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Bulk and Boundary Scattering in the ¢-State Potts
Model

Andrew J. Pocklington-
Ph.D. Thesis 1998

Abstract

This thesis is concerned with the properties of 1 + 1 dimensional massive
field theories in both infinite and semi-infinite geometries. Chapters 1, 2
and 3 develop the necessary theoretical framework and review existing work
by Chim and Zamolodchikov [1] on integrable perturbations of the (bulk)
g-state Potts model, the particular model under consideration in this thesis.
Chapter 4 consists of a detailed analysis of the bootstrap for this model,
during the course of which unexpected behaviour arises. The treatment of
[1] has consequently been revised, but further investigation will be necessary
before complete understanding of this behaviour can be reached. In the final
chapter, attention turns to the imposition of boundary conditions on two di-
mensional systems. After looking at this from a statistical mechanical point
of view, a brief review of boundary conformal field theory and its integrable
perturbations is given. This leads once more to a consideration of the g-state
Potts model. After summarising [2], where fixed and free boundary condi-
tions are considered, a third and previously untreated boundary condition is

discussed.
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Chapter 1

Statistical mechanics and field

theory

The consideration of statistical mechanical models at second order phase
transitions and their relation to conformal field theories and their perturba-
tions underpins all the work to be presented in this thesis. Consequently,
I shall begin by giving a brief introduction to these two areas by way of a
particular example. The example I shall use will be that on which much of
the following work is based, namely the g-state Potts model. I will initially
approach this model from the point of view of statistical mechanics before
moving on to discuss the relevant aspects of quantum field theory. For a more
detailed discussion of statistical mechanical models, see [4] and [5]. Quantum
field theory and critical phenomena are given an encyclopaedic treatment in

[6], while [7] also touches on most of the material covered in this chapter.
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1.1 Statistical mechanics

Statistical mechanics is concerned with modelling lumps of matter. In gen-
eral, any model giving a realistic approximation of some physical system will
have to include so many interactions as to be hopelessly intractable. The
problem is thus one of constructing models that are simple enough to make
calculation of their properties viable, but which do not lose the essential
characteristics of the system being modelled. As a result it is considered
quite acceptable to restrict attention to models in two dimensions instead of
four, and allow only nearest neighbour interactions. As we shall see in the
discussion of universality, taking only short range interactions into account

may not alter certain properties of the system at all.

The basic object in statistical mechanics is the partition function, from
which all thermodynamic properties of a particular system can be derived.
For a statistical mechanical system in equilibrium at some finite tempera-
ture T, the relative probability of finding different configurations is given
by the Boltzmann distribution, where the relative probability of a particular

configuration is
P(confzg) — e—E(config)/kBT
where kg is Boltzmann’s constant. The partition function is then given by

Z= S Peonfig)= Y, o—E(config)/kpT

(configs) (configs)

where the sum is over all possible configurations of the system.

To give an example, a magnet can be modelled as a lattice having a

spin o0; associated with each site. These spins interact pairwise, with an

15



interaction energy of J(o;,0;) between spins at neighbouring sites 7 and j.
Each configuration of the system is then characterized by the particular set
of values taken by the spins, {o}, and the energy of a given configuration is
thus
E({o}) = Z J (03, 05)
(,4)
Here, the sum is over all pairs of spins. Similarly, the partition function can
be expressed as
Z = ZP({J}) = Ze—f({a})/ksT
{o} {o}
Important information about a system is given by its correlation func-

tions. These are the averaged values of quantities for the system at thermal

equilibrium. For example, the average value of the spin at site ¢ is given by

Z{U} UlP({a}) _ Z{g’} aie_g({a})/chT
S PHo}) T Xyoy e toN/keT

the factor of 1/Z being necessary to normalize the probabilities. In a similar

< 0; >=

fashion, the correlation function between spins at sites 7 and j (the two-point

spin correlation function) is

< 04,0, >=1/Z2> 0,0;P({c})
{o}

From this, the generalisation to n-point correlation functions is obvious.
In fact, for such a system, all thermodynamic properties can be expressed
in terms of the set of spin correlation functions. The most relevant of these
to the following discussion is the correlation length £. This is a measure of
the distance over which spins exert a significant effect on each other, ie. the

value that a given spin o takes will reflect its interaction with those spins

16



situated within a distance of order &, with those spins further away exerting
a negligible effect on 0. When £ is finite, it is related to the connected two-
point function < 0;,0; >¢ when the distance r between ¢ and j is large

by

e_r/g

(1.1)

In the following sections I will primarily be concerned with manipulations

< 04,05 20 =<04,0; > —<0; >< 05 > =
rT

of this quantity in order to draw out points of interest.

1.1.1 The ¢-state Potts model

The statistical mechanical model to be considered in this section was first
defined by R.B.Potts [8], and the following discussion will draw heavily on
that given in [4]. Although the Potts model may be defined in a more gen-
eral way, I will restrict my discussion to a two-dimensional square lattice £
consisting of N sites. At each site 7, there is an associated quantity o; which
can take any one of ¢ different values, say 1,2,...,¢g-1,¢. As is usual, I will
refer to o; as a ‘spin’. The interaction energy between adjacent spins o; and

o; is defined to be —Jé(0;,0;), where

8(oi,05) =1 if o0;=o0;

=0 if 01750']'

This can be associated with the edge (i, 7) joining the two spins. The total

energy is then

E=-J> 6(ds,09)
(4.3)

17



where the summation is over all edges. Using this, we can write the partition

function as

ZN = zg:exp (kBLT Z (5(0’1‘,0’]'))

(.4)
where kp is Boltzmann’s constant, T is the temperature, and the outer sum is

over all possible spin combinations (giving ¢" terms). This can be rewritten

as

zy =Y [10+ Ks(o:,05)] (12)

o (4.4)
where K = e’“uﬁ — 1. On expanding the product, we get a sum of 2V terms,
and we can associate a unique graph G with each term as follows. In a given
term, there will be a factor of either 1 or Ké(o;,0;) for each edge (3,7). If
the factor K'6(o;,0;) appears then place a bond on the corresponding edge
of L, leaving all edges where the factor 1 appears empty.

Now consider a general term in the expansion, represented by a graph G
with v bonds, and C connected components, a connected component being a
chain of spins joined by bonds or an isolated site having no bonds associated
with it. Such a term will have a factor of K associated with it, the presence
of the delta functions meaning that all spins in a connected component must
be the same. As each connected component can assume ¢ different spin
states the sum over all spin combinations will give a weight of ¢“ to the
term, leading to a total contribution of K% to Zy. Summing over all
graphs G which can be drawn on £ we get

Zy =3 K"¢° (1.3)
g

as was shown by Kasteleyn and Fortuin [9]. Note that in this formulation ¢

need not be integer, and may be taken to be any real number. While this

18



may be of use formally, the physical interpretation is not immediately clear.
If we generalize the above treatment to allow for different couplings J; and J,

in the horizontal and vertical directions respectively, equation (1.3) becomes
Zy =Y K Kyq© (1.4)
g

where 1, and vy are the number of bonds on horizontal and vertical edges

respectively, and
K. = exp(J;/ksT) — 1

In what follows, I shall assume that both J; and J; are positive. As a result
the system is ferromagnetic, ie. adjacent spins will tend to align — this being

the configuration with lowest interaction energy.

1.1.2 Ice-type formulation and location of the critical
point

In order to show that the square-lattice Potts model satisifies a duality rela-

tion and hence find the critical point, it is convenient to recast the form of

Zy. As a preliminary step, we must first change the formulation of Z, and

consider its representation on the medial lattice instead.

Formulation of Z, on the medial lattice L’

The medial lattice £ can be defined as follows. Draw polygons around sites

of £ such that

1. No polygons overlap, and no polygon surrounds another.

2. Polygons of non-adjacent sites have no common corners.

19



Figure 1.1: Medial lattice £’ (empty circles) around £ (solid circles)

3. Polygons of adjacent sites ¢ and 7 have one and only one common

corner, and this lies on the edge (1, 7).

Take the corners of these polygons to be the sites of £ — from now on
I shall call these polygons ‘basic polygons’. There are two types of site on
L', internal sites which are common to two basic polygons, and external sites
which lie on only one basic polygon. In the case of the square lattice there is
an obvious choice for the medial lattice, being that with sites of £’ situated
at the midpoint of the edges of £, and the sites of £ in the middle of the basic
polygons. This is shown in figure 1.1. Obviously, we now have two types of
internal site on £’ — those situated on horizontal and those on vertical edges

of L — for the case of J; # J;.

There is a 1 — 1 correspondence between graphs G on £ and polygon
decompositions on £’: if G has no bond on an edge (7,7) then separate the
basic polygons of £’ that meet at the midpoint of (4, j), whereas if there is a
bond on (7, j) then separate the edges of L so as to join the two basic polygons

together (see figure 1.2). A connected component on £ will therefore become

20






where the sum is over all connected components C;. Combining this with (1.5)

we can express (' as

C=(p—v+N)/2 (1.6)

which identity can then be used in equation (1.4) to give
Zy ="y P ey (1.7)
p.d

where
m = q '’K,

and the sum is over all polygon decompositions on £'. In this formulation
v; — the number of bonds of type 7 on £ — becomes the number of sites of

type ¢ on L where the edges have been separated to join basic polygons.

The final step in this reformulation is to make all factors in the sum
over polygon decompositions independent of global considerations. The z,
already depend solely on the circumstances at each individual site, whereas

the factor of ¢?/? clearly does not. If we now define A and z such that
¢*/? =2cosh(\) and 2z =eM?"

then we can make ¢”/? local by the following trick. Place arrows on the edges
of the polygons on £’ so that there is one arrow pointing towards, and one
arrow pointing away from each corner of each polygon. Now, give each corner
a weight of 2%, where « is the angle turned to the left when passing around

the corner in the direction of the arrows (for the square lattice a = £7).

For each polygon, the sum of all angles & = £2=, depending on whether
they form an anti-clockwise or clockwise circuit of the polygon. This means

that the product of weights z® = 22" = e**. If we allow both possibilities,
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consider the possible arrangements of arrows satisfying the ice rule at an

internal site. There are six distinct arrangements as shown in figure 1.4.

Figure 1.4: Distinct arrow configurations on £’

Comparing figures 1.3 and 1.4 we can see that arrangements 1 to 4 in 1.4
correspond to unique edge separations and hence unique weights at each site.
On the other hand 5 and 6 can appear for both edge separations, so each
have two associated weights. The sum over polygon decompositions is thus
almost implicit in a sum over all arrow configurations satisfying the ice rule.
We can make it so by simply summing the relevant weights for configurations
5 and 6. Now, for a particular arrow covering of £, the contribution to Zy
is a product over all sites of the weight occuring at each site. The corriposite
weights of 5 and 6 ensure that both possible edge separations are taken into

account each time they occur. This gives the final formulation of Zy as

Zy = ¢"?3" ] (weights) (1.9)

a.c. sites

The sum is now over all arrow coverings satisfying the ice rule at each
internal site and with one arrow into and one arrow out of each external site.
The product is over all sites of £’. Each external site contributes a weight of
et and each internal site a weight wy (k = 1,...,6) corresponding to the
particular arrow arrangement in figure 1.4. For a site of type r, these weights

are w, ...,wg = 1,1, z,, z,, e M2+ z,eM? M2 4 x.e~*? Looking at figure 1.4,
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we can see that these weights are for arrow configurations oriented such that
the basic polygons are to the left and right of the site. Whilst this is the case
for sites of type 1, for type 2 sites the corresponding arrow configurations
have to be rotated by 90°. Relabelling the weights so that they depend on

the arrow configurations alone, we have

Wiy eywe = 1,1, 21, 21,6 M + 216M?, % + 31672 (1.10)

as before for sites of type 1, and for sites of type 2

Wi, o, W = T2, To, 1,1, €M + 2072 ™2 4 1,62 (1.11)

The respective arrow configurations being
1 2 3 4 5 6

Duality relation and location of the critical point

Using the ice-type formulation of Zy, it is a simple matter to see that the
g-state Potts model satisfies a duality relation on the square lattice. It can
be seen that by replacing 1, z, with 25', 27" in (1.10) and (1.11), then mul-
tiplying all type 1 weights by z, and all type 1 weights by z; we interchange
the two types of weight. Although this may change any boundary conditions
imposed on the lattice, we do not expect it to significantly affect the large N

limit of Zy. Treating Zy as a function of z; and z, we can thus write, for

large N,

Zy(z1,29) = (xll'g)NZN(ZEZ_I,$1—1) (1.12)
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This is a duality relation which sets up a correspondence between a high
temperature Potts model (z; and z, small), and a low temperature (z, and
x4 large) one. This was first derived by Potts [8]. It is to be expected that at
low temperatures the ferromagnetic Potts model will be ordered, with spins
predominantly taking one particular value. At high temperatures, we expect
the model to exhibit a disordered phase, where no one spin state is dominant
on the lattice as a whole — each being equally likely at each individual site.
At some critical temperature 7, between these two phases, we expect to see
a transition from one phase to the other. This will be characterised by the
free energy becoming non-analytic along a line in the (z;,z5) plane. The
dimensionless free energy per site taken as a function of z; and z, is defined

as

(21, 29) = — lim N7'In Zy
N—oo

and we expect it to be analytic everywhere except at such a phase transition.

In terms of 1, equation (1.12) becomes

(21, 32) = —In(z129) + (25, 27") (1.13)

If ¢ is non-analytic on a line in the region z;22 < 1, then by equa-
tion (1.13) it will also be non-analytic on a line in the region z;z, > 1. The
line z;2, = 1 is unique in that it is self-dual, so the simplest solution is that
1) is non-analytic on this line alone. This assumes that there is only a single
phase transition which, although true for the model under discussion, is not
necessarily the case. In later chapters the isotropic (J; = Jo = J) Potts
model will be of particular interest. In this case ; = zo = z, and the critical

point is located at K = K¢ = /q.
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In going from the high to the low temperature phase, blocks of spins
order themselves such that one spin value predominates. The size of these
blocks is of order £. For ¢ > 4, £ is always finite and the model undergoes
a first order phase transition at the critical point [10]. The behaviour of the
model is radically altered when £ becomes infinite at the critical point, as is
the case for ¢ < 4. Such phase transitions, where £ becomes infinite at the
critical point, are denoted second order phase transitions. As we shall see
below, these play a very important role in the study of statistical mechanical

systems and their related quantum field theories (see, for example, [6]).

1.2 Universality and the renormalization group

Consider the square-lattice Potts model with ¢ < 4, close to the critical
point, and let the number of sites IV be large enough that finite size effects
can be neglected for the following discussion. Now replace every block of
4 spins with one at their centre, whose value reflects their average. As the
model is close to the critical point, £ will be very large, and the 4 spins in any
one block will be highly correlated. Consequently, it is to be expected that
the spin distributions of this approximate lattice will, on a large scale, be
the same as the original lattice and hence it will have the same macroscopic
properties. If we continue with this program of coarse-graining, at some point
the properties of the lattice will begin to change, and the spin distributions
will look quite different from that of the original lattice. This will happen
when the size of the section of the original lattice now blocked into one spin
is of the same order as the correlation length. When the model is exactly at
its critical point, £ becomes infinite and all spins are highly correlated. As a

result, no matter how many times we coarse grain the lattice, it will always
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look the same and have the same macroscopic properties — until, of course,

the fact that it is of finite size becomes relevant.

1.2.1 Universality

As we have just seen, when a system is undergoing a second order phase
transition its large scale properties are independent of the details of its mi-
croscopic interactions. In fact, the properties of such a system — for example
its specific heat, correlation length, etc. — have a power law dependence on
each other close to the critical point, the exponents of these power laws be-
ing denoted critical exponents. This insensitivity to small scale interactions
leads to the phenomenon of universality whereby many disparate systems can
be grouped into classes through a consideration of their large scale features
alone. The systems in a given universality class are described by the same

set of critical exponents when in the scaling region close to criticality.

1.2.2 The Renormalization Group

Although the above discussion is very imprecise, it should be enough to
get across the basic ideas behind the renormalization group. It should be
stressed that although the renormalization group approach only really works
for systems with short-range interactions, when it does work the precise
details of those interactions are unimportant, leading to the phenomenon of

universality. I shall now treat this in a (slightly) more detailed fashion.

Essentially we start with the original, unscaled model for which the set of
possible spin configurations and the relative probabilities of each appearing

is determined by its spin correlation functions. These can in turn be calcu-
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lated from £({c}) as we have seen above. By performing the coarse-graining
procedure on a representative set of spin configurations, a new set of config-
urations would be obtained with its corresponding set of probabilities. We
now assume that it is possible to construct a new function £'({¢’}) from
which this new set of configurations / correlation functions can be calcu-
lated, and for which only short-range interactions are important. It is always
possible to find an £'({o'}) which will produce the correct set of correlation
functions, but in general it will include interactions between spins at arbi-
trary separations and it is not at all obvious that short range interactions
will dominate. In practice one would deal directly with the effect of the cho-
sen coarse-graining procedure on £({c}) without considering the effect on
a set of configurations directly. Here, the latter approach is used to convey
the underlying physical picture without getting bogged down in technical

manipulations of partition functions.

For example, in the treatment of the Potts model £ contained only nearest
neighbour interactions with coupling constants J; and Jp. In the scaled
model, keeping only nearest neighbour interactions again, there will be a
new pair of coupling constants J{ and Jj which will depend on J; and Js.
The J and J' couplings are related by renormalization group equations, and
the procedure of going from the unscaled to the scaled model is denoted a

renormalization group transformation.

The use of the renormalization group lies in the location of fixed points
of the renormalization group transformation, and the identification of flows
between them. As an example, I turn once more to the ¢g-state Potts model
for ¢ < 4. As we have already seen, ¢ becomes infinite at the critical point and

the resulting spin configurations are invariant under any number of iterations
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of the renormalization group transformation. The critical point is thus a fixed
point of the transformation and is characterised by the critical temperature
Tc which in turn depends on J; and J, as can be seen from the definition of
the z; following equation (1.7). If instead we start close to T, either slightly
above or slightly below, then under repeated iterations of the renormalization
group transformation the size of the correlation length, measured in terms of
the number of lattice sites it spans, decreases and the system moves further
and further away from criticality into the high or low temperature region

respectively.

The Potts model has two other fixed points under the renormalization
group transformation which I have yet to consider. These are the T' —
0 and T —) oo limits of the model. As T' — 0, the interaction energy
between pairs of spins —J/kgT — —oo and all spins will become aligned
in the same direction. As T — oo, J/kgT — 0 and the spins effectively
become decoupled from each other at high temperatures. In this case each
spin has an equal probability of taking any of the allowed values leading
to completely uncorrelated spin distributions. For both of these limits the
correlation length £ = 0 as can easily be seen from equation (1.1), and thus
both are invariant under the scaling procedure of the renormalisation group.
If we start with a spin configuration close to either of these fixed points,
then iterations of the renormalisation group transformation will drive the
configuration closer, so unlike the previous case, these two fixed points are
stable under the renormalisation group transformation. We can summarize
the above discussion diagrammatically, showing the renormalisation group

flow of the model as

T=0 T=T, T—=co
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1.2.3 Behaviour close to criticality

If we denote the set of couplings of a given model by {J,}, then under the

coordinate scaling r — 7’ = b~!r these transform to a new set {J/,} given by
Jo = R({Ja})

where the function R depends on the scale factor b, and the particular coarse-
graining procedure implemented. The critical point is characterized by the
set of couplings {J%} which are invariant under the renormalisation group

transformation:
Jo = R({J3})

Assumimg that R is analytic at the fixed point, then in some neighbour-

hood of this point it can be approximated as
Jo = Jo =2 Tap(Js — J)
B

where T, = 0J',/8Js |;=s-. The matrix T will have eigenvectors 7 and

corresponding eigenvalues A\* which satisfy

S 7T = N7}
«

from which we can construct composites of the coupling constants which have
a simple behaviour under the renormalisation group transformation close to

the fixed point. Defining the scaling variables u; by
u =Y 1(Ja = JZ)
«
then under the renormalisation group transformation
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wp= 3T = T = Yo maTup(Js — Jj) = 2 NTi(Js = Jj) = N
8

@ a.f

Defining the renormalisation group eigenvalues by \* = b¥% we can classify

the scaling variables by their behaviour close to the fixed point as follows.

e If y; > 0 then under repeated iterations of R, u; will move further and
further away from its fixed point value as J; — J becomes increasingly

large. In this case u; is said to be relevant.

e If y; < 0 then u; will move towards its fixed point value under repeated

iterations of R. In this case, u; is said to be irrelevant.
e If y; = 0 then u; is said to be marginal.

