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Abstract

We examine the use of branes as probes of supergravity geometries which arise
in the study of gauge theory/gravity dualities. We investigate the moduli spaces of
supersymmetric gauge theories through moduli spaces of brane probes in the dual
gravity theories. Preferred coordinate systems emerge in which the supergravity
geometries can readily be compared to the gauge theory and various gauge theory
quantities such as anomalous scaling dimensions can be read off.

We also consider the physics of certain expanded brane configurations, called gi-
ant gravitons. We identify supergravity solutions which represent coherent states of
these objects. We find a degeneracy between giant graviton probes and massless par-
ticles in a broad class of supergravity backgrounds and uncover a close relationship

with charged particle states in lower dimensions.




Declaration

The work in this thesis is based on research carried out between October 1999 and
July 2002 at the Centre for Particle Theory, Department of Mathematical Sciences,
University of Durham , England.

No part of this thesis has been submitted elsewhere for any other degree or qual-
ification and is all my own work unless referenced to the contrary in the declaration
or in the text. Chapter 1 consists of a review of preliminary material. The intro-
ductory sections of chapters 2,3 and 4 also contain review material which is clearly
marked as such in the text . The remainder of the thesis is based on my own original
research performed in collaboration with the coauthors of the papers [1-4] where

many of these results appear.

Copyright © 2002 by David C. Page.
“The copyright of this thesis rests with the author. No quotations from it should be
published without the author’s prior written consent and information derived from

it should be acknowledged”.

iv



Acknowledgements

Many thanks to my supervisor Douglas Smith for providing hours of patient help
and discussion and for being flexible enough to allow me at times to pursue my
own directions. Thanks to Clifford Johnson, who initiated much of the work which
appears here, for invaluable help and advice and to Rob Myers for fruitful collabo-
ration. Thanks to Ken Lovis for answering questions and for persistence when we
got stuck. Thanks to all the other people in the department and outside with whom
I have collaborated or who have taken time to discuss and explain ideas: the lads
in the office (in no particular order) Ian, Tony ... and James; Brecher, Saffers, Bert,
Frederic, Bostock (for tea), Simon and many others.

Thanks to my family for continuing support and encouragement. Thanks to
everyone who has made Durham an enjoyable place to be and thanks to Karima for

everything.



Contents
Abstract iii
Declaration iv
Acknowledgements v
1 Introduction 1
1.1 Branes . . . . . . o ot e e e e e e 2
1.1.1 Supergravity p-branes . . . . .. . ... ... ... 2
1.1.2 D-Branes in String Theory . . . . . . .. .. .. ... ... .. 5
1.1.3 M-branes and 11 dimensional supergravity . . ... . ... .. 6
1.2 Braneprobes . . . .. . . . . .. ... e 6
1.3 D-branes and gauge theory . . . . . . ... ... ... ... 8
1.4 The AdS/CFT Correspondence . . . . ... .. ............ 9
1.5 Aspects of AdS/CFT . . .. ... ... ... ... ... ... ... 12
1.5.1 Branesinthebulk . ... ... ... ... .. ........ 16
2 Probing An A =1 Renormalisation Group Flow 18
2.1 Holographic renormalisation group flows . . . . ... ... ... ... 19
22 TheLSflow . . . ... . . . . . . e 20
2.3 Thedual geometry . . . . ... ... ... . ... 23
2.3.1 N =8 SO(6) gauged supergravity . . . . . .. .. .. ..... 23
2.3.2 The bulk field/ boundary operator dictionary . .. ... ... 24
2.3.3 The five dimensional solution . . . . ... ... ... ..... 25
2.4 The lift to ten dimensions . . . . . . . .. ... ... 27

vi




Contents vii

25 AD3-braneprobe. . . . . .. .. ... 28
2.6 DiSCUSSION . . . . . o e e e e e e e e e e e 29

3 The Kihler Structure of Supersymmetric Holographic RG Flows 32

3.1 Introduction . . . . . . .. . ... . ... 32
3.2 N = 1 supersymmetric Lagrangians in four dimensions . . . . . . .. 34
3.3 The Leigh-Strassler flow revisited . . . . . ... ... ... ... ... 35
3.3.1 A Kahler metric on modulispace . . .. ... ... ...... 35
3.3.2 Scaling dimensions . . . . .. ... ... ... . ... 38
3.3.3 Comments on the Kahler potential . . . ... ... ... ... 39

34 AMoreGeneral N=1Flow. . ... ... ... ............ 40
3.4.1 The Ten Dimensional Solution . . . . . .. ... ... ..... 40
3.4.2 A Kahler Potential . . . .. .. ... ... ........... 41

3.5 Pure Coulomb Branch Flows . . . . . ... ... ... ......... 43
3.5.1 Switchingoffthemass . . . ... ... ... .......... 43
3.5.2 The General Case of the Coulomb Branch . . ... ... ... 44

36 AN =2FlowinD=4. ... ... ... ... ... 45
37 TwoN =2FlowsinD=3 ....................... 46
3.7.1 An SU(3) x U(1) invariant flow in gauged supergravity . . . . 47
3.7.2 The SU(3) x U(1) invariant lift . . . ... ... ........ 48
373 TheTV ™ flow . .. .. ... i 50
3.7.4 Scalingdimensions . . .. . ... ... ... 52

3.8 Conclusions . . . . . . . . . .. e 54
4 Superstars and Giant Gravitons 56
4.1 Introduction . . . . . . . . .. .. . e 56
4.2 The stringy exclusion principle . . . . . . . . ... ... 57
43 Giant gravitons . . . . . . . ... .. 58
4.3.1 Giant gravitons from holomorphic surfaces . . . . . . ... .. 61
4.3.2 Giant gravitonsasbaryons . . . ... ... oo 62

4.4 Giant gravitons in supergravity . . .. ... ... ... ... ... .. 63
4.5 The Superstar solutions . . . . . . .. .. ... 0oL 63

September 17, 2002




Contents viii
4:5.1 Superstarsin AdS; x S° . .. .. ... 0 o 64

4.5.2 Superstarsin AdS; x S* . . ... ... L 66

4.5.3 Superstarsin AdSy x ST . ... ... 67

4.6 Interpreting the superstar singularities . . . .. ... ... ... ... 69
4.6.1 D3branesuperstars . . . . .. . ... ... 69

4.6.2 M2 brane superstars . . . . . . . . ... e e 72

4.6.3 M5 brane superstars . . . . .. . ... 74

4.7 DIiScussion . . . . . . . .o e e e e e e e e 76

5 Probing with giant gravitons (4
5.1 A massless particleprobe . . . . . . ... oo o o000 80
5.2 The R-R four-form potential . . . . . . . .. ... ... ........ 83
521 From G to*Giy - . v oo oo 83

