. Thesis 1998

Abstract

The partition functions of the affine Pasquier models on the cylinder are calculated in the
continuum limit. The partition functions of the models based upon the A\n cycle graphs
are first found from the appropriate Coulomb-gas equivalence. Their relationship with
the ﬁn and E\6)7,8 models is established by constructing an affine analogue to the classical
intertwiners using a Temperley-Lieb algebraic equivalence. From this relationship, each of
the partition functions is constructed. We write our results in terms of ‘generating poly-
nomials’ establishing explicitly the precise operator content of the conformally invariant
continuum field theories.

A numerical study is undertaken to establish the validity of the partition functions as
calculated. We conclude that the partition functions calculated are correct.

The partition functions are further studied and the connection with the McKay cor-
respondence established. We establish a simple form for the partition functions in terms
of degenerate ¢ = 1 Virasoro characters and Chebychev polynomials of the second kind.
From this, we establish the role within the partition functions played by the affine Coxeter
element, a particular member of the Weyl group associated with the defining graph of the

model. Some of the resulting consequences of this role are explored.
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But some there are who deem themselves most free
When they within this gross and visible sphere
Chain down the wingéd thought, scoffing ascent,
Proud in their meanness: and themselves they cheat
With noisy emptiness of learnéd phrase,

Their subtle fluids, impacts, essences,

Self-working tools, uncaused effects, and all

Those blind Omniscients, those Almighty Slaves,
Untenanting creation of its God.

— Samuel Taylor Coleridge.
“The Destiny of Nations”.

The core of nature is in the heart of Man.

— Friedrich Wilhelm Nietzsche.
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ROBERT P. T. TALBOT — PH.D. THESIS 1998

Chapter 1

Lattice Models and Conformal Field
Theory

In this chapter we establish the theoretical framework behind the first part of the study
which is conducted in chapters 2 and 3. The material of this chapter follows a variety of
sources and, except for the second half of section 1.2.7 (the calculation of equation (1.152)),

no claim of originality is made. Further background material is given as chapter 4.

1.1 Pasquier Lattice Models

In this section, we introduce the idea of a graph lattice model. We present the concept
of integrability and apply it to introduce the integrable lattice models of Pasquier [43].
These models may be thought of generalisations of the familiar (J-state Potts model and
of the integrable lattice models of Andrews et al. [1]. Using the @Q-state Potts model as
a guide, the Temperley-Lieb algebra is introduced. This is a sufficient condition for the
integrability of a lattice model. Representations of this algebra and hence integrable lattice

models are constructed by restricting the degrees of freedom of the model to a graph.

Although the models were first constructed in the form discussed below by Pasquier [43],

this review also makes use of the articles [25], [31] and [57].

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY 2

1.1.1 Statistical Mechanics

Statistical mechanics is the science concerned with describing systems with large numbers
of degrees of freedom. Such systems abound in nature: the air we breathe, the water we
drink and the matter of which we ourselves are made being familiar examples. Each is
composed of huge numbers of particles, each with its own position and momentum. One
cannot hope to describe the behaviour of each and every single particle. Statistical me-
chanics takes its name by concentrating on the bulk statistical properties of these systems,
deriving such from the typically short range interactions of the individual subsystems. It
faces two major problems: Often the underlying interactions are unknown. We are forced
to guess and approximate quite complex interactions. The second problem is that of math-
ematical tractability. The underlying interactions often do not afford an easy derivation of
the bulk properties. So we are forced to approximate yet further. One such approximation
is to restrict to the examination of 2-dimensional systems, simplifying the physics. The
degrees of freedom may be simplified too, perhaps just considering one physical parameter
and modelling the complex interactions solely upon this. Both strategies are employed in

the systems discussed in this section.

We shall also assume that the systems in which we are interested are in equilibrium.
That is, the bulk physical properties of interest to us do not change over some given
timescale. For such a system at temperature 7', at any given time the relative probability

or Boltzmann weight that the system is in the configuration labelled by c is
W(c) = exp{—B(c)/kn T} ; (L1)

where E(c) is the energy of the configuration c and kg the Boltzmann constant. Thus at
low temperature, a configuration of higher overall energy is less likely to occur than a less
energetic configuration. As the temperature is raised, highly energetic configurations are

eventually permitted. The probability, therefore, of the specific configuration c is

P(c) = 3 oxp{~E(c)/ks T} (12)

ROBERT £, T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY 3

where

Z= Z exp{—E(c)/kg T}, (1.3)

cdec
the sum of all the weights over all the possible configurations C, is the partition function.
It normalises the Boltzmann weights and may be thought of as a generating function for

the statistical properties of the system.

1.1.2 The Q-State Potts Model

The Q-state Potts model is defined [4] for Q € Z™T by associating to each site a on a
rectangular lattice A a height o, which may take any of @ distinct values. (We adopt
the notation whereby the non-negative integers are denoted by Z*+ = {0,1,2,... } and the
non-positive integers by Z~ = —Z* = {0,—1,-2,... }.) Two adjacent heights or spins at
sites a and b interact with energy —J d,,,,. We will assume that .J is positive so that we
consider the ferromagnetic case where at low temperature, adjacent heights tend to align.

The partition function is therefore

Zq = Z exp ¢ K Z P (1.4)

All (a,b)
configurations
{o}

where K = J/kg T and (,) denotes nearest neighbour pairs. The choice ¢ = 2 defines the

Ising model.

The partition function (1.4) defines a system of spins in thermal equilibrium. The expected
value for the spin at site a is simply the thermal average over a timescale equivalent to

that defining the notion of equilibrium, i.e.

(0a) = Y o.P({o}) (1.5)
All
configurations
{o}
1
=z Z Ogq €XD KZéaagb . (1.6)
All {a,b)
configurations
{0}

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY

Of particular interest is the 2-point correlation defined by

(Gaos) =Y ocaopP({o}). (1.7)
All
configurations
{o}

This can be used to examine the distance, the correlation length ¢, over which the spins
exert a significant influence on each other. A spin g, will influence and will be influenced
by those other spins within a distance (. When ( is finite, it is related to the 2-point

correlation, where the distance r between the sites a and b is large, by

-r/¢
(00 0b) = eTT . (1.8)

The exponent 7 is an example of a critical exponent.

The model (1.4) is generalised to @ € R by analytic continuation, making use of the high-
temperature expansion: Each neighbouring and alike pair of spins contributes a factor ef¢

while each unlike pair contributes a factor of 1. Thus, equation (1.4) can be rewritten as

Z2= ¥ H{1+(e’<—1)5aagb}. (1.9)

All - (ab)
configurations

{0}

Each term in the product is represented graphically in terms of bonds on the lattice. A
bond is present if the (¢X — 1) term is present in the expansion of the product (1.9). These
bonds form clusters of constant height (refer to figure 1.1). Performing the summation

over the configurations {o} yields a factor of @) for each independent cluster. Thus

Zg= 3 (K -1)""QMe; (1.10)

Graphs
where Ny and N¢ are the numbers of bonds and clusters respectively. The expres-
sion (1.10) is clearly analytic in . So the definition (1.9) of the Potts model can be
extended to general values of @ € R by using this new expression (1.10). If to each bond-
graph is associated the set of closed loops (polygons) around the clusters, as demonstrated

in figure 1.1, then the number of closed loops, Ny, in a given graph in (1.10) is given by

ROBERT P. T. TALBOT — PH.D. THESIS 1998
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Figure 1.1: The @Q-state Potts model with free boundary conditions on the rectangular lattice
(dashed lines), here shown in a finite cylindrical geometry. The lattice is periodic in the
‘horizontal’ direction. Each configuration may be represented by a graph of bonds (thick lines)
denoting clusters of like heights. Equivalently, each configuration may be represented by the
set of closed loops or polygons (thin lines) about the clusters

Euler’s relation
NL=NB+NC"'NS N (111)

with Ng the total number of sites in the lattice. For planar or cylindrical geometries, the

number of polygons is

Np = Np + N¢. (1.12)
Hence (1.10) can be rewritten as
N
2= ¥ ((F-ne e g
Graphs

The critical point of the model defined by (1.10), the point where the correlation length ¢

becomes infinite, is known from duality arguments (see [46] and [33]) to be at the point

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY 6

Figure 1.2: A standard regular rectangular M x L lattice A.

where
(X -1)QV?=1. (1.14)

Furthermore, the transition is second order for @ € [0,4] and first order outside this
interval. Duality arguments relate the free energy of a system to that of an equivalent
system constructed on the dual lattice (the lattice constructed by building a lattice with
sites centred on the faces of the original) but at a different temperature [56]. Such a duality

argument is presented in section 1.1.5.

1.1.3 General Graph Lattice Models

Consider a standard rectangular lattice A as in figure 1.2. To each point a of A is assigned a
value of a spin or height function o, which is allowed to be one of a discrete set of values G.
The generalisations of the Potts models are found by restricting the configurations of the
model so that neighbouring heights on the lattice should be close to each other; i.e. that no
strongly fluctuating configuration should be allowed. This contrasts with the Potts models
themselves, where there are no restrictions on the heights associated to two adjacent lattice
sites. Hence the set G is extended to be a directed graph: the height variable o takes values
which are the nodes of the graph G. The bonds of the rectangular lattice are chosen to

be oriented (downwards as in figure 1.3 for example) and the following “G-restriction

ROBERT P. T. TALBOT — PH.D. THESIS 1998
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RS

Figure 1.3: The G-restriction condition: two sites a and b with an arrow pointing from a to b
have heights o, and o}, such that an arrow points from ¢, to o, on the graph G; i.e. if one
follows an arbitrary path on the lattice in the direction of the arrows only, then the heights
must also follow a path which obeys the arrows on the graph G. The nodes or elements of §
are here denoted by circles and the links between the nodes are denoted by a directed-line
drawn between a and b if a connects to b. Two-way links are represented by undirected lines.

condition” is imposed on o:

If one follows an arbitrary path on the lattice in the direction
of the arrows only, then the heights o must also follow a path (1.15)

which obeys the arrows on the graph G;

(see again figure 1.3). In other words, to each path on the lattice, there is a corresponding

path of heights on the graph G.

One sees that with this restriction, the configuration spaces of the Ising, 3-state Potts and

4-state Potts models are recovered by

Oo—O0—0 and respectively.

In each case half of the lattice points take the height-value of the central node of the
graph; the remaining lattice points take heights corresponding to the ‘leg’ nodes. Hence
the original lattice factorises into two interpenetrating lattices: one trivial lattice with

fixed configuration and one with the configuration space of the Ising/Potts model (see

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY 8

*

*%* i

4 R R

Figure 1.4: When the graph G is Za-colourable, the lattice A factorises into two interpenetrating
lattices, respectively denoted by dashed-lines with light sites and thick lines with dark sites. In
the case of the graph Qg (left), the height function o has the fixed value of the central node
on one set of sites (the dark coloured sites for example) and on the other lattice sites there is
a lattice model with degrees of freedom corresponding to the ()-state Potts model.

figure 1.4). Indeed this will always be the case if the graph G is Zy-colourable; i.e. if there
exists a map between the nodes of the graph G and the set Zy which is non-constant as
one traverses the links of the graph. Similarly the configuration space of the Q-state Potts
model with @ € Z* is recovered by considering the graph Qg consisting of one central

node with @ ‘legs’ attached (see figure 1.4).

At the local level, one considers a single square, plaquette or face of the lattice. The

statistics of the model are governed by local Boltzmann weights,

o4
w(aa>ab70070d) = 0. ge (1.16)
ob

which depend solely upon the values of the height variable around the face (a, b, ¢, d) of A.

Such a model is termed an interaction round a face or IRF-model. The partition function

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY g

of the model with given boundary conditions on the height function o is

o4
z=> II - oo s (1.17)
{o All
Subject to f%cesd
boundary (a,byc, Ob
conditions

If juxtaposition of the weights (1.16) is considered as multiplication and all vertices are
summed over subject to the restriction (1.15), then the partition function (1.17) is repre-
sented graphically by the lattice of 1.2. We shall see the Boltzmann weights for the Potts

models in section 1.1.5.

To further analyse these models, it is useful to label the horizontal and vertical directions
‘time’ and ‘space’ respectively. One considers a vertical “zigzag” of sites to be a fixed-time
slice; i.e. the configuration space of the heights on a zigzag is taken to be the basis of a
Hilbert space (see figure 1.6). This procedure allows the transfer matrix to be expressed as
a trace as we shall see. We now examine the operators which propagate between zigzags,

these provide the ‘time’-evolution of the model:

Define [4] the face-transfer matrices as

Jj—-1
X!, = o o, [T 800 - (1.18)
0j+1

These act between two neighbouring rows of L lattice sites, with height configurations o =
(01,...,01) and o' = (0],...,07) (see figure 1.5). We may now write “zigzag-to-zigzag

transfer matrices” as:

L/2
V= HX27 ,

=0

e (1.19)
W = l_IXQj_1 .

j=1

It is clear that we have two types of zigzag (figure 1.6) depending on whether the first node
is in the right or the left position. V propagates from ‘even’ to ‘odd’ zigzags, W from odd

ROBERT P. T. TALBOT — PH.D. THESIS 1998




LATTICE MODELS AND CONFORMAL FIELD THEORY 10

Figure 1.5: The face transfer matrix X?; i.e. the evolution of a zigzag: o; — o’

Even 0Odd

Figure 1.6: The two types of zigzags. V' propagates from even to odd zigzags, W from odd
to even. The configuration space on each zigzag provides the basis of a Hilbert space.

ROBERT P. T. TALBOT — PH.D. THESIS 1998
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(G;a,b)

Figure 1.7: The cylindrical lattice I of circumference M and length L. On the cylinder
boundaries, the spin function o takes the values a and b on the ‘top’ and ‘bottom’ respectively.
We denote by (G;a,b) the cylindrical Pasquier model whose configuration space is specified
by the graph G with boundary conditions a and & on either end of the cylindrical lattice. The
order of the specification a,b is irrelevant due to symmetry.

to even. Together they describe the time-evolution of the system with the transfer matrix
T=VW (1.20)

describing the propagation from even to even zigzags. Simarily T = W V describes the
propagation between odd zigzags. As T (or T') acts as a time propagator, we see that it is
related to the Hamiltonian H by T = exp(—+/2d H) with d the interlattice spacing (i.e.

the distance between neighbouring sites of the lattice).

If we impose periodic boundary conditions in the temporal direction (i.e. opr41 = 01), the
lattice becomes geometrically a cylinder of circumference M and length L (figure 1.7). We

denote a lattice in this geometry by I'. The partition function (1.17) on the lattice is

Z= T TM= T ((V W)M> , (1.21)
Subject to Subject to
boundary boundary
conditions conditions

which is a simple trace of the transfer matrix raised to some power. Up to this point we
have not mentioned the boundary conditions which might be imposed on the ends of the

model. However, we point out that the trace above must take these into account.

ROBERT P. T. TALBOT — PH.D. THESIS 1998
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1.1.4 Integrability

A necessary and sufficient condition for a given model to be exactly-solvable or integrable
is often taken to be the existence of an infinite number of independent mutually commuting
conserved charges. At least in principle, one may reformulate the equations of motion in

terms of these charges, so the time evolution of the system is simplified.

Such charges may be constructed by introducing a family of Boltzmann weights [4],

o4
w(aa7ab7ac7ad'€) = 0a Jc ) (122)
43
where £ is a continuous parameter in some interval 7.
It is convenient, temporarily, to rotate the temporal and spatial directions by 7, assume

a periodicity of L in the (new) ‘spatial’ direction and define the row-to-row transfer ma-

trix R(£) [4], propagating from row to row, by

L
def
R(g)aa’ = H ’LU(G,;, Ti+1, Og—f-l: 0“5)
Jj=1
S 9L (1.23)
= 3 3 £ 3 3 3
o1 - oL

If it can be established that the resulting family, { R(§) | £ € J }, of row-to-row transfer
matrices is a mutually commuting and infinite set, then one may at least in principle
proceed via the Bethe ansatz [4] to find the highest eigenvalue 7(¢) of R(£) and therefore
the thermodynamic free energy per site of the model,

1 1
=— 1 ——InZ=—- lim —In7({). 1.24
FO=- et "2 = (2

The ability to find this free energy is generally what is meant by terming the model inte-
grable or solvable. The parameter £ in equation (1.22) is called the spectral- or anisotropy-

parameter as it may be thought of as modulating the strengths of the different interactions

around a face.
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Now, consider the conditions sufficient for

[R(¢), R(¢)] =0, with¢,&'eT. (1.25)

First, write the product R(¢) R(¢') as

L
(RO R(E)),, =D [[wlonoin, 01,0018 wlof, 0i41, 0141, 011¢")

ol =1
0"1 0"2 a"L
¢ ¢ ¢ ¢ ¢ ¢
— e ¢ ¢ ¢ - (1.26)
13 £ £ 3 € 4
g1 o oy
L
= T‘I‘HD(UU 0;’ Oi+1, 02—&-1[675/) )
=1

where
def
D(o-iao-;;0i+1:02+1]§:£’)a’»' n = w(o'iao-i+1ao-§£k1aa;,'€)w(aélaagl-}—ho-;+laaglél) . (127)

17541

A sufficient condition for (1.25) to hold is the existence of a matrix S(o,o’) such that
D(p,p's 0, V'[€,€") = S(u, 1) D(ps, ' v, V1€, €) S™Hw, V') (1.28)
or
SD(§,¢) =D, S (1.29)

for any permissable configuration (w.r.t. G). As an ansatz for S(u, u'), take it to be itself

a Boltzmann weight with spectral parameter £, i.e.

S(IUU/J’I)P,Q = w(pau,qa.u',lé”) . (130)
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Substituting into (1.29), this ansatz will be consistent provided

> w(p,v,q,pl8) wp, g,V , W) w(g, v,V |€") =
q

> w(p, g, 1 [€") wp, v,r, ql€) wlg,r, v/, W)E) . (1.31)
q

Which, perhaps more clearly, in the notation of (1.22) is

w v w v
Z,, r=3 ,. (1.32)
ZANEAN NS
u v m v
Baxter [4] has shown that in most cases it is possible to choose the parametrisation of the

weights so that
=g —¢. (1.33)

This is indeed the case for the models of interest to us later.

Returning to the “diagonal lattice” picture of the last section (i.e. without the T rotation),

the integrability condition takes the form

XHOXHHE) XHE") = XTHE) XHE) XTHE) (1.34)

in terms of the face transfer matrices.

Equations (1.31), (1.32) and (1.34) are equivalent and known as the Yang-Baxter equation.
One of the most important problems in the theory of integrable lattice models is to find

1ts solutions.

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY 15

1.1.5 The Algebraic Content of the Potts Model

Reconsider the @)-state Potts model with partition function

Z= > exp| Y Knloo;+ Y Kyloo; | ; (1.35)

All i >
configurations (@) (i.3),
{o}

where ()5, indicate nearest neighbour sites in the horizontal and vertical directions,
and K, and K} denote the temperature dependent couplings in the vertical and hori-

zontal directions respectively.
The model is reformulated in the language of the preceding sections as follows:

Note that as mentioned earlier, the configuration space of the Q-state Potts model is given
by the Qg graph. Degrees of freedom exist only at every second lattice site; every other
site has a height fixed to take the value of the centre node of the Qg graph (refer again

to figure 1.4). This means that the face-transfer matrices may be written as

25 _
Xyor = €xp (Kv 5021—102;‘+1) 6U2j0"2j H 60itf§ )
i#2j

2j+1 _ .
X0/ =exp (Kh 6,,2].“(,/2]_“) H O5:00 3
i#£2j+1

(1.36)

which are manifestly of the form (1.18). The {X?%} serve to build up the contributions to
the partition function coming from alike vertical neighbours on the Potts sublattice and
the {X%+1} serve to build up the contributions from alike horizontal neighbours. Defining
the zigzag-to-zigzag operators U, V and T as before (equation (1.19)), it is easily seen that

the partition function (1.35) is recovered from equation (1.21). Define operators {e;} by

L

1
ey = Q2 602j—102j+1 H‘Saiag )
1=0
L (1.37)
-1
€2j+1 = Q 2 H 50’.;02 .
=0

=y,
1#25
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It is easy to see that [4] the {e;} satisfy the relations:

8? = ﬂei )
€ €i+1 € = €, (1.38)

e;e;j =¢eje; for|i—j|>2;
with 8 = Q%. Using these properties, the Jones trace property
Tr(e;, e, -+ €,) =07 Trl fori; <ip <+ <ip, (1.39)

may be shown by induction. These relations define the algebra generated by the {e;},
namely a Temperley-Lieb algebra of parameter 3 [54]. The face-transfer matrices in terms
of these operators are

X¥ =1+¢e7,
(1.40)

XU = Q7 {¢1+ &5 H}
with &, = Q7 {exp(Ky) — 1}.

We now find the critical temperature T, at which the thermodynamic free energy per
site (1.24) is singular in T'. For a large lattice, the transformation e* — ¢! will produce
only boundary effects and therefore does not affect the volume dependence of the partition
function in the infinite limit (L, M — oo) such as we might consider in the thermodynamic-
or continuum-limits. Note that the shift e — e*! is entirely analogous to moving onto the
dual lattice in the Potts case. The interpenetrating lattices of figure 1.4 are dual to each
other. Inspecting equations (1.19), (1.21), (1.24) and (1.40) and using the cyclic property

of the trace, we see that F' satisfies the relation

F(&,6n) = F(& 1,6 — In(&én) - (1.41)

This is a duality relation: it relates a high-temperature Potts model to a low-temperature

Potts model.

Assume that K, and K} are both positive so that the Potts system describes a ferromag-
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net: heights which are nearest-neighbours either vertically or horizontally ‘prefer’ to align.
On physical grounds, the ferromagnetic Potts model is expected to possess a disordered
high-temperature phase (K, and &, small) in which all @ height values are equiprob-
able, separated by a transition from an ordered low-temperature phase (K, and &4
large) in which each site of the lattice assumes the same height value. Therefore, in the
two-dimensional coupling space ({, 1), one expects a curve separating the ordered and
disordered regions. If F is non-analytic at the point (&,,£p), then by (1.41) it must also
be non-analytic at the point (5,:1, ¢,1). The simplest possibility is that it is non-analytic
only on the self-dual curve &, £, = 1 where the phase transition must therefore occur. This

is indeed the case [33].

On this self-dual and critical curve, the parameter ¢ = ¢, = {;1 describes the verti-
cal/horizontal anisotropy; it is the anisotropy- or spectral-parameter introduced in equa-
tion (1.22). Setting £ = 1 results in an isotropic Potts model. Rescaling by an irrelevant
overall factor, the partition function at criticality may be written as equation (1.21) with

zigzag-to-zigzag transfer matrices (1.19) built from the face transfer matrices
XI(¢) =1+fe;, 0<j<L. (1.42)

1 .
(Ignoring the factor &, Q2 in the face transfer matrix X?**! corresponds to scaling the
partition function which in turn corresponds to a constant shift in the free energy density

and this may be ignored.)

Thus, the model is self-dual if and only if the face transfer matrices X 27+1 and X% are
‘proportional’. This in turn is the condition that we.can apply the Yang-Baxter discussion

of the last section (after a rotation of the lattice by 7).

Note that we are not constrained use the representation (1.37) of the Temperley-Lieb
algebra, the partition function is ultimately defined solely in terms of the operators
{e;j|1<j <L} which are in turn defined completely by properties (1.38) for the speci-
fied value of 8. Thus we are free to choose any convenient representation with the same
value 8 = Q% [54]. Moreover, as is easily seen by checking, the conditions (1.38) for any

value of 3 are in fact sufficient for (1.42) to satisfy the Yang-Baxter equation ((1.31), (1.32)
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or (1.34)). Indeed, the expression (1.42) provides a solution to (1.34) provided

PR Sk S (1.43)

1+&¢+p¢
Thus £” has a solution in terms of £, ¢ and 3. The parameter { may be reparametrised so
that (1.33) is satisfied. For f < 2, f =2 and § > 2, this leads respectively to trigonometric,
rational and hyperbolic parametrisations (see [25] for example). Hence we see that the

Q-state Potts model is integrable everywhere on the critical and self-dual curve &, = 1.

We remark that the requirements for integrability might still in principle be met using
face transfer matrices of the form (1.40); we may yet be able to construct an infinite set
of commuting transfer matrices. However, with both parameters &, independent, the
integrability requirements are more involved than in the discussion of the last section. We
are interested only in the critical case given by &, &, = 1, as for Q € [0,4] this leads to a
conformally invariant field theory in the continuum limit. This critical case, as we have

just seen, is indeed integrable.

We remark also that, the single parameter £ of (1.42) which describes the anisotropy in the
interactions in the vertical and horizontal directions, becomes irrelevant in the continuum
limit. This is because the way in which the limit is taken can be used to bring the value
of £ to whatever we wish, just by taking the limit in different ways in the vertical and
horizontal directions. Thus, once this limit is taken (see later), the parameter ¢ will no

longer play an explicit role.
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1.1.6 The Lattice Models of Pasquier

Define for each graph G an associated incidence- or adjacency-matrix, also denoted G, by

1 ; if node a is connected to node b.
gab = 3 (144)

0 ; otherwise.

where a,b € G (i.e. a and b are nodes of the graph G). For example, the graph

,
1 2 E:

has adjacency matrix

010
10 1. (1.45)
001

We may in fact allow entries greater than 1 in the matrix G. This corresponds to having
more than one link between two nodes. We do not consider such cases here. Graphs
with the property that there is no more than one link between any two nodes are termed

simply-laced.