In the space of all couplings, the irrelevant scaling variables form the basis
of a hypersurface called the critical surface. If the set of coupling constants
{Ja} of a particular model lie on this surface, then under renormalisation
group transformations {J,} will flow to their critical values {J%} and the

model’s large distance behaviour will be determined by that of the fixed

point.

If J, is coupled to some function of spins s,(¢), then u; will be coupled

to the scaling density ¢; defined by

¢ = Z Tcivsa (o)

and the total energy £ = & ({Ja384(0)}) may be expressed as a function of

these densities
£ =& ({widi}) -
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It is possible to continue the above analysis and to extract more informa-
tion about a given model such as its critical exponents, but such details are

not necessary for the present discussion.

As we have seen, at a second order phase transition a statistical mechan-
ical model becomes correlated over all length scales. If we let the lattice
spacing a — 0, the discrete lattice of spins o; becomes a continuous distri-
bution o(r), where r is the position vector. In taking this continuum limit,
the correlation length in terms of lattice units &, tends to infinity in such a
way that the physical correlation length £ = a&, remains constant. The sys-
tem thus approaches the critical surface, becoming invariant under rotations
and translations. If we then let £ — oo, the continuum theory acquires an

additional invariance under dilatations.

If we allow o to take a continuous range of values, then in the continuum

limit the partition function and spin correlation functions will take the forms

z = / [dole€@/ksT (1.14)

f [do]o(r1)a(rs). .. a(rn)e_g(")/kBT
| [dole¢(@)/ksT

<o(r)o(ry)...o(ry) > (1.15)

The discrete sum has been replaced by an integration over what is now
a continuous set of possible spin distributions, and [ have given the general
form for the correlation of spins at n points 7, ...7,. As we shall see in the
next section such models are intimately related to quantum field theories.
These will be massive theories for finite £ (mass being related to correlation

length by m ~ £71), becoming massless in the limit £ — co.
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1.3 Quantum field theory

1.3.1 Path integrals and quantum mechanics

The state of a quantum mechanical system at any given time is described
by a state vector | > belonging to a complex linear vector space H. The

time evolution of |y > is determined by a Hamiltonian operator H through

Schrodinger’s equation:

dly >

1 =H 1.1
th— [ > (1.16)
Generally, |v > can be written as

> = > cplon >

where the |o, > are orthogonal, observable states (eg. position). The proba-
bility that we observe the state |o, > is then | ¢, |, and after |o, > has been

observed the state of the system becomes |o, >.

If the Hamiltonian H is time independent, then this has the formal solu-

tion

() > = e ATy (g0) > (1.17)

For a particle of mass m moving in a potential well V(z), H has the form
52
2 p N
H=—+V
2m V@

where p is the momentum operator and ¢ is the position operator. The

probability amplitude for such a particle to go from z, to z, in a time d¢ is

. oa . a2 .
— _ P _5t—rV(§
<ample T g, > = < gyle mI0TRV @0, S (1.18)
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Here we are working in the basis formed by position eigenstates |z >, satis-

fying
dlz> = zl|z >
/dx|w ><z| = I
where I is the identity operator, I |4 > = | >. For infinitesimal ¢, we can
write (1.18) as
< mae FERO0R) = V@I, S = gyt Bltg, Sem kY (@it

e e

The first line follows from a general result for operators a, b with [a, 5] # 0,
which states that et*® = ete=3l@b+-¢b The < xble_%%éﬂza > term is just
the free particle propagator, which is written explicitly in the second line. In
practice, we will want to be able to calculate transition amplitudes from z,
at time ¢, to z; at time ¢, where t, — t, is finite. By splitting ¢, — ¢, into n

small time intervals (so ty = tg, t, = tp,etc.) we can write < zy, ty||Tq,ta > as
< zble_i'ﬁ(tb_t“)lxa > = lim fdmn_l ...fd1:1< zble_%ﬁ(tb_t"—‘)ﬂn—l >...< $1|6_’ii_ﬁ(h_t°)|za >
n—oo

where the integrals ensure that all possible paths from z, to z, are taken
into account. Using the fact that [dzlz><z| = I the expression for

< zp, ty||za, te > becomes

n-l -1 1 il @meio1)?
im H dm.(zmh(tj-ti_l)) 2 (2m'n(t,.—tn-1)) 2ok Zj:l %—(gjftﬁ“(tf_ti‘l)v(zi—l)
n—00 . J m m

]:

(1.19)

Assuming that this limit exists,
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< zp, ty|Tarte > = /[dm]e%S (1.20)

where the integration is over all paths z(t) such that z(t,) = z, and z(t,) =

xp. S is given by
2
S = Jb <g (&) - v(x)> dt

= [P Ldt
This is just the classical action for the trajectory z(¢). The generalisation
to fields ¢ (z*)in an n-dimensional space-time with coordinates z#=2°z',... z"*
(z° = t as is conventional) is straightforward. The action S will now be a
function of the ¢,(z#), and the integration is now over all field configurations

subject to the obvious boundary conditions. Of primary importance in field

theory are the time-ordered expectation values of fields, defined by

< O[T Su(z2) b1 () . .. pu(z))0 > = / S0, 0 (1.21)

The integration is over all paths with fields ¢, at 2® and the time ordering
T meaning that the ¢, on the lefthand side are ordered by increasing value

of 2° from right to left.

1.3.2 Connection with statistical mechanics

Comparing equation (1.15) for the statistical mechanical correlation func-
tions in the infinite volume continuum limit, with equation (1.21) for the
expectation values of fields in a quantum mechanical system it can be seen

that they are similar in many respects. These are summed up in the table

below.
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Quantum field theory

Statistical mechanics

system in 1 + N dimensions

ot =2%=1),z', ... 2V
( :

St[=

S[¢]
generating function Z = f[dqﬁ]e%SW

time-ordered expectation values

ground state

1
partition function Z = [[dole” *sT

system in 0 + (N + 1) dimensions

r=rh N N (= —4t)

ksl

Elo]

correlation functions

equilibrium state

&{d]

In fact, it is possible to construct a statistical mechanical system from

a quantum field theory, but not all sets of statistical mechanical correlation

functions can be analytically continued to give expectation values of a unitary

quantum field theory. For this to be possible, the statistical mechanical model

must satisfy various conditions, such as the Osterwalder-Schrader condition

(for a discussion of these issues, see Parisi [7]).
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Chapter 2

Conformal field theory

2.1 Conformal symmetry

The connection between conformal field theories and statistical mechani-
cal systems at second order phase transitions was first noted by Polyakov
in [11]. The ramifications of this link were studied by Belavin, Polyakov
and Zamolodchikov [12], laying the foundation for a large body of subse-
quent work. This chapter will of necessity only touch this work lightly, and
more extensive reviews can be found in [13], [14] and [15]. We have already
seen that such statistical mechanical systems are invariant under the scaling
transformations of the renormalisation group. In the related field theories
this manifests as invariance under conformal transformations, being those
which leave the metric 7,,(z) unchanged up to a local scale transformation

ie. under z — z’ the metric transforms as
N () = 1, (") = Qx) 1 (2) (2.1)

Such transformations preserve the angle § between vectors as can be

checked by performing a conformal transformation on the relation cos(f) =
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v The inner product is defined by v.w = v*w"n,, as usual.

[vl|w]*
Under infinitesimal coordinate transformations z# — z* + ¢*, the line

element ds® = 7, dz"dz” transforms as

ds? — ds® + (8¢, + O,¢,)dztdz”

In order that equation (2.1) is satisfied under such a transformation, we

require that

Ouey + Ouey = f(2) 1 (2.2)

The precise form of f(z) can be fixed by acting on both sides with

n* giving 20.€ = f(z)d where d is the number of space-time dimensions
(nwn* = d). Condition (2.2) thus becomes

e

Ou€, + Oye, = y 0.€) Ny (2.3)

In two dimensions with the metric 7,, = d,,, (2.3) become the Cauchy-

Riemann equations
8161 = 8262 8162 = —8261

It is therefore natural to introduce complex coordinates z and Z such that

z = zl4iz? 7z = gl—iz?
2

e(z) = € +ie €(z) = € —ie
With this choice of coordinates it becomes clear that the group of two

dimensional conformal transformations is isomorphic to the group of analytic

coordinate transformations
2 f(2), zZ—f(2)
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which is infinite dimensional. Under such transformations, the line element

transforms as

of!

3 dzdz,

ds? = dzdz — (%) <g—£) dzdz =

and so Q = |0f/0z|?. The infinitesimal form of these transformations can be

written as
22 =z246,(2) Z—o7Z =2+ (n€2)

where

The corresponding infinitesimal generators are

L, =—-2""'9, [,=-2""0; (ne Z2) (2.4)

which satisfy the following sets of commutation relations:

Ly bn] = (M = lnan 3 Ty la) = (M= 0)lyn 3 Uy la] =0 (2.5)

Since the /,’s commute with the [,,’s, the algebra (2.5) splits up into a
direct sum A®A of two isomorphic subalgebras generated by the holomorphic
{l, : n» € Z} and the anti-holomorphic {I, : n € Z} generators respectively.
As a result, it is possible to treat z and Z as independent coordinates, each
taking values over the whole complex plane. In order to get back to the
physically relevant case, all that has to be done is impose Z = z*. The

physical theory is thus invariant under transformations generated by (I, +1,,)

and i(l, — I,).
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The generators (2.4) of the algebra (2.5) are not all well-defined globally
on the Riemann sphere §? = C U oco. From (2.4) it can be seen that the
set of generators {l,, : n > —1} are non-singular as z — 0. Performing the

transformation z = 1/w, we find

n=(2)"a,
w
which is singular at w = 0 (z = o0) for n > 1. The only infinitesimal
generators that are globally well-defined are thus {I_y,lp,l,} U {I_1,10,01}.
These form the global conformal group in two dimensions. Acting on z = re®,
I_, and I_, generate translations, (ly + ly) and i(lp — lp) generate dilations
and rotations respectively. The remaining two generators, /; and [;, produce
special conformal transformations. The finite transformations corresponding
to the set of generators {l_y,ly, {1} form the group of projective conformal

transformations SL(2,C)/Z, which can be written as

_az+b
Ccz4d
where a,b, ¢, d € C and ad—bc = 1. The global conformal algebra can be used

z— g(2) (2.6)

to characterize physical states. For instance, it will be found useful to work
in the basis of eigenstates of [y and 1y with eigenvalues h and h respectively.
These (real) eigenvalues are known as the ‘left’ and ‘right’ scaling dimensions
of the operator. As (ly +lp) and i(ly — ly) generate dilations and rotations
respectively, the scaling dimension A and the spin s of the state are defined

asA=h+hand s=h-—h.
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2.2 Conformal theories in 2 dimensions

On the basis of some simple assumptions Belavin, Polyakov and Zamolod-
chikov [12] found that conformal field theories in two dimensions satisfied the

following fundamental properties:

1. There is a (generally infinite) set of fields A= {4;:1=1,2,...}. Ifa

particular field A;(z,Z) is present, then so are all of its derivatives.

2. There is a subset {®;} C {4;} that transform covariantly under pro-
jective conformal transformations z — ¢(z), Z — g(z) (the definition

of §(z) being similary to that for g(z) in equation (2.6)) ie.

®(2,z) — (-g—i-) h (%)h ®,(2,2)

Such fields are known as quasi-primary fields.

3. The remaining {A;}’s can be expressed as linear combinations of the

quasi-primary fields and their derivatives.

4. There is a vacuum state which is invariant under projective conformal

transformations.

5. There is a subset {¢;} C {®,} that transform covariantly under any

conformal transformation z — f(z), Z — f(2) ie.
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o9 (L) (L) 0 o)

Such fields are known as primary fields of ‘left’ and ‘right’ scaling di-

mensions (h, h).

2.2.1 Correlation functions

The transformation of primary and quasi-primary fields under global confor-
mal transformations can be used to place restrictions on the form taken by
correlation functions. Under infinitesimal transformations z — z + €(2), the

holomorphic part of these fields transforms as

$(z) — [0z +e(2))]"b(z + e(2))
= (1+0¢(2))"((2) + €(2)08(2)
= (14 hOe(z) + €(2)0 + O(e(2)?))¢(2)

The infinitesimal variation of ¢(z, Z) is thus given by

Sezd(2,7) = ((hde(2) + €(2)0) + (RE(Z) + (2)D) ) $(2,2) (2.8)

The two-point function Go(z;,%i,25,%Z;) = < ¢(2:, %), ¢(z;,Z;) > must

then satisfy

8e2G2(2i,Zi, 2, Z5) = < O0¢(2:,%:), 4(25,Z5) > + < ¢z, %), 06(25,Z;) >
= 0

leading to the equation
(hzaze(zz) + G(Zz)az + hjajE(Zj) + 6(Zj)8j)G2(Z¢, Ziy 24, 7]')
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+(h;0:€(z;) + €(2:)0; + hj0;2(Z;) + €(2;)0;)Ga(2:, %, 25, 2;) = 0
where §; = 8/0z;,0; = 0/07;, etc. Looking for the moment at the holomor-

phic part alone, the infinitesimal transformations generated by [_;, ly, [; lead

to the following constraints on G2 (z;, 2;):

1. e=1: (81 + 6j)G’2(zi, Zj) =0 = G2 depends only on z;; = 2; — 25.

2. e =2z (hz + h/j)GQ(Zij) = —zijBGg(zij) = GQ(Zij) = Z(T?Eﬁ
iJ
2_,2
3. e=2% 2(hiz + hjZJ)—(h%JTI—) = (hi + by )T:ﬁ%%

1]

= Cij(hi — hj)(Zi — Z]') =0 = Cij = 0 unless hl = hj

Following the same procedure for the anti-holomorphic part, the two-
point functions of primary and quasi-primary fields are thus constrained to

have the form

ZZhZQh

GQ(Zi,_Zi,Zj,Ej) = (hz = h,j = h,El = E = E) (29)

The three-point correlation function G = < ¢;(z;, Z:), 9(25, Z;), O (2k, Zk) >

can be similarly constrained, and is found to have the form

ij Jk ,k

(2 10)
which again depends upon a single constant, C;;,. Higher correlation func-
tions have too many degrees of freedom to be determined so simply, and

other conditions must be imposed in order to fix their forms.
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2.2.2 The stress-energy tensor

Invariance of a field theory under a local coordinate transformation z# —
gt + e (u=0,1,...,N) leads, via Noether’s theorem, to the existence of a
conserved current j*(e) = THe” which satisfies 0,5* = 0. From this we can
construct a conserved charge @ = [dVz j° = [dVz T%" : 6,Q = 0. The
corresponding infinitesimal transformation of fields ¢ is given by ¢ — ¢+,
where d¢ = [¢, Q]. In this section, the use of the stress-energy tensor T# as
the generator of conformal coordinate transformations will reveal many of

the basic properties of conformal field theories.

The structure of T is itself constrained by invariance of the theory under
the coordinate transformations which it generates. The condition §,7# = 0
leads to the following properties of T# when €” corresponds to a translation,

rotation, or a dilatation respectively.

¢ = at : 0y (TF)a* = 0 = T¥ conserved
e = Qaf . TP, = 0 = T} symmetric (2, antisymmetric)
e = At ¢ = 0 = TV traceless

If a theory is invariant under translation, rotations, and dilations then for

a general conformal transformation ¢’ (and making use of equation (2.3))

1
0, (The") = THO,e” = TWOe, = 5T‘“’ (06, + Ove€y)

and we automatically have invariance under general conformal transforma-
tions. For two dimensional conformal field theories, changing to coordinates

z and zZ, T} takes the form

45



1 :

T,, = 1 (Taw — 21Ty — Tyyy)
1

T'Z'E = zl‘ (sz + 2’Lsz - Tyy)
1

Tz = (Toa+Ty) =0

Where the final equality follows from the tracelessness of 7. Conservation

of T# (0T, = n*0,T,, = 0) takes the form

T,, = 0 = T,, = T(2)
Using the fact that T}, generates conformal transformations, and the
resulting transformation of primary fields given in equation (2.7), the short
distance operator product expansion of T(z) with a primary field ¢(2',z')

must take the form

h 1
=\ ! =t

T(z)p(Z',Z') = —————(z — z/)2¢(z JZ) + —(z ry 0.0(2',Z) + ... (2.11)
whilst a similar expression holds for the operator product expansion of T(Z)
with ¢(2',Z'). The non-singular terms in the expansion are fields which, by
completeness, must also belong to A. The set of fields A = {A4;(2,Z)} in a
given conformal field theory is complete in the sense that as z; — z;, the
operator product expansion of any pair of fields is given by the (convergent)
sum

Ai(Zi, Ei)A]'(Z]‘, 2]) ~ Z Cijk;(Zi — Zj, Z; — Ej)Ak(Zk, Ek)
k

where the Cijx(2; — 2;,Z; — Z;) are singular coefficients. For two dimensional

conformal field theories it is always possible to construct a basis of operators
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¢i(z,Z) with conformal weights (h;, ;). Setting the normalization constants

Ci; = 1 in equation (2.9), their two-point correlation functions take the form

B _ 1 1
< ¢l(zlazz)¢1(zj7zﬂ) > = 5ij (Z _ Z-)th (E z )ZE«L )
) 7 ]

Taking the limit as any two operators approach each other in equation (2.10)
for the three-point function < ¢;¢;¢; >, the operator product expansion for

any two operators can be expressed as

1 1
¢ (zzazz ¢_7 Z])Z] Zcz]k zj)(hk_hi_hj)( _ Z])(hk—h —h. ¢k(zkazk)

- (2.12)

This expansion holds only for primary fields. Any other fields, generally
known as secondary fields, will have higher order poles in their operator
product expansions. An example of such a field is the stress- energy tensor
T(z) whose operator product with itself is given by

c/2 2 , 1
R R P, el SO ey

where the constant ¢ is known as the central charge, its value depending on

T(2)T(Z) = oT (")

the particular conformal theory under consideration. The rest of the expan-
sion is identical to that of a primary field, and marks T'(z) as a conformal
field of weight (2,0). The anti-holomorphic part of the stress-energy tensor,
T(Z) has a similar operator product expansion with a constant ¢ appearing.
The two constants ¢ and ¢ are independent unless additional constraints are

imposed on the theory eg. modular invariance.
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2.2.3 Virasoro algebra and the structure of A

Returning to equation (2.11), we may define operators L_, which act on ¢

to generate the fields appearing in the expansion,

T()p(2,Z) = D (2—2)"°L_¢(7,7) *
n>0
= ‘(z_l—z,)QLMb + (z_l—z,)L-wﬁ + L yp+(z—2)L_3p+...

This can be inverted to give the descendant fields in terms of T'(z) and
¢(<,7)

dz 1 L
i @),

From this we can see that the stress-energy tensor T'(z) is itself a level 2

L_,¢(7,7) =

descendant of the identity operator

, dz 1
Lod&) = ¢ 5o

The descendant field L_,$(2',Z') will have scaling dimension (h + n, &).

T(2)I = T().

Comparing the above with equation (2.11) we see that

Lo¢ = ho L ¢p=0¢

The expansion of T'(Z) with ¢(2’,Z') may be treated in the same manner,
leading to an analogous definition of operators L_,. The L, and L, satisfy

commutation relations

[Ln, L] = (n—m)Lpim + %n(n2 ~ 1)6n4mpo (2.13)
[Zna Zm] = (n - m)zn—i—m + ﬁn('an - 1)6n+m’0 (214)
[Ln, L] = 0 (2.15)
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It is possible to generate a whole family of descendant fields from a pri-
mary field ¢ through repeated short distance expansions with T'(z) and T'(2).