5.2.2 Integrating Fis) . . .. . .. .. ... 84

5.3 Giant graviton probes . . . . . . ... ..o oL 88
5.4 Superstars and giant gravitons . . . . . ... ..o 91
5.5 Dual giants in the superstar background . . . . ... ... ... ... 93
5.6 Some eleven dimensionalresults . . . . . . ... ... .. ... .. .. 95
5.6.1 Probing superstars in AdS; x S* .. ... ... ... ... 95

5.6.2 Probing superstars in AdSy xS" . ... ... .. ... ... 96

5.6.3 Dual giantsin AdS; xS* . ... ... ... ... ... ... 97

5.6.4 Dual giantsin AdSy; x ST . ... ... ... .. 98

5.7 Conclusions . . . . . . . . . . e 99

6 Conclusions 101
Bibliography 104

September 17, 2002



Chapter 1

Introduction

The underlying theme of this thesis is to investigate various aspects of the role of
brane physics in string theory. A complete understanding of the framework for
incorporating a quantum theory of branes into string theory is still lacking and
provides a serious challenge for the future. However, much has been learnt about
the important réle which branes have to play in understanding many diverse areas
of quantum gravity and in this thesis we shall take the point of view of asking ‘What
can branes teach us about string theory?’

A particular area of current interest in string theory in which branes are proving
to play a crucial role is the field of gauge theory/gravity dualities. The original
motivation for these remarkable dualities between non-gravitational field theories
and higher dimensional theories of quantum gravity came from considering a duality
in the description of branes in string theory. Much about these gauge theory/gravity
dualities remains mysterious and in the following chapters we investigate ways in
which brane physics can help us to probe the correspondence.

In this introductory chapter, we review some basic facts about branes and gauge
theory/gravity correspondences. In chapter 2 we focus on a particular gauge theory
and its dual description in supergravity and study the physics of a brane probe in
this background. This allows us to learn certain facts about the moduli space of
vacua of the supersymmetric gauge theory.

In chapter 3 we investigate further the link between the dynamics of brane probes

in gravitational duals of gauge theories and the low energy physics on the moduli




1.1. Branes 2

space of the gauge theories. We find that there are certain natural choices for
coordinate systems which arise in this context and allow for easy comparison between
the two sides. In particular, we are able to rederive certain non-perturbative results
about the anomalous dimensions of gauge theory operators from the gravity dual.
In chapters 4 and 5 we study the so-called giant gravitons which are certain com-
pact brane states which exist in string theory backgrounds arising in the study of
gauge theory/gravity dualities. In chapter 4 we investigate the gravitational descrip-
tion of these states and identify certain geometries which represent coherent states
of giant gravitons. In chapter 5 we consider the physics of giant graviton probes in
a class of backgrounds which arise as lifts of a five-dimensional gauged supergravity
theory and show that in these backgrounds, the ground state description of giant

gravitons is degenerate with that of massless particles.

1.1 Branes

We discuss the complementary descriptions of branes as classical solutions of super-
gravity and as D-branes in perturbative string theory. Some of the statements we
make will be true for more general string theories but when we need to be specific
we shall mostly refer to the type IIB string theory in ten dimensions. A review of
the necessary string theory background is contained in [5], whilst D-branes are well

covered in [6-8).

1.1.1 Supergravity p-branes

The low energy limit of closed string theory is described by supergravity. The
simplest way to understand this is to start from string perturbation theory on flat
space. The massless modes of the string form a supergravity multiplet. There
should be an effective Lagrangian for these modes to describe string theory at low
energies. Since ¢ is the only dimensionful parameter in string theory, this effective
Lagrangian will be an expansion in powers of /. The leading order term is found to
be a supergravity action. This was discovered in [9] by considering the conditions

for conformal invariance of the worldsheet action for strings in curved backgrounds.
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This result can be easily understood since the supergravity action is the unique
lowest order action with the relevant spectrum and supersymmetries.

For this reason, supergravity provides a powerful tool for studying low energy
string theory. In particular it can be used to learn information about regimes of
strong coupling where string perturbation theory is not valid. This has been crucial
in the development of many non-perturbative string dualities.!.

Branes provide a particularly interesting class of supergravity solutions. As an
example we shall review the 3-brane solution of type IIB supergravity. The idea
behind the brane solutions is to find objects which are charged under the various
(p + 2)-form field strengths which appear in the spectrum of supergravity theories.
For example, type IIB supergravity contains (p + 2)-form field strengths F+2) for
p+2=1,3and 5. 2 Such a field strength can be expressed locally in terms of a
potential F(P+2) = dC(P+1), We can integrate a (p+1)-form over a (p+1)-dimensional
surface and thus we expect to find (p + 1)-dimensional brane solutions which are
charged under these potentials.

The simplest such supergravity solution corresponding to a stack of N flat, co-
incident p-branes has p + 1 dimensional Poincaré invariance along the brane and
SO(9 — p) rotational symmetry in the transverse space. It also preserves half the
maximal number of supersymmetries - a fact which is very useful in practice in
finding the solutions. We present the brane solution and subsequent brane action

in Einstein frame. For N 3-branes the solution takes the form [11]:

3 6
ds® = H(y)™/? Z N dzhdz” +H(y)1/22dyidyi

p,v=0 =1
e = gs = constant
C® = constant
FO® = GO £ xGO), (1.1)

!For a review with references see [10]
2The 5-form field strength is self-dual. The other p-forms have magnetic duals which are also

relevant to our discussion.
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1.1. Branes 4

where
o L4
G® = d(H YA de® Adz! Adz? Adz® |, y* = Zy'y' and H=1+ e

i

As we have mentioned, the supergravity action is only the leading order term in
the o’ expansion of the string theory low energy effective action. Thus a supergravity
solution is to be trusted only in regions where the typical length scales of the solution
are much larger than the string length I, ~ v/o/. The 3-brane solution has uniformly
small curvature so long as the length scale L is much larger than the string length. L

is given in terms of the number of branes N and the string coupling by the relation:
L* = 47 Ng,a”. (1.2)

Since the brane solutions contain sources for (p + 1)-form fields, they are not
solutions of the pure supergravity theory. A diffeomorphism invariant action which

provides such a source is given by:

S=T, / cHy), (1.3)
M

p+1)

where T, is the charge of the brane. In fact the brane also has a mass and so
the source action should contain couplings to the metric also. An action which
provides a suitable source can be found which couples supersymmetrically to the
supergravity [12]. The bosonic part of this action is given by a sum of Dirac-Born-

Infeld and Wess-Zumino-Witten terms and for the 3-brane it takes the form [13]:

S = Sppr + Swzw, (1.4)
where
Sper = —T;:,/ d40‘ \/—det[P(G)ab + e—¢/2}_ab] (1.5)
My
and
Swaw =T / (P(C"‘“) +P(COYANF + %P(C(o)) F A ]-') . (1.6)
My

In these expressions, Fo, = P(B)ap+2ma’ Fyp, where Fyy is a U(1) gauge field strength
on the brane. T3 is the tension of a D3-brane and P denotes the pullback of a ten-
dimensional field to the brane worldvolume, My, with coordinates ¢°,...,03. So,
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1.1. Branes 5

for example:
Oz# Oz

W doa dab

The appearance of a U(1) gauge field in this action can be understood from various

P(Ga =G (1.7)

points of view. In particular, the spacetime gauge invariance of B gets incorporated
into the brane action by combining B with the gauge field to form the gauge invariant
quantity F. The simplest understanding of the appearance of a worldvolume gauge
field will come in the next section when we discuss the description of branes in

perturbative string theory.

1.1.2 D-Branes in String Theory

We have discussed the existence of various supergravity solutions corresponding to
p-branes carrying charges under (p+1)-form potentials. The mass of these objects is
proportional to ¢g; ! and in the limit relevant to perturbative string theory g, — 0 the
solutions reduce to flat space everywhere except at the brane where the curvature
diverges. Clearly, supergravity does not give an accurate description of the physics
here and another picture is needed.

Dp-branes are (p + 1)-dimensional surfaces where open strings may end. This
means that instead of considering a theory of only closed strings we admit also open
strings which have endpoints on a given hypersurface. Open string loop diagrams can
be reinterpreted as the emission or absorption of closed strings and so D-branes must
be a source of the closed string fields. A classic calculation due to Polchinski [14]
shows that Dp-branes are charged under the (p + 1)-form potential with a charge
equal to their mass.

Once we introduce open strings the spectrum of the low energy theory is modified.
In addition to the massless closed string states which form the normal supergravity
multiplet there is a gauge multiplet of massless open string states with end points
on the D-brane. In particular, for a single D3-brane of type IIB string theory, the
massless open string states form a U(1) N = 4 vector multiplet.

We may also consider D-branes in curved backgrounds. Conformal invariance
of the open string worldsheet once again provides constraints and the D-brane has

to solve equations of motion coming from a DBI action [15]. Combining this with
September 17, 2002
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Polchinski’s result for the -coupling-to the RR- fields and arguments involving e.g.
T-duality [6,7,16] it is possible to reproduce, through string theory arguments, the
full form of the brane action given above. Historically, the string theory derivation
of the brane action preceded the supergravity result although we have chosen to
present things in this manner to emphasise the fact that this action may be used

even in situations in which perturbative string theory is not understood.

1.1.3 M-branes and 11 dimensional supergravity

This approach of using low energy supersymmetric actions to constrain the form of
the dynamics in regions in which perturbative string theory is not valid, becomes
even more useful when we move up to eleven dimensions. It has been conjectured [17]
that the strong coupling limit of type IIA string theory is described by an eleven
dimensional theory known as M-theory. The low energy dynamics of this theory are
described by eleven dimensional supergravity. The relation to the type IIA theory
is that eleven dimensional supergravity compactified on a circle of small radius is
described at low energies by type IIA supergravity. The type IIA string coupling
constant is proportional to the radius of the circle.

Eleven dimensional supergravity contains a four form field strength which couples
electrically to an M2-brane and magnetically to an M5-brane. These objects can
be described as supergravity solutions [18,19] and can also be described through
superbrane actions [20,21] which couple to eleven dimensional supergravity. They
have certain properties which are similar to the D3-branes of type IIB string theory
although they lack the simple perturbative description which we have for D-branes
which makes them harder to work with. We will have more to say about these

M-theory branes during the course of the thesis.

1.2 Brane probes

Since D-branes are dynamical objects we may consider the dynamics of D-brane
probes in supergravity backgrounds. The idea of such a probe experiment is to

neglect the backreaction of the probe brane on the geometry and just study the
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1.2. Brane probes 7

brane dynamics in a fixed background. This may be seen as a first approximation
to studying the full dynamics of the supergravity coupled to brane worldvolume
actions. In fact, in many cases we will study situations in which a brane is probing
a background sourced by branes of the same type in which case it may be possible to
fully solve the coupled brane/supergravity equations by placing the probe branes at
the source of the geometry. In other situations, there may be some supersymmetry
preserved by the supergravity/probe configuration and we might be able to argue
that our first order analysis should be a good approximation to an exact solution.
Such probe ‘experiments’ will be a running theme of this thesis. We start with a
simple illustrative example of the technique. Consider a D3-brane probing the type
IIB supergravity background sourced by a stack of N flat, parallel D3-branes in flat
space. This background is given in equation (1.1). We shall choose our probe to lie
parallel to the stack of branes and moving slowly in the transverse directions. Also
for simplicity we will set the U(1) gauge field on the brane worldvolume to zero.
We can fix a convenient choice of worldvolume coordinates for the brane as
follows. We set 0° = 2° = ¢, o' = 2%, ¢ = 1,2,3 and y™ = y™(t), where the o*
are worldvolume coordinates and the z#,y™ are the spacetime coordinates of eqn.
(1.1). In this gauge (commonly called static or physical gauge) it is easy to write

down the resulting probe action:

S=-T; / d*z \/—det(P(G)) + T3 / P(CW), (1.8)

where,
Goo+Gmny™y" 0 0 0
0 G 0 0
P(G) = H (1.9)
0 0 Gy O
0 0 0 Gss
and
P(C®) = (Cliths +9"Cltlas) d's. (1.10)

Substituting the values for the metric and R-R four-form given in equation (1.1) we

find:

S = —T3/d4x H-l\/l -HY (™2 -H']|. (1.11)
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1.3. D-branes and gauge theory 8

For a slowly moving probe we can expand out the square root keeping terms with
at most two time derivatives. The final result for the effective action of the brane
is:

S = Tg/d4x %Z(ym)? (1.12)

We can see that the potential terms in this action have vanished and furthermore
all dependence on the harmonic function H has dropped out of the kinetic terms.
Thus the brane responds to the background of the other branes precisely as it would
to flat space, in this low energy limit. Further interpretation of this result will be
provided after the next section in which we discuss the gauge theory which lives on

a D-brane worldvolume.