The adjacency matrix associated with any graph G is symmetric iff the graph G is undi-
rected. An adjacency matrix decomposes into block-diagonal form iff its graph can be
separated into two or more disconnected subgraphs. If ¢ is an eigenvector of G with

eigenvalue 3, then

(g}é)a =Y Gath

beg

= Zd’b (1.46)
ba
= B ;

where the notation “b:a” indicates that the summation is over all nodes b adjacent to (i.e.

connected to by) a w.r.t. the graph G.
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Consider for simplicity only undirected and simply-laced graphs G and consider represen-

tations of the Temperley-Lieb algebra (1.38) of the form (ansatz)

/ wa‘d)a"
(ej)aa' - ﬁ]_ 5Uj—laj+1 H(sg]g; 9 (147)
AR Athe i#j

where o, o’ are two permissable adjacent configurations w.r.t. the graph G and the vector zi;
is yet to be determined. The last two of the relations (1.38) are satisfied by this form.
The first relation is also satisfied provided zf is an eigenvector of G with eigenvalue 3. In
particular, close examination of the Boltzmann weight generated by (1.47) indicates that

the path
Oj—1 = 05 = 0j41 — O’; — 0j-1 (148)
and hence the entire lattice, satisfies the G-restriction condition (1.15).

In the thermodynamic limit, any model defined by the relations (1.38) has the same
partition function up to boundary effects as the Q-state Potts model with Q? = 5. Such a
model, therefore, exhibits a second-order phase transition and hence conformal symmetry
along the self-dual line, only for @ € [0,4], i.e. § € [0,2]. Furthermore, the Boltzmann
weights defined by (1.47) ought to be strictly positive so that the conformal theory at
criticality in the thermodynamic and continuum limits is unitary. Also, the graphs under

consideration satisfy the conditions of the Perron-Frobenius theorem which states:

Theorem 1.1 (Perron-Frobenius) A finite real matrix with strictly non-negative entries
has maximal eigenvalue strictly greater than zero, the corresponding eigenvector to which

is the unique eigenvector with strictly positive components. a

Hence the two conditions identify 1 as the maximal Perron-Frobenius eigenvector of those

undirected, simply-laced graphs with maximal eigenvalue g € [0, 2).

The classification of all such graphs arises elsewhere, e.g. in the problem of classifying the
simply-laced Lie algebras. Those graphs with § = 2 are, with some additions, the Coxeter-

Dynkin diagrams of the affine Lie algebras; see table 1.1. Excepting the graphs Agp_y /Zy
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and ﬁgn_l /Z3y, we will refer to these diagrams as the affine and/or ADE graphs. To find

those graphs with 8 € (0, 2), use is made of the Kronecker lemma:

Lemma 1.2 (Kronecker) The maximal eigenvalue of the adjacency graph G is a strictly
increasing function of its matrix elements. Thus adding (removing) an oriented link to
(from) G will increase (decrease) the highest eigenvalue. Therefore a graph always has a

strictly higher largest eigenvalue than any of its proper subgraphs. d

This lemma implies that these graphs have:

No internal loop, or otherwise jl\n would be a subgraph;

)

2) Any node has at most three legs, otherwise Dy would be a subgraph;
) There is at most one three-legged node, or else Dy, would be a subgraph;
)

No graph with a fork may also have a node linked to itself, or 52n_1 /Zy would
be a subgraph; and

(5) No graph may have more than one node linked to itself, or Aoy /Zo would be a

subgraph.

Exploring all possible subgraphs, only those of table 1.2 satisfy these conditions. With the
exception of the graph Ay, /Zo, these graphs are the graphs of the simply-laced simple Lie
algebras. We will refer to all but the graph Ay, /Zs as the classical and/or ADE graphs.

We exclude from consideration the models based upon the graphs As,/Zo, A\gn_l /24
and Bgn_l /Z3. These models possess nodes linked to themselves. Such graphs are not

Zy-colourable so that the factorisation of the lattices depicted in figure 1.4 does not occur.

The Ising, 3-state Potts and 4-state Potts models are recovered as the models labelled
by Az, D4 and 54 respectively. The models labelled A, in table 1.2 are identified as the
restricted solid-on-solid (RSOS) models found earlier by Andrews et al. [1]. These models
were shown to be part of the greater classification of tables 1.1 and 1.2 by Pasquier [43].

The graphs of tables 1.1 and 1.2 (excluding those graphs with self-linked nodes) all possess
the useful property that their eigenvalues may be written in the form S = 2cos £

where the {u} = v*(G), called the exponents, are positive integers and h, also an integer,
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0
S sodhoe
D M.

0 0
Eq

Aona /25 @—o—o— ----- {)—o—@

Don1/Z5 ?3—@—& ----- @—@

Table 1.1: The graphs having highest eigenvalue 3 = 2. Excepting the last two, these are
recognised as the simply-laced affine Coxeter-Dynkin diagrams A, D and E. The so- -called
‘affine node’ of each such diagram is labelled 0. Removal of this node from the diagram "X,
results in the corresponding classical Coxeter-Dynkin diagram “X,,” appearing in table 1.2.
The diagrams Azn 1/Z4 and Dgn 1/Z4 are not Zy-colourable.

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY 23

Do 0—0—0—--- -0—0
Eg l
E; |
Eg I

Am/Zr O—O—O----- @—o—@

Table 1.2: The graphs with eigenvalue § < 2. Note that, excluding the final set of
graphs Ao, /Zs, these are the (non-affine) classical simply-laced Coxeter-Dynkin ADE dia-
grams.
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is the Coxeter number of the graph. We introduce the notation, whereby a general graph
and/or its associated Lie algebra is denoted by G. The eigenvectors and eigenvalues of
such a graph are labelled by the exponents of the graph and denoted by %(“) and g#
respectively. When referring specifically to the eigenvectors of an A, or .;1\" model we will
often use the symbol ?(") instead. In all cases, we denote by 7,~[) (or f) and £, i.e. without
superscripts, the Perron-Frobenius eigenvector and eigenvalue of a model. For the classical
models, ¢ = 341(1) and 8 = B1); and for the affine models, ¢ = %,(0) and 8 = B©). Oftenit is
useful to label a graph by its Coxeter number h (or affine Coxeter number if appropriate)
rather than by the usual index n. In this case, we subscript the Coxeter number in
square-parentheses on the graph, e.g. “Gp)” or “ﬁ[s] = 135”. The notation we adopt for
labelling the nodes, the exponents for each of the affine models and the components of the

corresponding eigenvectors in the A,, and D, cases are given in appendix A.

Each of the graphs A,, D,, Eg 13, Zn, ﬁn and E\s,'f’g defines a representation of the
Temperley-Lieb algebra through equation (1.47) and therefore, at least for &, &, = 1, an
integrable lattice model. We denote by (G; a,b) the integrable lattice model of figure 1.7,
defined on the cylindrical lattice T' (periodic in the time direction), based on the graph G
with boundary conditions a and b on either end of the cylinder. We denote by Zl(qg;a’b) the
partition function of such a model. The face transfer matrices are defined [44] as in (1.42).
Since the models undergo a second-order phase transition at the self-dual point &, {, = 1,
their continuum limits are conformally invariant [15]. As the Boltzmann weights of the
lattice models are required to be real and positive, the corresponding conformal theories
are unitary. In the case of the classical graphs A,, D, and FEgz7g, the conformal theo-
ries obtained in the thermodynamic limit provide representatives of the unitary minimal

series [45] (and see [26]) with central charge

6

TR

(1.49)

where h is the Coxeter number of the appropriate graph. Indeed the complete classification
of two-dimensional conformal field theories, the AD FE-classification, has been found by
Cappelli et al. [9]. The complete set of minimal modular invariant partition functions on
the torus fall into two series: one labelled by (A, Gja) and the other by (Gin), A
where G is a classical ADE graph, h and h’ are the Coxeter numbers labelling the graphs
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and A’ > h. Unitary models correspond to the requirement A’ = h + 1. The modular

invariant partition functions defined by (1.47) precisely realise the (Af,_1), Gjn)) series [45].

The affine graphs A\n, ﬁn and E\6’7)8 provide unitary ¢ = 1 models (see references [45]

and [29]. This will also be demonstrated explicitly in the following chapter).

1.1.7 Intertwiners

The partition function of the model (G;a,b) may be written as

ja,b)
Zlgga Z Z Gir,... i Tr (e;, e ey) (1.50)
k=0 i1,...,ix=1 (a’)
11 <<l

This expression is obtained by writing Zlgg;a’b) as a trace over the face transfer matrices
which in turn may be expressed in a representation- and graph-independent fashion as sums
over the identity Il and Temperley-Lieb operators { e; | 1 < j < M }. The properties (1.38)
together with the cyclicity of the trace allow the partition function to be reduced to
this form [51]. Moreover, the numbers {g;,, . i } are functions only of the parameter g
appearing in (1.38); in particular, these numbers are positive and depend upon the graph
defining the model only through the Perron-Frobenius eigenvalue 8. Thus to calculate

the partition function Zl(«g;a’b) it will be necessary to calculate the trace over products of

Temperley-Lieb operators {e;}.

Denote by Tr,p) the trace subject to the boundary conditions (a,b). It is useful to
introduce the Markov trace defined for any operator Y on the Hilbert space of a model

based on the graph G by

Ty ey ’p(u)
o
= Z TL)(al,...,aL|Y|al,...,aL);

02,...,0 g1

(1.51)

where the { PH) | u € v*(G) } are the eigenvectors of the graph G labelled by the exponents
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of G. The modified partition function is defined [51] in terms of this trace by
ZI[‘gi’/] def rIwr((lV) TM

__Z"f)by) Z(gab .
beG %!

(1.52)

We remark that this partition function is independent of a as will be seen in lemma 1.3.

Write

-1 -1

(ﬂ)aa' = 0j o (ej)aal = oj at (153)

[

Oj41 Tj+1

then it follows from (1.47) that

d
(1)
Yo o P = '/’_“d’f’b_ (1.54)
deg b
b
and
d
[ [
> P =y (1.55)
c,deg b b
a
The eigenvector property of ¢(“) yields
d
E a a "/),(iﬂ) = ﬂ(u) ,(/)c(lp.) s (1'56)
deg
b

as the summation, due to the G-restriction condition, is over all d adjacent to a.

The following is a result of Sochen [51], slightly adapted for our purposes later on:
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Lemma 1.3 (Sochen [51]) The modified partition function defined by (1.52) is graph

independent in that
29" = 1(8,8)) ; (1.57)

i.e. the modified trace depends on the graph G only through the eigenvalues § and B,
In particular, the function f is completely independent of the chosen representation of the
Temperley-Lieb algebra. It depends only upon the details of the lattice A. Thus, for two
graphs sharing the exponent v and having the same Perron-Frobenius eigenvalue 3, the

modified partition functions {ZILQ;"]}Q will be identical. O

Proof Combining (1.50) and (1.52),

M L
ZI[‘Q;V] = Z Z Giv ... i, (ﬂ) Trgzu) (eil T 'eik) : (1'58)
k=0 i1,... i =1
11 < <1

Therefore examining the traces on the RHS (it is useful to bear in mind the notation

of (1.53) in the calculations that follow): For k = 0,
L-1
) (1) = (ﬂ“”) . (1.59)

This is obtained by repeated application of (1.56). The RHS is a function of 8 and * only
and has the same functional form for all G. It is independent of the boundary condition a.

For k = 1, using (1.54) and (1.56),

T () = B (ﬂ‘”))L_z . (1.60)

The proof proceeds by induction on the number of operators in the trace. We use the sym-
bol f to denote some unknown/general representation-independent and graph-independent

function (not necessarily the same each time the symbol is used however). Suppose

Tr((zU) (eil e eik) = f(ﬂaﬁ(u)) 3 (161)
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then for p > 1,

) (er - er eis) = P Te) (e .- e
Try” (e, €iy, ezk—i—p) IB(,,) Trg, (811 ezk) (1.62)
= £(8,6")) ;
and for p =1,
F_[\rgl/) (ei] e eik elk""p) — IB(V) Ti‘t(),u) (e“ e elk)
(1.63)
= 16,6,
using (1.55) and (1.56).
The conjecture (1.57) follows by induction. [ ]

An immediate consequence of lemma 1.3 is that for any classical ADE graph Gy with the

same Coxeter number h as the graph Ay, that

Zl[‘g[h]ﬂ/] _ ZILA[hl;”] . (1.64)

Thus, provided the { P®) | p € v¥(G) } are chosen to be orthonormal,

(1)
g ;(l,b ¢ * A 3 )A
27 = 308 3 Syl z e (1.65)

AEAR) \pEVH(G) ¥o

where a may be chosen arbitrarily on the graph A,). The object relating the two partition

functions is known as an intertwiner; i.e.

(Grapsad) A ISR
2! =y (V(a))ab poaS , (1.66)
A€A()
with the intertwiner,
(1)
A — o) (1)
(V(a)>ab= > By gl) (1.67)

pev(9) 2

Intertwiners provide mappings between the Hilbert spaces of different models. In par-

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY 29

ticular, fixing @ and a in (1.67), they provide the rectangular (i.e. non-square) matri-

ces (V)Z\ = (V(a)a);\ that relate the adjacency matrices,

AV =V Gy . (1.68)

1.1.8 Further Graph Lattice Models
The set of models of tables 1.1 and 1.2 is obtained by restricting the set of graphs considered
to be simply-laced and undirected. Also, substituting the form (1.42) into the Yang-Baxter

equation (1.34) results in the conditions:

612:1667;:

(1.69)

€i€i4+16; — € = €i416€;€41 — €441,

e;e; =eje; for|i—j|>2,

as the sufficient conditions for integrability. (The trace property (1.39) is also satisfied.)
The algebra of the {e;} is therefore more generally a Hecke algebra of which the Temperley-
Lieb algebras form a subclass. Furthermore, the form (1.47) is nothing more than an ansatz
for providing a representation of the Temperley-Lieb algebra. Thus we might expect to

find more integrable models once these restrictions have been lifted.

Di Francesco and Zuber [23] have defined a series of representations of subalgebras of
the Hecke algebra. They define a SU(N)-vertex model as one whose transfer matrix
commutes with the quantum group SU(N), for some g. This quantum group restriction of
the transfer matrix requires that the Boltzmann weights are to be found in the commutant
of the quantum group SU(N),. This commutant is a quotient of the Hecke algebra. In
this classification, the models of Pasquier are synonymous with “SU(2)-height models”.
The quotient of the Hecke algebra from which their Boltzmann weights are built is none

other than the Temperley-Lieb algebra (1.38).

Roche [47] and independently also Warnaar et al. [55] construct integrable lattice models
based on an alternative form to (1.47) for the Boltzmann weights, also based upon the

Perron-Frobenius eigenvector, 1, of ADE graphs. These dilute ADE-lattice models can
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be shown [8] to provide realisations of both the (Aj,_1},Gjx)) and (Gp—1j, Apyy) series of

unitary minimal models.
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1.2 Conformal Field Theory

Conformally invariant quantum field theories describe the critical behaviour of systems at
second order phase transitions [5], [15]. In this section we review the 2-dimensional theory,
particularly its application to the case when the central charge ¢ = 1 and the geometry of
the system under consideration is cylindrical. This review follows [5], [7], [10], [11], [13],

and [16] and also uses some elements of the review article [30].

1.2.1 The Conformal Group

Consider the space R? with flat metric g, = 7, of signature (p, g) and line element ds? =

guv dz# dz”. Under the general change of coordinates z — z:

Az OzP
g (2) = g, (z") = 37 5277 9op(z) . (1.70)

The conformal group is the subgroup of coordinate transformations that leaves the metric

invariant up to a local scale change,
G (T) g;w(:E') = A(z) guu(z) . (L.71)

The infinitesimal generators of the conformal group are determined by considering the

infinitesimal coordinate transformations of the form z# — z'# = z# + ¢# so that
ds® — ds® + (9,¢, + Oye,) dzt dz” . (1.72)

For (1.71) to be satisfied, d,¢, + 0,€, must be proportional to 7,,. Tracing both sides of

this proportionality relation yields the conformal Killing equation:

oy

8#61/ + aygﬂ = d a . 6) Thuj . (1-73)

For d > 2 the general solution is

e =a +wha’ + b gF 4+ (Wa? - 22H N 1) ; (1.74)
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the parts on the RHS corresponding in turn to translations, rotations, dilatations and the
so-called special conformal transformations. The conformal group for d > 2 therefore is

finite dimensional.

In contrast, for d = 2 and g, = 0., (1.73) reduces to the Cauchy-Riemann equations:
8161 = 8262 y 3152 = —3281 . (1.75)

It is now natural to write £(z) = e' +ie? and £(z) = 1 —ie? in the complex coordinates z =
z! + iz? and 7 = 2! — iz?; with z1,2%,¢!,62 € C. z and 7 are taken to be independent
quantities (not complex conjugates) in calculations, with the reality condition z = 2*
imposed afterwards. (We adopt the notation z* to denote the complex conjugate of z.) The

group of conformal transformations in d = 2 is thus isomorphic to the infinite-dimensional

group of arbitrary analytic coordinate transformations:
z = f(z), 7 f(2). (1.76)

We will use the convention whereby functions of the coordinate z (i.e. purely holomorphic

functions) are denoted by unbarred quantities and functions of Z (i.e. antiholomorphic

Oz

ol
35

functions) by barred quantities and also write 0 = d, = 6% and 8

Infinitesimally, the transformations (1.76) are z — z + £(z) and Z — Z + €(Z). Written as

Laurent series, these become:

o0 [e 0]
ez)=— Y e, @) =- ) @7, (1.77)
n=—00

n=—oo

So that the Lie algebra of the conformal group is generated by:

l,=—-2""19, I, =-2""'9; nez. (1.78)
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These are the generators of the Witt algebra. This loop algebra has commutation relations:

o, lm]) = (n—m)lnin ,

[in s Zm] =(n—m)lnin, (1.79)

[ln,lm] =0.

This is the local conformal algebra. The last of these commutators indicates that this
algebra is the direct sum of two subalgebras, one generated by the {l,} and the other by
the {I,}. Indeed, it is clear from (1.76), that the conformal group in d = 2 is the direct
product of two identical subgroups. The separate algebras (groups) are referred to as the
holomorphic and antiholomorphic algebras (groups) respectively. As they are isomorphic,
we will generally choose to neglect to mention the antiholomorphic algebra (group); similar

results for the holomorphic algebra (group) apply equally to the antiholomorphic case.

Clearly [, is regular at z = 0 for all n > —1 and is singular for n < —2. Performing the
coordinate transformation z = 1/w one finds [, — —w™"+19, which is regular at w =0
(i.e. z = 00) for n < 1 and singular for n > 2. Therefore only the subalgebra of transfor-
mations generated by {l_1,lp, {1} U {I_1,10,11} is well defined everywhere on the Riemann
sphere (C* = CU {oo}). The finite form of these transformations are maps C*° — C*
which are analytic everywhere and possess global inverses. They are called the global-
or projective-conformal transformations and are isomorphic to the group SL(2,C)/Z, of
Mébius transformations on the Riemann sphere. In general the local conformal trans-
formations generated by the entire local algebra (i.e. the conformal group) are typically

meromorphic and do not possess global inverses.

The generators [_; and I_1 may be identified as the generators of translations, ly + lp as
the generator of dilatations, i(lp — lo) as the generator of rotations, and I; and 1) as the
generators of the special conformal transformations. The Cartan subalgebra is generated
by {lo,l0}. The physical operators, or fields, will be eigenstates of these operators with
eigenvalues h and h respectively, called the conformal weights. As ly + Ty and 4(ly — lo)

generate dilatations and rotations respectively, the scaling dimension z and spin s of an
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operator are given by:

z=h+h, s=h—h. (1.80)

The transformation of the line element under the conformal group in complex coordinates

is
ds’ =dzdz— 0f 8f dzdz = 0f Of ds® . (1.81)
This transformation may be generalised to
(2,7) = (9f)" (@) 0(£(2), F2)) ; (1.82)

where A and h are the conformal weights of the operator ®(z,%). If an operator ®(z,%)
transforms in this way under the entire conformal group then @ is said to be a primary op-
erator. If it behaves in this fashion only under the global group, then it is a quasiprimary
operator. A conformal field theory typically consists of an infinite set of local operators
{¢(z,%)}, which includes the identity operator, with the property that if a field is one such
operator then so will be all its derivatives. The sets of primary and quasiprimary opera-
tors are special subsets of these operators; the remaining operators, known as secondary
operators, being linear combinations of the quasiprimary operators and their derivatives.
In general, the conformal group of transformations can alter the geometry of the system
and may therefore change the physical ground state of the theory. However global trans-

formations do not change the geometry so that the vacuum is invariant under the global

group.

From (1.82), under the local (global) transformation z — z+¢(z), 2 = Z+£(Z), a primary

(quasiprimary) operator ®(z,z) will transform as
6cz0(2,2) = ((hOe +¢c8) + (hOE+ED)) B(2,%) . (1.83)

This places severe constraints on the 2- and 3-point correlation functions of any such

operators.

ROBERT P. T. TALBOT — PH.D. THESIS 1998



LATTICE MODELS AND CONFORMAL FIELD THEORY 35

1.2.2 Quantisation

Consider flat Euclidean space with space and time coordinates y' and y° together with
the complex coordinates ¢ = y° + iy and ¢ = y® —4y'. To eliminate possible infrared
divergences, the spatial coordinate is compactified so that y! = y' + 2r. This defines
an infinite cylinder in the 3°,y'-coordinates. Now consider the conformal map { — z =
exp( = exp(y? + iy') that maps the cylinder to the complex plane coordinatised by z.
Infinite past and future on the cylinder, 4° = Foo, are mapped to the points z = 0,00 on
the plane. Equal-time surfaces, ¢ = constant, become circles of constant radius on the z-
plane and time-reversal corresponds to z — 1/z*. Dilatations in the z-plane, z — €%z,
are the time-translations 4° — y° 4+ a on the cylinder. So the dilatation generator on the
conformal plane may be regarded as the Hamiltonian of the system and the Hilbert space
is built up on surfaces of constant radius. This procedure for defining a quantum theory

on the plane is known as radial quantisation.

Under the general coordinate transformation z# — z* +¢e#(z) the Hamiltonian of a theory

will transform as
1 2 TR
0cH = ~ 5 d°z 0"e" O, ; (1.84)

which defines the energy-momentum or stress-energy tensor ©,,. For a conformally in-
variant theory, invariance under infinitesimal rotations (¢# = wl z”) implies that ©,, is

symmetric and global scale invariance (e* = Az*) implies Tr © = 0.

In terms of correlation functions, (1.84) is equivalent to [5]:

n

1
Z(@l(ml) 0Py (zg) - Pplzn)) = —%/d% e (O (z) Pr(z1) - - - Palzn)) -
k=1
(1.85)
Suppose the variation e*(z) is conformal within some domain D containing the points

z1,...,Z, and non-conformal but differentiable on the complement D’, the boundary

between these domains being the contour C. Assume also that e#(z) vanishes as ¥ — co.
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Then integrating by parts the RHS of (1.85) yields

L [ 2 e¥(2) (020, () B1 - ®n) — — }{C dS ¥ e¥ () (B, (z) B -+ Br) 3 (1.86)

ﬂ D! 2

where n* is orthonormal to the contour C. The arbitrariness of é# in D' implies that the

first term must vanish for any e#. This yields the conservation law
'O, =0. (1.87)

As O is traceless and satisfies (1.87), there are only two non-vanishing components which

may be written as:

©=0(2)=0,, =00 — 011 +2: 0601,
- (1.88)
C] @('Z_)E@ﬁ=@00—@11—2i@01;

fil

i.e. with solely holomorphic and antiholomorphic dependence respectively, and which sat-

isfy 80 = 90 = 0. Also from (1.86), we may write the generator of the variations in (1.85)

as
Q= _1 dSn#e¥(z) O (z)
27 C
1 B (1.89)
= 37 £, (@26(2) 0() - &ZE(2) B(2) -

Thus the variation of any field ¢(w, ) is given by the equal-time commutator

Oz $(w, W) = Lj[ ([dz O(2)e(2), ¢(w, )] — [dZO(2)E(2), ¢(wﬁﬂ)]> . (1.90)

T 27

Products of operators A(z) B(w) in Euclidean space radial quantisation are only defined

for |z| > |w|; so the radial ordering operation R is defined as

R( A(2) B(w) ) = A(z) B(w) ;if |z| > |w]. | (1.91)

B(w) A(z) ;if |z| < |w|.
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The holomorphic part of (1.90) may therefore be written

1
. b(w) = —— - dz e(z) R(©(z) p(w
¢(w) 2l (fizplw[ }%Z|<|w|) 2 RO 9w) (1.92)
1

=5 dze(z) R(O(z) p(w) ) ;
™ Cw

with a similar result (with a minus sign from (1.89)) for the antiholomorphic variation €(Z).
C,, here, denotes an infinitesimal contour about the point w. Comparison with (1.83) for

a primary (or quasiprimary) field ®(w,w) implies that

R(O(z) B(w,T)) = ( - _hw)2 +- ! waw) (w, D) + analytic terms,  (1.93)

This is another way of stating that ®(w, ) is a conformal field with conformal weight h.