Such descendants will have the form
plmmimmmmemnd =T T Loy Lon®  miyn; >0

and scaling dimensions given by

l
LO¢{—m1...—mk;—n1...—n1} — (h + Z ni)¢{—m1...—mk;—nl...—nl}

i=1
k .
ZO¢{—m1...—mk;—n1...—n[} — (h + Z mi)qs{—ml...—mk;—'n.l...—nl}‘

i=1

The fields in a conformal field theory may thus be grouped into families

[#,], each containing a single primary field ¢, (z, Z) and an infinite number of

secondary fields, called its descendants. As all fields in the theory are either

primary, or descendants of a primary field, .4 may be written as a direct sum
over conformal families:

n

As we have seen, there are two mutually commuting copies of the Virasoro

algebra, so each conformal family may be considered as a direct product

where ®,, is the space of descendants of ¢, generated by the action of {Lj, :
n < 0} on ¢. As the ‘left’ and ‘right’ commute, it is possible to treat them
more or less independently. In the following sections only the ‘left’ algebra

will be considered, it being understood that analogous arguments will hold

for the ‘right’ algebra.
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2.2.4 Integrals of motion

Let us consider for the moment the identity operator I. It is the unique
primary field with scaling dimensions (0, 0), and its conformal family may be

written as

[]=A®RK.

The space A is composed of all analytic fields descended from I, and may

be decomposed into eigenspaces of L,

A=A,
s=0
where
LOAs = SAs 3 ZOAS = 0;

so all fields in A, will have scaling dimensions (s,0). In particular, T =
L_»I € A;. As the fields in A are analytic, they each give rise to a conserved
quantity. There are thus an infinite number of integrals of motion which are

generated from I by combinations of the Virasoro operators.

2.2.5 Unitarity and crossing symmetry

All information about a given conformal field theory is contained in its cor-
relation functions. Using the formalism developed above, it is possible to
obtain expressions for the correlation functions of any set of fields in terms
of those for primary fields, which are in turn determined once we know their
conformal weights and operator product coefficients Cjjx. The values that
these can take are further constrained by imposing conditions such as cross-

ing symmetry and unitarity. Requiring both crossing symmetry and unitarity
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has been shown to linit the possible conformal field theories. Such theories

may occur when the central charge takes values in the discrete series

6

-1
¢ m(m + 1)

m=3,4,...

For each such value of ¢, primary fields of weight A are allowed, where

[(m+1)p—mq]* -1
4m(m + 1)

hpg(m) =

L

For example, the Ising (2-state Potts) model corresponds to ¢ =

and the allowed primary fields are of weight 0,3 and 1.

2.3 Perturbations of Conformal Field Theo-
ries

Having considered conformally invariant theories in two dimensions, it is
natural to ask whether it is possible to break this symmetry, and move away
from the renormalization group fixed point, whilst retaining a large enough
subset of the integrals of motion to make the resulting theory tractable. In
[16], Zamolodchikov showed that this is indeed possible, and the remainder
of this chapter will be spent in a brief summary of this work. It should
be noted that, on breaking conformal symmetry, the correlation length &
becomes finite, so perturbation of a conformal field theory will tend to result

in a massive field theory.

Consider a conformal field theory with Hamiltonian Hcpp perturbed by

a field ®(z,%) of conformal weights (h,h). The perturbed Hamiltonian is

given by
Hy = Herr + A / (z,7)d%
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where the coupling constant A has dimensions (1—h,1—h). In order that the
resulting perturbation be relevant, it is necessary that A < 1. On breaking
conformal symmetry, the space of fields may no longer be split into holomor-
phic and antiholomorphic subspaces. If T is a field in Ay, then it no longer

satisfies &7, = 0, but rather

8:T, = AR, + AR + ... (2.16)

where R{™, are some local fields in A of dimension (s — n(1 — h),1 — (1 —
h)) (as 05T has dimensions (s,1)). For a unitary conformal field theory all
dimensions are positive, so the series (2.16) must be finite. In fact, the term

A"R™, for n > 1 must vanish unless

1—n(l—h)=h, (2.17)

for some scaling dimension A, in the unperturbed theory, otherwise there is
no corresponding field in A (for n = 1, h, = h). In many cases there are no

further terms, and
8:T, = AR",

where Rgl_)l is a left descendant of ® with dimensions (s — 1 + h,h). The
space of left descendants of ® may be decomposed in the same manner as A

in the previous section:

where
Ly®s = (h+s)®5 Lo®, = hd,.

Rgl_)l thus belongs to ®,_1, and 07 may be considered as a linear operator
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8; . As — (ps—l-

Now, the integrals of motion generated by fields 7' € A are not all linearly
independent as some fields will be total derivatives. In order to treat only
linearly independent fields it is necessary to consider the factor space A=

A/L_1A instead of A. A may also be decomposed as
[\ = @[\s ; L()As = SAs.
s=0
Defining ® in a similar manner, the action of d; is such that

6; : As — (I)s_l. (218)

In order that T, remain a conserved current, R,_; must be a z-derivative and
thus R,_; € L1 ®. If dim(®,_;) < dim(A,), then some T, must remain in
the perturbed theory. For minimal models, the dimensions of these spaces
may be obtained from the corresponding character formula. This argument
was used [16] to shown the presence of integrals of motion in many massive
field theories. In particular, when the fields ®(; 3y, ®(1,2) or ®(2,1) provide
relevant perturbations, it was shown that there exist whole series of conserved
charges. Of these, it is the ®(;2) and ®(; 1) perturbations that will concern

us throughout the rest of this thesis.
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Chapter 3

S-matrices for integrable 2-d

theories

In this chapter we turn our attention to a field theoretic treatment of the
scaling region close to criticality. The study of this region not only provides
a model of behaviour near criticality, but may also be used to compute uni-
versal quantities characteristic of the critical point itself [3]. This domain
is populated by massive, 1 + 1 dimensional field theories which result from
perturbation of the conformally invariant theory describing the critical point.
The basic object to be studied is the S-matrix, which arises in the calculation
of scattering amplitudes. Suppose we wish to calculate the probability Py;
of going from an initial state Ji > consisting of a collection of asymptotically
free particles as t — —o0, to a final state < f| of asymptotically free particles

as t — 00. The corresponding S-matrix element is defined by
Sfi =< flSIZ >,

in terms of which the probability Py; is given by
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Pri = (Sp:)' Sy

Sy; is thus the probability amplitude of such a transition. In general the S-
matrix of a massive two-dimensional theory can be quite complicated, but for
the case of integrable theories it simplifies considerably (see for example [17],
[16], [18] [19], [20]). As we shall see later, the presence of conserved quantities
means that a general, multiparticle S-matrix element can be factorized into

a product of two-particle ones.

Consider a relativistic field theory with n types of particles A, (a =

1,...,n) of mass m,. The two-momentum of a particle satisfies

pup* = pp=m®

and will be given in terms of its corresponding rapidity 4, defined by

p = Doty = me
P = pp-pm = me’
The asymptotic states of the theory are generated by non-commuting particle

creation operators A,(6):

|Aay (61) Aay (02) .- Aayy (On) > = Agy (61)Ag, (02) - . . Aay (O)10 >

Such states are interpreted as in-states if #; > 63 > ... > Oy, and as out-
statesif #; < @, < ... < Ox. The S-matrix is then the unitary transformation
relating the in and out bases. In particular, the two-particle S-matrix ele-

ments are defined by the commutation relations of the A,(8)’s:

Ag, (01)Agy (82) = S22 (61 — 63) Ay, (61) As, (62) (3.1)
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a, a,

Figure 3.1: 8% (9)

aia2

The element S%:%2(6) is interpreted as the 2-particle scattering amplitude for
a1a2 g

Ay, (01)Aq, (62) — Ay, (61)Ap, (62). This is shown diagrammatically below.
Assuming the theory is C,P and 7 symmetric, then

Stz (0) = ShE (9) = Stz (0) = S22 ()

a1a a1a2 - boby

where @ denotes the antiparticle of A, (47 = CA,). In the models to be
studied later on all the particles are neutral, so in the following discussion it
will be assumed that Az = A,. The above conditions now become

St (6) = St (6) = Sy (6)

a10a2 azal

Integrability of the theory comes from the presence of an infinite set of
mutually commuting integrals of the motion P, and P (s = sy, S, . . .) which
commute with the S-matrix. The counting argument due to Zamolodchikov
[16] (described in the last chapter) often gives such a set of conserved charges.
The asymptotic particle states diagonalize these integrals of the motion, with

eigenvalues given by
Pjo>=0 ; PJo>=0

[Ps, Au(0)] = 7z(zs)esoAa(9) ; [Fs’ Aa(e)] = 71(18)6_89Aa ()
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In particular, for s = 1 we have energy momentum conservation:
PilAs(6) > = ma€®|4a(8) > 5 Pil4a(8) > = mae’|4a(8) >.
The presence of such integrals of motion has several important consequences:

1. Scattering is purely elastic, ie. the number of particles and the set of

their momenta are conserved asymptotically. This means that S22 (4) =

0 unless my, = my, and m,, = My,.

2. Transition amplitudes between in and out states are unchanged by

translation of the initial particles relative to each other.

It is the second condition that leads (see [21] and [22]) to the factorization
of multiparticle S-matrix elements mentioned earlier. Indeed, the presence
of only two independent integrals of motion is required for the S-matrix to

be factorizable as was shown by Parke [22].

3.1 Conditions on 8% (0)

a162

Due to the factorization of multiparticle S-matrix elements S2'% () becomes
the basic object describing the theory, and it is required to satisfy some

general conditions:

1. Yang-Baxter Equation: This follows from the invariance under trans-
lation of initial states mentioned above, and can be seen as the require-

ment that the algebra (3.1) be associative.
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. 5

b, b, b, b, b, b,

Sc12 (0)Shics(0 + 082k (8') = Sz2ea (6') Sk (0 + 6') S22 (6)

a1az ci1a3

(summation over repeated indices assumed.)

2. Unitarity: This can be seen as the consistency condition of the alge-

bra (3.1), applying it twice.

a, 6 a,
%
b, b,
_
V%
b b,

Serez (9)Shbz(—6) = 621 6%

a1a2 cic2

3. Analyticity/Crossing Symmetry: In the treatment given above, the
rapidity 6 is real for physical processes. It is postulated that S22 (6)
can be analytically continued to a meromorphic function of 8 in the
so-called 'physical strip”: 0 < Im# < m. Physical scattering amplitudes

in the ‘direct channel’ A,, A,, — Ay, Ay, are given by the values of S21%2
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for Im# = 0 and Ref > 0. In the ‘cross channel’ Ay, Ay, — A, Aq,
physical amplitudes are given by the values of Sggg; for Imf = 0 and

Refl < 0. Crossing symmetry relates these two amplitudes.

Soi () = Syzi (im = 6)
4. Bootstrap Condition: As all real scattering processes in these theories
conserve particle number and momentum, the only singularities allowed
in 82%2(9) are poles at Re 6 = 0. Simple poles are usually interpreted
([16], [23]) as bound states in either the direct or cross channel. As
we shall see in the next chapter, this is not always the case, but the
treatment of such exceptions will be left until then. The bound states
are stable particles, and must therefore be found amongst the A,. Sup-

pose the particle A, appears as a bound state in the direct channel of

Shib2 () at rapidity 8 = 1wl ,  (shown in figure 3.2).

a1a2 a0z

Its momentum will be given by

pf = (pa1+pa2)2

— 2 2 c
=>m; = my +mgy, + 2mM, Mg, COS UG 4 . (3.2)
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b, b,

Figure 3.2: A, bound state in 8% ()

a1az

The angle uf ., is known as the fusing angle for the fusion process
A, Ay, — A.. Through equation (3.2) it can be seen that the fusing
angle u ,. has a simple geometrical interpretation as the outside angle

of a ‘mass triangle’of sides m,,, m,, and m, (figure 3.3), from which it

follows that

Ug 0y T Ugs o + U, =27 (3.3)

az ¢ c ay

Figure 3.3: Geometrical interpretation of fusing angles

and also
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Tu o e T (3.4)

sin(ud ) sin(ug2, ) sin(ug ,,)

A 3-particle coupling can be associated with the vertex:

a, a,

. C
ll.lala2

Figure 3.4: A, A,, — A, vertex

with the pole term being given by

bib 4 fblb2
Siibs (g) o i Jomale
e (9 _-Zugla2)
When a bound state exists, S22 (6) must satisfy the bootstrap condi-
tion:
a,
a,
0 p—
a, b

¢ S (0) = fb_ St (0 + iu®

ajaz —cag cic27Q1C3 aic

)88 (0 — T )

azas asc

where T = im — u.
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Taken together, the Yang-Baxter equation, unitarity and crossing sym-

metry determine S2'%2 () up to the CDD ambiguity

Shbz (9) — Shb2 (9)p(h)

a1a2 a1a2

where the CDD factor ®(6) is any function satisfying
O(0) =d(ir —6) ; (0)D(-0) =1.

As we shall see, physical symmetries and the bootstrap condition may im-

pose further constraints allowing the two-particle S-matrix to be completely

determined.

3.2 Bulk S-matrix for ¢-state Potts model

In this section, I shall review the construction of the factorized S-matrix
for an integrable perturbation of the g-state Potts model. In [1], Chim and
Zamolodchikov considered the massive field obtained by perturbing the g-
state Potts model (0 < g < 4) with the relevant operator ®(; ). In this paper,
they put forward a conjecture for the particle content and corresponding S-
matrix elements. The remainder of this section will be devoted to a review
of this work in preparation for the next chapter where modifications to their

initial conjecture are presented.

As was mentioned in chapter 1, the isotropic ¢-state Potts model under-
goes a second order phase transition for ¢ < 4. The critical point is located

at K = K¢ = /q where
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This model has a high temperature (K < K¢), disordered phase for which
the equilibrium state will be S; symmetric. It also has a low temperature
(K > K¢), ordered phase which possesses ¢ degenerate equilibrium states.

It must be remembered that ¢ will be treated formally as any real number.

- The conformal field theory associated with the critical point has been
identified by Dotsenko and Fateev in [24] and [25]. Its Virasoro central

charge is given by

8 e e osn TP
c=1 P 1) h Va=2s (2(p+1)>'

The primary field ®(y) corresponds to the energy-density of the model,
and will be labelled €(z) from now on. The conformal dimension A, of €(z)
is given by

A==+ —.
4+4p

The scaling domain |(K¢—K)/K¢| < 1 around the critical point K = K¢
is therefore described by the perturbed conformal field theory

Aq,'r = ACFT + T / 6($)d2$, (35)

where

 Ko—-K

<1
K¢

T

and Acpr denotes the action of the critical point conformal field theory. The
integrability of ®(, 1) perturbations, noted in the previous chapter, implies
that the resulting massive quantum field theory 4,, possesses non-trivial

local integrals of motion. As we have seen, this means that the corresponding
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S-matrix is factorizable. In what follows, I will consider the low temperature
phase (K > K¢, 7 <.0) where there are ¢ degenerate vacua. The particle
content in this phase must contain kinks K, (0) (a,b=1,...,q;a # b) which
correspond to the domain walls separating vacua a and b (see figure 3.5).
Obviously these kinks will have the same mass m. The energy-momentum

of such kinks can then characterized as usual by m and rapidity # through

I<ab( e) — b
@

Figure 3.5: Kink interpolating between vacua a and b

p* = (mcosh(d), msinh(8)),
and asymptotic n-kink states are associated with the products

Kaom (el)Kalaz (92) e -Kan_wn (gn)

where (a; # a;41,1 = 0...n—1). The K, satisfy the commutation relations

Koy (01)Kpe(02) = > S24(612) Koa(02) Kac(61), (3.6)
d#a,c

where the S are the two-particle S-matrix elements. S can be represented

pictorially as in figure 3.6.

S, invariance of the S-matrix restricts the number of distinct two-particle

elements to four, and equation (3.6) has only two possible forms

Koc(0)Kp(02) = So(b12) >, Koea(02)Kap(61) + S1(012)KocKey  a# b
d#e,b,c

Kac(gl)Kca(02) - 82(612) Z Kad(QQ)Kda(gl)+83(912)KacKca-
d#a,c
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Figure 3.6: S24(8)

The four independent amplitudes Sy, Si, Sz, and S; are shown in fig-
ures 3.7 and 3.8. These amplitudes must satisfy the conditions set out in

section (3.1). Crossing symmetry leads to the relations

b
0 0

a c a c
d b

Figure 3.7: Kink amplitudes Sy(#) and S,(9)

80(9) = Sg(i’ff — 9),
81(9) = SQ(iTI' - 9),
S55(8) = Salim—0),

and the unitarity conditions now become

(g —2)52(0)S2(—0) + S3(0)Ss(—0) = 1,
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Figure 3.8: Kink amplitudes Sy(f), and S3(6)

((] - 3)80(9)80(—9) -+ 81 (9)81(—0) = 1,
(q — 3)82(9)32(—9) -+ 82(9)83(—-0) + 83(9)82(—9) = O,
(g — 4)So(0)So(—0) + So(6)S1(—0) + S1(0)Sp(—6) = 0.

There are eight independent Yang-Baxter equations which I shall not give

explicitly, but which may be represented pictorially as

The above set of conditions are not enough to specify the four ampli-

tudes completely, and we must turn to a consideration of the bound-state
structure and the resulting bootstrap equations to finish the job. In [1],
Chim and Zamolodchikov reasoned as follows. Assuming that the field the-
ory contains no particles other than the kinks K, then all bound-state poles

must correspond to the same set of kinks. For example, the kink K, can
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appear as a bound-state in the two-particle scattering process arising from
the initial asymptotic state K, K, with a # b. We therefore expect the
corresponding S-matrix elements Sp(6) and S;(0) to exhibit a bound-state
pole at # = 27i/3 (f can be calculated using the momentum conservation
equation (3.2), and the fact that all kinks have the same mass) associated
with the pole diagrams (3.10). Crossing symmetry then implies that Sq(6)
and S,(#) must each have a cross-channel pole located at § = ¢w/3 as shown
in diagrams (3.11). Similarly, Sp(f) and S3(¢) must not possess poles at
6 = 27i/3 as there are no appropriate particle states corresponding to such
poles. Here, crossing symmetry implies that S;(6) and S3(6) cannot possess
the related cross-channel poles at # = i7/3. Finally, the bootstrap equations
arising from these bound-states must be satisfied. The bootstrap equations

can be written symbolically as in figure 3.9.

Figure 3.9: KK — K bootstrap

These constraints were used in [1] to obtain the following expressions for

the four amplitudes

sinh(A@) sinh[A(ir — 6)] I Y
: 218 \| o ir P (3.7)
sinh [)\ ( — T)] sinh [/\ (—3— - 9)] (m)
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b b
X | |
d b

Figure 3.10: Direct channel KK — K bound state

sin(%2) sinh[A(im — 6)] Y/
S = 3. il (), (3.8)
sin (53—) sinh [/\ (—3~ - 9)] <W>
B sin(252) sinh(\6) A8
.82 T %) sinh [/\ (0 %)] . <”T> ’ (39)
Sy = ZEE;))H (g) , (3.10)

where A is related to g by
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V@ =2sin (?) (3.11)

and
I1—z)'(1 =X LN —z)[(4X ad
) - L0-2lL-A+2)r( ””H g
TA+2) 01+ A-z)PEGA+2)T (5N — ) .
I . L(1+2kA—z)T(2kA—2)[1+(2k— $)A—z]T[(2k+ D) A —x]
k(%) D[1+(2k+1)A—z]T[(2k+1)A—2)T[1+(2k— 1)A =] [(2k+ ) A~ z]

3.2.1 Particle content for 3<¢<4 (1< <3)

For ¢ < 3, all poles of these S-matrix elements located in the physical strip
0 < Imf < 7 correspond to kink bound-states. However, for ¢ > 3 Chim
and Zamolodchikov found that poles of H( ) located at § = 27k and

6 = in(1 — 2x), where
1 1
=-({1-2=
2 ( /\>’

enter the physical strip. This means that the theory for ¢ > 3 involves
particles other than the basic kinks K,;. The pole at § = 127k appears in
S»(0) and S;3(60), and the pole at § = i7(1 —2k) appears in S;(0) and S3(6), so
So(0) alone exhibits no new poles. The resulting kink-kink bound-state was
thus interpreted as a new particle B propagating through a single vacuum
with the § = 27k and 6 = in(1 — 2k) poles corresponding to the direct
(diagram 3.12) and cross (diagram 3.13) channels respectively.