1.3 D-branes and gauge theory

If we had not set the gauge field on the brane to zero in the calculation of the previous
section, but rather maintained terms in the action with at most two derivatives
acting on A also, we would have found a low energy Lagrangian corresponding to
a U(1) gauge theory. The scalars corresponding to the transverse positions of the
brane ¢™ ~ y™ /o’ and the fermions, which we have suppressed, combine with the
gauge field A to make up a vector multiplet of A/ = 4 supersymmetry in four-
dimensions. The low energy Lagrangian which we would have found if we had kept
track of all the terms is that of the N' = 4 supersymmetric U(1) Yang-Mills theory
in four-dimensions.

If we had a system comprising N parallel branes, we might expect to find a
U(1)" field theory. In fact a surprising enhancement of the gauge symmetry takes
place. If we place the N branes close together it is possible for light open strings to
start on one brane and end on another. When these extra light states are properly
accounted for the massless states form a U(NN) adjoint vector multiplet. The low
energy theory on N coincident D3-branes is given by the A/ = 4 supersymmetric
U(N) gauge theory in four dimensions {22].

Myers wrote down various terms in a non-abelian generalisation of the brane

action [23]. As it should, this reproduces the U(N) SYM action at low energies in
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1.4. The AdS/CFT Correspondence 9

flat space. An interesting point about this action is that it includes terms which
describe the coupling of branes to higher dimensional R-R forms via matrix com-
mutator couplings. This suggests that collections of lower dimensional branes can
behave like a single higher dimensional brane in backgrounds with non-trivial R-R
flux. The description of the lower dimensional brane worldvolumes is in terms of
non-commutative geometry in which the positions of the branes at minima of the
potential energy are given by genuinely matrix valued coordinates.

Giant gravitons are an analogous phenomenon in which Kaluza-Klein modes
expand into spherical branes. This occurs, for example, in backgrounds of the form
AdS x S with RR flux through the sphere. This will be described in chapter 4 and
will be followed by investigations into the supergravity description of these objects

and their appearance in more general backgrounds.

1.4 The AdS/CFT Correspondence

In this section we review some arguments of Maldacena [24] which point to a duality
between type IIB string theory on AdSs x S® and N = 4 super Yang-Mills theory.
We start by examining more closely the physics of a stack of N coincident D3-branes
of type IIB string theory. As we have explained, the perturbative dynamics of such
a system in flat space is described by open strings ending on the branes and closed
strings propagating in the bulk. At energies below the string scale, we expect to be

able to describe the physics in terms of an effective action for the massless modes :

Seff = Sbulk + Sbrane; (113)

where Sprane contains the dynamics of the massless modes on the brane and inter-
actions between the brane and the bulk. As we have discussed, certain terms of the
brane action are captured by a (non-abelian) DBI + WZW action. The bulk action,
meanwhile, contains a supergravity action plus higher derivative corrections.

We can study the low energy limit of this physics in two complementary ways.
The first way is to linearise the action about flat space and flat branes and then
take a low energy limit. After taking this low energy limit the flat space/ flat brane

ansatz is a solution to the equations of motion and we can consistently study the
September 17, 2002
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low energy physics in this background. The second way is to find a solution of the
coupled equations, which corresponds to a set of flat branes sitting in their own
background fields, and then take a low energy limit. We will see that these two
approaches lead to very different pictures of the same physics.

Let us first consider the expansion of the effective action about flat space. The
leading order terms in the bulk supergravity action are found by applying a linearised
ansatz for the supergravity fields about flat space. The resulting action describes a
free theory of the supergravity modes. Interaction terms in the supergravity action
and higher curvature terms in the full bulk action are suppressed in the low energy
limit.

The leading order terms in the brane action are found by substituting the lin-
earised ansatz for the supergravity fields into the non-abelian DBI-WZW action and
then linearising this around an ansatz for flat coincident branes. For our purposes
it will not be important that we do not know the full non-abelian action, since we
shall only keep the known leading order terms. The terms which survive the low
energy limit are those in the action of N' = 4 U(N) SYM theory. All interaction
terms between the brane and the bulk are suppressed in this limit. The fact that
these interaction terms vanish is crucial in ensuring the consistency of our ansatz.

Thus, the low energy physics of a set of NV coincident branes in flat space is
described by a system consisting of two decoupled sectors: free supergravity in
ten-dimensions and A" = 4 U(N) super Yang-Mills in four dimensions. In fact, at
low energies the U(IV) theory is essentially a product of an SU(N) theory with a
decoupled U(1) sector which represents the centre of mass dynamics of the branes.

We now consider the problem from a different viewpoint. We know a solution
to the coupled equations arising from the action (1.13). This was discussed in the
previous sections and involves N flat coincident branes in the supergravity 3-brane
background. We wish to investigate the low energy physics of this system. The
brane solution contains a horizon at r = 0 behind which the branes are positioned.
We should, however, be able to describe the whole physics in terms of the region
outside the horizon. Thus we are studying the low energy physics of string theory

in the brane solution.
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At first sight it might seem that this physics can be described simply by free
supergravity describing the long wavelength modes. This certainly describes one
sector of the low energy theory since the cross section for absorption by the brane of
supergravity modes goes to zero at low energies [25,26]. However, the presence of a
horizon means that there are other states in the low energy theory. This is because
we measure energies at infinity and states near the horizon undergo a significant red-
shift when measured at infinity. The correct way to isolate the degrees of freedom
which survive the low energy limit was found in [24] and involves taking the near-
horizon limit of the D3-brane geometry. In this limit we ‘zoom-in’ on the region near
y = 0 where the geometry becomes that of AdSs x S°. More precisely, to take a
low energy limit, we can send o' to zero whilst keeping the mass y/c’ of a stretched
string fixed in this limit. We can do this by dropping the constant term in the
definition of H(y) after equation (1.1). In this region, all string theory excitations
survive the low energy limit and we find another sector of the low energy theory
corresponding to string theory on AdSs x S5.

The Maldacena conjecture proposes a correspondence between the two descrip-
tions of the brane physics which we have discussed. It is proposed that string theory
on AdSs x S° is dual to N' = 4 SYM theory with gauge group SU(N).