We shall adopt the convention whereby the radial-ordering operator is dropped and all

operator-products are understood to be radially-ordered.

1.2.3 The Virasoro Algebra

The generators of the (quantised) algebra of conformal transformations may be found by

considering the generator of a variation €3(2) defined by

Qes = [Qe, » Qer] - (1.94)

From (1.89), this becomes

Qes = ﬁg {jidzz £2(22) 9(22)7{(121 e1(21) O(21)

Ci

- ﬁldzl 61(21)@(21)£322 £2(22) @(22)} . (1.95)

Note that the operator products above are radially-ordered so that in the first term on

the RHS, C5 encloses Cy and in the second C) encloses C;. Fixing z; and deforming the
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Figure 1.8: Contour choices in the evaluation of the contour integrals of equation (1.95)

inner and outer contours as in figure 1.8, ., becomes

QES = ﬁ %Cdzl 81(21) @(Zl)f; dzo 52(z2) 9(32) 3 (1'96)

where C,, is an infinitesimal contour enclosing z;. From (1.83) and (1.90)

(553 =hoe3+e30= Oe, 551 —0¢, 0ey (1.97)
so that
€3 = &1 362 — &9 361 . (1.98)
Thus
1
Qes = 5— ¢ dzies(21)O(2)
Vy Cs
1 (1.99)
=5mi f, 4= {51(21)862(21) - 62(21)862(21)}@(21) .
Integrating by parts and applying Cauchy’s theorem,
1 20(z) 00(z1)
= —3 d . 1.1
ng, (27”:)2 s dz; €1 (21) %CZI ¥4) 52(22) { (z2 — 21)2 + % — 21 ( 00)
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Choosing Cs = C1, the product ©(z;) ©(2;) is determined by comparison with (1.96). By

dimensional analysis, the most general form this product could have is

Alz) , Ble) o Ola) DB sigsic terms . (1.101)
(Z2 - Zl) (22 — Zl) (22 - 21) 22 — 21

O(22) O(z1) =

A must be constant, as from (1.93), © has dimension —2 (in powers of length units).
Choose this constant to be ¢/2. For B to appear, it must have dimension —1, so that
B(z1) ~ (21 + k)~' which may be absorbed into the A-term. Therefore: A(z1) = ¢/2,
B(z1) =0, C(21) =20(z1) and D(z1) = 0,,0(21), so that

c/2 + 20(z) +3®(z)

—wi  Gowe  aow + analytic terms . (1.102)

The parameter c is known as the central charge; it describes a set of particular realisations
of conformal symmetry. A similar expression to (1.102) holds for the antiholomorphic

terms, defining the analogous parameter ¢. Similarly also, ©(z) ©(w) = 0.

In terms of Laurent series:

O(z) = i Lyz"%, 0@ =- Y L,z "% (1.103)

n=—o0 n=-—0oo
with the modes {L,} and {L,} satisfying:

1 — 1 — ot =
Ln=5— Cdz Ze(z), ILp= ~5= Cdz 71 0(z) . (1.104)
In each case, the contour C encloses the argument of the field upon which the modes act.

The algebra of the modes is the direct sum of two Virasoro algebras:

C
[Lm ’ Ln] = (m - n) Lm+n + E (m3 - m) 5m+n,0 ;

— —_ — C
[Lm, Ln] = (m — n) Ly + 19 (m3 —m) Omin,0 » (1.105)

(L, Ln] = 0.
This is clearly the central extension of the loop algebra (1.79).

Comparing (1.102) with (1.93), and noting that © must be invariant under a global confor-
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mal transformation, it is clear that © is a quasiprimary field; i.e. it may transform under

the action of a general conformal transformation. From (1.102) the variation in © is

L 9%(2). (1.106)

3:0(z) = e(2) 00(2) + 2 0e(2) ©(2) + T

For the finite transformation z — f(z), this may be integrated to give
c
O(z) = (8f)* ©(f(2)) + 5 2 (1.107)
where the Schwartzian derivative {f,z} is

0f 0°f ~ 3 (0%1)’

{f,2} = (3f§2 (1.108)

1.2.4 Representations of the Virasoro Algebra
A highest weight, or primary, state |h,ﬁ> is defined by the action of a primary field on

the vacuum:
|h, k) = @, 7(0)]0) = lim @,7(2,%)10) ; (1.109)

where the subscripts on the operator ®, 7 denote its conformal weights. The regularity

of ©(z) |0) at z =0 and z = oo leads to the annihilation formulae:

L,0)=0 forn>-1,

(1.110)
(0| L, =0 forn<1.
Choosing e(z) = 2" in (1.90) yields
[Ln, @, 5(z:2)] = (R(n+1)2" +2""10) @, 7(2,7) ; (1.111)
which implies that the state |h,ﬁ> satisfies the highest weight conditions:
Lo|h,R) = h|hR)
(1.112)

Ly|h,h) =0 foralln>0;
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and similarly for the action of the {L,}.

The central extension term, proportional to the central charge ¢, in (1.105) vanishes for the
commutators of L_j, Ly and L;. Therefore these generators, which generate a subalgebra,
have the same interpretation as the global conformal generators [_;, lp and ;. Note

that |0) is annihilated by L_;, Ly and L; so that the vacuum is conformally invariant.

Each primary field together with its descendants

{ (P(kl, Jem iK1, - )( ,E) = L—k1 "'L—kmz—zl . "E—En@h,ﬁ(z,f) all ki;k—j c Z+} ,
(1.113)

form the conformal family [® h,E] of operators. States of the form

@EL’“;’ wkmiFLeFn) (0)10)  with all & > 0 (1.114)

are descendant states. The weights (shifted by h) k and k of this state are termed the

levels of the state. The level k is given by

Lo @ bt B g) 0) = (k 4 h) @it #nFrr- ) gy o) (1.115)

plkL -
h,h

with k = zm:lcl A similar equation holds for k. The state Ih,ﬁ) together with its de-
scendants lz;llder the action of the holomorphic (antiholomorphic) algebra forms the Verma
module V,, (Vz). Vi and V3 carry representations of the holomorphic and antiholomorphic
Virasoro algebras (defined in (1.105)) respectively. As is clear by the definition (1.113), in

a given representation V},, the levels of the states are integers.

The representation V}, of the Virasoro algebra is irreducible except for particular, special,
values of h [37]. For these values, the vector space V}, contains a null state (or null vector)

|x) € V3 which satisfies the highest weight conditions (1.112); i.e.

Lolx) = (h+ k) [x)

Ly|lx)=0 forn>0;

(1.116)
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where k£ is the level of |x). In general, the state |x) can be considered to be a primary
state of its own Verma module V; k. Thus, the representation V} is reducible. This
representation may be consistently made irreducible by setting the null vector |x) = 0. No
contradictions arise as |x) has the property of being orthogonal to every other state in V},
and, in particular, has zero norm; i.e.

(¥lx) =0 forall [¢) €V,
(1.117)

{(xlx)=0.

In terms of fields, the conformal family [®)(z)] will contain a special secondary field,
Xh+x(z), which possesses the property (1.83) and consequently all the other properties of
a primary field. This field corresponds to the null state |x) and is called a null field. It
originates from the conformal family (X, x(2)] embedded within [®p(z)]. Its correlation
functions with other (non-null) fields within [®p(z)] are zero, so the null field Xpx(%)
may be consistently regarded as the zero field. Doing this, [X,+x(2)] = {0}, and the true
irreducible conformal family [®p(z)] of the field ®,(z) is obtained. In such a case, the
conformal family [®,(z)] contains ‘less’ fields than expected and it is termed a degenerate

conformal family. The primary field ®5(z) is termed a degenerate primary field.

The special values of h at which the representations V}, are reducible (for a given central
charge c) are found by computing the matrix of inner products of states at a given level

within the Verma module. This “Kac-determinant” is (see [37] and [5])

det M (c,h) = [ (h = hpgc))P™ P9, (1.118)

plq
pg<m

where P(n) is the number of (integer) partitions of the integer n, and

(ayp+a_q)?

hpo,=h
P.q 0+ 7 ;

c—1

24’
_V1-cty/25—-c¢

o4+ = .

+ \/ﬂ

ho = (1.119)

A zero value of the determinant (1.118) indicates the existence of a null state at level m.
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As the generator Ly provides the Hamiltonian for a conformal theory, it will be useful to
count the number of Ly-eigenstates with a given eigenvalue (i.e. weight or level) in a given
representation, Vj,, of the theory. This is simply the dimension of the level-k Lg-eigenspace

of the Verma module V},.

In the case of a non-degenerate representation Vj,, the dimension of this level-k eigenspace

is easily determined. From (1.113) and (1.115), any state at level & is of the form
Logy Logy -+ Lk, |h) 5 (1.120)

with Y%, kn = k. Therefore there are P(k) basis vectors at any level, where P(k) denotes

the number of integer partitions of the integer n.

For a degenerate representation, the dimension of the level-k subspace will be Q(k)
with Q(k) < P(k) for any given level k. This information is collected into a generating
function as follows: Consider the trace over the representation V}, of the operator ¢™°; i.e.

Lo _ L
T = Y (olg o
le) eV

— Lo
=YY (@l o

level |a)evs,
Lola)=(h+k)|c)

=q"> Qk)d".
k

This last is, up to the factor ¢", the generating function for Q(k). The Virasoro charac-
ter, xn(q), of the representation labelled by (c, h), is canonically defined in terms of this

generating function as
xn(@) =g /" Trqke. (1.122)

The Dedekind eta function, 1(q), is defined by

o [e¢]
_ _ i 1
nq) =g c/24§ P(k)g" =4 /24 H = : (1.123)
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so that for V;, non-degenerate,

xn(g) =n""(q) " (1.124)

As a demonstration of the degenerate case, consider the example of ¢ = 1, which will prove

useful later on. The Kac determinant (1.118) for ¢ = 1 may be written as

det My(1,0) = [] (h-Lg—p)?)* 7" P9 (1.125)

P:q
pgsm

p<g

It is clear from this expression that the determinant has a zero iff h = %nQ with n € Z*.
For other values of h therefore, the character is given by (1.124). Considering specifically

the degenerate cases and writing h = %nZ, the determinant is

det M (1, 1n?) o H n? — (g —p) )2P(m—pq) . (1.126)

P.g
pgsm

p<g

Thus the lowest level m at which a null vector occurs in the representation V,2 is given
4

by ¢ = p+n, so that m = n + 1. With n = 1 the first null vector occurs at level 2,

with n = 2 the null vector first occurs at level 3, etc. The weight of the degenerate

2
vector is 721—2 +n4+l= (m;?)

. Thus the representation V(,,,: is contained within the
4
representation V2. Further degenerate levels within V2 occur for m = p(n+p) with p €

peEZt,p>1

4 4
Z*. These correspond to the subrepresentations { Vintam?
(ni2p)?

To build the appropriate Virasoro character, we begin with n7!(q) g™/ which would count
the states correctly were it not for the presence of the degenerate subrepresentations. To
account for these, the null states of each V(n+2p)2 must be subtracted at each level of V, m2-

Therefore, we subtract Y2, 7 ~1(q) g +2p)* / 4. However, each of these representa.tlons is
itself degenerate and the subtraction therefore eliminates from the count more states than
is necessary. To counteract this, we look to the first (p = 1) degenerate subrepresenta-
tion ngj;)ﬁ- It contains all the degenerate subrepresentations Vw for p > 2. Adding,
therefore, E;"ZQ n~1(q) ¢™*+2P)*/4 cancels out all the overcounting up to (and including)

weight QH-TZZ' The overcounting at the higher weights still needs to be addressed; how-
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ever, at this stage in the summation, there are equally balanced positive and negative

terms at the higher weights. As they all require the same correction due to overcounting,

these corrections are also opposite in sign and so they cancel. The degenerate character,

is therefore, x31(q) = n7(q) (q”z/ 4 _ g(n+2)?/ 4). Thus the Virasoro characters at ¢ = 1
T

may be summarised as

-1 n?/4 . +
n (g q ;forn g Z7.

X9 = ; (1.127)
Tz -1 n2/4 (1 _ n+l . +
n7'(q) q (1-q¢"*) ;forneZt.

in agreement with Kac [37] and reference [22].

1.2.5 Conformal Field Theory on the Cylinder

In a semi-infinite or finite system, such as a Pasquier model on a (finite) cylinder, the
presence of the boundary modifies the algebra (1.105). Consider the prototype geometry
of a semi-infinite half-plane defined by Im z > 0 with a boundary condition, denoted (c),
on the real axis. The operators {¢(z,%)} of the theory are defined only within the upper
half-plane Imz > 0. The action of the conformal field theory is locally invariant under
infinitesimal conformal transformations e(z), €(Z). In order to preserve the geometry it is

o0
necessary that e(z) is restricted to be real when z € R If e(z) = — Z €n 2"t1, then
n=-—co

the parameters {€,} must be real.

The definition of ©(z) may be extended into the lower half-plane [10] by setting
O(z) =0(2) forImz<0. (1.128)

In other words, ©(Z) is regarded as the analytic continuation of ©(z) into Imz < 0. One
also chooses © = O on the real axis; this corresponds in Cartesian coordinates to the

physical condition ©¢; = 0, i.e. there is no energy-momentum flux across the boundary.

The generator (1.89) of conformal variations is written as

- 2% (dz £(2) O(2) — dz () O(2)) ; (1.129)
™ Jo+
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Figure 1.9: The contours C*, C~ and C = CTUC™.

where the contour, written CT, is taken to lie wholly within the Imz > 0 half-plane. It
is convenient to choose Ct (which must enclose the points z1,... , 2z, of the arguments
of the fields upon which @ acts) to be a large semicircle together with a portion of the
real axis. Choose the contour C~ to be the image of C* under reflection in the real
axis (see figure 1.9). Then the restrictions on £(z), (z), ©(2) and ©(z) imply that the

generator (1.129) may be written as

1
Q —fcdzs(z)@(z), (1.130)

- 2m1

where the contour C is the ‘net contour’ C* U C~. So that the presence of the boundary
has ‘eliminated’ one of the Virasoro algebras. The generators of the remaining algebra are

the {L,}, with

1

L, =
" oy

f dz 2"t 9(z) ; (1.131)
(o]
the contour C' again extends into the lower half-plane and encloses the points

217217 cer :Zn,zn

of the operators upon which L, acts. The {L,}, of course, satisfy

(L, Ly] = (m = 1) Lypn + T‘% (M3 — M) Smino - (1.132)
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The geometry of the half-plane is brought to that of the infinitely long strip of width L
by the conformal transformation

w= élnz . (1.133)

s
Writing w = a® + ia', the generator of a’-translations or Hamiltonian, is given in terms
of the generator of dilatations in the upper-half plane, Ly, by

L
H= Lo = 2 {ry— S, 134
/Dda BOuo L{O 24} (1.134)

The term — is introduced as a result of the Schwartzian derivative (1.108).

This strip will have the same boundary condition () on either side. However, the exis-
tence of a Virasoro algebra is dependent only upon the fact that the boundary conditions
are conformally invariant; i.e. ©g; = 0 on a! = 0, L, so that the more general case when
the boundary conditions are not identical on either side may also be considered. De-
note this new boundary condition (e, 3), and by H (@) the corresponding Hamiltonian.
The eigenstates of H{®#) will fall into irreducible representations of the Virasoro algebra.
Denote by Agﬁ the multiplicity with which the irreducible representation with highest
weight A occurs in the spectrum of H{(®#), Transforming the strip with this new boundary
condition («, 8) back into the upper half-plane, there is a discontinuity in the boundary
condition at z = 0. In radial quantisation, this corresponds to a “vacuum” state which
is no longer annihilated by L_; [16]. The vacuum is no longer translationally invariant.
Such a state may be considered equivalent to the action of a boundary operator ®(*#)(0)
acting upon the true vacuum [0). It is a highest weight state with weight h(, gy equal to
the lowest value of h for which A%, # 0. Note that A3, = 1.

To arrive at the situation reminiscent of the cylindrical Pasquier models of section 1.1,
the strip with boundary condition (e, 8) is made periodic in the a®-direction (time) with

period M by identifying a® = a® + M. Topologically, this manifold is an annulus. The
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modular parameter is ¢ = exp{—M=/L} and the partition function

Z(a,ﬂ)(q) - Tre_MH(a’ﬂ)

= Trexp {‘% (£o- i)} (1.135)
=Y Absxx(a) ;
k

where xx(q) is the Virasoro character of the (Virasoro-) representation k& as defined in

equation (1.122).

Equation (1.134) also illustrates the 1-1 correspondence between the eigenstates of the
Hamiltonian H(®#) and the scaling operators of the theory. As there is only one Virasoro
algebra arising in the theory, the scaling operators are eigenvectors of Ly. Hence the
scaling dimensions are given by the eigenvalues of Ly (compare with equation (1.80)).
Denote by |z,) a state of scaling dimension z, and by N, the degeneracy of the n'’

energy level (i.e. |z,)); then (1.135) may also be written

209(g) = 3 N Ganlexp {217 (B0 = 57) }ow)

= g Nogtn
n

(1.136)

Thus, the partition function of a cylindrical model may be written as a series in g with
strictly non-negative integer coeflicients. Furthermore, the scaling dimensions may be read
off from the exponents of ¢ once the modification by —c/24 has been made. The conformal
invariance of the vacuum implies £o = 0. However this “true vacuum” only appears in the
theory provided Agﬁ > 1. In general, the ground state of the theory will be associated
with the boundary operator ®(®#)(z %) of highest weight, or scaling dimension, h(ap)-
Labelling by Ey the energy of this ground state, and by Az, the difference in scaling
dimensions z, — h(qg); then from (1.134), this difference of scaling dimensions corresponds
to the energy gaps,

AE, = E, — Ey = %Amn : (1.137)

Note that although (1.127) indicates that a model in which only one irreducible Virasoro
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representation appears will have the {z,} all integers, this is not a priori necessarily the
case for a general model as more than one representation will be present. Now, of course,

(1.136) may be written

2@ (g) = g% 3" N, gho (1.138)

with vy=24 h‘(a,ﬂ) —C.

For a model based on a given graph, (G; a,b) say, the height operator of the theory takes
on the specified node-values a and b on either end of the cylinder. Hence we denote the

boundary conditions when specifically referring to such a model by (a,b), with a,b € G.

1.2.6 Finite-Size Scaling
We briefly mention now, the theory of finite size scaling. This review is adapted for our

purposes from Barber [3].

Phase transitions in statistical mechanical systems arise only in the thermodynamic limit,
in which the volume V (i.e. the area when d = 2) of the system and the number of parti-
cles N (i.e. the statistical degrees of freedom) are both taken to be infinite with fixed finite
density p = V/N. Only in this limit is the free energy or any other thermodynamic quan-
tity a singular function of the temperature or of external fields. However, experimental
systems, such as those available within the laboratory or provided by numerical simula-
tions have both finite volume and a finite number of degrees of freedom. Nonetheless,
‘approximate singularities’ may still be observed in such systems; and these often agree
with the singularities predicted for the system in the thermodynamic limit. The question
to be answered is to what degree can the finite system provide information concerning the

infinite system of the thermodynamic limit?

Consider a 2-dimensional system infinite in extent in one dimension and finite, with
width L, in the other. The example we choose of such is the infinite strip of width L.
This, as mentioned before, is related to the cylindrical geometry of the Pasquier models.
Let F(T,L,N) be the free energy per unit length (in the infinite direction) of a lattice

approximation to such a system with width L, number of particles per unit length N, at
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temperature 7.

We first remark that the partition function for a length M of the strip may be written as

ZeB)(T, L, M,N) = e"MF(TLN)

— Ty e~MH(T,L,N)

— Z (Enl e—MH(T,L,N) |En) i
En

(1.139)

As M — oo, the partition function on the strip is dominated by the ground state. Thus
the free energy per unit length of the infinite strip is given by F(T,L,N) = Eo(T, L, N);

i.e. the ground state energy and free energy per unit length are synonymous.

In the thermodynamic limit, with the density p = N/L and temperature 7' both held
fixed, it is expected that the (bulk) free energy density

) F(T,L,N)

foo(Typ) = lim —————

N,Loo0 L
p fixed

(1.140)

exists and is independent of the geometry of the system and of the boundary conditions (a)

and () imposed on either side of the ‘strip’. Thus
F(T,L,N) = L foo(T, p) + O(1) (1.141)

as the system approaches the thermodynamic limit. Thermodynamics also suggests the

existence of a boundary or surface free energy density f(@8)(T, p), so
F(T,L,N) = L foo(T, p) + f@P(T, p) + O(L7Y), (1.142)

again, as the thermodynamic limit is approached. The density f (@B)(T, p) will of course

depend upon the boundary conditions (a, 3).

At T = T, the system is described by a conformal field theory. The lattice strip may
be mapped back into the semi-infinite half-plane by inverting the map (1.133). However,
the canonical normalisation of ©(z) is so that (©(z)) = 0 on the half-plane. Such an

assumption means that the bulk and surface contributions in (1.142) have been subtracted.
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Including the terms (1.142) therefore, comparison with equation (1.135) yields the expected

ground state energy for a lattice-strip of width (i.e. number of sites) L:

a s c
Bo(L) = fw L+ {9 + 2 {h(aﬁ) - ﬁ} . (1.143)

This is in agreement with the result of [7], once the action of the boundary operator
®(@6)(0) on the true vacuum is taken into account in that result. Equation (1.143) may
be written as

Ey(L) :fooL‘i'f(a’ﬂ)'*‘%‘z:YZ; (1.144)

with v = v(G; o, §) = 24 h(o g) — ¢ the ‘prefactor exponent’ appearing in equation (1.138).

Note that the result (1.143) does not take into account corrections due to the departure
of the Hamiltonian from the renormalisation group fixed-point Hamiltonian at the crit-
ical point. For finite values of L, the critical-point Hamiltonian is modified by terms
involving ‘irrelevant operators’. We ignore such corrections here. The reader is referred to

references [3], [12] and [14] for further details.

1.2.7 The Model (Az,_1;a,b)

The height function, o;, of the model (Ax;a,b) defined in section 1.1.6 is the discrete
version of a continuous free field variable ¢ € R. Up to rescaling of ¢, this theory has

partition function

2(eiad) (31 L) = / Do exp{_%/d%mo(ao,al)ﬁ} : (1.145)
(p(aO,O)za,
w(a®,L)=b
<p(a0+M,a1):<p(a0,a,1)

where g = 1 [49]. This model is well known in the literature to provide a ¢ = 1 conformal

field theory (see [30] for example). The equivalence,

lim  Z{A=t) = z(Aww) (a1 1) (1.146)
d—0

M,L—=c0

M]/L fixed
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of the lattice model in the continuum limit to the Gaussian or Coulomb-gas model (1.145)
is established by examining the renormalisation-group flows of the so-called (unrestricted)

solid-on-solid model mapped onto the Ay model via a set of transformations [42].

The partition function (1.145) is calculated by splitting (a®,a') = g%(ao,al) + cpCl(al).
The field ¢, l(al) is the classical solution to the equations of motion. The field ¢ is periodic
in the time direction and satisfies the boundary conditions c,%(ao,O) = g%(aO,L) = 0. By

zeta-regularisation (48],

T -
Dg exp{—f / d"’aIVs%lz} =n"'(a), (1.147)

0.0)=¢(a®,L)=0
%(a )%( )

%(a°+M,a1)=<%(a°,a1)
with ¢ = exp (—Mn /L), the modular parameter.

The classical field go(jl(al) = (b—a)a'/L [49)], so (1.145) is

a _ T b—a\? _ —a
2lAeit)(g) = n~(q) exp{_fg ( L ) ML} =7 (g (L1ag)

The model is (manifestly) invariant under shifts in the boundary conditions (a,b) —

(a+ ¢, b+ c), so we set € = b — a; thus, setting also g = 1,

2We08) () = 7Y (g) =/t | (1.149)

By graph-symmetry, the partition function of the model (A\Qh_l;a,b) is also invariant
under ‘translation’ of the boundary conditions. We again rewrite the boundary condition
as € = b — a. The continuum limit of the partition function is found by noting that the
height function o; is here the discrete version of the continuous field ¢ € R/2hZ; i.e. the
field ¢ of (1.145) is now compactified on a circle of circumference 2h [25]. With a suitable
rescaling of the field ¢, the continuum partition function will be given by (1.145), again

with ¢ = 1. The partition function (1.145) is evaluated by again splitting p(a® a') =
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@(a®,al) + (’001(a1)' The field ¢(a’,a') is as before and provides the contribution (1.147).
The classical field ¢, l(a,l) is modified to identify the boundary condition € with € + 2nh

for n € Z. Thus
g, @)=Y oMY (1.150)

Cl Cl
n=—00

where go(n)( 1) is the classical field in the n'® instanton sector and is

1

o a
v, (a = (e +2nh) — . (1.151)

Thus the continuum partition function of the model (//l\gh_l;o,a) is given by the re-

sult (1.149) with the identification € = € + 2 h, i.e.

(e+2nh)?
2(Ano100) (g (@ Y5 | (1.152)
nezZ

We continue this discussion of the partition functions in section 2.3.