The mass mp of the new particle is found through equation (3.2) which

gives
mp = 2mcos(Tk),
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o
<%
%]

Figure 3.13: Cross channel KK — B bound state

where m is the kink mass. There are two possible scattering processes in-
volving B being BK — KB and BB — BB as shown below.
The corresponding S-matrix elements can be calculated using the boot-

strap equations

Sex(®) = (q—2)S2(8 — ir)S, (0 + i) + S3(0 + iK)S3(0 — ix)
SBB(G) = SBK(Q - iK)SBK(g + ’LK,)

which can be represented diagrammatically as
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Figure 3.14: BK — KB and BB — BB scattering

b
b
2i )
g
a
and
a /
b /
l/ a
2ix 0 — 2
e~
RN g
7 \\\
a )/
!
4
/ a
These give
SBK(&) _  sinhf+isinmk sinh 9+isin(7m+%) (312)

sinh #—-isin 7k sinh §—3 sin(vm-i— %)
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Spp(0) = sinh 0-+isin Z sinh g-+isin(2ms) Sinh 64isin( §+27m; (3.13)

sinh@—isin 7 sinh 6—1 sin(27m)' sinh §—i Sjn( Zyomk

These amplitudes in turn have poles that may be interpreted as new particles.
Chim and Zamolodchikov associated these with an ‘excited kink’ K’ and a

heavier excitation B’ of a single vacuum with masses

mg = 2mcos(rk — Z) and mp = 4dmcos(mk)cos(Z —7k).  (3.14)

Although the S-matrix elements (3.7)-(3.10) were conjectured to be the
exact S-matrix of the field theory (3.5) for 0 < ¢ < 4 (0 < A < 32), they
continue to be well-behaved functions for A outside this range. In [1], it was
proposed that in the domain % < X < 3 the complete S-matrix (obtained by
completing the bootstrap procedure) described the ‘thermal’ perturbation of

the tricritical g-state Potts model fixed-point conformal field theory

Ay = Abpy + 7' / ¢ (z)d%z. (3.15)

In this case the central charge ¢’ and ¢ are related by

do= 1o
p(p+1)
(7P +2

Ve = 2sm<§ pr )

The energy-density operator ¢ (z) is identified with the degenerate field ®(; 2)(z)

of conformal dimension

1 3
Aoy = 7 = .
@747 4y +1)

It was conjectured that the integrable field theory defined by action (3.15) is
described by the S-matrix elements (3.7)-(3.10) with
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This would imply that for A = 2 and A = § (giving ¢ = 3 and ¢ = 2
respectively), the S-matrix should reduce to the Fg and F; S-matrices which
had already appeared in [19]. No attempt was made in [1] to continue the
bootstrap program beyond the point reached above in order to check that
the particle spectrum was finite and self consistent (known as closure of the

_ bootstrap). This work forms the substance of the next chapter.
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Chapter 4

Particle spectra and the

generalized bootstrap principle

In this chapter I will take a closer look at the pole structure and particle con-
tent of the massive, integrable field theories discussed in the previous chapter.
Some of the material from the end of the last chapter will be duplicated, but
it will be treated in a slightly more detailed manner. Starting with a dis-
cussion of the particle spectrum and closure of the bootstrap for 0 < A < 2
(0 < ¢ < 4 in the ®(y1) perturbation of the g-state Potts model) I will go
on to discuss the problems arising for # < A <3 (4 > g > 0 for the ®( 9
perturbation of the tricritical g-state Potts model). For this latter range it
will also be shown that not only does the S-matrix reduce to the Fg and
F7 S-matrices for A = 2 and A = 2 but that the Eg S-matrix is reproduced
for A = % (¢ = 1). The labelling of the particles has been changed as the
notation used in the last chapter becomes cumbersome for larger numbers of
particles. In particular, the excifations over a single vacuum (which will be

referred to as ‘breathers’) have been labelled as they appear in the Eg model.
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Where changes have been made, they are related to the relevant quantities

in the last chapter.

4.1 0< A < 1: Pole structure of &, ...

For ease of reference, the four amplitudes are given again below:

Sy =

S =

sinh(A) sinh[A(ir — 6)]
sinh [\ (6 — 2) ] sinh [A (% -

sin(%2) sinh[A(im — 6)] A0
sin (%) sinh [)\ (27” - 9)] ! (”T> 7
sin(%2) sinh(\f) A0
II -— 1,
sin () sinh [A (6 - Z)] (m)

_(g- )T (j—e) |

I (142kA—z)T(2kA—z)T[1+(2k— )A—z]T[(2k+ 1) A —2]

T[1+(2k+1)A—z|T[(2k+ 1)A~z)T[1+(2k— ) A—z]C[(2k+ ) A—z]

Y

ok (2
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I, (z)II
A+z)r(§x—x),£[1 £(@) (A

(4.3)

(4.4)

- z),

These can be conveniently split into a scalar part consisting of the infinite

product 11 (%g), and a non-scalar part. The poles and zeroes of the non-scalar

factors, given in Table (4.1), correspond to vanishing of the sinh functions

and can easily be found. Similarly, the poles and zeroes of the scalar factor

occur when I'(n) becomes infinite (ie. n = 0,—-1,-2,..

Table (4.2
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.) and are given in

). Where possible these have been collected into direct and cross



—~
o=
+
>0
~——

t=0/im Poles: ¢t = Zeroes: t = Poles: t = | Zeroes: t =
So(8): 3 : - T S A ()F 2 11
N S -p |1
(o) G-0|@ 09| | @n | e
Sa(0): 3 3 S;(6):
1+3 2 none

Table 4.1: Poles and zeroes of non-scalar factors

channel pairs (ie. ¢ = a and ¢t = 1 — a), although no claims have yet been

made about which is which. The values enclosed in brackets do not enter the

physical strip for A < 3 and so can be ignored. Combining these we see that

all the physical strip zeroes disappear, leaving the overall pole structure as
found in Table (4.3).

Treating each pole as corresponding to a bound state particle in either the

direct or cross channel, they can be classified as follows. All poles appearing

in Sy must correspond to kink type particles, but which are direct and which

are cross channel poles cannot be determined by looking at Sy alone. On

76




Poles: t = Zeroes: t =
by
Cog @) 6

Table 4.2: Poles and zeroes of scalar factor II(\t), t = £

t=80/ir | Poles: t= Poles: t = Poles: t =
So(6): 2 x| Su(6): 2 S, (6): 3
P-4 b -4 b+
83(9)3 % 1- % % 1— %
TS % -1

Table 4.3: Overall pole structure of amplitudes
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examination of Sy we see that one out of each pair of poles appears in &; and
the other in S,. In order to be consistent, the pole appearing in &; must be the
direct channel pole and the in S; the cross channel pole. Similarly, all poles
in 83 must correspond to excitations over a single vacuum — ‘breathers’.
This time, all poles which also appear in S; must be direct channel poles,
and &; must have the appropriate cross channel poles. The masses of these
particles may be calculated using equation (3.2) as before, and the resultant
particle spectrum is shown in Table (4.4). Here, only the direct channel poles
are listed. For 0 < ¢ < 1 the corresponding pole appears in the physical strip
0 < Imf < 7 and this leads, according to Chim and Zamolodchikov, to the
appearance of a new particle in the particle spectrum. As we shall see shortly,

such an interpretation is not always self-consistent and must be modified.

The fusion angles can easily be calculated using equation (3.3), and are

summarised in figure(4.1).

Wi
W
>

.
)

Figure 4.1: K;K; fusion vertices
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Pole: t = % %—% 1_§ 1-%
0<t<1 VA A>3 A>1 A>2
Mass: m 2m cos (% — 95 ) | 2mcos (% —55) | 2mcos (% - §)
= MK, =mp, =map,
Particle: | K; (= K) K, (= K’) B; (= B) B,

Table 4.4: Bound state poles for 8y,51,S; and S3
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4.2 Closure of bootstrap for 1 < A\ < %

The region 0 < A < % corresponds to the @,y perturbation of the g-state
Potts model for (0 < ¢ < 4). From Table (4.4) we see that the only bound-
state particles appearing in the basic kink scattering K;K; — K;K; are
K itself, and the first breather B;. As mentioned in section (3.2.1), the
scattering amplitudes Sp, k,: B1K; — KB, and Sp, g, B:B; — B B; were
calculated by Chim & Zamolodchikov. Using the relation

sinh(6) + isinh(ma)
sinh(#) — i sinh(7a)

=(a)(1 —a) where (a)= —;__““—

equations (3.12) and (3.13) can be rewritten as

S = (= H)G+H)E - HG+E)

Spa = HEHI-0EE -G -3

It is to be expected that all poles will automatically appear in direct and cross
channel pairs (a)(1 — a) in any two particle S-matrix element involving at
least one breather. As a result, it proves convenient to define [a] = (a)(1—a).

Using this notation Sg, k, and Sp,p, become

Sp,p, = [}
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Figure 4.2: K1B; — K, vertex

4.2.1 Spx,

Looking first at Sp, k,, the (1 — &) and (} + &) poles can immediately be
recognised as the original kink K; appearing as a bound state particle by
referring to the corresponding vertex in figure (4.1). This also singles out
(L + ) as the direct channel pole. The other pair of poles provide us with
a few more problems. The bound state particle for this pole must be an

excited kink of some sort, and calculating the mass we find
m = 2mcos(Z — L) =mg,.

As all particles in this theory are neutral (Az = A,), the bound state particle
must be K5. Unlike the K5 bound state in Sy and S; which enters the physical
strip for A > 2, the (2 — L)(1 + &) poles in Sp, k, are already located in the
physical strip when B, appears. As we shall see later on, for A = 2 B; and K>
correspond to particles appearing in the Fg model. From this it is possible to
identify (1 + ) as the direct channel pole. Using equation (3.4) the fusion
angles for this vertex can be calculated, and these are shown in figure 4.2.

Although this would seem to imply that K, enters the particle spectrum for

81



A > 1, things turn out to be a bit more complicated. On closer examination
it becomes apparent that the following scattering process is allowed and must

therefore be accounted for:

Figure 4.3: KB scattering: ¢t = (3 + &), A < 2

The angle between the incoming particles K; and By is 6 = in(g + 55)
and the internal scattering angle o = im(} — 2). The diagram will remain
closed for 0 < Imf < 7 which translates as A < % Using the arguments of
Coleman and Thun it would be expected that the above diagram should give
rise to a double pole. In [26], such graphs are evaluated using the Cutkosky
rules [27]: evaluate the graph as if was a Feynman diagram, but replace point
interactions with the appropriate S matrix element (ie. 8% for two particle
scattering, or a three particle coupling f¢, for a vertex), and substitute on-
shell delta-functions 8(p°)d§(p? —m?) for the Feynman propagators of internal
lines. In the present case there are six internal lines and two loops, giving a
four dimensional integral over six delta-functions. There are thus two delta-
functions left over, leading to a double pole. We know that Sp,k, only has

a simple pole at this point, so we must now turn to the factor contributed

by the S matrix elements in order to clarify the situation. Looking at the
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scattering process, it can be seen that this factor is composed of four, three-
particle couplings multiplying a sum over two-particle amplitudes. Denoting

this sum by A, we have

A = (¢=2)[S:1(2) + (g = 3)So(a)]

(¢ — 2)sinh[A(im — a)] [sin(A%) sinh(Aa) Aa
sinh[A(Z — a)] sin(AZ) (4 3)sinh[/\(zs’r — a)]} I (m)

_ Sin[/\(:(; 3);1]1[1:[1\(; . t_)]g](;tg iy (%) s (s ~ 8]+ sin(vm) s )

where ¢ = 2 and use has been made of equation (3.11). Substituting in

tz%—%weﬁndthat

_ (g — 2) sin(AZ)II(A¢)
sin(A4) sin(A7r) sin(AZ)

[—sin(A22) sin(A7r) + sin(A7) sin(AZ2)] = 0

3

having checked Table (4.2) to ensure that II(A¢) does not have any poles or
zeroes at this point. The vanishing of A at 0 = in(} + 55), & = in(% — 2)
reduces the singularity associated with diagram 4.3 to a simple pole, the
presence of which delays the appearance of K5 in the particle spectrum until
A= % Beyond this point, the scattering process shown in figure 4.3 can
no longer take place and K, appears as a bound state in Sp,k, aswell as Sp
and S;. This type of generalised bootstrap behaviour has previously been
reported in connection with the S-matrices of non-simply-laced affine Toda

field theories by Corrigan, Dorey and Sasaki [28].
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4.2.2 Spp,

Looking now at Sg, g, , the pair of poles (2)(}) can be identified as B; appear-
ing as a bound state in the direct and cross channel respectively. Calculating
the bound state masses for the other two pairs of poles, and comparing the
positions of the poles for A = % with those predicted in the Fg model (see
section (4.5.3)), it is possible to identify (3) as the direct channel bound-state

of B, and (+ — 1) as the direct channel bound-state of a new particle By with

mass
mp, = 2mp, cos(% + &) = 4mcos(Z — &) cos(& — Z).

Refering to equation (3.14), B3 can be identified with B’. Both of these
poles are located in the physical strip for A > 1 when B; appears, but the
question of whether or not these particles actually appear at this point must
now be considered in the light that the generalized bootstrap principle may
be operating. Indeed, at § = (3) it is possible to construct diagram 4.4. The
internal scattering angle oo = ¢w(2 — 1) lies in the physical strip for A < 2 so
it is to be hoped that the S matrix elements once again conspire to reduce

the double pole. Calculating A we find

A = (g-1)[S(a) + (¢ = 2)51(e)]

= (¢g—1)—H [sin(Ar) sin[Am(% — )] + (g — 2) sin(AZE) sin[Aw(1 — t)]]
sin(Ag)sin[An(5—1)]

where once again t = 2. For ¢t = £ — 1, the expression enclosed in brack-
ets does the honourable thing and vanishes. The overall singularity is thus
reduced to a simple pole and the resulting scattering process delays the ap-

pearance of the B, bound state until A = 2 where it also appears in S, and

Ss.
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Figure 4.4: ByB; scattering: t = (1), A < 2

Figure 4.5: By By scattering: t = (+ — 1), A < &
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Figure 4.6: Factorised scattering in Figure (4.5)

The appearance of the B; bound state is also delayed, but in a slightly
more complicated fashion. After some trial and error, it proved possible to
construct diagram 4.5. It is not immediately clear what order of pole this
diagram represents, but using translational invariance to factorise the three
particle interaction as in figure 4.6 we see that naively this is a third order
pole. The internal scattering angle & = im(3 — %) is physical for A < 3
so we must now look for a double zero to make sense of the process. In
the calculation of A care must be taken in keeping track of all possible

combinations (although in comparison to some of the graphs found later on

this is a fairly simple matter), after which it is found that

A= (g-1)(g~2) (Si(a) + (g — 3)So())’ [81(2c) + (g — 3)So(20x)].

We have already seen that Si(a) + (g — 3)So(@) = 0 for @ = (5 — %) in

the treatment of Sp, k,, and a simple calculation shows that the rest of the
function is finite and non-zero at this point. So, remarkably enough, the
graph does reduce to a simple pole and Bs does not show up as a bound

state until A = 3.

In summary, the operation of the generalized bootstrap principle means

that the only particles to appear for 0 < A < % are K, which is present
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for all A\, and B; which appears for A > 1. The two excited states K, and
B3 found by Chim and Zamolodchikov do not put .in an appearance until
A > %, at which point all their bound states appear at once. The fact
that the generalized bootstrap delays their arrival until all their bound state
poles enter the physical strip is quite curious in itself. A new particle B,
was also found, its appearance being postponed until A > 2. Although I
have only explicitly treated direct channel poles in the above discussion, the
cross channel poles are implicitly covered. For Sy and S3 type scattering,
the appropriate diagrams are the cross channels of those given for the direct
scattering process, whereas the cross channel poles of &; type scattering are

covered by the cross channel of the corresponding &, direct channel graph

and vice versa.

4.3 3<A<2

For the rest of this chapter, I will tend to work in terms of ¢ = % for
convenience and effectively drop a factor of 7 from all given angles. At A = %,
K, and Bs enter the particle spectrum, and their scattering amplitudes must

now be calculated.

4.3.1 Scattering amplitudes for K» and Bj

Starting with K3, the simplest element to calculate is Sp,k,. Applying the
bootstrap procedure to the K5 bound state appearing at ¢ = % — i in Sy, we

find that

SBle(B) = SBIKI (9 - Zﬂ.(:l? - %)SBIKH (9 + 7’7]—(% - %)
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Figure 4.7: Sk, k, bootstrap

G =3l (4.7)

+

S|
[=Y[

= [

(=
Sl

Similarly, through consideration of the direct channel bound state at t =

6
Sk, x, take the form

L— L in Sp, k, (seefigure 4.7), it can be shown that the scattering amplitudes

Sk, (0) = Spuia (0 = F)Sa(0 + (3 = k)

= t(5 + )G — H)GHNGE - K)S(0 +im(5)  (48)

where t(a) = tanh(g + ¢). Once again there are four possible amplitudes
corresponding to the four different vacuum structures. Using these two re-

sults and the bootstrap equation corresponding to figure 4.8 it follows that
Skarc,(0) = Spik, (0 + F)Sk,x,(0 = 5)
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Figure 4.8: Sk, k, bootstrap

= Spk, 0+ Z)Sp ik, (0 — % — 5)S.(0) (4.9)

~[31% + H11415:(6). (4.10)

The bootstrap procedure used above can be systematically applied to other
bound states in order to determine the remaining scattering amplitudes

SBgKU SBnga SBng a‘nd SB:;BI:

Spari () = [P + 3] (4.11)
Spr,(0) = [1= )5+ &5 + 5l — 315 (4.12)
Sppy(0) = [PLRIE - 36+ 3 - 35 - 3 (4.13)
Sps(0) = +&lG+HE- KK -3 -5 (414

As a given amplitude may be calculated several different ways, the boot-
strap equations also provide an extensive set of consistency conditions which
must be satisfied. Whilst most of these are fairly straightforward to verify,
those involving kink-kink scattering prove to be more time consuming. In

these cases a comparison of pole structures was deemed to be sufficient.
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Figure 4.9: K, K, scattering: ¢ = (2) second order poles

4.3.2 Pole structure of Ky,B3 amplitudes

The amplitudes (4.7)-(4.14) may now be examined in an identical fashion to
those in section (4.2). Once again it is found that a number of poles inhabit
the physical strip whereas all zeroes are located outside of this region. The

interpretation of the resulting pole structure will now be given, starting with

8%2](2 (6)

Bound states in S, g, (0)

Looking at Table (4.5) it is immediately obvious that there must be non-
trivial scattering processes taking place due to the occurence of second and
third order poles. The poles at t = % can be associated with the scattering
process shown in figure 4.9. Here we have a second order pole, and a factor
of S,(2 — §) associated to the scattering amplitude S%, x,. Refering to Ta-
ble (4.4) we see that K, appears as a direct channel bound state in Sy and S;
at this angle, providing a satisfactory explanation for the third order poles

in Sk, x, and Sk, , as shown in figure 4.10.

The next set of poles prove to be slightly more complicated to explain.
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t=40/ir Poles: t = Poles: t =
Sk, (0) 1| () G | Sk@® | (3° G
G-br Gy G- b+
-3 -4 g

2

Skr(0) 1] (3)? 3)° | Shx@):| (3?  (3)°
14 Gy -4 el

(5 b

= -1 3

Table 4.5: Pole structure for Ko Ky — K3 K, scattering
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Figure 4.10: K,K, scattering: ¢ = () third order poles

Figure 4.11: K,K, scattering: ¢ = (2 — 1)
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The distribution of simple poles at ¢t = % - % seem to suggest that they

correspond to a direct channel breather, the appearance of which is prevented
by the scattering process shown in figure 4.11. The S-matrix amplitudes

associated with this graph are

A, i, (@) (g —3)So(a) + (¢ — 4) [S2(a) + (¢ — 4)So(a)]  (4.15)
Ak (@) = (4= 2)81(c) + (¢ = 3) [S3() + (¢ — 3)S1(@)]  (4.16)
Ak (@) = (g 3)[S2(a) + (g - 4)So(a)] (4.17)
Ao, (@) = (—2)[S5() + (g - 3)Si(a)] (4.18)

where o = % — % It is a simple matter to show that

So(a) + (g —4)So(a) = 0
83(&) + (q - 3)81 (a) = 0

thus reproducing the simple poles found in S%,y, and Sk, g,. Figure 4.11
can be drawn for % < A < 6 and thus prevents the appearance of any bound
state for A < 3 with the exception of two special points. At A =2, ¢=3 it
seems that amplitude (4.15) develops a zero, and amplitude (4.17) a double
zero. On closer inspection we see that for A = 2 the scattering angle o = 3,
at which point K; appears as a cross channel pole in both Sy and S;. This
leads to the modified scattering process shown in figure 4.12. The appropriate
direct channel processes are simply obtained by rotating graphs 4.11 and 4.12
by 90° as shown in figure 4.13. There is one final detail to be taken care of
concerning Sy .. Looking at the form of S3(f) in equation (4.4) we see
that a factor of (¢ — 3) may be extracted from amplitude (4.18) this means

that the corresponding scattering process is regular at ¢ = 3. This causes no
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Figure 4.12: KK, scattering: t = (2 — 1), A =2

Figure 4.13: K, K> scattering (direct channel): t = (2 — %), A =2

problems as Sy, , has the self same sin(A7) factor which gives the (g — 3)
term in S3(6), so all of its poles are reduced in order by one at g = 3.