We now discuss the range of validity of the two sides of the correspondence. The
field theory has a good perturbative description in the limit of small ’t Hooft coupling
A = g2, N [27]. The factor of N in this coupling occurs because of combinatorial
factors in loop diagrams in which traces are taken over the gauge group indices.
On the other hand, the supergravity description is valid when the string coupling
gs < 1, in order to suppress loop diagrams, and when the radius of curvature of the
geometry L is much larger than the string length L1/l ~ g,N ~ X > 1. We see
that the two weakly coupled descriptions are valid in complementary regimes.

In its weakest form, the conjectured duality is expected to hold in the limit of
large 't Hooft coupling, A\. The strongest form of the duality postulates that the
gauge theory is dual to the full string theory for all values of g, ~ ¢2,, and N.

Finally we comment that there are versions of the AdS/CFT correspondence

which hold for the theories on N coincident M2- or M5-branes [24]. The near
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horizon geometry of a stack of N M2-branes is AdSy x S” and M-theory on this
space is expected to be dual to the low energy limit of the theory living on the stack
of branes. This is an N/ = 8 supersymmetric theory which is the IR fixed point
of the reduction to three dimensions of the N' = 4 SU(N) gauge theory in four
dimensions.

For M5-branes, the near horizon geometry is AdS; x S* whilst the low energy
theory on the worldvolume is a six dimensional N' = (2,0) superconformal field

theory. Some details of this theory are given in [28].

1.5 Aspects of AdS/CFT

In this section we discuss various checks on the AdS/CFT correspondence and briefly
outline the procedure for matching gauge theory quantities with results in string
theory.

A basic requirement is that the global symmetries of the two theories should
match. The N = 4 gauge theory is in fact conformally invariant and so its global
symmetry group contains the corresponding superconformal group SU(2,2|4). This
contains the conformal group SO(2,4) and an SU(4) ~ SO(6) R-symmetry group
as bosonic subgroups. There is also a doubling in the number of supersymmetries
because of the failure of the ordinary supersymmetries to commute with generators
of the conformal group.

The AdSs x S° solution has the same SU(2,2|4) superisometry group. In par-
ticular, the SO(6) subgroup corresponds to the isometry group of the S® and the
SO(2,4) is the group of isometries of AdSs. The solution is maximally supersym-
metric and thus has 32 preserved supercharges in accord with the field theory. We
will see other examples of gauge theory/ gravity dualities in later chapters and a
first check will always be to match symmetries.

A more detailed test of the correspondence involves matching the spectra of the
two theories. In order to do this we need to be more specific about the way in which
quantities from gauge theory match with objects in string theory.

A first step [29,30] is to identify the boundary of the AdSs space with the 3+1
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dimensional space on which the field theory is defined. This is a reasonable thing to
do since the boundary of AdSs (in Poincaré coordinates) is conformally equivalent to
four dimensional Minkowski space. Also, the SO(2,4) isometry group of the AdSs
space acts as the conformal group on the boundary.

Next we need some method for comparing correlation functions of gauge invariant
operators, which are the objects of interest in the field theory, to quantities defined
in string theory. The relevant object to compute in the string theory turns out
to be the string partition function (or, in the limit of classical supergravity, the
exponential of the supergravity action on a solution of the equations of motion)
subject to certain asymptotic boundary conditions for the fields.

We can treat supergravity on AdSsx S® as a five dimensional theory by expanding
fields in terms of spherical harmonics. This will lead to an infinite number of coupled
fields on AdSs. Near the boundary of AdSs these fields will interact weakly with
each other and we can perform an approximate analysis by considering fields which
only couple to the background metric. Consider for example a scalar field of mass

m, minimally coupled to the AdSs metric. The action for such a field is:

S= % / &2 /5(|dd I + m?¢?) (1.14)

For large v, the two linearly independent solutions of the equations of motion

derived from this action behave as ¢, where v is a root of the quadratic [29]
(v +4) = m*. (1.15)

We can thus specify boundary conditions for ¢ of the form:

¢ ~ y" o, (1.16)

where ¢g is an arbitrary function on the boundary. Under scaling transformations
y — oy, the boundary metric scales by a factor of o? whilst ¢q scales by a”. Thus,
¢o is some object of mass dimension —v in the boundary theory. The idea is to

interpret a boundary value with dimension given by one root of (1.15) as a source

3y is the coordinate introduced in eqn. (1.1)
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for an operator of dimension 4 + 4 whilst the other root corresponds to a vev for
such an operator (31, 32].

A natural proposal for matching quantities between the boundary field theory
and the bulk string theory is then* [29, 30]:

< e dzO(z)¢o(x)>CFT = Zatring(D0), (1.17)

where the left hand side is the CFT partition function with an external source ¢o(z)
coupled to a gauge invariant scalar operator and the right hand side is the string
theory partition function with boundary values for a scalar field controlled, as in
the discussion above, by @y. Similar relations hold for operators of other spins.

Note that to make a complete specification of the correspondence it is necessary
to determine a precise dictionary between operators of the boundary theory and
fields in the bulk. Also note that this relation is a formal identity for computing
correlation functions in the A/ = 4 theory and comparing with string theory in
the AdSs x S5 background. However, it immediately suggests an extension to non-
perturbative regimes where the sources are set to finite values. This leads to a whole
family of gauge theory/ gravity dualities, some of which will be considered in the
following chapters.

Finally, note that in the limit in which classical supergravity is a valid approxi-

mation to the physics, the string partition function becomes:
Zsteing (o) = e'SomnPl0)), (1.18)

where ¢(z,y) is a solution of the supergravity equations of motion whose asymptotic
behaviour is controlled by the boundary field ¢o(z).

With this statement of the conjecture it is possible to make various more detailed
checks of the correspondence. First of all it is possible to show that the relation (1.17)
produces boundary correlation functions of the general form required for a conformal
field theory. This beautiful result confirms that it is reasonable to conjecture a

duality between a bulk gravity theory on an AdS space and a boundary conformal

4The following discussion is schematic. A more careful approach involves regulating both quan-
tities by the addition of suitable counterterms - see refs. {29, 33].
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field theory. Furthermore it ensures that the forms of two and three point functions
agree between the two theories since these are determined up to normalisation by
conformal symmetry.

In the limit in which classical supergravity is applicable, the spectrum of the bulk
theory on AdSs is known [34,35]. In this limit, the string modes become infinitely
massive and so they consistently decouple from the supergravity modes.