We now have in place all the tools required to construct the continuum partition functions

of the affine Pasquier models on the cylinder. We do this in the next chapter.
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Chapter 2

Partition Functions of the Affine
Models

In this chapter we discuss the calculation of the partition functions of the affine ADE
models on the cylinder with fixed, specified boundary conditions. This has been done for
the classical ADFE cases by Saleur and Bauer [50], also for fixed boundary conditions on

the cylinder. Our motivation is to extend their results to the affine ADE cases.

We proceed initially by analogy to Pasquier’s calculation [45] of the partition functions of

both classical ADE and afine ADE models on the torus.

2.1 A Model Decomposition

The method we set out here is to use a Temperley-Lieb equivalence to re-express the
partition function Zlgg;a’b) of a given model, based on a graph G with specified boundary
conditions a and b on either end of the cylinder I', in terms of the partition functions
of the (.;fgh_l; 0,€) models of section 1.2.7. We then use the result (1.152) to deduce the
partition function in the continuum limit, i.e. the corresponding conformally invariant field

theory.

Consider the evaluation of the partition function (equation (1.21)) for the model based
on a (affine) graph G with boundary conditions a and b. We expand this trace using
equations (1.19) and (1.42) and represent each term graphically using the notation (1.53):

In the lattice square in the i*" row and j** column (¢ — 7 odd) we place a vertical bar if
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the operator e; is picked up in the i matrix Vor W in (VW) =VWVW-- . VW,

oy =a o0 =a
o1 o1
)
o3 o3
._FT4
o5 of o5 = of
T
g7 g7
og =0 og =b

Figure 2.1: The operator €’ is represented by a vertical bar between o4 and os; the identity
operator is represented by a horizontal bar between o5 and of,.

see figure 2.1, and we put a horizontal bar if the identity is picked up instead. Thus for
a fixed term in the expansion, in each square of the lattice I" there is either a vertical or
a horizontal bar. We may group the sites of the lattice into clusters, each site of which
has the same height on G. We separate clusters by boundaries, “polygons”, drawn on the
dual lattice; see figure 2.2. We then represent each cluster by a point; points representing
clusters with a common boundary are joined by a line which represents the boundary
polygon. Irreducible clusters, those wrapping around the cylinder, we represent with thick
points; the others (reducible, i.e. homotopic to a point) with small points. Similarly, we
represent irreducible boundary polygons with thick lines, reducible polygons with thin
lines. The cluster graph corresponding to the decomposition of figure 2.2 is shown in
figure 2.3. The requirement that either a horizontal or vertical bar appears in each lattice
square, together with the topology of the cylinder, ensures that no cycles of clusters exist;
for if we attempt to construct such a cycle, as a simple exercise demonstrates, we are forced
to identify clusters until the corresponding cluster graph is a tree graph. Each cluster is
therefore of the form figure 2.4; i.e. a chain, length N (1 < N < L), of irreducible clusters
with the reducible clusters adjoined to it in tree structures. The heights at either end of

the “N-chain” are a and b respectively, in accord with the boundary conditions.

The contribution from each such cluster graph is a sum over all the possible height config-
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Figure 2.2: A cluster decomposition on the cylindrical lattice I

Figure 2.3: The cluster graph corresponding to the cluster decomposition of figure 2.2.

e e

Figure 2.4: A typical cluster graph. The thick points represent irreducible clusters; the thin
ones, reducible clusters. Links between points represent boundary polygons: thick lines, irre-
ducible polygons; thin lines, reducible polygons.
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urations on the graph. These inherit the graph restriction condition (1.15). The individual
contributions are calculated as follows: observe, examining equation (1.47), that the con-

tribution from the operators {e;} that correspond to the polygon segment

1/2
: c

c>d T
d

where ¢ = 1,0(0) is the Perron-Frobenius eigenvector of G. We split this contribution further

so that the polygon corners give individual contributions

1/2 .
c> = c/ Inside corner,

c < = 172 Outside corner.

The identity operators (1.53) contribute factors of 1 for the corners

N\ and \_/

If we now follow the boundary polygons of a given cluster, we find that boundaries sur-
rounding a cluster of height ¢ contribute 1,. Boundaries surrounded by a cluster contribute
a factor 17 !. Boundaries that wind about the cylinder contribute a factor 1. Thus the
contribution from each polygon is ¢2+_b‘; where by (b_) is the number of boundaries
surrounding (surrounded by) the cluster (of height ¢). Thus starting at the outermost
‘branches’ of the tree graphs we may ‘prune’ each branch in turn by summing over all
admissible heights at the unconnected end of the branch, whilst keeping the heights else-
where on the graph fixed. The contribution obtained by removing each link in this way
(taking the height of the unsummed end of the branch to be d) is ;' Y 4% = B; as
each such link represents a boundary polygon surrounding exactly one cluster of height ¢
(which is being summed over) and is surrounded by exactly one cluster of height d. (8 is
of course, the Perron-Frobenius eigenvalue of the graph G and is identically equal to 2
for the affine models considered here.) We prune successively, obtaining factors of £ until

we are left with the bare N-chain graph consisting purely of the irreducible clusters. The
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partition function is therefore:

Zég;a’b) = Z (Cluster Graphs),, (2.1)
_ Cluster Graphs consisting 9.9
- Z of an N-chain plus trees (22)
N
=) Prn(B) et e - N (2.3)
N ¢ b

where we sum over all graphs built around the same N-chain and collected the factors of 8

into the polynomial Py () (thus the summations in (2.2) and (2.3) are not the same).

To evaluate the N-chain we must perform the summation over all configurations on the
chain consistent with the boundary conditions (i.e. @ and b are held fixed and cannot be
summed over). This is no more than the calculation of the number of paths of length N
which exist on the graph G between the nodes a and b. Thus the contribution of a given

N-chain is (GV)gs.

bt e,
= Z ¢£j)*¢£j) (ﬂ(j))
jeve(9) (2.4)
T e (2 )
JeEV*(9)
Thus
(Gia,b) G () i\ ™
2z =ZPN(ﬂ). vy (20082 ) (2.5)
N jev(9)

By analogy with Pasquier [45], we now attempt to use (2.5) to rewrite the partition function
of an arbitrary affine graph model, based on the graph G, as a linear sum over partition

functions of (A\[Qh/]; 0, A) models with boundary conditions on the cylinder,

(Ginyia:b) (A1:0,0)
ZE =N N NG 2 (2.6)
R )\Eg[h/]
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If we denote by qsf,’j,)] 4 the components of the eigenvectors of the graph A\[h:]; then this is

true iff

\ N
XN:PN Z ¢ (QCOS%) =

J€v* (Gny)
k nk\ "
> D NOAh'ZPN B Y ¢h/]0¢fh,)]/\ (2cos > , (2.7)
h' xedy, kev* (Appr))

as there is a one-to-one correspondence between the cluster decompositions on the cylinder
for all the graphs, Py (8) = Py (F') provided 8 = . Of course, § = /= 2 for all affine

models so we have, for each N,
)% ) AN
S gy (2 cos 7) _

J€v*(Ga))
Nab (k)yx (k) 9 mk N 2.8
SN NSw D it cos -] - (28)
R A

kv (Apn)

To attempt a solution to this, we must first force the eigenvalues to match on either side
of equation (2.8). On doing this we note that the power N on both sides of the equation
corresponds to a path length between two nodes: for it is the length of two N-chains, one
with boundary heights a,b on either end and the other with boundary heights 0, A. Thus,
as the graphs are Zg-colourable; the (Zy-) parity of a, b must equal the parity of N which in
turn must equal the parity of 0, A\. Thus the path parity is preserved in the decomposition
onto the 4 models: if the original model has even (odd) boundary conditions (i.e. the path
length between a and b is even (odd)) then the A models onto which it decomposes will

also have strictly even (odd) boundary conditions.
We denote the parity of a,b by P(a,b), in particular

w¢ | 0 if the path length between a and b is even.
P(a,b) = . (2.9)
1 ; if the path length between a and b is odd.

We remark that for a given exponent of an affine graph may be degenecrate, for example
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the exponent 4 is an exponent of the graph Eg with multiplicity 2. To accommodate
this in our notation we distinguish between two different but equal-valued exponents by a

subscript; so that 1/)(“)" denotes the eigenvector of G labelled by the i*! exponent p.

Matching the eigenvalues and comparing their coeflicients, we find for each j, 1 < 5 < h:

(-1 P(ab)6 Z’/’ +Z¢ 1)1=

’Led 0) zed(])
P(ab 0)x ,(0) Jh)x (h'j/h)
> ZNO)\ " { - )5h¢fh/0¢h/]/\+¢)[h,] i } . (2.10)
K A=0
ZS}}.lCh tllla,t

where d(7) is an index set labelling the degeneracy of j as an exponent of the graph G.

This gives, in general, an underdetermined set of linear equations to solve for the Ng/{’;h,.

Because of the large number of unknowns Ngf;h,, solving (2.10) in the general case as it
stands is quite difficult. We attempted a number of ansatze without success. In particular,
the form (1.67) does not provide a solution. Solutions for a small number of cases were
found algebraically using a computer. As the unknowns are underdetermined, there re-
mains some freedom in the solutions. As is seen in section 2.3, we are able to use solutions
to (2.10) to find the partition functions of models based on G. Once this is done, the
freedom in the solutions is found to drop out. This is to be expected as the remaining

freedom should not lead to a physical effect.

To find a solution for all the ADE models, we might attempt to proceed using lemma 1.3
as is done for the classical cases. Unfortunately, the discussion which follows lemma 1.3
does not apply directly to the affine cases. This is due to the fact that the exponent set
of an affine model A does not necessarily contain the exponent set of the affine graph G
with the same Coxeter number. For example, 55 has the odd exponent 3 occurring with
multiplicity 2. However, not only is there no A model with odd exponents, but no exponent

of any A graph has a multiplicity exceeding 1.

Fortunately, we may still make use of lemma 1.3, proceeding as follows:

ROBERT P, T, TALBOT — PH.D. THESIS 1998



PARTITION FUNCTIONS OF THE AFFINE MODELS 61

Consider the modified partition function (1.52) for an affine graph Gy with affine Coxeter
number A. In analogy with (2.6), we attempt to rewrite this partition function as a linear

sum over modified partition functions of A models,

E nev
10:] = Y xmz I[J’”’”]. (2.11)
WezZ+*

U’EZ[hI]
We allow freedom both in the choice of the A graph (labelled by its Coxeter number A’)
and in the exponent v/. Substituting in the result of lemma 1.3, labelling the eigenvalues

of a graph with Coxeter number k£ by B,(c” ), we therefore seek a solution for the X ,’:,':,, such

that,
FBn B = S Xi, £(Br,BY)) - (2.12)
ezt
V€A

The unknown function f is identical (for a given lattice I') on each side. As we did
earlier, we must choose the eigenvalues {,Bl(c“ )} appropriately on each side of the equation.
For the reason discussed, unlike the classical ADFE cases, this cannot be done simply by
choosing b’ = h and v/ = v. Examining ﬂ,(c“ ) = 2cos EZ, equality of the eigenvalues may

be obtained by choosing instead b’ = 2h and v/ = 2v, i.e.
XM, = 6262 . (2.13)

This provides a solution to (2.11). We observe that in contrast to the toroidal case [45],
we can construct a solution whereby a model of (affine) Coxeter number & is expressed in
terms of other models, all of which have the same (affine) Coxeter number, namely 2h. In
the toroidal case, the extra degree of freedom provided by the summation over A’ in (2.6)

is necessary. Substituting this (2.13) and equation (1.52), equation (2.11) becomes,

¢ (h)ia:b) (A 2a)ie:d)
Z (u) Z ¢(2u) , (2.14)

begy dEA[zh]

where the {1,[1(“)} are eigenvectors of Gy and the {qﬁ(")} eigenvectors of :4\[2]1]. Both a

and ¢ may be chosen arbitrarily on the respective graphs. Assuming the {1/)(“)} have been
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chosen to be an orthonormal set, this is inverted to yield,
(Gnyia:b) ‘755\2#) ()* ;1) (Apni0))
ZF = Z Z (2) % wb ZF ) (215)
)\61’4\[2}1] pev(g) ¥o

where ¢ has been set to 0 (the affine node) without loss of generality. This is of the

form (2.6) with

N = G on N (2.16)
and
b B e
Np= oy Y, . (2.17)
pnev*(G) ¢0

Note again that importantly { %(“) l p € v¥(G) } in (2.17) form an orthonormal eigenbasis
of G. Equation (2.16), together with equation (2.17), may be readily checked to satisfy
equations (2.10). They provide a solution but not the most general one. This is of no
consequence, as the remaining degrees of freedom in (2.10) must drop out once the physical

partition functions are placed into (2.6).

We proceed now to examine explicitly the coefficients (2.17) and postpone comment until

section 2.6.2.
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2.2 The Decompositions for the Affine Models

We now calculate the coefficients (2.17) for the affine D and E cases. The D models form
an infinite series so we proceed in a general manner for these cases. For the exceptional E
cases, there are only a finite number (9 + 21 4+ 45 = 75 in fact) of independent models to

be studied. For these cases we choose to proceed on a case by case basis.

2.21 ﬁ[h] Based Models

We evaluate the coeflicients (2.17) for the D based models using the eigenvectors listed

in tables A.1 and A.2 together with the following result: define the modified summation
symbol Z, by

' 1
dofw= Y fw -5 {FO+iW}, (218)
# pe€v*(Diny)
then
4 ! e Ta b 1
5 Z cos H—h— cos 'MT cos 'UT =3 Z Oc+qa+rbnh - (2.19)
# q,rge{il}

This is demonstrated by rewriting the cosines in exponential form and evaluating the
resulting geometric series. The utility of (2.19) may be seen by examining the eigenvectors

of the D models given in table A.2.

Careful use of the identity (2.19) gives the following partition function identities:

2ZI£5[h];alb) — ZIEA\[Zh]:O:Ia'*'bD + Zlggph];oxla_bl) 4
Zﬁzm“o’h_'““’)+Z§2[2h];°’h_'“_b“+
~ - 2.20
ZlgA[2h];0>h+|a+b|)+Z§A[2h]§0:h+|a_b|)+ ( )
Aron1;:0,2h— Aron1i0,2h~la—
ZI(‘ (2n]:0,2 |a+b|)+Z§A[2h],0;2h la b|);
where both a and b are on the chain- or A,-like part of the D graph. Also,
5 . -~ . -~ . Y R _ n . —_
221(‘ [r];X,a) _ ZIEA[zh],O,a) n ZIQA[zh],O,h+a) n ZIQA[2h],0,h a) n Zr(‘Alzh]’O’Qh a) , (2.21)
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with a on the chain. The results when the boundary conditions both lie on the forks of

the D graph are:

~ (<) ~ -~ —~
221(_\D[2h]:X: X) — ZIE\A[Zh]’O’O) + ZlgA[Zh];O)h') + Z (_1)5/2 ZI(_\A[2h]xO7E) ’ (222)
62=|EO

where the positive sign is taken in the case X and the negative sign in the case X. We

also have

2ZI(ﬁ[2h];X,Y) _ Zlgg[2h]30:%) n Z}S’?{2h]50’3’2il‘) (2.23)

for boundary conditions on opposite ends of the D graph.

These decompositions (2.20-2.23) will of course continue to hold in the continuum limit

2@ab) _, z(Geb) (g
r 430 1 (2.24)
L,M—o0 : !

M/L constant

2.2.2 E6,7,8 Based Models

The A model decompositions for the affine exceptional cases Eg, E7 and Eg may of course
be calculated from (2.17). This is tedious and is best carried out by computer as there is

M was used for this purpose.

only a finite number of cases to be examined. Mathematica®
Once the adjacency matrix for the appropriate model has been given, the Mathematica
script evaluates an orthonormal eigenbasis for the graph. From this, the coefficients (2.17)
are evaluated for each of the possible boundary conditions. For the cases Es and E-,v, the
calculations are precise as Mathematica is capable of carrying out calculations symboli-
cally provided they are not too complex. The Eg case was calculated numerically: the
numerical errors induced being extremely small with deviations from integer or half-integer
quantities, as appropriate, being of the order of 107%. These errors where then rounded

away. The results of the calculation were verified to show that the symmetries of the

graphs are reflected in the partition functions as expected.
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As our ultimate aim is to find the partition functions, the results for these decompositions
do not appear here. However, evaluating the coefficients (2.17) by computer does not

present any particular difficulty.

2.2.3 A\[h] Based Models

In principle, we may calculate the decomposition coefficients relating the model (A\[h]; a,b)
to models based on the graph ;1\[2,1]. Our interest however, is in finding partition func-
tions and we already have these for both sets of models. Such coefficients are still useful
though as a consistency check at this stage: the partition function (1.152) of (E[h];a,b)
may be identified with a sum of partition functions corresponding to :A\[Qh] models. The
eigenvectors of appendix A.l are not an orthonormal set so this was verified for a number
of individual cases using an extension of the same Mathematica script as used in the last

section.
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2.3 The Partition Functions

Having established the relationship between the ;f, D and E based models, we wish to

write the partition functions of these ¢ = 1 models in the form (from (1.135))
2690 (g) = 3 AT x.2(9) ; (2.25)
neJ !

where the x,2 (¢) are ¢ = 1 Virasoro characters; and J is some index set. In fact, it turns
4

out that in all cases of interest J = Z7+.

2.3.1 A, Based Models

We begin with the classical model Ay, as it provides a useful tool in the subsequent
analysis. This model also provides a ¢ = 1 conformal field theory in the continuum limit.

Its partition function is given by (1.149). The degenerate ¢ = 1 characters are of the form

(see equation (1.127))

Xx2(2) =n""(q) {q% - qm_igﬁ} ; (2.26)

17H9) 47 =) Xnsem2 (9) (2.27)

for n a positive integer. Thus

ZUe09(g) = 3 X a2 (a) (2.28)

If we define the generalised semi-infinite Kronecker comb as
x

Qsla,‘é"”’ak) = Z 6n,£+f:mi a; (229)

i=1
mi,...,mp=0

where § is the usual Kronecker-d; then (2.28) is of the form (2.25) with

A=) = 2) | (2.30)

ROBERT P. T. TALBOT — PH.D. THESIS 1998



PARTITION FUNCTIONS OF THE AFFINE MODELS 67

2.3.2 A\[M] Based Models

The partition function of the A\[Qh] based models are given by equation (1.152). Hence

208 (g @3 q‘5+2’"")2 (2.31)
meZ
1 ! (e2mh)? o (c+2mh)?
=M Y. ¢+ D>.q 4 (2.32)
m=—o0 m=0
_1 0 (2mh+2h—e)2 (th-!»e)2
=) Y Ja +  +q (2.33)
m=0
© o
= Z Z X(2p+2mh+2h £)2 (Q) + X(2p+2mh+e)2 (q)} . (234)
m=0 p=0 s 4
Thus
(A2r):0.,€) 2,2h
An B = QP2 o220 (2.35)

Note that as € has been identified with { € + 2nh |n € Z }, we have chosen ¢ above to be
defined to take values 0 < € < 2h — 1 only. Outside this range it is necessary to substitute
the value € (mod 2h) for €. Thus the {A
period 2h.

A ;0,€) . T .
(2R } are considered to be periodic in € with

2.3.3 Dy, Based Models
Using the decompositions of section 2.2.1 and the result (2.35), we evaluate the partition
functions of the ﬁ[h] based models in the continuum limit. The method is to use the

decomposition equations of section 2.2.1 together with the properties

Qo) o) =0l (2.36)
and Q%) + Q4R ) = o) (2.37)
to add the coefficients A( (24),:) to form the Ale[h];a’b) . It can also be shown that

2h-2 -
S 1)z a0 — ) | ) _ 9l — o) _ ). (2.38)

n,2

e=0
2le
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This allows us to evaluate the partition functions corresponding to (5[h];X ) (7)). (The

properties of the Kronecker comb are summarised in appendix B.) The results are as

follows:
(Dinpad) _ o(2.h) (2,h) (2,h) (2,h)
Ay =l Dbl as T ool Tl jatb 0
A — o2l 4 B
APwXX) Q(z,h) n Q% : (2.39)

AP~ gl 4 1),

A;E[h];X,Y) Q(2 h)

71,2

The results (2.30), (2.35) together with the (ﬁ[h];a,b) results (2.39), are summarised
graphically in table 2.2 (page 76).

2.3.4 Egyrs Based Models
Similarly, we find the partition functions for the Eﬁ, E7 and Eg models from (2.35) and
the decompositions discussed in section 2.2.2. We leave a statement of the results until

after section 2.5.
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2.4 Correspondence with Other Results

There appears to be very little in the literature concerning the partition functions of the
models we have examined. We know of two results, that of Baake et al. [2] and that of
Saleur and Bauer [50], both for the 4-state Potts model with free boundary conditions on
the cylinder. Unfortunately, we found the former reference quite cryptic and an admittedly

naive reading of this paper suggests that the two results do not agree.

The 4-state Potts model with free boundary conditions on the cylinder may be represented

graphically, in the notation of table 2.2, as

Looking at figure 1.4, the dark lattice sites (say) assume the value of the centre (dark
coloured) node while the light lattice sites assume values of the leg-nodes (light coloured).
Thus ignoring the ‘dark lattice’ upon which the configuration is constrained to be fixed,
the remaining ‘light lattice’ provides a 4-state Potts model with free boundary conditions.

Result (2.39) or table 2.2 therefore gives in this case

R oo
Z(D4;1,1)(q) _ Z {91(12,64) n 97(12’114) + Q(n2’,24) + Q(n%;i)} an'z(Q)
n=0

=D (20 +1) X2 (0) (2.40)
n=0 4

_ 2
=09 Y ¢ .
SeZ
This is in precise agreement with the result found by Saleur and Bauer [50]. Their result is
found as a limiting case of a Bethe ansatz analysis based on mapping the general Q-state

Potts model (1.13) with @ < 4 onto the X X Z spin chain.
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On the other hand, our interpretation of Baake et al. [2], yields the partition function

25t (@) = 3030+ 1) Xz (0

et al. n=0
o= (2.41)
=n""(q) {qu +> ¢ } :
Sez S=1
This result was found partially through a numerical study.
As explicit ¢-series, the results are
ZDsL)(g) = V(1 + 3¢+ 42 + 73 + 13¢* + O(¢%)) (2.42)
and 31(31;21;’1)@ =q (1 +49+5¢° +9¢* +17¢" + O(¢%)) (2.43)
et al.

respectively. Hence a numerical investigation of the degeneracies will distinguish be-
tween these two alternatives very quickly. We find degeneracies in excellent agreement
with (2.42), verifying both our theoretical result and that of Saleur and Bauer. We also
find agreement with our theoretical predictions for a number of other models. The inves-

tigation is discussed in chapter 3.
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2.5 Generating Functions

To further analyse the results for the partition functions it will be useful to rewrite

the Q%aé’ @m) in terms of their generating functions:

o0
anl,...,am)(m) = Z lezfé,...,am) "
=0
= . (2.44)
— £
=T H (1 —_ $am’) -
m'=1
So that in particular,
1 4" .
i) = 1 qgn ) (z)
2.45
IR )
©onlda |,y (1—27)
and
1 d
Qi = ey {)(z)
z=0 (2.46)
i xf
Conldat|,_, (1—27) (1 —2°)

Using the latter together with result (2.35), the partition function of the Z[Qh] models may

be written as

wE +x2h—6
a=o (L= 2%) (1 —z?)

-~

Z(Apni0e) (g) = anz (q)l 4 (2.47)

Hence, using the fact demonstrated that any affine partition function may be expressed

as a sum of A partition functions (2.15), we see that for any affine model

P(g[h];a,b)(x)
eeo (1 —22) (1 —22h)’

1
n! dz”

(2.48)

oo
20mieh) (g) = " x 2 (q)
n=0 4

with P{9m329)(z) a 2h-reciprocal polynomial in z (i.e. 2" P(z~!) = P(z)). The polyno-
mials P(z) may be deduced by examining directly the § — A decompositions (2.15).
However, in general, the coefficients of this polynomial will not be positive (see equa-

tion (2.22) as an example). Just as we are able to write P(z) for the model (A;a,b) as a
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polynomial with positive coefficients, it would be preferable to be able to do the same for

the D and E models. If we can do this while only modifying the powers in the denomi-

nators then we will again see that the coefficients of the x,2 (¢) are positive integers. In
4

other words, we wish to write

Q(g[h] ;a‘)b) (x)

== ; (2.49)

by
Q
z
E
&
_—
~—
Il
gk
=
3
S
—
)
N

with Q(z), the “generating polynomial”, a polynomial with positive integer coefficients.
r, s and supdeg Q(z) all constant for a given model. Furthermore, the form (2.49) to-
gether with the reciprocity properties of Q(z) which the A models already satisfy (as
demonstrated by (2.47)), are suggestive of a possible relationship with the McKay corre-
spondence [41] which will be explored later in this thesis (chapter 5).

For the D models, it is easiest to compute Q(z) from (2.39), (2.45) and (2.46) rather
than directly from P(z). The results for the fork nodes of (2.39) suggest that one of
the numbers r or s is 4. This is indeed the case as a simple calculation shows that the
D models may be placed in the form (2.49) with 7 = 4 and s = h. In each case, the
polynomial Q(z) is of degree less than or equal to h + 2 and is (h + 2)-reciprocal. The
polynomials Q@ ®1i99) (z) are listed as part of table 2.2 (page 76).