The other point at which care must be taken is when A = %, g = 2. Here it
is amplitude (4.16) which develops a zero, and amplitude (4.18) a double zero.
This time the internal scattering angle @ = g which, for A = %, corresponds
to the cross channel B; bound state in both S; and Ss (see figure 4.14). Once

again we find that the direct channel pole is located at ¢t = %-i— % This seems
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Figure 4.14: K, K, scattering: ¢t = (2 — ), A=}

quite curious in itself as it is generally assumed that a bound state may only
arise from a pole whose order is odd, whereas S}, has a second order pole
at this point. In actual fact there is no real contradiction here, as for ¢ = 2
there are not enough vacua for this scattering process to take place. Indeed,
there are not enough vacua to allow for %, z,. The point to be drawn from
this is that the bootstrap can be treated formally for general ¢, without
reference to the physical pictures available at special values (ie. ¢ integer),
and it will remain internally consistent. At the moment it is this general
perspective that is being taken, leaving the extra information available for
those special cases to be considered in a later section.

Turning to the next pair of poles at t = +,1— 1 it is found that figure 4.15
may be drawn for ¢ — % This is the same sort of process as that encountered
in Sp, g, for t = ; — % (see figure 4.5). The simplest S-matrix amplitude to

3
calculate is that for S§_,, for which we get

Ao, = (4= 2)(g-3)[$i1(20) + (g~ 4)So20)] [Si() (g ~ ) Sa(e)]’
+ (g-2)(g — 3)282(a) [$1(20) + (q — 3)So(20)]. (4.19)

where a = § — % It is then a simple matter to show that
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Figure 4.15: K,K, scattering: ¢ = (3)

S1(20) + (¢ — 3)Sp(2a) = 0
Si(a) + (g —4)Sp(a) = 0.

The amplitude A%, x, will thus contribute a single zero for % < A < 3 with

the possible exception of ¢ = 3 and ¢ = 2.

The calculation of A%, g, proves to be rather more involved, but in the

end we find

Ao, = 20— 3)"So(a) [S1(e) + (g — 9)So(@)] [(81(20) + (g — 3)(20)]
+ (2-3)(a =9 [$1(0) + (g - 9So(@)] [$1(20) + ( - 3)Sp(20)]
+ (¢-3)5(20) [Si(0) + (¢~ HSo(@)]” (4.20)

This amplitude contributes a double zero, with ¢ = 3 again being singled

out for further investigation. The amplitudes A}, ., and A%, may also be

calculated. Unsurprisingly, the calculation of A, ., is much the same as that

for A%, x, but leading to a single pole. On reaching A%, x, the combinatorics
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become quite involved to say the least (see appendix (A)), but in the end it is
found to have a double zero for ¢ # 3 and, like the rest, ¢ = 3 requires closer
attention. Allin all, the pole structure found at ¢ = % is reproduced with the

exception of ¢ = 3, A = 2. At this point, @ = = £ — } where K appears as

a direct channel bound state in both Sy and &7, and 2a = % corresponding
to a cross channel K; bound state in Sy. Figure 4.15 is therefore modified,
and the relevant scattering processes are those found in figures 4.16 and 4.17.
The direct channel Bs bound state in figure (4.16) for S%, g, and S, k, will
be shown to appear in Sk, at t =1 — & This is equal to a = & — 1 for
A = 2 alone, typical of the intricate balancing act performed by the S-matrix
in order to satisfy the bootstrap equations. The amplitudes associated with
these diagrams may be calculated as before. To use Sk, , as an example,

we get
A, = (@ —2)*(g - 3)%,

so figure 4.16 is reduced from a fifth to a third order pole. It must be
remembered that S}, x, has an extra zero at ¢ = 3 arising from the sin (Ar)
factor. Once again it should noted that, although this overall zero means that
S}”{z Kk, does not actually appear for ¢ = 3, its pole structure is still explicable

at this point.

%. Once again a modified scattering

Forq:Z,/\zgand2a: 2
4.18 and the amplitudes recalculated once

@ oo

process occurs as seen in figur

more, for example
Aaic, = (0= 2)(a = 3)* [S1(@) + (g = 9Se(@)] (g — 2)*(g - 3)*So(e)*.

Si(a) + (g — 4)Sy(a) = 0, so the fourth order pole is reduced to the double

pole required.
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Figure 4.16: KyK, scattering: ¢ = (%), A = 2 third order poles
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Figure 4.17: K,K, scattering: ¢ = (5), A = 2 second order poles
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Figure 4.18: K,K, scattering: ¢t = (3), A =}

It is with great relief that, on examination of the poles at ¢ = % and

1-— ;2\—, no higher order diagrams have to be considered. The bound state can
simply be identified as the breather Bs with mass 4m cos(Z — %) sin(%) which
appears for A > 2. This completes the examination of KK, scattering, the

results of which are summarised in Table (4.6).

Bound states in S§, g, (0)

Turning now to K;K; — K; K, scattering, we find the pole structure given
in Table (4.7). The direct channel pole at ¢ = 2 + 3 can be identified as a
K bound state, the fusion angle fitting with that found for the K1 K; — Ko
vertex earlier. The next pole, at t = % — %, also poses few problems as it can

be explained using figure (4.19). This is practically identical to the scattering
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3 2 )

e = || G|
Bound state | A > 2 A=2 A=2 A>2
particle =3
Particle: K KatA=2 Byat A=2 Bs

B1 at A = %
Mass: mg, | m at A= mp, at A =2 | 4msin(§)cos (5 — %)

mp, at A =2 = mp,

Table 4.6: Bound state poles for S, k., .Sk, x,> Sk,k, and Sk k,




t=0/ir

S?(gKl (9) :

8}{2K1 (9) :

S?(?KI (9) :

S?(gKl (0) :
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Sles

o=
|
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.|_
Sles
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e

glcv

Qo=
Sles

W=
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Table 4.7: Pole structure for Ko K; — K; K, scattering



Figure 4.20: K;K, scattering: ¢ = (2 — 55) at A =2

=2_1liy 8¢ i —4_1 ; 1
process found for ¢ = £ — ; in Sk, g, but with a = 3 — 5, a difference of .

The only difference this makes is that at A = 2, K, appears as a bound state
instead of K1, and at A = % it is By as opposed to B;. These are shown in
figures 4.20 and 4.21.

Just when it looks as if things are proceeding smoothly, we reach the
pole at ¢ = 2 — 2. This enters the physical strip for A > 2 and on the
surface looks like a new excited kink state. Once again we must determine
whether the generalized bootstrap is in operation or not, and it is at this
point that serious problems arise. Treating this as a new bound state we may
calculate the associated conserved charges which turn out to be complex. It
is also found that neither the particles mass nor the fusing angles of the
associated three particle vertex are the simple functions in § that we have
come to expect. We must therefore search for some other explanation of the
pole, and the only other possibility we have come across is the generalized
bootstrap. In order to construct a higher order scattering process to account
for this first order pole using the particles already encountered, we may only
use kinks as internal particle states. Otherwise, we will not get the required
summations over S matrix elements which provide the necessary zeroes. It

can easily be checked that there are no such second order diagrams, either

fort =2 — 3, ort =1+ Despite all efforts no higher order diagram
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Figure 4.21: K,K scattering: t = (3 — 5x) at A =2

has yet been found to account for this pole. This problem will be dealt with

(although not resolved) in a later section.

The distribution of the remaining poles suggests that they should be
interpreted as breather bound states. Indeed, the (1— 3x) and (1 — 2) poles
are found to be B;, and Bj direct channel bound states respectively. This
only leaves the (1 — ) pole to be interpreted. This enters the physical strip
at A =2 (¢ =1) and, like the (2 — ) pole, no satisfactory explanation has

yet been found for it.

'SBlKg 9833[(1 ,etc. .o

Having dealt with the slightly more tricky S-matrix elements, illustrating the
operation of the generalized bootstrap in these cases, I shall confine myself

to giving a brief summary for each of the remaining elements.
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C 2 _ 1 1, 1 2 _ 3 1 3 5
Pole: ¢ = 3T m G+ %) -a) | l-m |- |l %
Bound state | A>3 A=2 A>3 A>3
particle A= %

Particle: K, Kyat A=2 B, B;
B2 at A = %

Mass: Mk, mg, at A =2 mp, mMB,
mp, at A = %

Table 4.8: Bound state poles for 8%, x .Sk, k., Sk,x, and Si,k,
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Bound state: K, | Kyat A= Z Ky at A= ;19'

Table 4.9: Pole structure of Sg, g,

Starting with Sp, k, we find that most of its poles can be explained sat-
isfactorily. The appeérance of bound states is summarized in table (4.9).
Where poles are not interpreted as particles, appropriate diagrams may be
found for all but one case — the [% - %] poles for A > 2. At A = 2 these poles
are explicable as bound states of a new kink-type particle K3, but away from
this point the conserved charges associated with such a bound state become

complex.
For Sp, s, (table (4.10)), everyfhing works well up until A = , after which

the same problems occur for the poles of [% — %] Also worth noting is the
appearance of Bs and B,. These breathers are both delayed from entering
the particle spectrum until A = 2 at which point Bj also appears in Sk, x,,
and Bj in Sk, k, and Sp,p,. These are the only new particles that appear
before A = 2.

The interpretation of Sp, g, is fairly straight forward (see table (4.11) for
bound states), and here we find more new particles. These can be identified

as Bg and By, both of which appear for A > %. Their masses are given by

= 4 cos(i—z>cos<l—z>
MBs = AMES Y Ty 22 6
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Pole: [% - QIX] [% — %]

B3 at A =2
Bound state: B,

ByA>2|Bs A>2 | Byat A=3

Table 4.10: Pole structure of Sp, s,

m 8 cs<7r 7T)cos<7r 7r)cos(7r W)
= 8mcos|= — — — - = ——=).
br 22X 2\ 6 A3
The two remaining S-matrix elements both pose problems : in Sp,k, for
[%J, and for [% + %] and [% - %] in Sp,k,. Once more, no explanation can

be found for these poles when A > % The bound states of Sp,k, and Sg,k,

are summarized in tables (4.12) and (4.13) respectively.

4.4 2<r<?

At A = 2, B, and Bjs enter the particle spectrum. This introduces 11 addi-
tional S-matrix elements which must be calculated and interpreted. As much
of the behaviour of these scattering amplitudes has been seen in those treated
above, the following discussion will be kept quite brief. New behaviour will
be pointed out, as will the increasing number of unexplained poles. The
scattering processes of the generalized bootstrap, which become ever more

complexity and numerous, have been relegated to appendix (B).
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P [ 3| s OB B Bed )BT
B3 A <2
Bound
state: B;at A=2 Byat A=2
Bgat)\:g B3)\>2 B5a.t/\:% B7)\>% BG)\>%
Table 4.11: Pole structure of Sg, 5,
PR3l D
Bound state: K, Kyat A=12

Table 4.12: Pole structure of Sp,k,
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Pole: | ]| -] | (3] Bea) | (-4

Bound state: K, Koat A=2 | Ksat )= %

Table 4.13: Pole structure of Sg, g,

4.4.1 S-matrix elements of B,

Using the bootstrap, it is a simple matter to calculate the scattering ampli-

tudes of Bs:

Sp,p(0) = [1=3I5 = 556 — 3l
Sp.5:(0) = 313 — % = 313105 — 31 - &)°
Sps(0) = [3IE1I% — 4105 — 513 — 313 - &T°
Sex(0) = B3l + 3l + 5

Spre(0) = [3— &Il5 + &[5 + &l - 4

Sp,p, has B; and Bs as bound states (see table (4.14)) as would be
expected from the analysis of Sg, g, and Sp,p, respectively. The only place

in Sp,p, where no explanation can be found for [ — 1] when A > 3.

There are no such difficulties in interpreting the pole structure of Sg,p,.
The location of bound state particles is summarized in table (4.15). For
Sp, B, the poles of [2 — 1] remain unexplained for A > $, as do the [2] poles

of Sp,x,- The bound states for these amplitudes are given in tables (4.16)
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Pole FURE] FERE] JES FR
Bound state: B, B3 By at A = % By at A = g
Table 4.14: Pole structure of Sg, 5,

Pole: | [5] | [5—51| [5—3 5] -3 |[0-3FP
Bg at A = %
Bound | B, Bs
state:
BgA>2 | BiatA=35|BjatA=3

Table 4.15: Pole structure of Sg, g,
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Pole:

Bound state:

B,

Table 4.16: Pole structure of Sg, 5,

Pole:

4+

Bound state:

K

Table 4.17: Pole structure of Sgp, k,
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Pole: | b-AP [(B+3F| B+ |B-Y

Bound state: Kiat A=3

Table 4.18: Pole structure of Sp,k,

and (4.17) respectively. All the poles of Sg, k, can be accounted for, and it is

found to possess but a single bound state for A = 2 alone (see table (4.18)).

4.4.2 S-matrix elements of B

The scattering amplitudes involving Bs are as follows:

Sooy = P4 -+ 3l - 23 -y - 4P

Som = 14— A~ &P+ &+ 570 - &1 [& - 3% - 4

Sans = 1§ = &b+ &1l5 — &Il — 3l + &% - 1% - 23 - &1
Son = 1§ = HPA1S - 2015 - 3)3PE + 4713 — 3703113 - 4P

Soer = 13— &8 - AT+ Fl& - 4

Sas = (§I°[31°[F = 41715 — 41708 + 4103 - 313 - 4]

The occurrence of bound states for these amplitudes is summarised in
tables (4.19)—(4.27) below. Aswell as having its fair share of unexplained
poles for A > 3 or A > 3, the [2]? poles of Sp,k, cannot be accounted for
2< A< % Again, a conclusive proof that non-trivial scattering processes
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Poer (P [[-31] G+3 | B-8 | G4 |-y
B5 at )\ = %
Bound B3
state:
Byat A=3|B;A>% | Bsat A=}

Table 4.19: Pole structure of Sg, g,

cannot account for these poles proves to be elusive. It is therefore not possible

to say for certain whether this instance is a prelude to the general breakdown

that appears to happen for A > % or not. A further example of curious

behaviour arises from consideration of the [ — 1] and [3 — 2] poles in Sg,s.
They seem to imply the appearance of two new particles for A > % which

disappear for A = g only to reappear immediately after this point.

Pole: 5= &0 | - &7 [ 3+ &

Bound state: By Bg A > %

Table 4.20: Pole structure of Sg, g,
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Pole:

—
—
I
Pl
—
N
—
Ser
I
W=
—

Sl
I
wito
2=

Bound state:

Bjat A =2

Table 4.21: Pole structure of Sg, g, continued

Pole: | [I— 5 L+2] |B-2P s 3
BQ at A = %
Bound By
state:
B3at)\:% Bgat/\:g

Table 4.22: Pole structure of Sg, g,
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Polei | (4P | (h-dP |G- 4|6
B5 at A = %
Bound
state:
B4at)\:% B7at)\:g
Table 4.23: Pole structure of Sg, g, continued
Poles | [§-37| BF |B-1{E-3 HP
Bs A< 2
Bound
state: Bs at A= 4g
Bs A>3 By >

Table 4.24: Pole structure of Sg, g,
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Pole: | (14 (-39 | ()| -4
By at A =2 Byat A=3
Bound
state:
B4 at A = g

Table 4.25: Pole structure of Sp,p, continued

Pole:

LA [B-AP| G+ |G

(=3[

Bound state: Ks;at A= Z

Table 4.26: Pole structure of Sg;k,

116




.—
S0
I
[«
27

Pole: [2]?

ol
—
[ XN
> =
(e

N

Bound state: K, Kzat A= 49

Table 4.27: Pole structure of Sg, g,

4.5 AzQ,%andg

In this section I will examine the special points at which ¢ takes an integer
value. For A = 2, % and § the S-matrix reduces to the Fg, E; and Eg S-
matrices respectively. The bootstrap for these models has been discussed
extensively elsewhere (see [29] for a full treatment of all three cases, and
[30], [31], and [16] for Es, E; and Ej respectively), so most attention will be
devoted to the manner in which these S-matrices are reproduced rather than
trying to account for every single pole. Having said that, scattering processes
were constructed to account for the pole structure of each of these models, but
these have not been included. The analysis of the pole structure proves to be
quite straight forward due to the fact that all poles that may produce particles
(ie. odd order poles) actually do. The generalized bootstrap therefore plays

no part in this discussion.

451 A=2,qg=3

At this point, we only have K;,K,,B; and B3 to worry about. For the

FEg model, there are two neutral particles, and two particle-antiparticle pairs.
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The neutral particles may be straightforwardly associated with the breathers,
but a slight reformulation is necessary to move between the kink and the
particle-antiparticle pictures. For ¢ = 3 it is possible to define a particle as a
kink which interpolates between vacua in a ’clockwise’ sense (see figure 4.22),
ie. viewing the kink from say, left to right, a particle is a kink that separates
vacuum 1 from 2, 2 from 3, or 3 from 1. An anti-kink thus interpolates from

1—-3—>2—1.

Figure 4.22: Interpolation of (a)Kink and (b)Anti-kink between vacua

Looked at in this way it can be seen that only 2 out of the 4 amplitudes are
relevant for each scattering process. Taking K;K; — K;K; as an example,
there are not enough vacua to allow &y for a start, and S is identically zero
for ¢ = 3. This leaves us with just S; and S, to consider. Denoting the
corresponding particle-antiparticle pair by K, and K, respectively, S; thus
gives the amplitude for K; K; — K; K; and K; K, — K, K, scattering,
whereas S, will correspond to K; K; — K; K; and K; K, — K, K,
scattering (see figures 4.23 and 4.24). This obviously holds for the other

kink-kink scattering processes aswell.

Using this change of picture, the conserved charges for the Eg model

may be reproduced. From table (4.4), we see that S; has bound states at
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Figure 4.24: S,(f): Particle/Antiparticle scattering for A = 2

t = 2 and 1 corresponding to K; and K respectively. In the Eg, particle-
3 B g

antiparticle picture these correspond to K, K1 — K,, K; K; — K, and
their counterparts under charge conjugation. From this we see that, unlike
the kink picture, the ¢* property no longer holds in the Eg model. From the

K, and K, bound states comes the condition
(ei?—i—e_”Ts)Q =1= smod3#0: s=1,2,4,5 + 6n.
In the kink picture, where the ¢ property does hold, we have
(6?4—6_?) = 1= smod3#0, smod2#0: s=1,5 + 6n.

Looking at table (4.6) we see that K; appears as a bound state in Sg, g, at

= 2. In conjunction with the K, bound state of S, this allows us to derive

the further condition
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(6”73 + e_iﬂTs> + (ei”Ts + e‘ilas‘) = 1.

In the kink picture this just implies that s mod 2 # 0 which we already knew,
but for the Fg model it imposes a greater restriction on s which may now
only take the values s = 1,4,5,7,8,11 + 12n. This is the expected set of
conserved charges for the Fg model, and on inspection no further restrictions

are found in either picture.