In order to compare with the boundary theory we need to know the gauge the-
ory spectrum in the limit of large t’ Hooft coupling, which seems like a tall order.
However, the states in the supergravity Kaluza-Klein spectrum are all in short rep-
resentations of the superconformal algebra and have masses which are determined
by their SO(6) representations. Consequently, we can reliably look for such states
in the field theory at strong coupling.

This programme has been carried out in some detail [29,36] and a complete
matching is found between Kaluza-Klein states of supergravity and operators of
protected dimension in field theory. This provides a highly non-trivial test of the
Maldacena correspondence. As an example we list one family of protected operators
which will concern us later on.

The family of field theory operators which we consider are gauge invariant scalars
of the form:

O =tr (X(ilXi"’ ... X™)) — traces, (1.19)

where the trace in the first term is taken over the gauge indices, to ensure SU(N)
gauge invariance, whilst the second term subtracts SO(6) traces. It can be shown
[29, 36] that these operators are superconformal primary operators ° since they do
not arise by acting with the supercharges ) on other operators. Furthermore, these
operators are chiral since they are annihilated by some of the @’s. We conclude that
the superconformal representations which are built by acting on these operators with
the @Q’s are short.

The scaling dimensions of these operators are related to their SO(6) represen-

tation [38]. In particular, the operator Oy falls into the k’th symmetric traceless

5See the review [37] for more details
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representation of SO(6) and has scaling dimension k.

According to the conjectured duality there should therefore be a family of scalar
fields, in the Kaluza-Klein spectrum of type I1IB supergravity on AdSs x S°, in the
k’th symmetric traceless representation of SO(6) and with mass m? = k(k — 4).
This is in agreement with the supergravity analysis [34, 35].

Having seen how to relate gauge theory operators to bulk KK fields, it is possible
to make a further check on the correspondence. This involves the explicit compu-
tation of various n-point functions of gauge invariant operators from a field theory
and a supergravity perspective. For four-point functions and higher, the functional
form of n-point functions is no longer fully determined by conformal invariance.
Furthermore, the relative normalisation of two- and three-point functions can be
tested. Various comparisons have been made and in some cases, bulk calculations
have led to new predictions for gauge theory correlators which have subsequently
proved to be correct. These predictions are generally non-renormalisation theorems
which were conjectured on the basis that the strong coupling result from gravity
agrees with a free-field computation in gauge theory. This provides further strong

evidence in support of the AdS/CFT correspondence.

1.5.1 Branes in the bulk

It is interesting at this point to review the brane probe computation of section 1.2
in the context of the AdS/CFT correspondence. We found that a D3-brane probing
the background sourced by a collection of N parallel D3-branes feels no potential
and has a scalar kinetic term given by a flat metric. Since we expect that in the full
version of the Maldacena correspondence, the theory dual to the boundary gauge
theory will be the full type IIB string theory on AdSs x Ss, it is interesting to
consider the role of states corresponding to branes in the bulk. Furthermore, given
the motivation for the correspondence in terms of the physics of a stack of branes,
it is clear that a single brane in the bulk which is parallel to the background branes
should correspond to a picture in which there is a stack of N coincident branes and
one other brane at some small distance. On the gauge theory side, this corresponds
to breaking the low energy gauge group from SU(N + 1) to SU(N) x U(1) by
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turning on scalar vevs. With this interpretation in mind we see that the vanishing
of the scalar potential in the D3-brane probe action indicates that there is a six-
dimensional moduli space of vacua which involve moving one brane away from the
stack. This is mirrored in the gauge theory. Furthermore, the flat metric in front of
the scalar kinetic term corresponds to a flat metric on moduli space in agreement
with the requirements of A = 4 supersymmetry in the gauge theory.

In the next chapter we discuss extensions of the Maldacena conjecture to other
more complicated gauge theory/gravity dualities and develop techniques involving

brane probes which allow us to further investigate the correspondence.
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Chapter 2

Probing An N =1

Renormalisation Group Flow

In the previous chapter we have introduced the prototype example of a gauge the-
ory/gravity duality, between N/ = 4 SU(N) SYM in the conformal phase and type
IIB string theory on AdSs x S®. It is of great interest to extend this correspondence
to theories with less supersymmetry and without conformal invariance, since such
theories display a richer set of dynamics and are closer to realistic gauge theories.
Furthermore, such theories provide powerful checks on the validity of the AdS/CFT
correspondence and allow us to gain new insights into the duality. In this chapter
we shall consider deformations of the original correspondence which lead to renor-
malisation group flows away from the A/ = 4 theory in the UV to new theories in
the IR.

First we review the subject of holographic renormalisation group flows. We
discuss a particular N' = 1 supersymmetric field theory which may be obtained as a
relevant deformation of the N’ = 4 theory. Next we review a supergravity solution
which has been conjectured to be the dual of this renormalisation group flow. We
give details of the calculations of [1,2] in which we consider a brane probe in this
supergravity background and reproduce various results from the field theory. We

also make strong coupling predictions about the metric on moduli space.
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2.1. Holographic renormalisation group flows 19

2.1 Holographic renormalisation group flows

A simple way to introduce scale dependence into a conformal field theory is to
perturb by a relevant operator in the UV. The effect of such a perturbation grows
with decreasing energy scale and induces a renormalisation group flow. The IR
physics of the theory may then be described by a trivial theory, a free theory or a
new interacting conformal field theory. (Alternatively the perturbation may leave a
theory which has no stable vacuum in the IR.) It is natural to ask whether we can
model such a renormalisation group flow in the dual string theory description.

The starting point for our discussion of holographic renormalisation group flows
is the equation relating Green’s functions of the boundary field theory to quantities
in the dual gravity theory, which we discussed in the previous chapter. We can write

this relation formally as:

<ei(SCFT+f dzO(w)¢o(z))> = giSousra(d(r2)) (2.1)

where the equality is between series expansions about ¢¢(z) = 0 and we are working
in the regime in which classical supergravity is a valid approximation to the bulk
theory. (Here we have chosen to use a new radial coordinate, r, for AdS space
which is related to the coordinate, y, of the last chapter by y = e"/L). If we take
this formula seriously we might expect that the two sides should agree at non-zero
éo(z). If we expand around ¢@o(x) = A we are computing Green’s functions in a new

field theory in which we have deformed the Lagrangian by a term

/dzO(w))\. (2.2)

Thus we should expect that a new field theory which is related to the original CFT by
a relevant or marginal perturbation will be described in gravity by a background with
perturbed boundary asymptotics. In particular if O(z) is an operator of conformal
dimension A in the CFT, then to first order in the perturbation we would expect to

have to study a geometry with

o(r,z) — e(A‘d)'/L/\, (2.3)
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as r — oo. Here, d is the dimension of the boundary, which was taken to be four in

the corresponding expressions of the previous chapter.