For the exceptional, En, cases, we calculate P(z) from the partition function. From this,
we check for each individual boundary condition that we may rewrite the partition function
in the form of (2.49) with appropriate integers r and s. For each model, suitable integers
were found. Furthermore, the polynomials were again all found to be positive-integer
valued and were g-reciprocal for some integer q, with q also the maximal degree of the

polynomials. The values of 7, s and q being dependent upon the choice of model alone.

The results for r, s and q for all (Zg-colourable) models are given in table 2.1 (page 75);
and the results for the polynomials Q(z) for the Eg, E; and Eg models appear as tables

2.3, 2.4 and 2.5 respectively (page 77 onwards).
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2.6 Comments

2.6.1 Boundary Condition Parity

We remark on the importance of the parity of the boundary conditions (a,b). As observed
in section 2.1, a model with an even (0dd) boundary condition may expressed in terms of A
models with strictly even (odd) boundary conditions. The fact that the Coxeter number h
is always even for the models considered and the result (2.30) for the model Ay, ensures
that this property is reflected in the partition functions expressed as Virasoro characters.
A model with even (odd) boundary conditions has therefore an expansion (2.25) in terms

of Virasoro characters of highest weights %2, with n even (odd).

2.6.2 The General Decomposition Coefficients

The coeflicients (2.17) are the analogues of the classical intertwiners (1.67). They possess a
similar algebraic form and play a similar role. They differ immediately chiefly in that they
relate a model with affine Coxeter number h to a model with affine Coxeter number 2h
and even interrelate Zl\n models. In contrast, intertwiners interrelate classical models with

the Coxeter number preserved in the relation.

It is certainly tempting, given the form A.1 for the eigenvectors ng(") of the ;1\[2,,] graph, to
identify the coefficients (2.17) with the classical intertwiners. Denote by square-parentheses

the Coxeter number of the graph to which a vector refers. Then, naively

(2p) (1)
‘/’[2h],\ _ d)h]/\ (2.50)
¢(2u) - ¢(u) ' )
[2h]0 (Ao

However the terms on the right-hand side of this equality are not defined unless y is even
(i.e. an exponent of the A graph); the more general summation over the full exponent set

of the graph G ensures that this is not always the case.

The results of section 2.2.1 manifest most clearly the difference between the classical in-
tertwiners and the new “affine intertwiners” (2.17). The classical intertwiners take strictly
non-negative integer values; but equations (2.20-2.23) lead us to conjecture that the affine
intertwiners (2.17) are half-integers and may have either positive or negative sign. Note

that, as seen, this does not contradict the appearance of positive integer multiplicities

ROBERT P, T. TALBOT — PH.D. THESIS 1998



PARTITION FUNCTIONS OF THE AFFINE MODELS 74

in (2.25).

2.6.3 The Partition Functions, Paths and Graph Topology

We note that the results for the As, and A models permit the following interpretation: the
quantity ng} may be interpreted as the number of topologically distinct paths between
the nodes 0 and € on the graph A.; i.e. 1 or 0 depending on the parity of the path
between the two nodes. The result QS?;S’” + Q(n%;fl_)e for the graph ;1\[2,1] also has this
interpretation. Indeed, the cyclicity 2h of the graph introduces two sets of topologically
distinct paths between any two nodes: we may travel between the two nodes 0 and ¢
either the “long” (negative) or the “short” (positive) way and we may also loop around
the graph an arbitrary number of times inducing a winding number (and thereby producing
topologically distinct paths). The two parts of the A result thus correspond to the positive

and negative windings about the A graph.

Generalising this interpretation to the ﬁ[h] cases is complicated. The cases where the
boundary conditions do not involve both boundary nodes on the same fork of the D graph
have again this topological interpretation once we count a visit to one of the end nodes as
equivalent to crossing to the other half of a circle. The cases (13, X, (—X_)) do not generalise

so trivially as in each case one half of the zeroth winding sector disappears.

In particular, in all cases including the exceptional E models, the first Virasoro character

to appear in the expansion (2.25) is xk2(q) where K = K, is the length of the shortest
4

path on G between a and b. Thus, the highest weight of the lowest energy level of any

given model is h(,p) = K?/4 (recall the discussion of section 1.2.5).

2.6.4 Model Equivalences

In any case it is interesting to note that the result (2.35) for the model (.Zf[h];O,e) (ie.
with even h substituted for 2h) and the result (2.39) for the model (ﬁ[h];X, e) (i.e. with
the boundary conditions set up so that the value at one end is a fork node, X, and
taking € = a) indicate that these two models (on the cylinder) are entirely equivalent, at

least in the continuum limit.
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2.6.5 The Models and the Virasoro Algebra

We note that the Virasoro characters appearing in equation (2.25) are degenerate ¢ = 1
characters. All the affine ADE models may now be written in this form, demonstrating
as promised, that each of these models provides a (typically reducible) representation of

the ¢ = 1 Virasoro algebra.

Model h h r s q=supdegQ(z)
21\2”_1 2n 2n 2 2n 2n
Dpia 2n|2n+2| 4 2n 2 + 2

Es 6| 12 |6 8 12

E; 12| 18 |8 12 18

Es 30| 30 |12 20 30

Table 2.1: Results for r and s appearing in (2.49) and q = supdeg Q(z) for each of the
affine models (except Ay,). We note in each case that the polynomial Q(z) has positive
integer coefficients and is g-reciprocal (i.e. z9Q(z!) = Q(z)). The affine Coxeter number h
is also stated for each model X, together with the Coxeter number % of the related classical
algebra X,,.
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76

Model (G;a, b)

A(Q;d,b)

Coefficient of x.2(q)
4

Generating Polynomial Q(9:¢:%)(z)

NG
n,e
----- O—@—-----—@—O—----
0 £
h—1
---- —O—:((:i Q(“)+Qf;‘_)e
tg:.;: _____ - $€+.’L‘h’_e
o 1 2 €
----- 1+xh+2

ek 4 o)

:c+a:

Qn)

TL,2

h
1172 +$§+2

OZP 4 o)

n,h—a

xa + $a+2 + xh—a + xh"a""g

Q(2:8) (2,h) (2,h) (2,h)
N U T & L ST o O Y

3,J.|a—l:a]_i_z.]a—b]+2_(_:1:]a-)-b|_,_$|a-f—b]—}-2_*_
gh—la=bl ght2—la=bl 4 ph—la+b] { ph+2-|a+b|

Table 2.2:

Coefficients AT in the expansion (2.25) and the generating polynomial

Q95e)(z) in the expression (2.49), for the partition functions of the Aeo, A and Dy
based models. The graph G is indicated graphically, the boundary conditions a, b are indicated

by coloured nodes.
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7

Eg 6

1 2 3 4 5
(a,b) QEsiat) (z)
(1,1) | 1422
(1,2) | z+2°+2" + 2!
(1,3) | z2+z*+228 + 28 4 210
(1,4) | ¥+ +2" +2°
(1,5) | z*+ 28
(2,2) | 1+2%+2*+225 + 28 4+ 210 4 £12
(2,3) | 24223 +325+327+22% + 21!
(2,4) ‘m2+2$4+2$6+2x8+$10
(3,3) | 1+222+42* +428 + 428 42410 4 212

Table 2.3: Generating polynomial Q(Eﬁ;a’b)(x) in the expression (2.49) for the partition func-
tions of the 9 independent Eg based models.
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(1,1) | 142

(1,2) | z+z" + 2 + 217

(1,3) | 2+ 25+ 28 + 210 + 12 4 716
(1,4) | 2+ 25 +2" +22% + 2!t 4 218 4 215

(1,5) | z*+ 28 + 28 + 210 4 212 4 714

(1,6) | z° 427 + 21! 4 z13

(1,7) | 5 + 212

(2,2) | 1422428+ 28+ 210 + 712 4 216 4 418

(2,3) | s+2°+2°+227 +22° + 22" + o 4215 4 g7
(2,4) | 22+22%+225+ 328 43210 42512 4 2514 4 16
(2,5) | z34+225 4227 +22%9 4221 42718 4 415

(2, ot + 228 + 28 + 210 4+ 2412 4 g1

1+x2+2x4+2$6+3:c8+3x10+2w12+2x14+x16+z18

6)

(3,3)

(3,4) | z+22°+32% +427 +42% + 45" + 3513 4+ 2515 + 17
(3,5) | 2?+22%+32%+ 328+ 3210 43212 4+ 251 4 516
4,4)

14222 +324 +528+528 +5210 + 5212 + 3414 2416 1 ;18
ot + 28 + 210 4 g1

23+ 2%+ 27 +22% + g1 4 213 4 g0

z+z3+225+327+22% + 32t + 2213 4 215 4 217

8)
8)
,8) | #®+2* +22% + 248 + 2210 + 2512 4 gl 4 516
8)
8)

1424+ 26 + 28 + 210 4 212 4 g4 4 718

Table 2.4: Generating polynomial Q(E"“’b)(a:) in the expression (2.49) for the partition func-
tions of the 21 independent F7; based models.
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Chapter 3

Numerical Verification

In this chapter, we discuss the numerical analysis carried out on the results, displayed as
tables 2.1-2.5, for a subset of these affine models. It was considered necessary to carry out
such a study as there is a lack of known results for affine Pasquier models currently existing
in the literature. As already mentioned in section 2.4, we know of only two results, both
for the 4-state Potts model with free boundary conditions on either end of the cylinder.
The first of these results, that of Saleur and Bauer [50] is summarised by equation (2.42);
and the second, that of Baake et al. [2] by (2.43). These results do not agree. The former
does, however, agree with our own theoretical result as discussed in section 2.4. The
purpose of the numerical study described here is, therefore, both to corroborate generally

the results found for the models in chapter 2 and to refute our interpretation of the result

of [2], ie. (2.43).

We make use of the theory of finite-size scaling discussed in section 1.2.6. By examining
the spectrum of the Hamiltonian or transfer matrix for lattice approximations of different
lengths to a given model, we observe the degeneracies { N, } of the energy levels, the scaling
dimensions {z, } and by examining specifically the ground state, we attempt to infer the

value of the central charge c.

In section 3.1 we discuss the algorithm used to calculate and diagonalise the transfer
matrices of the models examined. This consists of a review of the algorithm (except for
the interpretation, not in itself original), a discussion of modifications to this algorithm

made by us (original) and notes specific to our implementation. Finally, in section 3.2, we
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Figure 3.1: Schematic diagram of the power method algorithm.

state our results and conclusions (original).

3.1 Algorithm and Implementation

The eigenvalues of the Hamiltonian for a model based on a cylinder of length L are found
by first diagonalising the transfer matrix 7. As the Hilbert space of states # is typically
quite large even for small cylinder lengths, it is impractical to diagonalise T entirely.
Instead we choose to find only the first few eigenvalues using a power method algorithm
(see [32]). This algorithm begins with a set of vectors {v;}, the number of which is much
smaller than the dimension, dim#, of the Hilbert space and for a matrix with strictly
positive eigenvalues such as T, iteratively brings them to approximates of the eigenvectors

with greatest eigenvalues. The procedure is illustrated schematically in figure 3.1. The

individual steps III, , , , and |E| are:

II] Initialise a set of (distinct) vectors { V; I 0<i<n }
Multiply each vector v; by the transfer matrix T'; i.e. v; — T v;.

This step is not present in the basic algorithm (i.e. it does nothing). However
we found it necessary to introduce some modifications to the algorithm at this

point. These will be discussed later in the text.

Subtract out the overlap that each vector now has with the preceding vectors;
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1.e.

The vector vy is invariant.

Renormalise the vectors so that each is of unit length; i.e.

End of procedure. We estimate the first n eigenvalues, \;, 0 < i < n, of the trans-
fer matrix by again multiplying each vector v; by T. The associated eigenvalue

is given by the length of this new vector; i.e.

Ai = |Ty;| foreach0<i<n.

The steps in the main loop: , , and |C| are carried out in sequence some number,
N, times before executing step .

The repeated application of T' and subtraction off of the lower eigenvectors, eventually
stretches each vector v; in the direction of the eigenvector e;. Indeed, consider the vector v;
expressed in terms of the true eigenvectors {e;}, ordered so that the associated eigenvalues

satisfy A; > A;, for all j < i; i.e.
v = va € (3.1)
J
then, upon multiplication by T,
vl = A0l (3.2)

Repeated multiplications increase the power of A; so that v; becomes dominated by the
component in the direction of the eigenvector with the largest eigenvalue, namely eq. If

the components in the directions of the first ¢ eigenvectors (i.e. the eigenvectors with the
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highest ¢ eigenvalues) are subtracted out at each step, then v; will be instead dominated by
the component in the direction of €. The best estimate of e at any time is vj, SO in step
, the {%} are used to perform this subtraction. Typically, one obtains good estimates of
the ‘highest lying’ eigenvectors and their eigenvalues by performing the loop ,
N ~ 200 times.

The exact manner of the initialisation, step m, is not critical provided the vectors chosen
have a significant overlap with the eigenvectors they are supposed eventually to approxi-
mate. We chose the first n unit basis vectors w.r.t. the basis provided for the Hilbert space
by the paths on G of length L between a and b. Such a choice has the added advantage
that the vectors are orthonormal from the outset. Any such randomly chosen vectors will,
more than likely, overlap the ‘highest eigenvectors’ to some degree. With the exception of
numerical rounding errors, therefore, we do not expect there to be any problem in finding
the corresponding eigenvalues with the correct degeneracies. Experiments with alternative

choices of initial vectors demonstrated that the chances of choosing a bad initial set are

indeed negligible.

The algorithm was implemented using the C programming language. Given the adjacency
matrix G, Perron-Frobenius eigenvector ziz and boundary conditions a and b for a model
on a cylinder of fixed length L (or equivalently, on an infinite strip of width L); the
Boltzmann weights and transfer matrix T = T(L) for the model are calculated. A set
{vi|0<i<n} of vectors is initialised and the first n eigenvalues are found using the
algorithm as described. For each model (G;a,b) examined, this was repeated for a number
of cylinder lengths. As L is finite, for given boundary conditions a and b, the parity of L
and the parity of the paths between a and b must match. Hence L is incremented in jumps

of 2.

We performed a number of tests on the program as implemented using models with results
appearing elsewhere in the literature, for example the models of [50] and also the periodic
(toroidal) versions of the Ising and 3-state Potts models (circumference L). We are able
to reproduce data in agreement with theoretical predictions. This serves as a check on the

correctness of the implementation.
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It was discovered in the new affine cases, that eigenvalues were initially often found with
incorrect degeneracies. There appeared to be some roughly periodic instability in the con-
vergence towards the correct eigenvalues as examinations of the eigenvalues found after
successive iterations of the main loop demonstrated (for high N). This was suggestive
of there being some rotation of the approximate eigenvectors associated with a degen-
erate eigenspace taking place from iteration to iteration. This would interfere with the
subtraction of step . Empirically, it was discovered that this instability is removed by
modifying the basic algorithm by estimating the eigenvalues, as in step , and sorting
the eigenvectors v; into order so that A; > A; whenever ¢ < 5. A simple bubble sort is
used for this and implemented as step |S| (refer to figure 3.1). The reason this is required
is unclear. It might be the case that the choice of initial vectors at step m is somehow
more important than supposed. However, using different initial choices of {v~n} does not
improve the results. Also examining when the sort algorithm is invoked it is seen that the
eigenvectors are still being sorted even when the number of iterations N is large. The fact
that it is not necessary to perform the sort in order to verify the results of [50] or of the
periodic Ising and 3-state Potts models, suggests that the extra symmetries of the affine

graphs are perhaps, somehow, the root cause.
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3.2 Results, Analysis and Conclusions

We examined the energy levels (i.e. the eigenvalues of the Hamiltonian) produced for the
models based upon the ;4\3, 25, ﬁ4 and ﬁ5 graphs. These graphs are generally small
enough so that dim# is in turn small enough at a given cylinder-length L so as to allow

sufficient data to be gathered for analysis.

Typically, we examined the behaviour of the first n ~ 30 levels for a range of values
of L with L ranging from 5 to 14; the upper limit being determined by the dimension
of the resulting Hilbert space of paths between the cylinder ends and the limitations of
the computing facilities available. We were able to diagonalise transfer matrices of order
7000 x 7000 without problem. At each value of L we diagonalised using N ~ 1000 iterations
of the loop even though the eigenvalues appeared to converge much faster than
this.

3.2.1 Scaling Dimensions and Degeneracies

The first analysis consists of examining the scaling dimensions and their degeneracies and
comparing the results with the theoretical predictions read off from the partition functions
using equation (1.136) or more properly (1.138). The scaling dimensions of the operators

present in the theory are related to the gaps in the energy levels by equation (1.137). Thus

LAE,
T

~ Az, . (3.3)

So that the general trend of the scaling dimensions as L — oo may be examined by plotting
a graph of L AE,/r against 1/L. This general trend combined with direct examination

of the numerical data is used to determine the degeneracies.

This procedure was carried out for each of the boundary conditions on the models stated
above. Unfortunately, little information on the scaling dimensions can be inferred from the
data as the higher energy levels are found to converge slowly as L — co. This is a property
of finite-size scaling alone and not an artifact of the diagonalisation scheme used. However,
the next-to-ground state of most models is seen to tend to Az, = 1 as expected. A typical

example is provided by the model (135;X, X) in figure 3.3. Exceptions are the models
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(135; X, X), (ﬁg; X, X) and (ﬁ5; 1,2). In the first two cases, this is entirely reassuring as
in fact, as can be seen from the list of partition functions in table 3.1, this energy state
has zero-multiplicity. It is not possible to tell if the next state, AFE,, converges properly
to the expected Azy = 2, as may be seen in figure 3.6, as the convergence is too slow. In
the last case, (135; 1,2), it appears that a numerical artifact has corrupted the scaling data

(refer to figure 3.5). This will also be discussed below in regard to the degeneracies.

The degeneracies, to the degree to which they are clearly defined in the data, are given in
table 3.1. The quality of the numerical data is generally quite good in that degeneracies are
typically well defined for at least the first three levels. The degeneracies are determined:
first by estimating them by qualitatively examining the general trend of the energy levels
and the numerical data directly; then the data is re-examined more quantitatively to ensure
that the degenerate energy levels all lie within a certain percentage of the mean value for
that level. This percentage is no more than 12% in any case but is typically around 5%
or less. Where the gap does not exceed 25% of the value of the higher of two supposed

levels, we assume that the two levels cannot be resolved and we do not state these levels

here*.

Generally speaking, the results obtained are quite good with the degeneracies, so far as
they can be determined, in agreement with the theoretical predictions of the preceding

chapter.

An example of a particularly good result is that of the 4-state Potts model with free bound-
ary conditions (i.e. (Da;1, 1) in the notation of appendix A). The graph of LAE,/«
against 1/L for this model appears as figure 3.2. The lines appear closely bunched to-
gether with well defined degeneracies for the first five levels. The observed degeneracies,
‘1,3,4,6,13,...7, compare exceptionally well with the prediction of equation (2.42), i.e.
‘1,3,4,7,13,..." . There is a slight discrepancy in the fourth degeneracy, however this may
be accounted for by the fact that the Hilbert space at L = 12 is a poor approximation to
the Hilbert space of the continuum model. Our interpretation (2.43) of the result found

by Baake et al. (2] is, however, conclusively refuted. We also observe the trend towards

“We are grateful to Robert Weston for suggesting this quantitative definition of the degeneracies.
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Figure 3.2: Scaled energy gap, L AE, /m, vs. inverse length, 1/L, for the 4-state Potts model
with free boundary conditions. The degeneracies are clearly defined, and for each group of
lines are: ‘1,3,4,6,13,...", in good agreement with the exact degeneracies, ‘1,3,4,7,13,...".
The next-to-ground state also appears to tend to Az; = 1. Only the first 10 levels are shown
above.

the predicted integer scaling dimension Az; =1 as L — oco. Other results of this quality
are found for the models (21\3; 0,2) and (A\g,; 0,3). These models are peculiar in that there
is a doubling in the degeneracies (the degeneracies are all divisible by 2) due to the exis-
tence of an energy-preserving involution on the paths between either end of the cylinder

(a > h — a) and hence on the configurations of the model.

Typically we are able to extract clear degeneracies for only the first three levels. Figure 3.3
shows the graph of L AE,, /7 vs. inverse length, 1/L, for the model (55; X, X). This data is
typical, with degeneracies and the trend towards the predicted scaling dimension Az; =1

clearly visible.

Less well-defined degeneracies are produced for the (]fg;O, 1), (;4\5;0, 1) and (134;X,1)

models. The first couple of degeneracies are correct, however the graph of L AE, / vs.
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(Ds;X,X )
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Figure 3.3: Scaled energy gap, L AE, /m, vs. inverse length, 1/L, for the model (Ds; X, X).
The observed degeneracies are: ‘1,1,2,...". This graph is typical of the results obtained for
most models. The lines are clearly bunched together giving well-defined degeneracies for the
first three levels. The trend towards Az; — 1 as L — oo is clear.

1/L for (25;0, 1) (figure 3.4) demonstrates how in these cases the next two degenera-
cies have grouped together; these higher levels have not yet clearly split away from each
other. We observe degeneracies of ‘1,1,5,...7 which look likely to eventually split to

give ‘1,1,2,3,...°. These results are not inconsistent with the theory as the predicted

degeneracies do look likely to develop as L is increased.

There were a small number of models for which the data does not at first glance appear

to be as expected or displays peculiarities. These require comment;:

The data for (ﬁg,; 1,2) appears in figure 3.5 and shows how perhaps numerical errors of
some kind have corrupted the data. The data behaves roughly as expected until the final
calculation (L = 11) regathers the lines together. This appears to be a numerical artifact

as we find approximately the degeneracies we are looking for once this final set of data is
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Figure 3.4: Scaled energy gap, L AE, /~, vs. inverse length, 1/L, for the model (;1\5;0,1).
The lines are bunched together with degeneracies ‘1,1,5,..."; however it appears that the
third group may yet split to yield degeneracies ‘1,1,2,3,...". Furthermore, Az, — 1 appears

likely as L — oo.

ignored.

Only the first two degeneracies are clearly defined for the (54;X,X ) and (135;X,X )

models. This is explained by the fact that in both cases the (theoretical) partition functions

behave as
gV (1+0g+¢*+ ¢+ 0(¢Y)) ; (3.4)

i.e. the ‘second’ degeneracy is zero. We are in fact observing degeneracies ‘1,0,1,...".
Unfortunately as the graph (figure 3.6) for (Dg; X, X ) shows, the poor convergence of
the higher energy levels means it is not yet clear that the lowest non-ground state line is

necessarily tending towards Azs = 2. This is also the case for the model (ﬁs; X, X).
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Figure 3.5: Scaled energy gap, LAE,/n, vs. inverse length, 1/L, for the model (135;1,2).
Once the data for the final value, L = 11, is ignored, we observe the degeneracies ‘1,1,3,5,..."
which compares well with the theoretical ‘1,1,4,5,...". Unfortunately, little can be said of
the general trend of Ax;.

Finally the degeneracies found for the model (135; X, 1) appear to be wholly incorrect. An
explanation for this is difficult to provide. Examining the graph, figure 3.7, we find that
the first 2 degeneracies are correct until again there is a regathering at the largest cylinder
length (L = 13). This looks again to be a numerical artifact. Unfortunately the higher
degeneracies do not come out as expected even ignoring the final L = 13 data. It might
be supposed that there is a missing level caused by a bad choice of initial vectors {v,}
combined with rounding errors. However, we experimented by choosing alternative initial
vectors at step m and this did not produce any affect. This is the only result found to be

inconsistent with the theoretical predictions.

ROBERT P. T. TALBOT — PH.D. THESIS 1998



94

NUMERICAL VERIFICATION
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Figure 3.6: Scaled energy gap, L AE, /7, vs. inverse length, 1/L, for the model (ﬁ;;X,X).
The observed degeneracies are: ‘l,1,..." which agree with the theoretical ‘1,0,1,..." (see
text). The poor convergence (with scaling) of the higher energy levels means that it is unclear
that the next-to-ground state level is in fact Azy = 2.

3.2.2 The Central Charge

The second analysis carried out was the examination of the scaling of the ground state
energy Eo(L) in an attempt to determine the central charge ¢ of the models. A number of
examinations of the scaling data based on the expression (1.143) (or (1.144)) were tried.
As mentioned in section 1.2.6, at the critical point the Hamiltonian differs from the renor-
malisation group fixed-point Hamiltonian by terms involving irrelevant operators. Hence
it is expected (see [3], [12] and [14]) that there are corrections to (1.143). Furthermore,
for the models we examine, these corrections can be logarithmic in form. For example, it

is known [14] that for the toroidal geometry, equation (1.143) becomes

T c A 1
Bo(L) = fo L+ 7 {‘6 + (mz)s +O((lnL)4)} . (3.5)
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Figure 3.7: Scaled energy gap, L AE,/m, vs. inverse length, 1/L for the model (Ds; X,1).
The observed degeneracies are: '1,2,6,..." which compares badly with the expected
‘1,1,2,3,5,... . This is the only result obtained inconsistent with expectations.