In reproducing the pole structure of the Fg model, it is found that var-
ious poles overlap. This has already been noted in the discussion of Sk,x,
regarding the poles of [5]. These combine to give a third order pole that
may be interpreted as either a direct or cross channel scattering process. In
other instances it is a case of different pairs of poles overlapping, for example
[t + %)% and [& — &] in Sg,,, or [t + %] and [+ — 1] in Sg,k,. When a pair
of poles cross over care must be taken. Using analytic continuation around
such points, it is found that the sign of their residues will change. If a pole
involved in such a crossover is being interpreted as a particle, then it will
change from a direct to a cross channel bound state or vice versa depending
on the initial sign of its residue. The only case where this threatens to happen
at A = 2 occurs in Sp,p,. Here, the poles of [2]?, [2 — 1], and [2 — 2] overlap
(see table (4.11)). Away from A = 2 the [2]* poles corresponds to a B; bound
state, whereas the other two pairs are covered by the generalized bootstrap.
Since the third order poles at ¢ = 1 and 2 will each cross two other poles, the
signs of their residues will remain unaltered. This neatly avoids the contra-
dictions inherent in interpreting (%) as the direct channel bound state. Other
instances where poles overlap either do not produce bound states both before

and after the crossover, or produce them only at the point of intersection.
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452 A=13,¢=2

At A = § we see much of the same behaviour as at A = 2. This time
there is only one relevant amplitude for each kink-kink scattering amplitude,
namely those of S3 type, due to the presence of only 2 distinct vacuum states.
Once again several sets of poles overlap resulting in some intricate scattering
processes, but the swapping over of direct and cross channel poles is avoided

as before.

On passing A = 2, By and Bjs enter the particle spectrum bringing the
number of known particles to 6. Previously, the particles appearing for an
integer value of ¢ have been present since the last point at which ¢ was integer,
if not longer, but for A = 2 a new kink K3 appears out of nowhere. There is
no great problem with this — the action of the generalized bootstrap means
that it does not enter at threshold and so has non-zero rapidity — but it is
curious nonetheless. What is more surprising is that this is the only point
at which K3 appears. For A < ¢ the poles in question are covered by the
generalized bootstrap, and for A > 2 none may be interpreted as particles
without reducing to zero the number of conserved charges. At A = § we reach
the end of the last region where a satisfactory explanation can be found for

all amplitudes, and the bootstrap closed for a continuous range of A.

453 A=3,¢=1

The only other point at which the situation simplifies occurs at A = 3. There
are not enough vacua for any kink type particles here, so we are left with
the breather-breather amplitudes alone. Aswell as the 7 breathers which are

present for A > 2, there appears a By for A = § alone — much the same as

K3 at A = %
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In calculating the various amplitudes involving Bg, B7, and Bg which
appear for A > 2, it is found that some contain zeroes in the physical strip.
Although physical strip zeroes are not as pathological as unexplained poles,
their appearance seems to be another sign heralding the breakdown of the
bootstrap. For A = 2 these zeroes coincide with other higher order poles,
reducing them by an appropriate order for the Es model. When examining
the pole structure of Sp, g, in an earlier section, it was mentioned that the
poles at [$ —1] and [$ — 2] could be interpreted as particles without destroying
the set of conserved charges. The problem with such an interpretation was
that they not only produced amplitudes with physical strip zeroes, but that
they disappeared at A = 5. In light of the recent discussion concerning
overlapping poles it becomes evident that not only would these paarticles

disappear at this point, but their direct and cross channel poles would swap

aswell.

As X increases past 5 the number of unexplicable poles increases and no

attempt at closing the bootstrap has yet been successful.

4.6 Summary

In conclusion, we may give the particle spectrum for A < 2 with some cer-
tainty. For ¢ < 3 (A < 1) there is only the kink state K;, but as A becomes
greater than 1, By also appears. No further particles enter the spectrum
until A = 2, at which point both K, and B3 appear. These form the full
complement of particles for A < 2, beyond which B, and B; appear. Beyond
A =2, Bg, By, and By are the only new particles we can be sure of. It has
also been possible to give a complete account for ﬁhe S-matrix amplitudes up

until A = 2 (bar one pole for 2 < A < ), after which point we can reproduce
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the Fg S-matrix for A = 2.

The question arises as to whether the poles causing the trouble are actu-
ally present, or if there is some ambiguity in the amplitudes that allows for a
more minimal solution to the bootstrap equations. This does not appear to
be likely, given the accurate reproduction of known amplitudes for the Eg,
E;, Es, 3-state Potts and Ising models. At these points, all amplitudes can
be given in terms of ratios of sinh functions, thus all poles and zeroes both in
and out of the physical strip must fit together precisely, and any extraneous
factors must cancel each other out. In Sk, g, for example, it can be checked
that the poles of [2 — &] and [1 — &] overlap with zeroes of TI(2£) at these
points. In searching for an explanation via the generalized bootstrap, it was
found that there were no appropriate diagrams of either second or third order
before cancellations. This rules out any more complex scattering processes
involving these as subdiagrams. This leaves diagrams without the obvious
symmetry of those found for most other cases, and consequently much harder

to either find or rule out.

Looking at the manner in which particles enter the spectrum suggests
another possibility. All the particles which appear before A = £ do so as a
bound state at threshold in at least one scattering amplitude. This means
that when they appear, their mass is the sum of two existing particle’s masses.
This does not happen for particles appearing after A = %, suggesting that
there may possibly be one or more additional particles present that are not
generated by application of the bootstrap to K, K, — KK, scattering am-
plitudes. This is also quite difficult to rule out, involving as it does the

application of the bootstrap in reverse.

Overall, it seems quite possible that genuinely new behaviour is behind
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the difficulties experienced in closing the bootstrap. A complete account of
®(1,9) and P(3;) perturbed conformal field theories has yet to be given, and
they are still capable of producing the unexpected [32], (33]. This makes
investigation of the problems brought to light in this thesis all the more

relevant.
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Chapter 5

Statistical Mechanics & Field

Theory with Boundaries

Up to now we have considered theories living in an infinite, two- dimensional
space. When looking at bounded domains, we must also consider the possible
boundary conditions that may be imposed. In this chapter I shall review the
behaviour which arises from imposition of boundary conditions on bulk the-
ories. Starting with statistical mechanical models, the discussion will quickly
move on to boundary conformal field theory and then boundary S-matrices.

This prepares the way for a treatment of various boundary conditions on the

g-state Potts model.

5.1 Boundary conditions and duality relations
in statistical mechanics

In this section, the partition functions of a given model with different bound-

ary conditions will be considered.
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5.1.1 Fixed & free boundary conditions in the 2-d Ising
model

The simplest system to consider is the Ising model, which is equivalent to
the 2-state Potts model. Using a square lattice of spins as in Chapter 1,
the interaction energy between adjacent spins in the bulk is defined to be
—Jo,0; where o can take either of the values =1. Boundary conditions enter
through restrictions placed on the allowed values of spins at the boundary,
and also (in some cases) as an explicit boundary term in the action. This
latter possibility will not be needed in the present discussion. The partition

function for an m x n lattice is therefore given by

Zon =3 eFAT (i) 3% ' (5.1)

where the sum is over allowed spin configurations. Making use of the identity
6(oy,05) = (1 4+ 0,0;) we see that this indeed gives the partition function

for the 2-state Potts model with coupling J=1J /2, up to an overall factor.

Let us consider an m X n lattice of spins o(z,y) (z = 1,2,...,myy =
1,2,...,n) which is periodic in the z direction ie. o(1,y) = o(m + 1,y),
effectively making the lattice into a cylinder. The spins may alternatively
be labelled as o; ¢ = 1,2,...,mn when it is more convenient to do so. The
spins on the two remaining boundaries will either be fixed to one value (+1

or —1) or left free to take on either value. These possibilities will be denoted

as +,— and f respectively.

‘High temperature’ expansion & fixed boundary conditions

Imposing fixed boundary conditions on both sides (¢(z,1) = ¢, and o(z,n) =

o), we may write the partition function as
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Zm,n = eme Z GKZ(i'j) 719

[}

where K = Zz. The sum is over nearest neighbour spin pairs, excluding
those pairs with both spins on the boundary. These are accounted for by the

factor of e?™¥. We may rewrite this as

zh, = ™Y ][ (cosh(K) + sinh(K)o;0;)
7 (i)
= ™K cosh(K)@3m Z H (1 + vo0;) v = tanh(K).

Expanding the product, we obtain a sum of 2(2»=3™ terms, each term con-
taining either a 1 or a vo;o0; from each nearest neighbour pair (z,7). As in
chapter 1 we may associate a unique graph with each term by placing a bond
on the edge (4, j) between the i and j™ spins if a factor of vo;0; is present,
but leaving (%, j) empty if the factor 1 appears instead. The sum over ¢ for a
given term will be non-zero only if each spin o; that is not on the boundary
appears an even number of times. We are thus left with a sum over all graphs
on the lattice where lines of bonds must either form closed loops, or end on
the boundaries. Denoting the number of bonds by [ and the number of lines
from one boundary to the other by p, each allowed graph will have a factor
of V}(0,03)P associated with it, and a weight of 2*~2™ from the sum over

spins. As a result, the partition function now takes the form

Zz’n = MK cosh(K)(Q”"S)m2(7_2)m > 14 (040b). (5.2)
g
This form of the partition function is often referred to as a ‘high tem-

perature’ representation of Zy since for large T', v becomes small and the
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leading term comes from the [ = 0 graph. This can be slightly misleading,
as equation (5.2) is exact for all temperatures — for a finite sized lattice this
sum is obviously finite, whereas in the infinite volume limit the sum will only
converge for T' > T,. There are two different cases covered by this partition
function: we may fix both sides to the same value (++ or ——), both of which
give the same partition function; or fix each side to a different value (+—).
The only difference between Z ++ and ZF +~ is the sign of configurations

with an odd number of lines joining opposite boundaries:

Zri,;+ = mK cosh(K)(zn—3)m2(n—2)m Z . (5.3)
g

Zhim = K cosh(K)@r—3mgn-2m S U(=1)P, (5.4)
g

‘Low temperature’ expansion & free boundary conditions

For a given spin configuration on an m x n lattice £, there will be [ unlike,

and (2n — 1)m — [ like spin pairs. Equation (5.1) can thus be written as
Zo .= ZBK[(Zn—l)m—Zl].

Noting that the contribution of a given configuration depends solely on the
number of unlike pairs, we may once again reformulate Z,,, In a more con-
venient form. A dual lattice £p can be constructed with its sites at the
center of the faces of £, and edges joining neighbouring sites. As we can see
from figure 5.1, Lp is another square lattice, and the spins of £ are located
on its faces. Using this perspective, we can represent the configurations of
Z,.n graphically by placing a line on each edge of Lp that lies between two
unlike spins. Away from the boundary, these lines will form closed loops

as there must be an even number of changes of spin around — and hence
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an even number of lines connected to — each site. Allowing free boundary
conditions on both boundaries means that lines are allowed to start and end
on them. The only restriction placed on such lines is that the number going
from one boundary to the other must be even in order to preserve periodicity
in the z direction. The partition function thus becomes a sum over graphs
on Lp composed of closed loops and lines between boundaries. Each such
graph corresponds to 2 spin configurations which can be obtained one from
the other by swapping the sign of all spins. Denoting the number of lines

joining opposite boundaries as p, Z,, , can be written

Z,i)nff = 9eK(2n-1jm Y 2Kl p=0 (mod 2). (5.5)
g

Figure 5.1: Construction of dual lattice Lp (dashed lines, empty circles) for

lattice £ (solid lines, full circles)

5.1.2 Fixed & free boundary conditions in 3-state Potts

model

The approach used in the previous section may be generalized to cover this - -

more complicated case. As we know from chapter 1, the partition function
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is defined as
Zp = Ze<kb+T z(i,j)‘s(”i’”f)) — Z H K o(oi,05)
4 7 (3.5)

2w

2mi
Setting the allowed values of o; to be 1, e 3 and e 3, we may use the

identity 0(0;0;) = 1 (1 + 0,5, + 7;0;) to rewrite Z,,, as

Znn = YT [14 (€5 - 1)d(0i07)]

o (i)
= > [[ lg + voiz; + voi0)]

7 (i)
where 7 = o*, v = }(e¥ = 1) and ¢ = 1 + v. On expanding the product,
we may associate each term with a unique graph on the lattice. If the factor
g appears for a given edge (,7), it is left empty, but if either of the other
two factors appears a line is drawn along the edge. These two factors may
be distinguished by placing an arrow on the line pointing from the ¢ to the
0. When taking the sum over spin values, only terms with powers of |o;|
for each o; will give a non-zero contribution. The partition function may
consequently be expressed as a sum over all sets of closed, directed loops
on L£. Making the lattice periodic in the z direction, and imposing fixed
boundary conditions at either end of the resulting cylinder means that lines

ending on boundaries must also be taken into account. After taking all these

factors into consideration, we end up with the expression

Z:?:lg{n — e?mK Z Zg(Qn_S)m—ll/l(azEy)pl (Exo.y)m
o d.g.

l
— 3(n—2)m62ng(2"_3)m Z (g) (azay)pl (Ezdy)m
d.g.
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The remaining sum is over all allowed directed graphs, and the contribution
for a given directed graph is completely determined by its total number of
links /, the number of lines from the y = 1 to the y = n boundary (p;), and
the number of lines from y = n to y = 1 (p2). The boundary conditions are
given by o(z,1) = 0, and o(z,n) = g,.
There are three distinct combinations of boundary conditions that are
2mi 2mi

covered by this. Denoting ¢ = 1, €3, e” 3 as a, b and ¢ respecively, we

have

Z;‘ffn - 3(n—2)m62m1(g(2n_3)mz(§)l

d.g.
l 7y
Zgrf),n — 3(n—2)m62ng(2n—3)mZ (g) ezTP
d.g
l T
Zon = 3(n=Bmg2mK ;(In-3)m > (5) e 5P where P = py, — p1.
d.g.

All other fixed boundary conditions are related to these by the Z; symmetry
of the model.

The directed graphs contributing to these partition functions may be
viewed in an alternative manner. The lines of a given graph on an m x n
lattice may be seen as separating regions of differing spin for an m x (n — 1)
lattice, and being located on the edges of the dual lattice. This is much
the same as the Ising model duality, but we now have three spin states to
allocate consistently to different regions of the lattice. Imagining that we
are standing on a line, facing the direction in which its arrow is pointing, we
may enforce the rule that the spin on the right hand side of the line is e
times that on the left. This means that on crossing from left to right a — b,

b — ¢, and ¢ — a. All that is needed is to specify the value of the spins
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in one region, and the rest will follow. If we wish to make the m x (n — 1)
lattice periodic, then ohly graphs with p = 0 (mod 3) are allowable. The
set of graphs remaining for a periodic lattice will be that which generates the

partition function for free boundary conditions:

Z,’:L{n_l = 3eBn—3ImK N o=l p=0 (mod 3).
d.g.

5.2 Boundary conformal field theory

In a series of papers ([34], [35], [36] and [37]), Cardy explored the conse-
quences of limiting a conformal field theory to the half plane. The results,
although of great importance, are not directly relevant to the work presented
in this chapter and must be passed over briefly. In this series of papers it
was shown that in order to preserve the boundary under conformal transfor-

mations, the condition
Toy = |T(z) -T(2)] =0

must be satisfied at the boundary. If we are dealing for example with a
conformal field theory defined on the upper half plane Im(z) > 0, then T'(Z)
may be taken as the analytic continuation of T'(z) in the lower half plane.
The theory can thus be seen to possess a structure similar to that of the bulk
theory developed in Chapter 2 — the difference being that there is now only

one copy of the Virasoro algebra.

Boundary conditions are changed by insertion of boundary operators at
the boundary, and in [37] the operator content of a theory on an annulus was
related to its boundary conditions through the fusion rules of the algebra.

This deserves a short explanation. The upper half plane may be mapped into
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an infinitely long strip, and boundary conditions a and  imposed on either
side. On mapping back to the upper half plane, there is now a discontinuity at
z = 0 — with boundary conditions (@), the lowest energy boundary state is
invariant under translations (ie. action of L_;), but for boundary conditions
(a3) this is not the case. Juxtaposition of different conformally invariant
boundary conditions (o) is thus seen to be equivalent to the insertion of a

(primary) boundary operator ¢,s(0).

On making the strip periodic, the type of boundary states allowed by
modular invariance were then related to representations of the Virasoro al-
gebra of highest weight h. For boundary conditions of type j and %, the

partition function was shown to take the form

Z =Y Niox(a) (5.6)

where ;(q) is the character of the representation with highest weight 7, and
N}k are the fusion coefficients — the number of diétinct ways that represen-
tation 4 appears in the fusion of two fields belonging to representations j and
k respectively.

Taking for example the three state Potts model, Cardy [37] constructed
boundary states |0 >, I% > and |§~” > related by Z3 rotations. Identifying |0 >
with |a > — all sites on the boundary being in state a — the other two states
may be identified with |b > and |c > respectively. From equation (5.6) we see

that

Using the fusion rules

31 xBI=100] and [§]x[3']=[3]



it can be seen that Z,, = 2, = 2. and 2y = 2. = 2., as expected by the
Z3 symmetry of the model. The partition function Z;; takes the form ([36],
[37] and [38))

Zrr = XotXxz Xz
= Zaa+Zab+Zac

5.3 Boundary S-matrices

In this section, we will be concerned with adapting the S-matrix approach
of chapter 3 to the semi-infinite plane. This was first treated in papers by
Goshal and Zamolodchikov [39], and Fring and Koberle [40]. Starting with a
conformal field theory on the half-plane with a particular conformal boundary
condition (CBC), we may now add a perturbation at the boundary aswell
as in the bulk. If ®p(y) is the (relevant) perturbing operator acting on the

boundary at z = 0, this may be written as

00 0 o
A=Aceriopo+ [ dy [ dwd(o)+ [ dy@s(y)

In general, such boundary conditions will not allow the integrals of motion
required for integrability. It will be assumed that the boundary conditions
under consideration are those ‘integrable’ boundary conditions {39] for which
non-trivial integrals of motion may be found. Even with this assumption,
the boundary interactions may still not give rise to a well defined quantum
field theory [41].

In-states will consist of n particles moving towards the boundary at z = 0,

and are once again generated by particle creation operators A, () satisfying
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the same commutation relations as before. Asymptotic in-states can thus be

written as
|Aa1(‘91)Aaz (02) s Aan (en) >B,in = Aal (91)‘4&2 (02) T Aan (071)|0 B

with 6, > 6, > ... > 8, > 0. The ground state [0 >z may be thought of as
a stationary, impenetrable particle sitting at = 0 with creation operator B

such that
0>5 = B|0>.

We may therefore consider asymptotic in-states to be created by products of

operators

Aar(01)Auy (62) . .. Aa, (6,)B (5.7)

acting on the vacuum state [0 >. Asymptotic out-states can be similarly
defined as consisting of some number of particles moving away from the
boundary with rapidities 6,65, ...6,, < 0. The presence of integrals of the
motion again implies that scattering is elastic, and particle trajectories may
be shifted relative to one another so that collisions take place at well sepa-

rated locations. Qut-states are thus constrained to take the form:
Ap, (—61) Ap, (—02) - . Ay (—0,)B.

The n-particle S-matrix elements R%1%2-bn relate the in and out states by

a1a2...0n
Agy (61)Aay (62) ... Ag,, (6,)B = REL2-bn (0, 05 . 0,) Ay, (=61) Ap, (—2) ... Ap, (—n)B.

Factorisability of the S-matrix ensures that these may all be expressed in
terms of the bulk scattering amplitudes S22 (6), and the one particle bound-

ajaz

ary scattering amplitudes R8(6) (figure 5.2) given by
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b

Figure 5.2: Boundary scattering amptilude R?(8)

A,(0)B = RL(6)A,(0)B. (5.8)
The amplitudes R®() must satisfy a set of conditions analogous to those

required of S8z (4):

a1a2

1. Boundary Yang-Baxter equation: This arises in the same manner as the

bulk Yang-Baxter relation, and takes the form

R2 (85)S51%2 (81 + 05) R (61)SE25 (81 — 6) = S22 (61 — 02) R (61) S22 (61 + 02) R (62)

and may be represented pictorially as in figure 5.3.

2. Unitarity: By applying (5.8) twice, the condition
R (0)Re(=0) =4,

is obtained. This is shown in figure 5.4.