2.2 The LS flow

In this section we identify a particular relevant deformation of the A’ = 4 SYM the-
ory which preserves A/ = 1 supersymmetry and flows to a conformal field theory in
the IR. The N/ = 1 supersymmetry gives us some control over the non-perturbative
physics of the field theory. The fact that the theory is conformal in the UV and IR
means that the dual geometry flows between two smooth AdS regions and so the
supergravity description should be uniformly valid (at large IV, A.)

We start by writing the A" = 4 SYM Lagrangian in terms of N’ = 1 superfields.
The field content of the N' = 4 theory is a single N' = 4 gauge multiplet which
consists of six real scalars, X;, four fermions, A, and a gauge field, A,, all in the
adjoint representation of SU(N). We can combine the gauge field with one of the
fermions, )4, into an A = 1 vector superfield. Meanwhile the other three fermions
can be paired with complex scalars, ¢; = Xp;_1 + X5, to form three N =1 chiral
superfields, ®;.

The superpotential for the chiral superfields is:
W = hTy(®;3[®y, D2)) , (2.4)

where N’ = 4 supersymmetry requires h = gyp. (We label h by a different letter
from the gauge coupling gy s since these are independent couplings once we break
the N' = 4 supersymmetry and undergo renormalisation group flow.)

In this form, the theory has a manifest N/ = 1 supersymmetry with a U(1) R-
symmetry and an SU(3) flavour symmetry which rotates the three ®;’s. In order to

introduce some scale dependence we perturb the theory by giving a mass to ®j,

oW = %mTr((bg) : (2.5)

To see that this is a relevant deformation we note that in the pure N = 4

theory, the chiral superfields ®; have dimension 1 and thus the chiral operator &2
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The important point to notice here is that the beta function for the gauge cou-
pling 3, is proportional to 8. In order for a theory to be conformally invariant, it

is necessary that the beta functions vanish. In this case we would need:

1 1

=y = —=— = 2.9
T =72 1 V3 5 ( )

Note that v; = v = 7y because of an unbroken SU(2) symmetry rotating ®; into ®,.
The linear dependence of the beta functions suggests that there is a one-dimensional
space of fixed point theories in the IR. In particular this tells us that the IR theory
should have an exactly marginal operator and is thus an interacting conformal field
theory.

We finish this section by making a few further comments about the field theory.
The theory preserves an SU(2) subgroup of the SU(3) flavour symmetry which was
manifest in the N’ = 1 superfield formulation of the pure N’ = 4 theory. This SU(2)
rotates the two remaining massless chiral superfields, ®; and ®,. There is also a
U(1) R-symmetry under which the fields ®;, ®; and ®; have charges %, 1 and 1
respectively so that each term in the superpotential has total R-charge 2.

To determine the moduli space of supersymmetric vacua of the theory we need
to find solutions to the vacuum equations for the complex adjoint scalars and then
divide out by the gauge group. The vacuum equations which follow from the super-

potential (2.4), (2.5) are:

hd1, d2) +mgs = 0

[¢27 ¢3] =0
[¢3,1] = 0. (2.10)
Solving these requires:
¢3 = Oa [d)l’ ¢2] = 0. (211)

In this case the moduli space is parametrized by the space of complex diagonal
matrices ¢; and ¢,. Later when we study the physics of a D-brane probe in the dual
geometry, we expect to find four flat directions in the potential. This corresponds
to giving a vev to a single eigenvalue of each of the four real scalars X;, X, X3, X,.

Furthermore, we expect to find that the metric on moduli space should share the
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SU(2)yx U(1) symmetry of the theory. We can say rather more than this by realising
the restrictions placed on the low energy Lagrangian for motions on moduli space,

by N = 1 supersymmetry. We will return to this later.

2.3 The dual geometry

In this section we discuss the supergravity description of the LS flow introduced
in the previous section. In general finding exact solutions to the non-linear type
IIB supergravity equations, with given boundary conditions, is not an easy task.
Fortunately, the particular perturbation which we are studying only involves bilinear
operators and such perturbations may be studied in the context of a much simpler

five dimensional supergravity.

2.3.1 N =8 S0(6) gauged supergravity

The N = 8 SO(6) gauged supergravity theory in five-dimensions [40,41] is believed
to be a consistent truncation of type IIB supergravity compactified on AdSs x S°.
The gauged supergravity represents the dynamics of a finite subset of the Kaluza-
Klein modes which is closed in the following sense. If we set the remaining Kaluza-
Klein fields to zero and study the dynamics of the fields of the consistent truncation,
these do not act as sources for the fields we have set to zero. Thus any solution of
the gauged supergravity theory corresponds to a solution of the full type IIB theory.

The reasons why one should be able to make such a truncation (in the absence
of any symmetry arguments) remain obscure. However there is strong evidence that
the truncation is consistent and in many cases it is known how to ‘lift’ solutions of
the five dimensional theory to solutions of ten dimensional type IIB supergravity
- i.e. it is known how to relate the fields of the five dimensional solution to ten
dimensional fields via a highly non-trivial lift ansatz.

Another way to look at this is as follows. Consistent truncation is equivalent to
a particular kind of ansatz for solutions of type IIB supergravity. The most trivial
kind of ansatz we can have is a single solution to the ten-dimensional theory. A

less trivial ansatz will specify a family of solutions in terms of certain functions
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which themselves obey some field equations. We can start from a single solution
- AdSs x S% - and ask if it is possible to embed this in a family of ansiitze. The
AdSs x §° solution itself has an SO(6) isometry on the compact space and has 32
supercharges in ten-dimensions. It turns out that we can gauge these symmetries
in the five non-compact directions in the following sense. We can construct an
ansatz which involves fields in the non-compact directions such that local SO(6)
rotations of the S° may be compensated by SO(6) gauge transformations of the
fields and likewise for local supersymmetry transformations. The type IIB field
equations automatically produce equations for the five-dimensional fields with these
symmetries which are thus determined to be the equations of the N' = 8 gauged

supergravity.

2.3.2 The bulk field/ boundary operator dictionary

The fields of the five-dimensional N' = 8 SO(6) gauged supergravity are in one-to-
one correspondence with operators in the energy momentum tensor supermultiplet
of the N = 4 SYM theory. Here we shall focus on scalars in the two theories.