(This is essentially (1.143) with f(®8) = 0 as there are no surface terms, the factor 1/24
introduced earlier by the Schwartzian derivative is replaced by a factor 1/6 in the periodic
case and there are now also additional logarithmic corrections present.) It is clear, that for
the cylinder lengths we consider, such logarithmic corrections can be large. Unfortunately,
for any given cylinder length L, the Hilbert space of a toroidal model can be quite large
(typically 4 or 5 times that of a similar cylinder model). Hence, we were unable to generate
enough useful scaling data for the toroidal versions of the models under examination to
make any use of (3.5). We remark that such logarithmic corrections are not expected to

affect the degeneracies of the model in any way.

For the cylinder cases of interest to us, we considered on empirical grounds and by analogy
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with (3.5), that

(3.6)

Eo(L) = foo L + f(@P) + % {h(a,ﬁ) = 564 + ljrillL + (1;4[31)3 + (1:1[4’)4} .
This form for the ground state energy is found to fit the data quite well provided A; is
not restricted to be zero. In all cases, the bulk energy f is found to be independent of
the boundary conditions and, in fact, independent of the precise model concerned also.
For the models where the shortest path length K between the boundary nodes a and b is
zero, (3.6) yields a value of ¢ typically around 09. However, it must be stressed that for
the narrow range of cylinder lengths available to us, the main 1/(In L) correction is very
large and in fact dominates the contribution to Eo(L). Because of this and the fact that
so little data is available, we do not consider such results reliable and therefore do not

repeat them here.

3.2.3 Conclusions

Overall, whilst the results of the numerical analysis are not absolutely conclusive, they are
strongly suggestive of the validity of the partition functions given as tables 2.2-2.5. In most
cases, the next-to-ground state of the model is observed to have scaling dimension Az; ~ 1
indicating, at least, that there are no operators of scaling dimension z with hy, ;) <
T < h(gp) + 1, which is a severe constraint on the models. With the exception of the
model (55; X, 1), the observed degeneracies match our theoretical predictions extremely
well. In particular, the observed degeneracies of the 4-state Potts model with free boundary
conditions favour the predictions given by both us and by Saleur and Bauer and not (our
interpretation of) the prediction of Baake et al. (see also section 2.4). The (Ds; X, 1)
case may be no more than due to the peculiarities of the finite-sized approximation or a

numerical artifact.

Currently, duplicate data is being generated using a different technique for diagonalising
the transfer matrix. It is hoped that these calculations, being carried out using the com-
puting facilities of the INFN Bologna, Italyf, will permit an examination of the scaling

at much greater cylinder lengths L > 15. This should allow more detailed degeneracies

'We are grateful to Gabor Takacs for his assistance in running these calculations on our behalf.
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and scaling dimensions for each of the models to be found. In particular, the anomalous
case (55; X,1) can now and will be re-examined. The additional data should also allow
a more in-depth study of the logarithmic corrections and a proper determination of the
value(s) of the central charge ¢ of each of the models. Unfortunately, we do not have any
reason to suppose that our ansatz (3.6) is indeed the correct way in which the ground
state scales. A precise understanding of what this is, is an involved problem in its own

right and beyond the scope of this thesis.
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Model Theoretical Partition Function Observed
(G;a,b) 2(G:ab) (g) Degeneracies
(A3;0,0) || ¢V (1+q+22+33+7¢"+0(®)) 11,1,2,...
(43;0,1) PP (1 +q+3¢2+43 +T¢* +0(¢%)) 1,1,3+4,...
(A43;0,2) || ¢®/2(2+2¢+4¢*+643 +10¢* + O(¢%)) | 2,2,4,6,10, ...
(Ag,;O,O) gV (14+g4+2¢7+34 +5¢*+ O(g%)) 1,1,2,...
(45;0,1) P +q+2¢2+383+5¢4+0(¢%)) | 1,1,2+3,...
(A5:0,2) || ¢/ (1+q+22+483+6¢*+0(¢%)) | 1,1,2,...
(A5:0,3) || @21 (2+2¢+42+68 +8¢* +O(®)) | 2,2,4,6,...
(DX, X) || V2 (1+ @+ 3 +4¢* + O(gd)) 1,1,...
(Dy; X, 1) PP (1+q+3¢2+4¢+7¢* +0(¢%)) 1,1,3+4,...
(DX, X) || 6™/ (1+q+2¢+33+5¢' +0(¢°)) | 1,1,2,...
(Dy;1,1) || ¢ Y™ (14+3¢+42+73+13¢* +O(¢®)) | 1,3,4,6,13, ...
(Ds; X, X) || Y (14 P+ @ +3¢* +0(g%)) L1,...
(Ds; X, 1) PP (1 +q+2¢2+33+5¢44+0(%) | 1,2,6,...
Ds:X,X) || ¢®/ (14+q+22+283 +4¢* +0(¢)) | 1,1,2,...
(Ds;X,Y) || ¥ (1+q+22+3¢ +4¢*+O(®)) | 1,1,2,...
(Ds;X,2) || ¢®/™ (1+q+22+43+64*+0(®)) | 1,1,2,...
(A5;1,2) q5/24(1+q+4q2+5q3+9q4+0(q5)) 1,1,3,5,...
(Ds;1,1) || ¢ Y (1+2¢+32+5¢3+9¢* +O(®)) |1,2,3,...

Table 3.1: The theoretical partition functions and the observed degeneracies for a number of
affine Pasquier models on the cylinder. The degeneracies are stated to the degree to which
they are clearly visible in the numerical data (see text). The degeneracies stated in the form
y + z indicate that at this level, the individual degeneracies are not distinguishable but that
several levels are grouped together. These may yet split further (see text).
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Chapter 4

SU(2), Kac-Moody Algebras and the
Coxeter Element

We introduce here the background material for the analysis conducted in Chapter 5. This

material is not original.

4.1 Kac-Moody Algebras

We present a brief review of the untwisted affine Kac-Moody algebras. These may be
thought of as generalisations of the simple Lie algebras. Many properties are common to
both. It will be assumed that the reader is already familiar with the standard formalism
of simple Lie algebras and the associated root systems and Weyl groups; reviews of such
material may be found in [18] and [35] respectively. We choose to denote the scalar product
of a simple or semisimple Lie algebra g by (,) and the associated root systems, weights,
etc. by barred quantities whenever it is necessary to distinguish these quantities from those
associated with the more general Kac-Moody algebras. In particular, we will denote by

“@” (“p”) a typical root (weight) of g and by @ the highest root of g.

Much of this review follows [27], [28] and [38].

4.1.1 Classification
A Kac-Moody algebra is the Lie algebra of smooth mappings from the manifold S! to

some finite Lie algebra g, allowing however, for a non-trivial central extension. A finite-
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dimensional simple Lie algebra is completely characterised by the 3! generators
{ELH |i=1,...,l}; (4.1)

obeying the Jacobi identity and the Chevalley-Serre relations:

[H*, H]=0,
[H', EL] = +CI'E7,
R (42)
(BY, El]=09H,
(adgy)' " BL =0 fori#j;
together with the following requirements on the indecomposable Cartan matrix C:
C* =2
CY<0 fori#3j,
- B (4.3)
V=0 ifC"=0,
CVez,
and
detC > 0. (4.4)

In particular, rank g = [. The Kac-Moody algebras are obtained by weakening the condi-
tions on the matrix C. The most important subclass, the affine algebras, is obtained by

replacing (4.4) with
detC{z-}>0 Vi=0,...,0l; (4.5)

where det C (i} denote the principal minors of C. As is conventional, we have changed our
labelling of the Chevalley generators B, H* to i = 0,1,... ,I. With this prescription, the
simple Lie algebras are those algebras with rank C = [+ 1. The rank of the Cartan matrix

leading to the affine Kac-Moody algebras is rank C = 1.

Once the classification of the simple Lie algebras is known, the classification of the Kac-
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Moody algebras proceeds Simarily [27] [38]. We obtain a number (seven) of infinite series
augmented by a number of exceptional cases. For our purposes, we are interested only
in the so-called simply-laced untwisted affine algebras: the infinite series En and ﬁn
together with the exceptional cases Eﬁ, E7 and Eg. Just as the classification of the simple
Lie algebras (the non-Abelian Lie algebras with no proper ideals) may be formulated by
means of Coxeter-Dynkin diagrams, so too may the classification of the affine algebras.

The diagrams of the Z, D and E cases are exactly those of table 1.1.

Inspecting table 1.1, one observes that removing a certain node (indicated by the label “0”),
known as the affine node, from the Coxeter-Dynkin diagram of the affine Kac-Moody
algebra, “)?n” say, one obtains the corresponding diagram of the simple Lie algebra “X,”

of table 1.2.

4.1.2 Loop Algebras and Central Extensions

In contrast to simple Lie algebras, the affine Kac-Moody algebras ADE possess a non-
trivial centre. Indeed, if we denote by c the zero-eigenvector of C normalised so that

co = 1 (i.e. the basis vector for the kernel of C); then for any constant ¢ # 0, the element
l .
K=c) cH (4.6)
=0

is a non-trivial central element of the affine algebra g. K commutes with all the Chevalley
generators of g: Clearly it commutes with the H*. That it commutes with the E% follows

from (4.2) and the kernel properties of c.

If G denotes the adjacency matrix of the Coxeter-Dynkin diagram of g then the Cartan
matrix of g is C = 2—G. Thus c is a scalar multiple of the Perron-Frobenius eigenvector
of G. The components of the vector ¢ are called the dual Coxeter labels (for the ADE

cases considered here these are also equivalent to the so-called Coxeter labels).

K is, up to scalar multiplication, the unique central element; as C has only one zero-
eigenvector. For any given simple Lie algebra g, we may construct an n-dimensional central

extension. However it may be shown [27] that simple, and more generally semisimple, Lie
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algebras (direct sums of simple Lie algebras) possess no non-trivial central extensions.
Thus the possession of a central element distinguishes the non-simple affine algebras from

the simple Lie algebras.

The close connection between the Coxeter-Dynkin diagrams of the affine algebras (ta-
ble 1.1) and the diagrams of the simple Lie algebras (table 1.2) suggests that we may be
able to obtain the affine Kac-Moody algebra g as some generalisation of some simple Lie
algebra g which would permit a non-trivial central extension. Indeed, we consider the
vector space of analytic maps S! = g. Let {T%]a=1,... ,d} be a basis of g and let S!
be considered as the unit circle in the complex plane C with coordinate z, then a basis of

such a space is
{TS|la=1,...,din €} ; (4.7)
with
TP =T°® 2", (4.8)

where “®” is a formal multiplication. This space becomes an infinite-dimensional Lie
algebra, called the loop algebra g° over g, under the natural bracket operation
(T2, T = [T°® 7™, T’ ® 2"

d=ef [Ta, Tb] ® zm+n :

ie.
—ab —ab
e, ) =7 T°@ ™" =" TS ;i (4.10)
where the fabc are the structure constants of g.

One may now look for central extensions of this loop algebra. It turns out [27] that there

is a unique non-trivial central extension g® of g° characterised by the brackets

—ab
[Tnang] :fa c rfz-f—n'*'m(sm-f—n,OEabK’

10 (4.11)
, Tn]l =0;
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where K denotes the new central element (the central extension is 1-dimensional) and §
is the Killing-form of g. The case where g is a compact real Lie algebra is of most interest

to us so that we may choose a basis with % = —§%, thus
(T2, T8 = F*°TC . — mOming 00 K | (4.12)

The untwisted affine Kac-Moody algebra g is obtained from g® by adding one further

generator, the so-called derivation D which has Lie brackets

D, Tyl = =Ty, D] =mTy,
(4.13)
[D,K]=0.
This is a particular choice amongst several possibilities and corresponds to the so-called
homogeneous gradation. The centre of g so chosen is 1-dimensional and K here corresponds
to the K of (4.6) with ¢ = 1 (6, 8). The above realisation of the affine Kac-Moody
algebra indicates that such an algebra is infinite-dimensional. We remark that g above is
referred to as the horizontal subalgebra of g and it is generated as a subalgebra by the set

{T¢|i=1,...,1}. This also happens in these cases (ADE) to coincide with the so-called

zero-mode subalgebra of g.

4.1.3 The Root System

The analogue of the Cartan-Weyl basis for the untwisted Kac-Moody algebra g is con-
structed as follows: Clearly the maximal Abelian subalgebra h contains the Cartan sub-
algebra h of g generated by { Hi|i=1,...,1 } It also contains the central generator K.
As

[Hé’H%]:[K7H%]=[H3’D]:[K:D]ZO’ (4.14)
it must contain yet one more generator. Choosing D, we see that it is the only one because

[D, HI]#0 forn#0. (4.15)
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Thus the Cartan subalgebra h of g is generated by
{K,D}U{Hé]j:l,...,l}. (4.16)
Or equivalently
{D}u{Hg|j=0,1,...,z}. (4.17)
The roots w.r.t. h are found from the observation that for any root @ of g and any n € Z,
(Hy, ES]=®ES, [K,EZS)=0, [D,ES]=nE7, (4.18)
and
[Hi, H]=0, [K,H) =0, [D,Hl]]=nH]. (4.19)
So that the roots w.r.t. (H, K, D) are

{a=(a,0,n)|aarcotofg,neZ}U{a=(0,0,n)|neZ~{0}} . (4.20)

~ ~ [\ "
'

(A) ®)

The roots of type (A) correspond to the generators { ES } and are non-degenerate. The
roots of type (B) correspond to the generators { H} | n # 0}, and are I-fold degenerate as

they do not depend upon the label 5 of Hi.
Denote the roots of g by 3. We identify a subset of ® with the root system ® of g by
(a,0,0)=a. (4.21)
It is consistent to take the positive roots 3+ of g to be
6+q—5f{a:(6,0,n)66|n>00rn=0,6€5+}, (4.22)

and the negative roots &~ =& \ ®". We use the notation & > 0 for positive roots and

a < 0 for negative roots.

ROBERT P. T. TALBOT — PH.D. THESIS 1998



SU(2), KAC-MOODY ALGEBRAS AND THE COXETER ELEMENT 105

Given the choice (4.22), simple roots exist and are
o =(@,0,0)=a; fori=1,...,0; (4.23)
where TT = { @, | a € G \ {0} } are the simple roots of ®; together with
ap=(-6,0,1)=6-6. (4.24)

0 is the highest root of g and 6 = (0, 0, 1). We shall denote by I the set of simple roots

of &. The corresponding step operators are given by,

EYL =Ef fori=1,...,1,

_ (4.25)
and E? =E?.
We remark upon the important property of the simple roots, that if
!
a = Zai oy, (426)
1=0
then
a>0ea,€Z  fori=0,...,1,

(4.27)

a<0<aq€eZ fori=0,...,0;

i.e. any root a € 3 may be expressed as a strictly non-negative or non-positive integer

sum over the simple roots 1I.

The analogue of the Killing form, as in the simple Lie algebraic case, is characterised by
the properties of symmetry, bilinearity and associativity. (The property of associativity or
invariance of the Killing form is that «([z, y], 2) = k(z,{y, 2]).) It is found to be (choosing

a specific normalisation)

Bbmino 0 O
K= 0 01 (4.28)
0 10
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w.r.t. the generators (7)% , K, D). The restriction of  to the Cartan subalgebra h yields

a metric (,) for the root space (h*) and its dual, the weight space (h)

o O
—= O

GY = (4.29)

)

—
o

which is clearly of a Lorentzian nature. A scalar product allows one to identify the root
space with its dual. Thus if (,) is the scalar product on the root space h* of g then the

scalar product on h* of A = (X, k,d)and X = (X, K, d)is
(A V)= (X,X) +kd +Kd. (4.30)
In particular, for roots,
(a,d)y=(a,?d) . (4.31)
Also, the non-degenerate roots of (4.20) have the property
(a,a)>0 foraecd, (4.32)
and are termed the real roots <§R; whilst the degenerate roots have
(a,a)=0 fora=nd,n#0, (4.33)

and are termed lightlike (or imaginary) roots 51.

For any real root «, the coroot is defined as

v 2, (4.34)

The (affine) Cartan matrix is constructed as

C® £ {ay,, o), (4.35)
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with a,b=0,1,... ,l. We remark that in the cases of interest to us (the ADE algebras),

C is symmetric and the roots and coroots may be identified by choosing the normalisation
= (0, ) =2 Va=0,...,1 (4.36)

o

Nonetheless, we will continue to use the concept of coroot in our notation unless we specify
otherwise. The Cartan matrix C here, is identified with the matrix C of (4.2). We remark
that just as with the Cartan matrix of a simple Lie algebra, G = 2 — C is the adjacency

matrix of the Coxeter-Dynkin diagram of g.

The fundamental weights { p, |a = 0,1,... ,1 } are defined to be dual to the simple coroots

(i.e. the coroots of the simple roots); i.e.
(pa, )y =10 Va,b=0,1,...,1, (4.37)

and are found, in terms of the weights { g, |b=1,...,l} of the horizontal subalgebra g,

to be
paz(/_)a, %(5,6)%,0) : (4.38)

where p; is defined as py = 0.

We mention as an aside that the Coxeter number of g is

h=) ca, (4.39)

a€g

and the highest root

S~}
H

Z Co Qg - (440)

a€g~{0}

ROBERT P, T. TALBOT — PH.D. THESIS 1998



SU(2), KAC-MOODY ALGEBRAS AND THE COXETER ELEMENT 108

4.1.4 The Weyl Group

In analogy to simple Lie algebras, the Weyl reflection o, w.r.t. the real root « is defined

by
A o A EA= (A, aa. (4.41)
The group generated by these reflections is known as the affine Weyl group W. Now
(gaX, ") ==(x,a"), (4.42)

so that (4.41) defines a reflection through the hyperplane perpendicular to @. From a
purely Euclidean point of view, we note that this hyperplane for a real root « = (@, 0, n)

is given by
X, @) =-n } , (4.43)

so that the hyperplane H, may be regarded as no longer through the origin but is instead
(parallel) shifted by —% @ (see also [35]).

Most properties of the affine Weyl group are the same as those of the ordinary Weyl group
W associated with g [35]. W is generated by the reflections {0a=0q4,|a=0,1,...,1}
w.r.t. the simple roots. There are however several new properties arising from the existence
of the lightlike roots. For example, 0,(nd) = nd, V n € Z ~ {0}; the lightlike roots are
pointwise invariant under the action of the affine Weyl group. The most important new
property is the existence within the Weyl group W of translations. Indeed it is this very
property which gives the affine Weyl group and affine algebras their name. We define the

‘translation’
t= ooy (4.44)
The action of t on any A = (:\_, k, d) is

tA:(X—MV,k,d—(X,B‘V)—(ng—)k> ; (4.45)

ROBERT P. T. TALBOT — PH.D. THESIS 1998



SU(2), KAC-MOODY ALGEBRAS AND THE COXETER ELEMENT 109

and in particular, for any root « = (@, 0, n),

ta=(a@,0,n—(@,8))
(4.46)

—a—(@,0)5;

i.e. it ‘translates’ any real root by — (@, —9_\/) in the lightlike direction. As og = toz we

may regard W as being generated by the set
{t}yU{oa|a=1,...,01} . (4.47)

W is the smallest group containing both the (classical) Weyl group W of g and the affine

translation t.
We remark that the behaviour of the weights under Weyl reflections is given by
TaPb = Po — dab Qp - (4.48)

This useful fact follows directly from the duality (4.37) of the weights and the simple

coroots.

Finally, we note the important property of normality of the scalar product (,). Using the

definition (4.41) of the Weyl reflection, it is an easy exercise to see
(A, Xy = (A, XY VypeW; AN eh*. (4.49)

This is indeed the case even when n = t.

For further details of Weyl groups, we refer the reader to reference [35).
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4.2 The Affine Coxeter Element

A Coxeter element or Coxeter transformation of a Weyl group, be the group affine or
not, is defined as any product of (all) the reflections associated to the simple roots. As
these reflections do not in general commute, any such element w will depend upon both
the choice of simple roots and the way (i.e. the order) in which one chooses to form the

product. Thus typically there are a number of distinct Coxeter elements within any given

Weyl group.

In spite of this, certain properties are held in common amongst all these elements. The
Coxeter elements associated to any fixed classical algebra, all have the same order h; indeed
this is one definition of the Coxeter number h of a given ADE algebra [35]. Simarily, all
the Coxeter elements belonging to an affine Weyl group have infinite order [6], [17]. (The
true ‘Coxeter number’ in these cases is therefore infinite. However, a finite number, the
affine Coxeter number h, does play the analogous role to the ordinary Coxeter number
where it appears in expressions for eigenvectors and eigenvalues.) The Coxeter elements
associated to a classical algebra are known to be mutually conjugate (within W) and so
possess identical spectra [35]. Dorey [19], [20] and [21] demonstrated the role such an
element has within the partition functions of Pasquier models and S-matrices associated
with the classical ADFE graphs of table 1.2. In particular, he choose a fixed ordering of the
simple roots, first investigated by Steinberg [52], to define the Coxeter element. It is our
intention to extend this relationship to include the affine Pasquier models also. Thus we
are most interested in the natural affine generalisation of this choice of Coxeter element.
This form in the classical case has been well studied (see for example [39]) and we can

therefore generalise many useful results easily.

The question of conjugacy of the affine Coxeter elements was addressed by Berman et
al. [6] and also by Coleman [17]. In the case of the affine tree graphs, i.e. the D and E
cases, it can be proved that all Coxeter elements are conjugate (see also [35]). Since
there is no special choice of Coxeter element, we choose the most convenient example to
manipulate. However, in the case of the cycles, the A graphs, the Coxeter elements do fall
into a number of distinct spectral classes. Indeed, the Coxeter elements associated with the

graph A,_; fall into [r/2] spectral classes. In particular they do not belong all to a single
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conjugacy class. Regardless, we will find the affine generalisation of the Steinberg-ordered
Coxeter element to be the most useful even in this case. It possesses the property of being
a representative of the largest spectral class. When n is even, this largest spectral class
is unique and might be taken to define a natural choice of sorts (in fact, coincidentally,
we will ignore the odd cycles .Zzn), although we do not make use of this property. In
any case, we remark that any Coxeter element and its inverse, both belong to the same

spectral class.

We discuss the Steinberg ordering and the properties of the associated Coxeter element

now.

4.2.1 The Steinberg Ordering

Let P be the set of integers 0,1,... ,I and let P be the set with 0 removed. Then it follows
from the Zo-colourability of the Coxeter-Dynkin diagram G of g that we may uniquely
partition P as a disjoint union P = P1UPy; so that for j = 1,2 the set T[; = { o; | € P; }
consists of mutually orthogonal roots. In particular, the affine node g is orthogonal to
all the elements in either IT; or IT,. We fix the notation by requiring that g is orthogonal

to the roots of II;. Let:

ﬁg def ﬁz U {Olo} s

ﬁl é_e_f ﬁ1 )

S (4.50)
P,=PyU {0}
and ﬁl d:ef ?1 )
and we note:
IEm Ul 451)
4.51
and I % Ull,;

the sets of simple roots of ® and 3 respectively. Note also that P G; 1.e. there is a one-to-

one correspondence between the two sets. We will often use these symbols interchangeably.
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For convenience, we additionally define

Pa) & . (4.52)

Define the involutions

wl d=ef H Ua
aeﬁl
o (4.53)
and wy = H Oq -

aEﬁz

The “Steinberg-ordered” Coxeter element of the affine Weyl group W is
W= wow . (4.54)

Note that none of w;, wy or w depend upon the exact labelling of the elements within
the sets 131 or ﬁg as the corresponding reflections commute. As the choice depends only
upon the choice of Zs-colouring, the definition of the Steinberg-ordered Coxeter element

is unique up to inverse. In particular, w and w~! are conjugate within W:

wl=wiwy = w2_1 (wowy) we = wQ_I wwy . (4.55)

The Steinberg-ordered Coxeter element @ of the classical Weyl group W is defined essen-
tially identically [52]. One notes that 8 is orthogonal to the roots of II,. The operators @;
and @y are defined by substituting II; for fi; (i =1,2) in (4.53). Finally @ & 5, ;. Note

that

W=0ogW. (456)
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4.2.2 The Coxeter Orbits
Consider the action of w on the set of roots ®. Given any two roots a, 3 € 5; define the

relation ~ by
a~ e wPa=F forsomepc€?Z. (4.57)

Clearly ~ is an equivalence relation. The equivalence classes of ~ are called the Coxeter
orbits (w.r.t. w). We denote by (w) the group generated by w and by (w)a the Coxeter

orbit of the root «.

In order to study these orbits, one requires a representative from each distinct orbit. Such
a set of representatives is not generally afforded by the simple roots. One may however
generalise [36] the orbit representatives of Kostant [39] for the classical Coxeter element

@. The representatives comprise the set R = { ¢ |a € G } with
b = (1= w ), (4.58)
or equivalently, by (4.48) and (4.54),

o sifa € ﬁl.
bg = . (4.59)

wia, ;ifa€ Ps.

It follows from the linear independence [39] of the subset { ¢y = ¢, |a € 1,2,... ,1 } viewed
as orbit representatives of a classical Coxeter element @ of g that these elements are
linearly independent. Furthermore, their orbits are distinct; indeed as Dorey’s argument
shows [20], if one supposes that ¢ lies in the Coxeter orbit of another: i.e. wP¢, = ¢ for

some values of a, b and p; then, by (4.58),
wPpg = pp - (4.60)

This cannot be true as all fundamental weights are dominant highest weights and are

therefore not related to each other by any Weyl element [34].