3. Crossing Symmetry: It was shown in [39] that the amplitude K%(6)
defined by

K*(0) = By(5 ~6)



azl
b— <&

Figure 5.3: Boundary Yang-Baxter
must satisfy the boundary ‘cross-unitarity’ condition (see figure 5.5)
K®(0) = 8%(20) K (-6).
Any ambiguity ®p(8) left in R2(6) such that
Rg(0) — Rq(0)25(0)
also yields a valid solution, must satisfy the conditions
Op(0) = Pp(in — 0)

and
Op(0)Pp(-0) =1.
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Figure 5.4: Boundary unitarity

4. Boundary Bootstrap: Additional constraints must be satisfied if the bulk
S-matrix possesses any bound state poles. If particle A, appears as a bound

state in A, A, scattering at § = 7u¢,, then R:(6) must satisfy
Ra(0) = Ry (0 — 15y) Sga) (26 + vlgy — iU5y) Re (0 + 1Ugg) fr,,

shown in figure 5.6. If A, and A, have the same mass, then it is to be
expected that R?(6) will possess a pole at § = ix — & (see figure 5.7), and
K(0) takes the form

. i fcabgc
Ke(0) = 52"
2

where ¢¢ is the coupling amplitude of A, to the boundary. If g%, g® # 0 then
K%(6) will have a pole at @ = 0 as shown in figure 5.8, and may be written
as

a 1 9%
Kb(9)2—§ 9 .

138



@
20
Y
&
20

Figure 5.5: Boundary ‘cross-unitarity’

5.4 Boundary S-matrix for g-state Potts model

In order to illustrate how the technology developed in the previous section
may be applied in practice, we turn our attention back to the Potts model.
In [2], Chim calculated the boundary S-matrix elements associated with fixed
and free boundary conditions for the g¢-state Potts model with 0 < ¢ < 3.
What now follows will be a summary of this work, followed by a discussion

of one further possible boundary condition.

It will be recalled that the bulk ¢-state Potts model has ¢ distinct vacua
s0, before ahy restrictions are imposed at the boundary, there are ¢ different
possible boundary states By, (a = 1,2,...,¢). It should be remembered that
q is not necessarily an integer. The n-particle asymptotic in-state (5.7) thus

becomes an n-kink in-state of the form

Aa1a2 (el)Aazaa (92) e 'Aana(en)Ba

where a; # a;41, a, # a and 61 > 65 > ... > 6, > 0. One-particle reflection

amplitudes Rf,(#), shown in figure 5.9, are defined by
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6+1uald

C

Figure 5.6: Boundary bootstrap

Figure 5.7: Boundary coupling of bulk bound state

Figure 5.8: Two particle coupling to boundary
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—0

Figure 5.9: Kink reflection amplitude R;,(0)

Apa (0 B_ZRM ) Aye(—0)B..

The various constraints mentioned in the last section must now be rewritten

in terms of this kink picture.

1. The boundary Yang-Baxter equation becomes

ZZR 618 (01 + 62) R ;(02)SE, (6, — 6))

Zj Z S (0 R (92)Scf, (61 + 05) Ry (61)

and may be represented pictorially as in figure 5.10. The bulk amplitudes
Sb4(), treated in chapter 3, are shown in figures 5.11 and 5.12.

2. Unitarity of the boundary S-matrix (figure 5.13) takes the form

Z Rba RI()jc ) = 6:11
c#b
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Figure 5.10: Kink boundary Yang-Baxter equations

3. The cross-channel amplitude is now defined as
K*(6) = R, (% - )
in terms of which the ‘cross-unitarity’ condition (figure 5.14) now looks like

K%)= 5" S(20)K*“(-9).
d#a,c

4. As discussed in previous chapters, for ¢ < 3 there is only the K; type
of kink state to worry about, and only one bound state K1 K; — K; which
appears at # = 2. The boundary bootstrap equation (ﬁgljre 5.15) for this
pole is given by

R(0) =Y 3 RL(6 - 2)S55(20)Re, (6 + ). (5.9)
f#ceta,d
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b b
0 0

a c a c
d b

Figure 5.11: Kink amplitudes Sy(6) and S;(6)

b b
0 0

a a a a
d b

Figure 5.12: Kink amplitudes S3(6), and S3(f)

If a boundary condition respects the S, symmetry of the bulk model, then
¢»(0) will be expected to possess a pole at § = & (figure 5.16) with residue

c L fgs
Rba(g) ~ 55—_‘%
6

If the boundary couplings g¢ and G§ are non-zero, then RS, (#) must have an

additional pole at 8 = i (figure 5.17). This will have residue

2

5.4.1 Fixed boundary condition

This is the simplest boundary condition to consider, as the S, symmetry

of the bulk is broken completely at the boundary where there is only one
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Figure 5.13: Kink unitarity condition

Figure 5.14: Kink ‘cross-unitarity’ condition
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Figure 5.15: Kink boundary bootstrap condition

Figure 5.16: Boundary coupling of bulk bound state at § = &
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Figure 5.17: Boundary coupling of bulk bound state at 6 = &

allowed spin value and thus only one boundary scattering amplitude
Ry, (0) = Ry (0).

The boundary Yang-Baxter equation is automatically satisfied, so we must
look to unitarity, cross-unitarity and the boundary bootstrap conditions in

order to determine the structure of Rf(#). These take the respective forms

1 = Rf(O)Rs(—0) (5.10)
Kp(0) = [(g—2)S:(26) + Ss20)|K(~6) (5.11)
Rs(0) = [51(20) + (¢ — 3)Se(20)]R; (0 — )R (0 + ) (5.12)
where the cross amplitude is defined by
Kf(0) = R¢(§ - 0).

There is no reason to expect R;(f) to possess any poles in the physical strip
0 < 6 < i, so for the sake of simplicity none will be assumed. Looking at

conditions (5.11)—(5.12) we see that R;(f) may be factorized as
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R;(0) = Fo(0)F1(32).

Equation (5.12) then forces Fy(f) to satisfy

Fy(0) = —tan(Z 4+ £) cot(Z + £) cot(52 + €)Fy (0 — =) Fo(0 + ).

This has the solution

Fo(6) = —tan(Z + £).

The factor of F}(X) must solve

sin[2m (A — X)]Fl(/\ _ x)

F(X)=T(\- 2X)Sm[27r(

>
I
s
=

and
RX)R(-X)=1

The minimal solution to these conditions is given by

FI(X) - ﬁ Ezklz(_);?)

k=1

where
So(X) = 1“[(41:-1),\+2X]1‘[(4k—3),\+2x+1]1“[(4k-§),\+2X]P[(4k—g),\—fzx]
k T T4kAF2XIT[(4k—4)A+2X +1IT[(4h— 2)A+2X T[4k~ 5)A~2X +1]

For integer values of ¢, the boundary amplitude takes on more simple

froms. For A = 2 (¢ = 2) Chim shows that
Fy(6) = itanh(is — 9),

in agreement with [39], and for A =1 (¢ = 3) it becomes

sin(

3

sin

—~
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5.4.2 Free boundary condition

When we allow boundary spins to freely take any of the ¢ values, the S,
symmetry remains unbroken. The only independent amplitudes are therefore
R;(0) and R(0) result as shown in figures 5.18 and 5.19 respectively. The
boundary Yang-Baxter equations are no longer trivial, and provide the three

conditions shown in figures 5.20-5.22:

-0

Figure 5.18: R¢ (0) = Ry(6)

-0

Figure 5.19: R;,(0) = R2(6)

R153R251 -+ R251R151 + (q — 3)R251R251 + (q - 3)R152RQSO
-I—(q - 3)R250R150 + (q - 3) (q - 4)RQSORQSO
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= (g—2) RS2 R1Ss + (¢ — 3) R1So B2 Sz + (q — 3) Ry Sy Ra Sz + R1 51 RaSa

+RyS3R153 + (¢ — 3)RaS1R2Ss;

2.

R181R252 -+ (q - 3)R251R252 -+ R252R153 + (q - 3)R250RQS3
+(q—3)RgSgRlSQ—|—R253R152+(q—3)R15’0R25’2+(q—3) (q—4)RQSOR2S2
= R152R251 -+ (q — 3)R152R250 + (q — 3)RQS()R251 + ((] — 3)2R250R250;

3.

RngRQSO -+ R152R251 -+ (q — 4)R152R2S0 + R251R15'0 + RgSoRl.S’l

+((]—4)R250R1So+(q—3)R251R250+((]—4)R250R251+(q—4)2RQSORQSO

= R1S1RySy+ R1SyRyS3 + (q — 4)R1 Sy Ry Sy + RyS3 Ry Sy + Ry Sy Ry S
+(q — 3)R2S2R1S5 + (¢ — 3)ReS1 RS2 + (g — 4) Ry So Ry S
+[(g = 3) + (¢ — 4)*|R2So B2 So;
where each term has the form
R;S;RiS; = R;(01)S;(61 + 62) R (62) S, (62 — 61).

Making use of the fact that both R;(6) and R,(6) have a simple pole at § = &
with the same residue, we may solve these three equations for R;(8)/R:(6)

by taking the limit #, — . This ratio may then be disentangled, noting that
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Figure 5.21: Free boundary condition: Yang-Baxter equation 2.
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Figure 5.22: Free boundary condition: Yang-Baxter equation 3.

on physical grounds R,(#) should have a simple pole at § = ¥ while R;(6)
should not, and that no further poles are expected in the physical strip. This

leads to the solution

_ sinh[A(i +26)] (A8
R0) = (o~ 3)sinh[)\(i7r - 29)]P <;7?> (5.13)

sin(222  sinh(2A0)  sinh[A(Z + 29)]P </\9

sin(la'sl) sinh[A(im — 26)] sinh[A(ZZ — 26)] ;;) (5.14)

Ry(0) =

The factor P(2¢) is constrained by unitarity and crossing unitarity through

the respective equations

P(O)P(-6) =1

p (i_ﬂ _ Q) I (A_&) sinh[A(im + 0)] sinh[)\(% J: z)]P (m 0) |

2 2 ir | sinh[A(Z — 6)] sinh[A(2z - 9)]” \ 2 ' 2
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Ml
D=
> =
=
Sleo
D=
g

>

Table 5.1: Pole structure of P(2¢)

These have the minimal solution

= (X)

P(X)= et (5.15)
ey
where
. vy oy 13\, oy
Qu(X) = T[(4k=1)A+2X]T[(4k—3)A+2X +1][(4k+3)A—2X|T[(4k— 322 2)\+1]. (5.16)

T[4k +2XD[(4k—4)A+2X +1]T[(4k— )M —2XD[(4k— 5)A~2X +1]

The pole structure of these amplitudes is rather more complicated than
that of the fixed boundary condition. In [2] Chim only identifies the poles
located at 2 and i, but here I shall attempt to explain all the additional

poles which appear for § < A < 3.

Looking first at the normalization factor P(2¢), we find the array of poles
as reproduced in table (5.1). In addition to this, both R;(8) and R(6)
possess a factor

sinh[A(Z + 26)]
sinh[A(zm — 26)]

which has poles at ¢t = 3 — %, and zeroes at t = % — ¢ where n =0,1,....

Finally, Ry(#) has poles at t = § + & and zeroes at ¢t = 7. These combine

to produce the overall pole structures shown in tables (5.2) and (5.3).
Several of these poles can readily be identified as corresponding to the

boundary scattering of bulk bound states by comparison with the bulk S-
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Pole: = A A P ENERE
Bound state: YA A>1 A> 2
Particle: 2-particle | B By

bound state

Table 5.2: Pole structure of R;(#), free boundary conditions

Polet= | 4| 4 |4-k|b+E|i-4
Bound state: VA A>T A>3 1A>2
Particle: K, | 2-particle Ky

bound state

Table 5.3: Pole structure of Ry(6), free boundary conditions
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Figure 5.23: Boundary scattering of breather bound states in R;(f)

1 1

2 2.1

3 1 37 2
1 1

Figure 5.24: Boundary scattering of kink bound states in Ry (8)

Figure 5.25: Coupling of two kinks to boundary
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matrix described in the previous chapter (see table (4.4) and figure 4.1).
These match precisely with breathers appearing in R;(f) and single kink
bound states in Ry(f) as shown in figures 5.23 and 5.24. The ; may be
interpreted as two kinks coupling to the boundary, as shown figure 5.25.
compatible with R; or R,. This leaves the polesatt =1 -4 andt = -}
to be accounted for. These appear at A = 1 and A = 2 respectively, where the
breathers B; and B, enter the particle spectrum, and are present in both R,
and Ry. It is suggested that they correspond to excited boundary states. If
such states exist for this model, it is to be expected that they will be related

to excitations over a single vacuum. The energy e, of an excited boundary

state |a > is given by
o = €o + My cOs(TU,)

where R%(f) has a pole at ¢t = v,, ey is the ground state energy, and m,
is the mass of the incoming particle (see figure 5.26). For the poles under

consideration, the respective energies are such that

. — — 1
mp, ; e2—ey=mcos(Z—%)=1impg,.

LT

e1 —eg=mcos(Z — &) =

In [2], Chim gives the form of the boundary S-matrix at the points A = 2
and A = 1, which correspond to the Ising, and the 3-state Potts model
respectively. For A = 3, R, is given by

Ri(6) = —cot(Z + £).

R, is not considered as there are not enough vacua present, even though it
is non-zero at this point. For A = 1, both types of scattering are potentially

present, and the boundary S-matrix takes the form
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Figure 5.26: Excited boundary state

Ry(o) — SnlE—#)sin(z—%)
sin(7 + %) sin( + 2)

These agree with scattering amplitudes given in [39].

5.4.3 ‘Excluded’ boundary condit’ion

One possibility not considered in [2] is where the boundary is allowed to take
all but one of the g possible values. This amounts to a partial breaking of the
S, symmetry down to an S,_, symmetry at the boundary. For ¢ = 2 this is
the same as imposing fixed boundary conditions, and for ¢ = 3 equates with

the mixed boundary conditions of [36], [37]. Denoting the excluded vacuum
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state by A, the resulting four boundary reflection amplitudes Ry, R{', R, and
R4 are shown in figures 5.27 and 5.28.

Figure 5.28: Boundary scattering amplitudes Ry(#) and R2'(6)

There are now 13 distinct permutations of vacua for which boundary
Yang-Baxter equations must be solved. These equations are given in ap-
pendix (C). It is to be expected that R; and R, will both possess simple

poles at § = & with the same residue, just like their free boundary condition
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f,g f . flg

c/
d/ e
-0

g

Figure 5.29: Boundary Yang-Baxter conditions arising from Z pole in R(6)

counterparts. Making use of this the following set of equations can be ob-

tained, corresponding to scattering processes of the type shown in figure 5.29.

1.
R1[S355 — 5153 + (g — 4)(S250 — SpS1)] =
Ry[S383 + (g — 4)S153 + (g — 4)*(SeS1 — S0S0)]
2.
R;[S252 — 5151 + (g — 4)(S250 — SoS1)] = R2[S2S5 + S351]
+(g = 4)Ry[(S2S1 + 5151 + SoS3 — 5250 — S150) + (g — 4)(S0S1 — S050)]
3.

Ra[$28s — S181 + (g — 5)(S2S0 — SoS1)] = RalS2Ss + 351 — S150]
+ Ry [(g—4) (S281+5151—5092) +(g—5) (S053— S050) +(g—5)*(S0.51— 50 50)]
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10.

R1[S1S() — S(]Sz] = Rz[(q — 4)(805() — 5150) - 5350]

Rfl[5253 + (q — 3)5251] + (q - 3)R§[5053 + (q — 3)5051] =

Rl[SP,Sl -+ (q — 3)5251] -+ (q — 3)R2[5151 + (q - 4)5051]

R}S25: + (g — 4)S250] + (g — 3)R$[SoS2 + (g — 4)S0S0) =

R1[515'1+(q—4)5051]+R2 [5351+(q—3)5251+(q—4)5’151+(q—4)25051]

R{(q—3)S0S1 + R}[S255 + (g — 3)(S251 + 5053 — SoS1) + (g — 3)*S651]

= (g — 3)[R152Ss + Ra(q — 4)SoSo)

Rf‘(q — 4)5050 + R?[SQSQ + (2q — 7)5250 + (q — 4)25050]

= Ri(q— 4)SoSo + Ry[(q — 3)S2S0 + (g — 4)*S0So]

Rfl[S()SQ + (q - 4)5050] + R?[SQSQ + (2q - 8)5250 + (q — 4)25050]

= R [5150 + (q - 4)5050] -+ RQ[((] - 3)5350 + (q - 4)25050]

Rf[5053+(q—4)5051]+R§1[5253+(q—3) (SQSl+5051)+(q—4)(S()S3+(q—4)5051)]
= Rl [SgSo + ((] — 4)5250] + RQ[((] — 3)5150 + (q - 4)25050]
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11.
Rf[SoSz+(q—5)5050]+Ré4[(2q—8) (SgSo+Soso)+SQSQ+(q—5)25080] =

R1[S180+(g—5)S0S0]+ Ra[(S3S0+(q—4) (S1S0+S2S5+56S50) +(g—5)% Sy So]
12.

Rl [SOSQ - 515’0] = RQ[((] - 3) (5150 — S()So) -+ SZS[)]
13.
Rf‘(q — 3)[5051 - SQS()] = R‘;[(q — 3)2(5050 - S()Sl) - (q - 2)8251]

where R = R(f) and S = S(0+ £)/II(X + 4). These may be reduced to the

conditions

R(9) — S3 + ((JS; i)gl - 50)R2(9)

(g —3)So
So+ (¢ —3)

RY(6) S Ral0)

R{(6) — By(0) = Ri(6) — Ra(0)

Using these to express all scattering amplitudes in terms of R, we find that

R () B sinh{A(6— )] (sinh[A(0+%”)]—2sinh[A(eJ—%ﬂ)} cos(’\T”)) (5.17)
Ry(0) isin( 227 ) sinh(2A6) :
R{(0) _ sinOw)sinhA@- )] sinh[\(0— ST )]sinb[A(0— ) (5.18)
Ry(0) sin(AZ) sinh[A(0—£5)] isin( 227 ) sinh(276)
Ry (9) sinh[A\(Z -6)]

= —(q-3)——%—— 5.19
R,(6) (2= 3) SanE ) (5.19)
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It is very non-trivial to show that these ratios satisfy the full Yang-Baxter
relations, but extensive checks (many performed numerically, using Maple)

confirmed that this was so.

In order to determine Ry(#), we must make use of the unitarity and cross-

unitarity conditions. These take the form of equations

R (0)R1(=0) + (¢ — 3)Ra(0) R2(—-0) = 1 (5.20)
R{ ()R (=0) + (¢ - 2)RF(O)R5 (-0) = 1 (5.21)

R{(O)R5 (—0) + R (O)R{(=0) + (¢ — 3)RF () B3 (-0) = 0 (5.23)

and

Ri(y —9) = [S(0)+ (¢ 3)S:(0) Ri(F + &) + Sa(0) R (5 + 5)

(5.24)
Rl -8 = (4-2SO)Ri(F+8)+S:(0)R: (5 +3)

(5.25)
Ry(2—8) = [81(0) + (g - 4)So()] Ro(5 + &) + So(O) By (5 + )

(5.26)
R} -8 = (9—3)So(O)Re(F +8) +Si1(OR; (%5 + )

(5.27)

161



respectively. From equation (5.20) we obtain the expression

sin(222)? sinh (2)6)?
sinh[A(B2 + )] sinh[A(£Z — §)] sinh[A(Z + 6)]sinh[A(Z - 6)]

Ry(0)Ry(—0) =
from which we may identify the form of R, as

isin(22%) sinh(2A0)

Ry(0) = sinh[A(iZ — @)] sinh[A(Ex — )]

P#) ; P(O)P(—0) =1

The factor P(f) is also constrained by cross-unitarity, giving rise to the equa-

tion

sinh[A(ir+8)] sinh[A(
sinh[A(2X—6)] sinh[A(*

P(g—9)= NEP(E+5)  (5.29)

We are free to multiply Ry by any factor f(6) satisfying f()f(—6) =1 as
long as equation (5.28) is altered accordingly. Choosing

sinh[A(ix +29)]
1(6) = sinh[A\(ix — 20)]’

the cross-unitarity condition becomes

.

) _ sinh[A(im+6)] smh[)\(% 6)] cosh[A (%
sinh[A(4F —6)] sinh[A (%—  cosh[A( -

; iy Oygin 2mi, 6
P(Tﬂ-_ )] sinh[A 3 22)15 h[A (3i+2§)]H(A€)P(}21+_g_)
2 3 2

é
—8)]sinh[X(
2
+2)] sinh[ACEE —£)] sinh[A( )i

[V

It is possible to factorise P(f) into two parts:

satisfying
o o sinh[A(im 4+ 0)]sinh[A(4F +6)] S
P =8 = Gz — o) smnpz —g) DG T
w oy coshA(iE — D) sinh[A(F + §)]sinh[ACF + D), 1 L o
P28 = GG+ Dlsmh (s — §lsiab( — ) 2 F T
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P, is thus identical with the normalization factor for free boundary con-
ditions, given in equations (5.15) and (5.16), and P, takes the form (see

appendix (D))

_ 17 2:(X)
no= kl;[l O (—X)
where
o,(x) = LAk =3 + 4 = 3 = XJP(4k = )3 + 3 = XJT[(4k ~ D3 + 2 = X]
T TR 33 45 - 3 - XDk - 3)3 + 3 - XIO[(45 - 3)3 + B - X]

T[(4k —3)2 +1— 2 — X|D[(4k — 3)2 + L+ 2 — X|T[(4k — 3)2 — 2 + 1 — X]

3

"4k 12 +1— 2 — X|T[(dk—1)2 + 1+ 3 — X|[[(4k — )2 — 2 +1— X]

2 3

with t = £, and X = 2¢ as before. P, has a physical strip poles located at

im)?

1

=1 _1 1 1
t= &, and a zero at  + 55.

X
It remains to fix the sign of P(f), and this can be done by looking at the
special point ¢ = 3, A = 1. At this point R4 disappears, and there are not
enough vacua for R, type boundary scattering to take place. This just leaves

R; and R{* which take the simplified forms

pogg) (e = Bsins + ©sin(ls - )
sin(f + %) sin(3 — ) sin(§f + 3)
Rp(e) = Smlizg)sin(Ghy)snls - 3)
sin(§ + 2) sin(3 — ) sin(f5 + %)

These may be shown to satisfy the boundary bootstrap equations (5.9), fix-
ing the sign of P(f). As an additional consistency check, it can also be
seen that they satisfy the cross-unitarity equations (5.24) and (5.25) (previ-
ously only (5.26) and (5.27) had been used in the derivation of the reflection

factors).
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However, examination of these amplitudes also reveals a feature which
has so far resisted explanation: at ¢ = 3, R{ has poles at § = & and . As
we saw in the treatment of Chim’s work, these are usually associated with
the coupling of bulk bound states to the boundary (see figures 5.16 and 5.17).
Neither of these processes may occur in R{!, due to its vacuum structure and
the particular boundary condition under consideration. As with the bulk
model described in the last chapter, we seem to have encountered some poles
for which the usual explanations break down. Until this has been resolved,
the physical interpretation of this new solution to the boundary Yang-Baxter

equations must remain unclear.
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Conclusions

A general theme of this thesis has been the intetrpretation of polesin 1 +1
dimensional field theories both with and without boundaries.

In chapter 4 it has been shown that the particle spectrum’ of the g-state
Potts model as described in [1] must be revised due to the previously un-
suspected operation of the generalized bootstrap principle. This has already
been of use in the calculation of universal amplitude ratios by Cardy and
Delfino [3]. As mentioned before, it does seem that genuinely new and unex-
pected behaviour has been brought to light in the efforts to close the boot-
strap for the Potts model. It remains to be seen how widespread such prob-
lems are. In recent work [42] on the minimal model M (3,5) perturbed by
}(1,2), Acerbi, Mussardo and Takacs were also unable to close the bootstrap.
Their work was based on an alternative approach to ¢ 2 perturbations of
minimal models proposed by Smirnov [43]. One avenue for future research
will be to see how the alternative approaches of Smirnov and of Chim and
Zamolodchikov compare, and whether they both break down in the same
situations.

In chapter 5, attention turned to boundary scattering amplitudes. The
pole structure of the ‘free’ boundary scattering amplitudes was found to be
consistent with physical expectations, but that for the ‘excluded’ boundary
condition, at the point ¢ = 3, still remains to be interpreted satisfactorily.
The fact that such a solution to the boundary Yang-Baxter and other con-
sistency conditions should exist is nevertheless highly non-trivial, although
more work will be needed before the implications of its existence can be

clarified.
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Appendix A

: 1
Calculation of A%Q K, for ¢t =
pole

The scattering process under consideration is reproduced in figure A.1, and
figure A.2 shows the factorization in terms of two-particle scattering pro-

cesses. The internal vacua e, f, g, h and 7 are constrained as follows:

Figure A.1: Sy g,: t = (3)

e eFab
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Figure A.2: Factorised scattering in Figure (A.1)
o f#£buce
e h#c,d
e iFa, fh
e g+#a,d,h.

The sum over internal vacua is thus composed of the terms given below, with

o denoting any vacua other than those given above.

S3(20)83(a)[S3(ar) + (g — 3)S2()]
+81(20)S(a)[(g — 2)Sa(a) + (g — 3)[S3(e) + (¢ — 3)S2 ()]
h=b,0:
(g — 3)[S3()S2(20)[S1 (@) + (g — 4)So(e)]

+82() S0 (20)[(q — 3)So(@) + (g — D)[S1(@) + (¢ — 4)Se(@)]]]
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S1(@)S2(20)[S3(e) + (g — 3)Sa(a)]
+8o(@)So(2a) (g = 3)[S3(a) + (g — 3)S2(a)]

(g — 3)[51()S2(2a)[81 (@) + (g — 4)So(e)]

+80()So(2) (g — 4)[S1(@) + (g — 4)So()]

(g — D[51()S52(20)[S3() + (g — 3)Sa(a)]
+53(0)S0(20)[(q — 2)S2() + (g = 4)[S3(e) + (g = 3)S2(e)]

h=f:
(g — 4)[51(2)S3(20)[S1(@) + (¢ = 4)So(a)]

+80(@)S1(20)[(g — 3)So(a) + (g — 4)[S1(@) + (g — )Se()]]]
h=0:
(¢ = 4)(g — D[S1()S2(20)[S1 () + (g — 4)So(e))]

+80(2) S0 (20)[(g — 3)So() + (g — 5)[S1(@) + (g — 4)Se()]]]

Sz (@) S3(20)[S3() + (g — 3)Sa()]
+83()S1 (20:) (q—2) Sz () +(g—3) S2(@) 51 (200) [S3 () +(g—3) Sa ()]
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(g = 3)[S2(2)52(20) [S1 () + (g — 4)So(e)]

+83(2)80(20)(4=3)So () +(g—4)52() So (200)[S1 () + (= 4) So ()]

(¢ — 9)[So(a)S2(20)[S3(a) + (g — 3)S2 ()]

+81(2)80(20)(g—2)Sa(@)+(g—4)So(@) So(20)[S3 () +(g=3)S2 ()]

h=f:
(g = 4)[So(2)S3(20)[51() + (g — 4)So()]

+81(2)81(20) (g—3)So(@)+(g—4)So() 51 (201)[S1 (@) +(g—4)So ()]

h=0:
(g — 4)%[So()S2(20)[S1 () + (¢ — 4)So(@)]

+81(2)So(20) (g—3)So () +(g—5)So (@) So(201)[S1 (@) +(g—4)So (]

(q = 4)[S2()S3(20)[Ss() + (g — 3)S2(a)]
+82(0)81(20) (g — 2)S2() + S3() 51 (20)[S3(@) + (g — 3)S2(a)]

+(g — 9)[52(a)51(20)[S3(a) + (7 — 3)S2 ()]

(@ = D[[S2(2)82(20) + (g — 4)S2()So(20)]

[S1(a) + (g = 9)So(@)] + Sa() S0 (201) (g — 3)So ()]
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h=o:
(g — 4)*[[S2() 5 (2a) + S3() o (2a) + (g — 5)Sa() So(20)]

x[S1(a) + (¢ — 4)So(@)] + S2(@)So(20:) (g — 3)So(ev)]

(g — D[[So()S2(2cx) + S1 () Sp(2¢r) + (g — 4)Sp()Sp(2¢2))

x[83(a) + (g — 3)S2(e)]

(¢ — D[[So(@)S2(20) + (g — 4)So(a)So(20x)]
x[S1(a) + (g — 4)Sp(a)]
h=0:
(¢ — 4)*([So (@) S2(20) + S1()So(2r) + (g — 5)So(a)So(2c)]

x[Sy(a) + (g — 4)So()]

(g — 4)(q — 5)[[So()S2(20) + 81(€)So(2a) + (q — 5)So(0)So(201)]
x[S3(cr) + (g — 3)Sa(ar)] + So(@)Sp(2a) (g — 2)Sz ()]
h=e:
(g - 4)(g — 5)[[So(@)S2(20) + (g — 5)So(0)So(201)]

x[S1(a) + (¢ — 4)So(a)] + So() 8o (22) (g = 3)So()]
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h=f:

(9= 4)(g = 5)[[So(@)Ss(20) + S1(2)51(20) + (g = 5)So(@)51(2)]
x[S1(a) + (g — 4)So(a)] + So(@) 51 (2a) (g — 3)So(a)]

h=o"

(7= 4)(a—5)°[[So()S2(20) + S1(2)So(2¢x) + (g — 6)So () So(20x)]

x[S1(a) + (¢ — 4)So(a)] + So(e)So(22) (g — 3)So(e)]
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Appendix B

Bootstrap and generalised
bootstrap scattering processes

for \ < §

The pole structures of all scattering amplitudes appearing for A < % are

accounted for, apart from the kink-kink scattering amplitudes as they- are
treated in great detail in the main body of the text. The simplest scattering

processes are not accurately portrayed, due to the excesive number of them.
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Appendix C

Yang-Baxter equations for

‘excluded’ boundary condition

These are the full Yang-Baxter equations, whose reductions at #, = i are
considered in section (5.4.3) of chapter 5. The shorthand R;S;R;S; for
Ri(gl)Sj (91 + 92)Rk(6’2)51(92 - 91) is used throughout.

1.

R1S3RyS1 4 (¢ — 4) Ry S5 Ry Sy + Ri Sy Ry So + ReS1Ra S

+(q—4)R250R1So—i-RQSORf‘SO—i—(q—4)R2.S'1R251+(q—4) (q—5)RQSORQSQ
+(q — ) RySoR{Sy = RyS3R,Ss + (¢ — 3)RaSaR1 Sy + ReS2R{S,
+R1S1R,S;5 + (g — 4) Ry SoR2 Sz + R1Sy R3Sy + (g — 4) RaS1RoSs

+(q — 4)RySo RS Sy + (¢ — 4)*RaSoR2So

R]_S]_RQSQ + (q b 4)R150R252 + RlsoRQSQ =+ R252R153
+R253R152 + (q - 4)R252R152 + RQSng52 + (q — 4)R250R283
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+(q - 4)R251R252 -+ (q - 4)RQSQR2ASQ + (q — 4) (q - 5)R250R252
= (g — 4)’RySoRySy + (¢ — 3)RoSo R4 So + R1S2 Ry S,

+(q - 4)R152R250 + Rlssz;SO + (q - 4)R250R251

R151R252+R150R253+(q_S)R150R252+R150R;S2+(q_4)RQSQR152
+R253R152 + RQSQRlsg, + RQSQRIASQ + (q - 5)R250R253

+(q — 4)R2S1 Ry S5 + (g — 4) RaSo RSS2 + [(q — 4) + (g — 5)*| R2So RS
= R250R151 + RQSlRlSO + (q - 5)RQSOR]_SO + RQSORIFSO

+(q — 4)R251R250 + (q - 5)2R250R250 + (q — 4)R280R§450 + R1$2R251

+R153R250 + ((] - 5)R152R250 —+ RpSQR?S() + (q — S)RQSORQSl

RlSlRQS{) + RQS3R2SO + R250R1S1 + RgSlRlso

+(q - 5)R250R150 + RQSORiqSO + (q — 5)R251R250

= (2¢ — 9)R2SoRySy + RaSoRy Sy + RySyRaSo + R1SoRaSy

RS,R1S5 + (¢ — 3)RAS,R1 Sy + RES3 RS,

+(q — 3)2R§SORQSQ -+ (q - 2)R§151R§152 + (q — 3)R§S@R253
= R153R152 + (q — 3)R152R152 + RngRng,

-I—(q — 3)R251RQSQ -+ (q - 3) (q — 4)R250R252 + (q — 3)R250R2'453
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RAS, Ry Sy + (g — 4) RS, Ry Sy + RiS3 Ry So + (g — 4)* Ry Sy Ry So

+(q — 3)R4S,RASy + R4SR, Sy + (g — 4)RYSoR, Sy + RS RS,
+(q — 4)R4SyR,S; = RySsRySy + (g — 3)RoSoRy Sy + Ry Sy RiSs
+R151R252 + (q - 4)R150RQSQ + Rls()R?Sg -+ (q — 4)R251R252

+(q — 4)2R250R282 + (q - 4)R250R§Sg

(¢~ 3)RAS,R2Ss + RS\ RIS, + RAS, Ry S5 + (g — 3) RS\ Sy Ry S

+R§153R{152 + (q - 3)R§S{)R283 + (q - 3) (q - 4)R2AS()R252
+(q — 3)R§151R§452 = (C] — 3)R152R250 + RlszRSSI

+(q — 3)(q — 4)RySoR,Sy + (g — 3)ReSo R4Sy

(g — ) RASR, Sy + REASI RS Sy + RS S3Ry Sy + (g — 4) R{S2Re Sy

+RAS3RASy + RESoRL S, + (g — 4) R4 SRSy + RESI RS,
+(g = 4) R} SoRaS1 + (q — 4)(g — B)Ry'SoRaSo + (¢ — 4)Ry'S1 Ry S
= (q — 3)R282R250 + RzSQR?Sl + (q — 4)R150R280

+R130R2A51 + (q - 4)2R250R250 -+ (q — 4)RQSOR£151

RfSORlsl + (q - 4)R1450R150 + R1A51R1ASO + R?SQRQSl
+(g—4)RE Sy Ry S+ R S5 RY So+ (¢ — 4)2R4SoRe. Sy +(q— 3) Ry S1RE So
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+(g — 4R} SoR,S, = R1S1R1Sy + (¢ — 4)RySoR1So + R1So RS,
+R253RQSO + (q — 4)RQSQRQSO + RQSQRQA;Sl
+(q — 4)R251R250 -+ ((] — 4) (q — 5)R250R250 + (q — 4)R250Ré451
10.

RASR,Ss + (¢ — 4)RASyRySy + RASI RS Sy + (q — 3)RES, Ry S,

+R$S3R1 83 + R S3R{'Ss + [(q — 3) + (g — 4)*|R5 SoR2S,
+(q — 3)RLS1RES, + (¢ — 4) R3Sy Ry Ss
= RyS1R1So+ (¢ — 4)RySoR1So + RySoR: S, + Ry S3R, S,
+(q — 4)RiSyRaSo + R1SyRAS: + (g — 4) RaS1 RaS
+(q — 4)(g — 5)RySoR2Sy + (g — 4)RySo R4S,
11.

RASoR,S, + (q — 5)R{ASoRySy + R*S1 RSy + (g — 4) R§ S2 Ry So

+R4S,RyS14+ R4 S5 RS So+[(g—4)+(q—5)2 R4 So Ry Sy +(q—4) Ry S1 RS S
+(qg — D RLSR, Sy + RYSoR1S) + RESI RSy + (¢ — 5) RS SoR2 S
= RyS1R1Sy+ (¢ — 4)RySoR1 S + RaSyRL S, + RyS3R, S,
+(q — 4)R3S3 R3Sy + RySoR3S; + R1S1RaSo + (g — 5)RiSoRaSo
+R1SoR{S: + (g — 5)RyS1R2So + (¢ — 5)?RaSy Ry So + (g — 5) RoSo Ry S
12.

R150R251 + (2q - 7)RQSORQSO = RQSORlS]_

+R251R150 + (q - 4)R250R150 + RlSlRQSO + (q — 4)R251R250
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13.

(q — 3)R‘1ASORQSQ + Rfis?Sb + (q - Q)Ré‘lSQRlSQ

+RAS3RAS; + (g — 3)2R{SyRy Sy + (g — 3) Ry S1 Ry Sy

(¢ = 3)RySoR1So + Ry S1R{'S1 + (q — 3)R{ S2R2 Sy

+RAS; RS, + (g — 3)(q — 4)RESoRyS, + (¢ — 3) Ry S1 Ry Sy
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Appendix D

Calculation of normalization

factor for ‘excluded’ boundary

condition

Let p(6) be such that

p(O)p(—0) =1 and AQ20)p(F +0) = p(% - 0).

This we may rewrite as

p(0~ F(0+ ) = 3

Defining f(#) and g(6) by

f(0) = 0 In[p(0)] ; g(26) = 8, In[h(26)]

equation (D.1) becomes

FO-5)+f0+%) = —9(20)
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where
)= o [ 1O a0; 5(k) = o [ g(20)™as
27 J—oo ’ 271 J-oo
From this we see that, for §(k) = g(—k),
—zk&dk
0) = /
1) 0 cosh ”’“

/ g Slnkﬁ dk

= In[p(0
n[p(6)] COSh “coh(F) k
For the case in point,

cosh[A(§ — ) sinh[A (8 + &) sinh[A (2 4 6)
cosh[A(f + &) sinh[A(f — &) sinh[A(22E — §)

h(20) ==

which leads to

_ A oo 1 ikd
g(k) = - /_Oo (sinh[/\((% + 20)] + sinh[A((2% — 29)]) b

i\ /00 sin( 422 )et*0 g
T J-oo cos(422) — cosh(A26)
The first two terms may be integrated using the identity

/00 e”"™dm  sinh(z)
4 J-oo cosh(z2) ~ sinh(2z)

from which we find that

— *0de
7r /—oo (sinh[)\(ivra + 26)) * sinh[A(ima — 29)]) ¢




for -1 < ¢ — L < 1. The integration of the remaining term makes use of

the identity

—imz ] h
/ sin( dm  sinh(ax) 0<a<b
2 J-co blco

sh +cos(’“’)] ~ sinh(bz)

which may be recast in the form

A /00 sin(A\2ra)e®df  sinh[rk(a — )]
—o0 €0s(A27ma) — cosh(A260) sinh(Z§) ’

Substituting for §(k), equation (D.2) becomes

o0 (2 cosh[rk(: — &)]sinh(%) + sinh[7nk(2 — %)]) sin(k0)dk
sinh(Z£) cosh(Zk) k
(D.3)

It is now possible to express p(f) in terms of an infinite product of gamma

Inip(6)] = —i |

0

functions. As an example, consider the expression

» /°° sinh(mka) sin(k@) dk
"Jo sinh(zE) cosh() &

dk

1 1 i0 1 1 1
N (evrk(a—i—z;) 4 okt D) _ grk(a-2) _ e-wk(a—l;)> k(3 +3)

- _/0 (1—6_%)(1—#6—”’“) k

<e—7rk(—a+%) + e_ﬂ'k(a_i%) _ e—'/rk(—a—%) _ e—ﬂk(a+%)>
(="

_1k
n=1 1—e X

R
k

X

(e—-t(—a)\—i-X) + e ter=X) _ o—t(-ar-X) _ e—t(aM-X))

_—/0 n}::l 1—et
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<e—t((4n—3)22‘-+%) _ p-t(4n-1) %+%)) di

t

X

where X = 22 From the integral representation of In (I'(z)),

—tz -t
[ o, e ¥ —e dt
In (F(Z)) = /0 l:(Z - 1)6 + Te_—t‘] 7 RG(Z) >0,
we obtain the identity

['(a)T(b) o0 gle o7t _ gmlc _ ot gt
1 _— et —_— _— —_ = .
! (r(c)r(d) /0 1—et p ethe =0

This gives us

y /oo sinh(rka) sin(kf) dk  _ im( Qn(X) )

sinh(Z£) cosh(Zk) & =\ (—X)
where
Cl(4n —3)3+ 1 —aX— X|[[(4n - 1) + L + aX — X]
n(X) = T[4n - 1)2 +1—aX— X|I[(4n—3) + L+ aX - X]

For o = 2 — L, this gives us an expresssion for the second term on the
righthand side of equation (D.3). The first term may be treated in a similar

fashion, resulting in the solution

p(0) = klj ;:E(_)%
where
o iy DIk =12 43— 3 = XID(8 — 1)3 + 3 = XJr[(4k = )3 + % = X
fX) = Fak =32 1 4 =2 — XIT|(dk —3)3 + 2 — X|T((4k— 3)3 + 2 — X]
T[(4k — 3)2 + 1 — 3 — X|T[(4k — 3) - 1-X]
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