These elements may be uniquely characterised as those positive roots of ® which are
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mapped into negative roots under the action of w [35]. It is easily seen that RC 5"’,

wR C @~ and that the length £(w) of wis I+ 1 =|R|.

4.2.3 The Euclidean Coxeter Element

A useful means of examining the Coxeter element is provided by factoring out the trans-

lation t. Define ws by the requirement

wo =ty =wet !, (4.61)
so that

Wy =050, ...04 ; (4.62)
where Py = {z1,... , 2} say. @y is simply wy with the reflection o replaced with og- Note

that o7 commutes with all the reflections of II,. Define

o
I
=

W) = w

(4.63)

and o< Wy wy ;
so that w = tw. Note in particular that o, &; and @, are all elements of the Weyl group
W of the horizontal subalgebra g and are therefore constrained to be of finite order. We

call @ the “Euclidean Coxeter element”.

Let ff denote the “forknode” of G: for the cases ﬁn and E\5,7’8, this is the unique node with
3 links once one has excluded links to the affine node 0; in the case /’1\2,1_1 this is chosen to
be the n'? node. Denote by Gy &' G~ {f} the Coxeter-Dynkin diagram of G with the node
i removed. Let wy denote the Coxeter element associated with Gy (preserving the same

colours). Then, following Steinberg [53] (see [6] also), one can show that & is conjugate to

wy; Le.
Wy = nont; (4.64)

wheren € W, 70 = —ay. Clearly, Wy has a finite order, as it is the Coxeter element of a
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collection of disconnected A,, type graphs. In fact it, and hence @, has period h, where h
is the affine Coxeter number associated with g. (Note that this number is not in general

equal to the Coxeter number h of g.)
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4.3 The Finite Subgroups of SU(2)

In this section, we review the McKay correspondence. This important result relates the
finite subgroups of SU(2) and the affine Kac-Moody algebras discussed in section 4.1.
We also examine the problem of finding how irreducible representations of SU(2), when
restricted to a finite subgroup of SU(2), decompose over the irreducible representations of

that subgroup. The analysis follows that of Kostant [40] and [41].

4.3.1 The McKay Correspondence

Let us introduce some notation: Let I' be a non-trivial (i.e. |[I'| > 1) subgroup of SU(2).
For any such subgroup, denote by I'* the unitary dual (i.e. the set of irreducible repre-
sentations) of I' and by -, € I'* the irreducible representation labelled a. Let vy denote
the trivial representation of I" and «y the given 2-dimensional (fundamental) representa-

tion I' — SU(2), i.e. m | (which may be reducible). Define the matrix G(I') by
Y2 ®7=Y GM)as - (4.65)
b

The coefficients of this matrix are clearly non-negative integers so that G(I') has a graph

representation; hence we shall term this matrix the “graph” of the subgroup I.

Theorem 4.1 (The McKay Correspondence) Let I’ be a non-trivial subgroup of SU(2);
then there exists an affine Kac-Moody algebra g of ADE type of rank [ +1 with adjacency
matrix G = 21 — C such that for a suitable ordering of the simple roots II = {aglaeG}

of g there is a bijection

p:* =11,
Yo = g, (4.66)
7(1 — aﬂ- 7
with
G(ry=g. (4.67)
The bijection p is called the McKay correspondence. d
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Proof A classification-free proof of this result may be found in [53]. [ |

We abuse notation and write by u(I) the affine Kac-Moody algebra g for which (4.67)
holds.

We remark that as a consequence of (4.65) and theorem 4.1, the vector dim~y = {dim~,},
of dimensions of the representations -y,, is an eigenvector of G with eigenvalue 2. Given
that dim~y = 1, we identify the vector dimz with c defined in section 4.1.2. We also note
that 7 = p~!(oy) is the irreducible representation of I' with maximal dimension, uniquely

so in the cases u(I") = E\G,7’8.

4.3.2 The Finite Subgroups
Now to the subgroups of SU(2). Consider first the finite subgroups of SO(3). The following

1s well known:

Theorem 4.2 Only the following non-trivial finite groups F' admit a faithful embedding

in SO(3):
Zy The cyclic subgroups of order n,
D, The dihedral subgroups of order 2n,
Ay The alternating group on 4 objects,
S4 The symmetric group on 4 objects,
and As The alternating group on 5 objects.
O
Let
A : SU(2) = SO(3) (4.68)
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be the double covering of SO(3). One can use this to find the finite subgroups of SU(2). If
F is a finite subgroup of SO(3) then denote by A~!(F) its inverse image under A so that
|[A~L(F)| = 2|F|. With the exception of one special family, all the subgroups of SU(2) are
of the form A~Y(F) for F C SO(3):

Proposition 4.3 Let I' C SU(2) be a finite subgroup; then ' = A™}(F) for some unique
F CSO(3) iff T is not a cyclic group of odd order. 0

We remark that the graphs of the subgroups { Zo,+1|n € Z* } are cycles with an odd
number of nodes and as such the graphs of { u(Zon+1) |n € ZT } (i.e. the graphs of /’1\2,1
type) are not Zs-colourable. Hence the only subgroups in which we will be interested,

together with their images under the McKay correspondence, are as listed in table 4.1.

p(@) || Az Dy E Er Eg

Table 4.1: The subgroups of SU(2) with Zs-colourable graphs and their images under the
McKay correspondence .

4.3.3 Tensor Products of SU(2) Representations

Consider the following problem: Denote by , the irreducible representation of SU(2) of
dimension n + 1 and let SU(2)* = { 7, | n € Z* } be the unitary dual of SU(2). Let I' be
a non-trivial finite subgroup of SU(2). We wish to find how the restriction of a specific

representation 7| to the finite subgroup I' decomposes as irreducible representations

of T'; i.e. one wishes to determine the integers m4(n), a =0,1,...,[, so that
!
ﬂ'an = @ma(n) Yo, Wwith Yo € ™ Va . (4.69)
a=0
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Kostant [41] deals with this question by considering instead the corresponding vector vy,

in the root space of g = u(I') defined as
Un = Z Ma(n) q ; (4.70)

where vy, — a4, under the McKay correspondence .

We remark that G may be regarded as an operator on the root space h* of g. Indeed let

G also denote the operator whose matrix is G w.r.t. the simple roots ﬁ; ie.

G:h* = h*,
4.71
Qg — Z Gab tp - ( )
beg
The Clebsch-Gordon formula for SU(2) is
Ty @ T = Mgl + Tno1 (4.72)

where m_; denotes the zero-representation. Restricting these representations to the finite

subgroup I' and using the McKay correspondence, one sees that
Gvn = U1+ Vp-1 - (4'73)

Using the same Zj-colouring as in section 4.2.1, which is found to be related to whether
or not v, may be considered a representation of the SO(3) subgroup F = A(T) [41], it is
found that

Proposition 4.4 (Kostant [41])
ma(n) =0 ¥ a € By (mod 2))41 - (4.74)

In other words, a and n must be of the same parity, or else mq(n) = 0. O

Another, very useful result which derives from (4.71) is:
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Lemma 4.5 (Kostant [41]) The action of G regarded as an operator on h* is
G =w+w; (4.75)

where w; and wy are the involutions (4.53). O

Taking (4.73) as the starting point, together with vg = ag (which itself is a consequence of
Schur’s lemma (18]), lemma 4.5 allows one to re-express v, in terms of the affine Coxeter
element and ¢p. From a study of the affine Coxeter element w defined in section 4.2.1 and
its classical horizontal ‘partner’ (i.e.. @ defined by (4.56)), Kostant [41] determined the

generating function for the vectors { v, |n € ZT } to be

o
Pr(z) = Z Up T
n=0

(4.76)
_ z(z)
(1—2")(1-z%)’
with
h
2z) =) za (4.77)
1=0

a polynomial in z with coefficients in the root system 3 of g. Note that the Coxeter
element of section 4.2.1 is defined in terms of a Zo-colouring, it is for this reason that we
have excluded from interest the non-Zs-colourable A\Zn-series of graphs. The integers r
and s are subgroup-dependent. They satisfy r +s = h 42, where & is the Coxeter number
of the horizontal subalgebra of u(I"), and rs = |I']. They are listed in table 4.2. We remark
that the horizontal subalgebras of the McKay images of all the subgroups with which we

are concerned all have even Coxeter number i. We define the integer g & h/2.

Define

wp ;ifnisodd.
Wp = . (4.78)

Wy ;if n is even.

Let o™ =@, wy_1 ... @y with @@ =1 and also let @™ = Ty, Wgrn_s ... Tgt1-
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r w(@) | A h r s

A YZy) Ag-1 | 2n 2n 2 2n
A™YD,) Dpyo | 2n 2n4+2] 4 2n
A1 (Ay) Es 6 12 6 8
A7 (Sy) E; 12 18 8 12
AHAs) Eg 30 30 12 20

Table 4.2: The integers r and s for each of the Zo-colourable finite subgroups I of SU(2). The
affine Coxeter number h of y(I") together with the Coxeter number of its horizontal subalgebra
are also indicated; in all cases, h and h are even. Note the similarity between this table and
table 2.1.

Kostant [41] determined the coefficients z; € ® to be:

Zp = 20 = Qg , (4.79)
Zn = (w(")—w("“l))é forl<n<h-1;

or equivalently, in terms of the forknode of G:

Zp = 20 = Qp ,
2y =20y, (4.80)

Zg—n = Zg4n = (D["] - U["_l]) oy for1<n<g-1.

In a basis of the simple roots ﬁ, this last enables a very simple calculation of the z,.

The Poincaré series Pr(z), for the individual representation 7, is obviously obtained by

considering only the a! coefficient of the vectors vy; i.e.

Pr(z)q = (pa, Pr(z))
K, () | (4.81)
l—zr)(1-2%)’

(

with K,(z) = (p,, 2(z)).
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In particular, from (4.80),

Ko(z) =1+ IEE,

r/2—1 (482)
Ky(z) = Z (a:g_Q" +x9+2") ,

n=0

and the K,(z) (for all a) are h-reciprocal polynomials.
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4.4 The Chebychev Polynomials

An important tool in the analysis of the next chapter will be the Chebychev polynomials of
the second kind. The Chebychev polynomial U™ (z) of degree n over the indeterminate =

is defined by the recursion relation
UM (z) = zU™ D (z) - uUD(z) ; (4.83)

together with two ‘initial conditions’: the values of two subsequent polynomials in the
series. For our purposes we will be concerned only with the series of polynomials generated

by the initial conditions:
UOz)=1, U@ =z; (4.84)

and we note that this implies that ¢(~V(z) = 0.

This series, which we shall denote $?, is generated by the function

C(plz) = Y U™ (z)p™
m=0 . (4.85)

- l-pz+p?

It possesses the important property that each polynomial in the series is a strictly odd
or strictly even function depending upon the oddness or evenness of its degree; i.e. there

exists a Zjy-colouring:

9 9% = 2y, (4.86)

U™ (z) = n (mod 2) ,
with

As an example, we note that the intertwiners (1.67) satisfy both (4.83) and (4.84). Choos-
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ing o = 1, equation (1.68) may be rewritten [25] as
VAL =VAG VA1 forx=23,...,n— 1 (4.88)
The initial conditions are given by considering one end of the A, graph, and are
yi=1, Vv?=g. (4.89)

The definition of V* may be extended to any A as examination of the A, graph im-

plies V™ =1, so defining V™" = 0 for all integers m yields a consistent series of polyno-

mials. Thus,
v =ul ). (4.90)

We note that this last implies that the intertwiners (1.67) are integer valued.
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Chapter 5

The Role of the Coxeter Element

In his paper [21], Dorey demonstrated the role that the classical Coxeter element plays in
the partition functions, and hence in the physics, of the classical Pasquier models. In this
chapter we will discuss the role that the affine analogue of the Coxeter element (i.e. the
affine Coxeter element) plays in the partition functions of the affine models. In so doing,
we will also provide an alternative derivation of Dorey’s classical result. Before arriving at
our main geometric result, it proves both useful and interesting in its own right to establish
a simple closed expression for the partition functions in terms of Chebychev polynomials
of the second kind. This brings into light the important connection between the affine
Pasquier models and the representation theory of SU(2) already observed for the classical
Pasquier models (see [24] and [21]). To do this we first examine the results of chapter 2

and attempt to make a connection with the work of Kostant discussed in the preceding

chapter.

5.1 Preliminary Observations

As seen in section 2.5, we were able to express the partition function of a given model,
(G;a,b), in terms of a reciprocal polynomial, namely the P(9:2:4) (z) of equation (2.48). This
equation (2.48) could in turn be re-expressed in terms of a simpler polynomial Q{9:¢:)(z)
whose coefficients were positive integers as equation (2.49). Apart from manifesting the
positivity of the coefficients of the x,2(g), the form of the Poincaré series appearing
in (2.49) was chosen because it coincides4 with the general form (4.81) of the Pr(z),; where

the K,(z) there are g-reciprocal polynomials in the indeterminate z with positive-integer
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coeflicients; and r and s integers with g, 7 and s the same numbers given for particular
models in table 2.1. Furthermore, we observe that the polynomials P(9:¢:0)(z), Q(9::5)(z)
and K,(z) all have well defined parities (this last result comes from proposition 4.4); i.e.
they are strictly-odd or strictly-even polynomials. This striking similarity in form suggests
immediately that there is some direct connection between the representation theory of

SU(2) and the affine partition functions.

It is tempting at this point to see if the polynomials Q{99 (z) permit a decomposition
onto the set { Ki(z) |7 € G }. This was observed on a case-by-case basis using Mathemat-
ica. Indeed not only does it appear that such a decomposition is allowed but that the

decomposition is positive and integer-valued; i.e. we observe that

QW) (z) = Ry Kn(z) ; (5.1)

neg
where R}, € Z*. Moreover, we note from the discussions of the preceding chapter, that
associated to each node a € G there is an irreducible representation «, of a fixed sub-
group I' = 771(G) C SU(2). To this in turn we may associate the polynomial K,(z)
which describes how the entire set of (SU(2)-irreducible but I'-reducible) representations
{ milp |4 € Z* } decomposes onto the representation 7, (section 4.3.3). Examining, again

on a case-by-case basis using Mathematica, we observe (empirically) that

dim~, dimvy, = Z R}, dim-y, . (5.2)
neg

This observation shadows a Clebsch-Gordon decomposition: the model (G;a,b) being as-
sociated with the (typically reducible) representation ~, ® 7, of the subgroup I' = 71(G).
We remark also that the partition function Z(9%b)(q) obeys the graph symmetries w.r.t.
a and b, in particular it is a symmetric function in a and b as is this tensor product repre-
sentation. In addition it may be observed that the {K,(z)} also obey graph symmetries
so that the connection between the partition function Z(%%)(q) and the tensor product

Yo @ v does indeed appear more than merely plausible.

It must be emphasised that all these observations are (so far) purely empirical and were

observed with the aid of a computer using an appropriate Mathematica script.
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5.2 SU(2) and the Partition Functions

We shall for now assume that the partition function Z(9%%)(q) is related to the decompo-
sition of the tensor product v, ® 7, in terms of I-irreducibles (I' = Z'(G)) and see what

such an assumption implies.

2 2
Define the symbols @( ) and Z( ) by

b b—a
2 2
D Pe)= @ Fa+2), (5.3)
c=a ¢ =0
and
b b—a
@) _ < /
Y T F()=) Fla+2c) (5.4)
c=a ¢ =0

L.e. just ‘summing in twos’. As a trivial exercise with Young-tableaux shows, the Clebsch-

Gordon decomposition for irreducible representations of SU(2) is

a+b
. - (2) .
(T eI 10=@ [T 11 (5:5)
-— a — -— b — Czla—bl -+ C —
ie.,

a+b )
Mo @ T = @( )7rc (5.6)

c=|a—b|

Restricting these representations to the finite subgroup I' C SU(2) we have

a+b( )
2
malp ® molp = @ melp - (5.7)

c=|a—b|
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Each of the restricted SU(2) representations decomposes into irreducible representations
of the finite subgroup I' according to equation (4.69). Define the matrices { B@.)i I JEG }

by the decomposition of the tensor product of two irreducible representations of I' as

% ®7 =D Bl ; (5.8)
keg
then (5.7) yields
a+b( )
2
P mila) m;(®) By = P @ male) e - (5.9)
1,5,k€G c=|a—b| ke€g

In analogy with Kostant [41], we replace each irreducible representation 7 of I' with the
corresponding root oy, in the Kac-Moody algebra g = (") under the McKay correspon-
dence (theorem 4.1). We get

a+b

S mila)my(6) By = 3 S male) o ; (5.10)

l>]akeg C=|a~b’ keg

jE g} are now defined to operate on the vectors {ak ‘ ke g}.

: k
where the matrices {B(j)i

Thus we may rewrite this as

a+b
(2)
Z (pk, my;(b) B m;(a) a;/> ap = Z my(c) ag . (5.11)
1,7,k€G c=|a—b}

Writing GO = >_;m;(b) B(j) and using (4.70), this reduces to
a+b
®), _ 2
GO v, = > "0, (5.12)

c=|a—b|

From this, it follows easily by induction that
¢® =uy®g); (5.13)

where G is the adjacency matrix of g = f(T) and U (z) is the n'P Chebychev polynomial
of the second kind (see section 4.4) with 4(®)(G) = 1 and U (G) = G. It is also consistent
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to write U(~1)(G) = 0. Equation (5.13) now tells us that

> " m;(b) By =u®(g) . (5.14)

JEG

Multiply both sides by z° and sum over b € Zt to get

Y B Pr(@); =Y u®(g)at; (5.15)

Jeg beZ+

where Pr(z); was introduced in section 4.3.3. Substituting in expression (4.81) for Pr(z);,

we have

> B K;( . =Y u®G)st. (5.16)

JEG

We note that the components of the matrices By;y are, by definition, positive integers,
so that the sum }; B(;) K;(z) is a positive integer sum over the “Kostant polynomials”
K;(z) of (4.81). As remarked upon in the preceding section, this is exactly the property
exhibited by the generating polynomial Q(z) of the affine partition functions introduced in
section 2.5; indeed we may identify the B(j)ab appearing here with Rf;b in equation (5.1).

Thus we conjecture that

Qed(z) =3 "B K (5.17)

JjEG

If we assume that this is true, then equation (2.49) becomes

2090 (g) = Y xm (@UP©G) |, (5.18)

This is a very simple expression and is very easy to compute for a given adjacency matrix
G. Furthermore, as is shown later, the “Chebychev form” that this expression has will
allow us to make the connection with the underlying geometry of the affine Weyl group W

of the algebra g.

Equation (5.18) is in fact correct; as we demonstrate now.
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5.3 Proof of the Chebychev Form

We possess (5.18), a candidate general expression for the partition functions. We construct

a simple proof. We begin by examining the A cases.

Lemma 5.1 The coeflicient A = AslA[zh];O’E) of x,2(g) in the expansion (2.25) of the
4

partition function of the model (A\[Qh]; 0,¢) is given by
A% = Us? (Apny) - (5.19)

In other words, it is given by the n'"-Chebychev polynomial of the second kind satisfying

UO(A) =1 and UV (A) = A. a
Proof The proof is by induction on the variable n.

We first establish that the initial conditions (4.84) for the Chebychev recursion relation

are satisfied. We observe, directly from (2.35), that
5= 85 = Use) () (5.20)
and
AS = 6 + 85 = Ug (Apwy) (5.21)

as required.

Having established that the initial conditions are satisfied, we now examine the recursion

relation (4.83). Assume that 3 N € Z% such that V 2 < n < N that (5.19) holds. Then

[”(N'l) (Aton)) Apory — UM (2[2'11)] D =
Aeﬁ[zh] (5.22)

_ Ae-—-1 e+1 3
=Ay_ + AN, — Ao

using the induction hypothesis. Note that, as mentioned in section 2.3.2, the A% have a
period 2h in the variable €, so that addition and subtraction in this variable (such as in

(5.22)) are understood to be taken modulo 2h.
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The righthand side of (5.22) will be equal to the required Aj, iff
AL AT, =AY + A, (5.23)

This equation is identically true V N replaced with n > 2 as a detailed analysis of the
coefficients A7, shows. If we examine a typical grid of values A%, (given by equation (2.35)),

as in table 5.1. Fixing arbitrarily, the values of ¢ and n we see that A% takes the value,

€ n

01 2 3 4 56 7 8 9 10 11|12 13 14
410 1 2 2 3 4 4 5
5 1 1 2 3 3 4 5
01 1 1 3 3 3 5 5
1 1 1 2 3 3 4 3
240 1 2 2 3 4 4 G}
3 0 2 2 2 4 4 4
410 1 2 2 3 4 4 5
5 1 1 2 3 3 4 5
01 1 1 3 3 3 5 5
1 1 1 2 3 3 4 5

Table 5.1: The coefficients A, . for the model ;1\5. The multiples of n = h = 6 are highlighted
in bold. Due to ‘parity constraints’, every second value is automatically zero and these values
have been left blank for clarity. The values in the table are ‘coloured’ alternatively bold and
normal to emphasise the “embedded-diamond”-like pattern of the numbers. Note that the
table is periodic in the variable ¢ and that n takes values from 0 to co. This same basic
pattern of numbers occurs for each of the Zo-colourable A models.

m say, with coordinates € and n in the grid, Af_, takes the values two spaces to the left
(or ‘west’) of this value, A5~} takes the value ‘northwest’ and AETL the value ‘southwest’.

Due to the periodicity of the variable ¢ and the “embedded-diamond”-like pattern the
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numbers Af follow (for any value of even h) one of the following is always the case:

AL =AML = AT = AT =m (i)
A=A =m, A =AL ,=m—1; (ii)
A=At =m, AT =AL ,=m—1; (iii)
AS=m, A_,=m—2, ATL=AHt=m—1; (iv)

with m some positive integer and in each such case, the identity (5.23) holds.

This concludes the proof. [ |

Thus equation (5.18) is established for the (Zs-colourable) A models. We may now proceed
to establish this result also for the other affine models by making use of the intertwining

relationship (2.15).

We note the following property of the eigenvalues of the ADE adjacency matrices: If we

denote by ﬁ[(:]) the eigenvalue with exponent p of any model G with Coxeter number h;

then
B = (5.24)

This is very useful given the form (2.15) interrelating the ADE models and we make use

of it in the following theorem (theorem 5.2).

Note that, as in equation (2.15), we will assume from now on that the eigenvectors
{wWHMEV%m} (5.25)

provide an orthonormal eigenbasis of G.
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Theorem 5.2 The coefficients of the Virasoro characters in the expansion (2.25) are given

by the Chebychev polynomials of equation (5.18). In other words

e () (n)
> (2u P A = U (G) (5.26)
uev(g) Y0
€€ Ap)

Here (™ (G) denotes the Chebychev polynomial of the second kind satisfying: U0 (G) =1

and U (G) = G and AS again denotes the coefficient A;A[%];O’e). 0

Proof (by induction on n).

We first establish that the initial conditions (4.84) are satisfied:
¢ ) ¢ * )
Z e e Y A = Z¢<2u y{ g o
0

_ ()% (1)
Zﬂ:w“u i (5.27)

and

M) (66 +52h. 1)

2

ze ’(,b(‘u' ¢(P‘ As EQS(Q#
0

(2)

= Z ¢2h : ;fl P éu)

= Z 5[(22:]) O w(u) (5.28)
= Gab

= Uy, ()

as required.
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It remains to show that the Chebychev recursion relation (4.83) holds. Assume that

3 N € Z* such that V 2 < n < N that (5.26) is true. Then
ZuaN 1) _ug)\/ 2 ZZ ¢(2# "[)(#)* 1/)(# Ae —1Geb
C

_ Z ¢(2u P
(5.29)
_ Z zsu) L () ,lp(#) (ﬁ[#)A ?V—Q)

0

(2m)
-3 o (e - pis)

We have used the eigenvector properties of the ) and the eigenvalue property ﬂ[(22:]) =

,H(“ ). Now we note that for any function F,

Zﬁ[(fr’ﬁ Honge P(©) = 2 (Aan) , 9one F(e)

A

(5.30)
= pri {F(6—1 (mod 2h)) + F(e+1 (mod 2h))} .
Thus, as a direct consequence of lemma 5.1, the calculation (5.29) continues as
(N-1)(g (V= 2 ¢( ¥ u) AL+ ASEL — A
ZL{ G)Geb — Uy, =)o @) v (A2 + — AN_2)
mwe Po
_ Z ¢(2“ W pe (5.31)
(2u N
=u(9)
as required. Hence equation (5.26) is valid for all values n € Z*.
This concludes the proof. [ |
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We remark here that as the relationship (2.15) is valid also for the odd cycles ng so that
the expression (5.18) in fact applies for all affine ADE models.

Importantly, the form (5.18) easily makes manifest the graph symmetry of the partition

functions. A bijection ¢ € aut G,
(:G6—G, (5.32)

is a symmetry of the graph G iff
(6)  =Gr1wer=Ga VabeG (5.33)

Given such a symmetry , it is easily established that (¢G)* = G" ¥V n € Z* from which the
result Y™ ($G) = UM (G) V n € Z* follows. Hence the boundary condition dependence
of the partition function Z(%ia?) (q) is only upon the relative positions of a and b on the
graph G. Given the original physical specification of the models, this is entirely as one

would expect.
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5.4 The Affine Coxeter Element

In this section we establish the role played by the affine Coxeter element in the parti-
tion functions of the affine models. The role played by the classical analogue was first

investigated by Dorey [21].

Before proving the main result, it will be useful to establish a useful property of the action

of the matrix operator G on the set of affine Coxeter orbit representatives R.

Proposition 5.3 The action of the operator G (see equation (4.71)) on the orbit represen-

tatives ﬁ, is given by

(1+w )¢y ;ifbe P
Z ¢c gcb = o (534)
ceg (14 w)dy s ifbe Py,

Proof We proceed by simple calculation:

D b= (1-w™)pcGop

=(1-w™") (w1 +wa)ps;

(5.35)

where we use (4.58) and lemma 4.5.

If b € P, then we may ‘premultiply’ p, by wg as we py = pp in this case (by (4.48)). Thus,

for b € ﬁl we have,

Z¢c Gep = (1 - w_l) (w'l + 1) DPb
c (5.36)

=(1+w )¢

as required.
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Ifbe ]32 then we may premultiply py by w; as now wy pp = pp. Thus (5.35) becomes

> beba=(1-w)(1+w)p

(5.37)
=(1+w)g
as required. |
In analogy with [21], we introduce the function
0 ;ifae ﬁQ.
Vg = ; (5.38)
1 ;ifacP.

and define vy, = vy — vp.

We now demonstrate the connection between the Chebychev polynomials and the affine
Coxeter element. Dorey [21] demonstrated using explicit forms for the eigenvectors in the

intertwiners (1.67) that the partition functions of the classical Pasquier models could be

expressed as

. _  __—p3V
2000 = Y M@ (P 7% - (539)
TG e

The quantities 5,, @ and ¢, refer to the root system and Weyl group of a classical Lie
algebra g with adjacency matrix G; the scalar product (,) is the usual Euclidean bilinear
form and the Virasoro characters Xz,b(Q) refer to representations of the conformal alge-
bra with central charge ¢ = 1 — E(Eﬁ— 3 < 1. As demonstrated earlier (equation (4.90)),
(classical) intertwiners and the Chebychev polynomials are related. Thus we are led to

conjecture a similar form for the affine partition functions by equating the natural affine
generalisation of the inner product appearing in (5.39) to the Chebychev polynomials of

the affine adjacency matrices.
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Theorem 5.4 Let v, be defined as above. If G is the Coxeter-Dynkin diagram of the

Kac-Moody algebra g and (,) the affine bilinear form (scalar product) on the maximal

Cartan subalgebra h of g; then
USP(G) = (pa, wPHY) ; (5.40)
w denotes the (Steinberg-ordered affine) Coxeter element defined in equation (4.54). 0O

Proof The proof is by induction on the variable N in U(V)(G). We first check that the
form (p,, w™P¢;) reproduces the correct initial conditions (4.83), i.e. UO(G) =1 and
UD(G) = G. We check each of the four possibilities for assigning a and b to the sets
182 and 181 separately. We make use of the properties of normality of the affine scalar
product, the duality between the roots and the weights, the properties particular to the

affine Coxeter element defined in section 4.2.1 and of its orbit representatives.

0,0 € Py: vy =vp =0 = vy = 0; so:

(5.41)

— u(2(0)+vab)(g) '

Where the third line is obtained from the second using the normal property (4.49) of the

scalar product.

a,beﬁl:va=vb=l:vab=0.

<pa: ¢?;/> = <paa al\>/>

= dap

(5.42)
_ u§§(0)+0) (g)
— uﬁ(OHvab)(g) '
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a€P,bePrv,=11=0= vy =1

(Pa, &) = (pa> wr))
= wlpa:al\J/>

Pa s al\)/> - <aa ; a1\7/> (5.43)

(
(
= (0apa, @} )
(
(
0

o
— u(2(0)+vab)(g) _

ab

We obtain the adjacency matrix from the Cartan matrix C, by noting that G =2 — C so

that when a # b: G = —Cgp.

a€ ﬁQ, be }31: vy = 0 and v, = 1 so that vy, = —1. Now:

(Pas w™'dy) = (pa, wrwecy))
= <w2w1/’a, a?,’)
= <w2pa: 0‘1\;/>
= (Capa, @)
= ((pa — @a) , ) 5,40
= (pa, &) — {aa, &)
=0-Cup
= Gab
A%
- u(§(1)+vab)(g) '

ai

Thus we see that 4 (G) =1 and U)(G) = G.

Assume that 3N € Z* with 2p + v,y = N where a and b denote, as before, the boundary
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conditions; such that Vn < N that equation (5.40) holds. We wish to show that (5.40)
holds for N also and hence is valid ¥ n € Z* by induction. The proof again splits into
the four possible arrangements of a and b amongst the sets P and P,. In the first two

cases, the number N is even, in the last two, N is odd. Our method makes repeated use

of proposition 5.3.

a,be Py As b € ﬁg, the non-zero components of G, may occur only for ¢ € P,. Thus

Vgp =0—0=0and v,e =0—1=—1. Hence

Utggp—l)(g) G — US”"Q)(Q) - u(ggp-l-vac)(g) Gep — u{gz(p—l)-%vab)(g)
= (Pas (@ Gop — =P 55) 9 )
= <pa, (WPl +w) — w1 ¢g>

= <pa7 w_p¢l\)/>

(5.45)

ézp‘i'vab) @

= U3 (9)
as required.

a,be ﬁlz Now b € ﬁl, so that the non-zero components of G, occur when ¢ € ﬁg. Thus

we see that vy =1—1=0and v,c =1—0=1. Now:

ULPD(G) Goy — UG D(G) = URP= D) (G) Gy — Y7 FH)(g)
= <Pa, (w~(p—1)gcb _ w—(p—l)(;cb) ¢Z>
= (po, (DA +w™) —w D) g)
= (pa, wPeY)
= U ()
=u$P (@)

(5.46)

as required.
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a € ﬁl, be 132: be ﬁg so that the non-zero components of G., are when ¢ € ﬁl. Thus

Ugp =1 —0=1and v =1-1=0. Again:

U () Goy — UL V(G) = UL (G) Gy — UZP D) g
= <pa, (w™PGep — w™P5) ¢X>
= <pa, (WPl +w) —w™ P71 ¢X>
= (pa, wgy)
= U ()
=uiM(g)

(5.47)

as required.

a € ﬁg, be ﬁlz Finally, in this case, b € ﬁl so that the non-zero components of G, are

whenceﬁg. Thus vg =0 — 1= —1 and vge = 0 — 0 = 0. So:
UGGy — ugﬁ”‘l)(g) = U2t (G) Gy — uﬁpﬂab)(g)

= <Pa ) (w_pgcb - w_pfscb) ¢X>

= (pa, WP +w™h) ~w ™))

(5.48)
= <pa, w‘(”+1)¢z¥>
_ i§p+vab)(g)
= U (g)
as required.
This completes the proof. Equation (5.40) follows by induction. |
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Thus we rewrite equation (5.18) as

x
Z<g;a7b) = Z X(2p+vab)2 (Q) <pa,, w—p¢l\)/> (549)
4
p=p

with:

0 ;ifvgp=0o0rl.
p = . (5.50)

1 ;ifoy =-—1.

This expresses the afine partition functions in terms of the affine Coxeter element. Note
that the summation automatically excludes those terms which are zero due to the require-

ment that |a — b| and n (now replaced by 2p + vgs) be both even or both odd.

We remark that [21] demonstrated the form (5.39) for the classical models by an entirely
different method. We duplicate his result using the method just described by recalling
that the intertwiner V} relating the G = D, E models to an A model is equivalent to a
Chebychev polynomial by equation (4.90). Theorem 5.4 holds in the classical case also
once one replaces the affine scalar product (, ) with the usual one (, ) and the affine Coxeter
transformation, weights and orbit representatives with their classical analogues. Thus we
may equate the intertwiner with a geometric expression. The result (5.39) follows directly
from [50]

h—1

2Geb)(g) =" x% (@) Vi - (5.51)
A=1
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5.5 Geometrical Consequences

In analogy with [21], we may attempt to construct invariant subspaces under the action

of w as follows:

Define

o E N yWa, fori=1,2. (5.52)
aEﬁi

These vectors would appear to possess the properties:

wiaz(u) _ _az(u) 7

(5.53)
wjal(“) = az(-”) + ﬂ(“)ag-“) for i # j.

So that V(¥ & span{ai” ), ag“ )} is closed.

Unfortunately, for some values of u and 7, such vectors (5.52) may be identically zero;
this can be verified by explicit calculation. However, for p = 0 it is easy to see that the

properties of the Perron-Frobenius eigenvector ensure that ago) and a§0)

are both non-zero,
distinct and linearly independent. Hence the x4 = 0 invariant subspace exists. Choose the

Perron-Frobenius eigenvector to have all coefficients positive. We change notation and

write
a® =3¢, . (5.54)
aEﬁi
So that
N Cif i =4
‘ o jibe =g,
w; o) = . (5.55)

oD 420 . ifi# 5.
We also define the weights

P =3 90 (5.56)

aEﬁi
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Their action upon the {a(¥} is
and upon roots in general, their action is to project onto the spaces span{a{!)} and

span{a(®} respectively. Equation (5.57) indicates that 2p(®) is the dual of o(¥); there-

fore the projection operator J onto the space V = span{a(l), o(?)} is given by
Ix=2(p, M)W +2(p® AV)a?, (5.58)

where A = (X, 0, n) is any root. In particular 72 = J. We let a = o} + o? = 1/1((,0)6

and p = p(I) + p(? so that (p, o) = 1.

We remark that p as defined, is a positive integer sum over the weights { p, |a € G }. Thus
recalling the property (4.27) that any root may be written as a positive or negative integer

sum of the simple roots; we see that, by analogy with [21],

A is a positive root
& (py, AY) >0 foranya (5.59)

& (p, )\v> >0.
Thus we have:

Lemma 5.5 Any root of Pisa positive root, iff the scalar product of its coroot with p is

positive; 1.e.

A=(X,0,n)€d" iff (p,AV)>0. (5.60)

The following result is perhaps obvious; however we state it for clarity:
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Proposition 5.6 The projection J commutes with the Weyl group operators w; and wo;

and hence with the Coxeter element. That is

(J,wi]| =0, fori=1,2 (5.61)

@

insofar as they act upon the roots 3. g

Proof The simple roots il provide a basis for ®. Therefore one need only examine to see
if Jwioq = wiJa, for each a and 4. This follows easily using the properties (5.55) and

the definition (5.58). |

For convenience, for any operator Y, let:

1 ;ifbe P,
], & : (5.62)
Y ;ifbe P,

Theorem 5.7 For alla, b€ G and p € Z™:

(pa, wPd) 20 (5.63)

Proof By lemma 5.5, we need only establish that (p, w™Pd¢;) > 0.

By proposition 5.6:
Jw™Py =w™Pw1], T
=20V, o} w P[], eV +2(p?, )Y P [wr], @  (5.64)
=2(pPO) | oY) WP [w,], PO ;

where we make use of the fact that (p(® o)) = 0 unless b € P,. Thus we need only

examine the Coxeter orbits of o) and w1 a® =200 + @),
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We see from (5.55) that the application of w™! to (n) a(V) + (n—1) o(? yields (n+2) oV +
(n +1) a®; i.e. n is replaced by n + 2. The roots of both orbits follow this form. Hence,

as J projects onto the invariant space V,

(p, w™P&) = (p, TwPey)
2(p™M, o)) (2p+1) ; whenbe P. (5.65)

2(p@, aY)(2p+3) ; whenbe P,

This may be rewritten as
(p,w™ey) =2(p, ) 2p+ 1428, p(p)) - (5.66)

The scalar product appearing on the RHS clearly exceeds zero as «y is a simple root and

hence a positive root. The remaining factor is positive for all p > 0.

This completes the proof. |

We already knew from generating polynomial arguments (section 2.5), that the coefficients
of the Virasoro characters appearing in (5.49) were non-negative integers (which physically
by (1.136) they have to be). We have now demonstrated this independently, and more
importantly, geometrically. That they are integers follows trivially from the duality of the
weights and coroots (4.37) together with the fact that the set d is closed under the action
of W.

We mention as an aside that it might be interesting to investigate the relationship, if any,

between the projection J and the defect map investigated by Berman et al. [6].

As is evident, much of the structure of an affine algebra g is related to the underlying
structure of the horizontal subalgebra g. We may use the Euclidean Coxeter element of

section 4.2.3 to examine separately the action of w on the horizontal and lightlike parts of
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the orbit representatives. Consider

w_1¢b = w_l (aba 0, 501))
=07t (@, 0, bov)

_ L (5.67)
:(I)-l <¢)b, 0, (50b+ <¢b7 HV))
= (d)_lgba O) 60b+ <$b7 §V>> .
Iterating, so that for p > 0,
— p_l — -V
W= [ 0, 0, 00+ Y (9775,,87) | . (5.68)
p'=0
As @ has period h (section 4.2.3), we may write
_ r—1 _ h-1 _ v
W@t g = ( 578, 0, o+ Y (9778, 0 ) +a ) (97, ) ) . (5.69)
=0 =0

where p = qgh + r and r < h by the usual division algorithm. Thus to calculate the
coefficient (p,, w™P¢,) we need only examine the behaviour of the “Euclidean projection”
of the Coxeter orbits onto ®, the root system of . In particular, due to the periodicity of

w, we find that one can calculate any coefficient from the knowledge of the A{r 4 1) vectors
{af’ab\rez,ogrgh—nbeg}, (5.70)

together with their inner products with the (dual of the) highest root —év; in particular,

the sums

{S(Q-”ab,ﬁv)’rez,ogrgh—l}. (5.71)

r'=0

Note that it is the orbits (w)¢, of the Euclidean Coxeter element which appear in these
quantities and not the orbits of the Coxeter element @ of the algebra g. However it is
interesting to see that the entire structure of the affine Coxeter orbits can be determined by
examining the orbits of & alone. These being of finite cardinality, allow one to determine

the entire partition function (5.49) from a finite number of calculations. Indeed this
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method of calculation was checked using Mathematica. The correct partition functions

are obtained.
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Chapter 6

Concluding Remarks

In this chapter, we summarise the main results of this thesis and attempt to place them

within the context of current research.

We use the defining axioms of the affine Pasquier models on the cylinder to calculate their
partition functions. This is motivated by a desire to extend the results of Saleur and
Bauer [50] to the affine models. It is carried out by directly extending the result (1.149)
of Saleur for the model A to the A, models (1.152) and using the derived intertwiner
result (2.15) to relate the partition functions of the models based upon the graphs D,, and

Eﬁ,'/,g to these partition functions.

The intertwiners relating the A\[h}, ﬁ[h] and E[6,12,30] models to the ;1\[2;1] models are found

to be of a peculiar form:

(2u)
Nt = Y S P (2.17)
uev*(G) ¥0

This should be compared with the classical intertwiners (1.67). Unlike the classical inter-
twiners, typically these coeflicients are of either sign and are integer or half-integer valued
(see for example the results (2.20-2.23)). They also relate a model with affine Coxeter
number A to a model with affine Coxeter number 2h. In fact they even relate f/l\n models
with other Zn models. However, as with classical intertwiners, the affine intertwiners (2.17)

respect the parity of the boundary conditions, in that a model with even (odd) boundary
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conditions is related to a A, models also with even (odd) boundary conditions.

The intertwining relationship is solved explicitly in all cases so that the partition func-
tions can be expressly written as a positive integer sum over degenerate Virasoro char-
acters (2.25). Generating functions for the coefficients are calculated (section 2.5) and
phrased in terms of generating polynomials; the polynomials stated as tables 2.2-2.5, to-
gether with the parameters listed in table 2.1. These polynomial generators also manifest
the positive integrality of the series derived and are observed on a case by case basis to

respect the graph symmetries of the defining graph G.

It is also observed (again individually for each model), that the Virasoro representation
(i.e. character) of lowest weight appearing in the partition functions of the models is, in
each case, of weight h(,p) = K?/4; where K is the length of the shortest path between
the two nodes a and b on the defining diagram G. This weight, h, ), is the weight of the

‘ground state’ field of each theory.

The result derived for the 4-state Potts model with free boundary conditions is found to be
in precise agreement with that found by Saleur and Bauer [50] (section 2.4). In chapter 3,
a numerical investigation of the partition functions is carried out. Within the limits of the
analysis, the numerical calculations are found to be in agreement with the derived forms
for a number of affine models. In addition, this numerical analysis allowed us to refute
an alternative result, that of Baake et al. [2], for the 4-state Potts model. These checks

combined, serve as a verification of the results found up to this point.

An analysis of the polynomial generators and the resulting Poincaré series, finds them
to be related to the decomposition of tensor products of irreducible representations of
the finite subgroup of SU(2) associated to the graph G under the McKay correspondence.
Specifically, the generating polynomial Q(9:%%)(z) is the sum of the polynomials {K i(2)}
associated with the representations {v;} appearing in the tensor product decomposition of

the representations associated with the nodes a and b (refer to equations (5.8) and (5.17)).

In summary therefore, we demonstrate two general forms for the affine partition functions,
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namely
o0
2900(q) = 3 X2 (@UP©) |, (5.18)
n=0 4
the “Chebychev form”, and
o0
200 = N " apru? (9) (Pas wTPEY) (5.49)
4
p=p

with

, 0 ;ifvg =0o0r L
p = )
1 ;ify,=-1.
the “geometric form”, which relates the partition function of the affine model to the

(Steinberg-ordered) Coxeter element of the associated affine Kac-Moody algebra.

Each form has its advantages: (5.18) manifests most clearly the graph symmetry of the
partition functions. As is expected on purely physical grounds, Z(g“"b)(q) ought only to
depend upon a and b insofar as their relative positions on the graph G are concerned.
This is indeed the case (section 5.3). Equation (5.18) also manifests the connection these

models have with the tensor decompositions of irreducible representations of SU(2).

The form (5.49) demonstrates that the affine extension of the Steinberg-ordered Coxeter
element plays a role in the physics of the affine models. Mathematically, by theorem 5.7,
it allows one to observe that the coefficients of the Virasoro characters in the expansion
of the partition functions are positive integers. The expression also provides one with an
exceptionally quick method of evaluating the partition function of any affine model. What
initially appears to be an infinite sequence, may in fact be reduced to a finite number of
evaluations by equation (5.69). It is possible that this can be used as a mechanism to
collect the degenerate ¢ = 1 Virasoro characters in the partition functions in such a way

as to observe the action of higher symmetries, such as supersymmetry or those associated
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with W-algebras, in the physics of these models.

Most importantly, this geometric result (5.49) and its consequences lends support to the
idea that geometric structures have more general roles within conformal field theories.
Another step in this direction has recently been made by Zuber [58], who has examined
the possibility of constructing the “SU(3) analogue” (in the nomenclature of Di Francesco
and Zuber [23]) of the Steinberg-ordered Coxeter element. Such an element and its gen-
eralisations may play a role in the more general SU(N) models of [23]. Indeed, we have
demonstrated in this thesis, the relationship between the Chebychev polynomials and the
Coxeter element for the SU(2) case. Could it be that a generalisation of this connection®
to the SU(3) case, and beyond, can provide a useful tool in establishing the role of such a

generalised Coxeter element?

*As an aside, we have constructed an “SU(3) analogue” of the Chebychev polynomials. This discussion
is presented in appendix C.

ROBERT P. T. TALBOT — PH.D. THESIS 1998



153

ROBERT P. T. TALBOT — PH.D. THESIS 1998

Appendix A

Affine Eigenvectors

A\Zh—l = A\[Qh]

..... _O_-----
B® = 9cos £
..... _..O__----..
cos &35

Normalisation:
2 Sy =
¢(”) _ 2h ) lfﬂ = 0,2h ‘
~[2h) h 5 ifu#0,2h.
Table A.1: Labelling conventions for the nodes (¢ = ---) and exponents p (the numbers

above the nodes on the first graph) for the graph x:fgh_l. The components ¢ of the eigen-
vectors ¢(#) together with the corresponding eigenvalue B) are given on the second graph.
Note that the above choice is not an orthogonal set. The affine Coxeter number h = n + 1

for the graph A,.
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Normalisation:
, [2n-2) ;foru# 0,7=2,h=2(n-2).
{g}(“)] ={4(mn—-2) ;ifu=0,h
4 if =2,
Table A.2: Labelling conventions for the nodes (a = - - - ) and exponents p (numbers above the

nodes on the first graph) for the graph D,,. The components 93 of the orthogonalised eigen-
vectors ¥(#) together with the corresponding eigenvalue B") appear on subsequent graphs.
The affine Coxeter number h = 2(n — 2) for the graph D,,.
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AFFINE EIGENVECTORS

a=1 =2 a=3 a=4 a=5

Exponents u: 0,2,2,3,4,4,6.

~ a=8

Er

a=1 a=2 a=3 a=4 a=5 a=6 a=7
Exponents u: 0,3,4,6,6,8,9,12.

a=9

o~

Eg

a=1 a=2 a=3 a=4 a=5 a=6 a=7 a=8

Exponents u: 0,6,10,12, 15,18, 20, 24, 30.

Table A.3: Labelling conventions for the nodes (a = - - ) and exponents 4 for the exceptional
affine graphs Eg78. The affine Coxeter numbers for the models are 6, 12 and 30 respectively.
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Appendix B

The Kronecker Comb

We define the generalised semi-infinite Kronecker comb as
[o.¢]

Q) = N bt Ymia (B.1)

i=1
mi,...,mr=0

where § is the canonical Kronecker-6. From this definition, it is easy to establish the

following useful results:

97(10?) = bns (B.2)
o 0
o) = 3o 0k, (53
k'=0
k-1 .
Y Qi) = o), (B3)
k'=0

Note that identity (B.3) is a special case of property (B.5) with k = oo as
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The sequence Q,(ffé

So that

yere 5@ )

is encoded by the generating function
[o.¢]
Qg‘]d) :am) E Z Qslaé,
n=0

:;1;5 | | _
1 — zm!
m'=0

1 4°

Q(al,...,am) -
e n! da™ |, _

Properties (B.2-B.6) follow for this generating function.

(B.8)

(B.9)

The function anl’“"a’")(:v) may also be interpreted as the generating function for the

number of partitions of the integer n — ¢ into sets of integers comprised only from the

(possibly degenerate) set {ai, ...,

directly from the definition of the Kronecker comb (B.1).

am}; this may be seen both from the result (B.8) and
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Appendix C

SU(3) and Chebychev-like
Polynomials

We begin by noting that there is an isomorphism 63 between the Chebychev polynomials
(of the second kind) under multiplication and addition and the representations of SU(2)

under the tensor product and direct sum (see also [23]):

0 : (SU(2)*a®7®) - (,57)2,~,+) )
my 1,
(C.1)

mT =T,

= UM (z) Vnezt

In fact the recursion relation (4.83) is given by the Clebsch-Gordon decomposition of the

tensor product of the representation 7, and the fundamental representation 7:

[T TTJeI=CL TTTJelL 15
D D R (C.2)

UM (z) -z =uUPt(z) + U™ V(g).

We recall that this recursion relation may be thought of as originating in the classical

intertwiner relation (1.68) (see section 4.4).
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Similarly we may establish an isomorphism:

03 : (SU3)",®,8) = (5%, +) ,
7,0 — 1,
Mo T, (C.3)
To1 > Y,

Tmn = ymn) (z,y) Vm,neZ",;
where $? is a set of polynomials.

We find the defining recursion relations of $? via the Clebsch-Gordon decompositions

N P O i o

le— m 41— f— m—1—>

— n — — n — — it —
ol L. 11T 11

U (C.4)
U (@,y) @ = U () + UL 5, )

+ U™ D(z,y)

and

Pum— (C.5)
UM (z,y) -y = UM (z,y) + UMY (g, y)

+ Y(m=1n) (z,y) .

As in the case of $? we require boundary conditions. Examining the Chebychev case, we
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observe that (=Y (z) = 0. Analogously, we choose

Uz, y) = U2 (z,y) = U (z,y)
= U V(z,y) = U (z,y) = U0 (z,y) (C6)

=U A (g,y) = U (z,y) =0,

together with
UON (g, y) =1, (C.7)
for the trivial representation. In particular, this yields
UMW (g )=z and UOV(z,y) =y (C.8)

for the fundamental representations 7 ¢ and mp,; respectively.

With this choice of initial conditions, it is not difficult to calculate the generating function

for the family of polynomials $3. It is

m,n=o00

Csp,glz,y) = Y, U™ (z,y)p" "
m,n=0 (C.9)
1

(l-zp+yp?—p)1—yg+zq®—¢3)’

which is similar in form to (4.85).

Just as the algebraic properties Chebychev polynomials $? contain the tensor product de-
compositions of irreducible representations of SU(2), the properties of 3 contain the tensor
product decompositions of SU(3). Once a McKay-like correspondence relating the genera-
tors of a reflection group and the irreducible representations of the subgroups of SU(3) can
be established, then hopefully, the link between H° and a generalised Coxeter element will
follow. We remark that polynomials similar to the family $* are discussed by Di Francesco
and Zuber [23], where they arise in connection with operators intertwining various SU(3)

models.
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