The five-dimensional gauged supergravity has 42 scalar fields. 20 of the scalars
are in the symmetric traceless component of a product of two 6’s of SO(6). They

have the correct masses to be dual to field theory scalar bilinears of the form
Oy = Tr (X¢ X)) — traces. (2.12)
A further 20 supergravity scalars are dual to fermion bilinears
(@2, 02) = Tr (Aado) + T (¢, #7]0%) . (2.13)

and their complex conjugates. The final two scalars represent the complexified gauge
coupling of the boundary field theory.

The perturbation which we discussed in the last section involved adding a mass
term for one of the chiral superfields ®3;. In terms of component fields this corre-
sponds to adding masses for the fermion A3 and the scalars X5, X¢. When we take

into account operator mixing which occurs when we perturb the A/ = 4 theory ! we

1This is discussed in some detail in the review of ref. [37)
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find that the fields we need to excite are-dual to the operators:

Tr(AsAs) + Tr(é1[¢2, ¢3]) + hec. (2.14)
and ) ]

N O Tr(XiX) -2 Tr(XiX) (2.15)

i=1 1=5

2.3.3 The five dimensional solution

We have seen how the problem of finding a solution of type IIB supergravity with
certain boundary conditions may be reduced to that of solving the five-dimensional
N = 8 SO(6) gauged supergravity. However, this remains an extremely complicated
theory so that further simplifications are necessary. The strategy is to use the known
symmetries of the field theory to make further simplifying ansétze.

The most obvious simplification comes from the requirement of Poincaré sym-
metry in the boundary theory. This means that the five dimensional solution should
also have four dimensional Poincaré invariance and thus coordinates can be chosen

such that the metric has the form:

dsi4 = ¢24(r) (—dt® + dz} + dz3 + dz3) + dr? (2.16)

whilst the scalars depend only on r. The other fields of the theory are taken to
vanish.

As we have discussed the field theory has an SU(2) x U(1) invariance all along
the flow and this should be reflected in the dual geometry. It is possible to find
such solutions by truncating the gauged supergravity to the space of scalars which
are singlets of this group. (In fact the route followed in [42] was to construct the
truncation to singlets of the SU(2) and then find U(1) invariant solutions of this
theory. Details can be found in that paper.)

The final symmetry requirement is that the flow should preserve AN/ = 1 super-
symmetry. Analysis of the Killing spinor equations or BPS type conditions can be
used to show that the scalars obey first order gradient flow equations coming from a

superpotential. This superpotential is expressed in terms of two supergravity scalars
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p and y as: -

1
W= Zp“(cosh 2x — 3) — —=(cosh2x + 1), (2.17)

292

The final result is that the five dimensional geometry is described by a metric of the
form (2.16) along with the two scalars p and x. The equations of motion for p, x

and the scale factor A are :

o = 61’ 3y ap ~ 6L
dx 1w _ 1 ((p s1nh(2x))

dp 1 1 (p (cosh(2x) — 3)+2cosh2 )

dr Lax 2L 2
dA 2 1/, 2
- = —g—L—W =~5T (p (cosh 2y ~ 3) — ;(cosh 2x + 1)) . (2.18)

There are two solutions of these equations with constant scalars, corresponding

to the UV and IR fixed points of the flow. These fixed point solutions are given by:

Uv : p=1, x =0, A=-I7; (2.19)

IR 26 11 3 A= 2Py 2.20
. = /6 = - —_——

" p ) X 2 Og I 3 L' ( * )

An analytic solution to the flow equations with non-constant scalars is not known.
However, it may be checked numerically that there does exist a flow solution between
the UV and IR fixed points. Furthermore it is possible to analyse the asymptotic
solutions in the scaling regions close to the UV and IR fixed points and compare to

field theory expectations [42]. The UV asymptotics (r — oo) are:

2
x(r) = ape™ b+ a(r) = log p(r) — ga(%%e‘”“ y Beiby (2.21)

V6
Following the discussion of section 2.1 we see that x is dual to an operator of
dimension 3 and « is dual to an operator of dimension 2 in the boundary theory.
The constant ag is related to the perturbing mass m in the field theory Lagrangian.
Meanwhile, a, is related to a choice of vacuum state in the field theory. In order to

flow to the conformal fixed point in the IR we need to choose

a= -Z—; + \/glog ap = —1.4604... (2.22)
0
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where the constant @ is invariant under ‘additive shifts in » and this value has been
determined numerically. Other values of a correspond to unphysical flows or flows
to the Coulomb branch of the theory.

Rather more can be said about this five dimensional solution and its relation to
the boundary field theory. In particular strong evidence was gathered for the duality
by computing the Weyl anomaly in the field theory and finding that it agrees with
that calculated in the bulk. Furthermore, the spectrum of linear perturbations of the
gauged supergravity around the IR fixed point was calculated and found to match
with the spectrum of bilinear operators of the IR field theory.

Our focus will be on some new results on the moduli space physics which uses
brane probe techniques and thus requires knowledge of the full ten-dimensional

solution. This is the subject we turn to next.

2.4 The lift to ten dimensions

In this section we present the fields of the ten-dimensional lift of the flow solution.
The ten-dimensional solution was found in ref. [43].The authors of that paper were
able to make a lift ansatz suitable for supersymmetric flows which only involve the
scalars p and x. This ansatz gives a solution to the type IIB supergravity equations
of motion subject to p, x and A satisfying the flow equations (2.18).

The Einstein frame metric is of the form [43,44]:

ds3y = AY2ds} , + A™V2ds? (2.23)
where,
12
ds? = L? | p2(d2'd3! + d22dZ?) + p~4(d2*d7) + S“‘; XIS FdP| . (2.24)
with
A = Xcosh®y
X = p?cos?f+ p'sin?¥. (2.25)

The 2*’s are complex coordinates on C? subject to the restriction Y, |2*|? = 1 which

defines a five-sphere. We have introduced the angle 8 satisfying z'2! + 2222 = cos? 4,
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232% = sin?#. The metric has a U(2) invariance under which (2!, z%) transform as
a doublet and also a U(1) invariance under phase rotations in the 2® plane. This
symmetry is broken to the expected SU(2) x U(1) by the other fields in the solution.

Expressions for the R-R two—form potential, C(3), and the NS-NS two—form
potential B(y) are presented in ref. [43]. If we were to consider fermionic terms in
the brane action we would need to consider the coupling to these fields. 2 However,
if we restrict to bosonic terms in the worldvolume action then, for the probes of
interest to us, the pullback of these fields vanishes.

We do need the result for the RR four form potential C(4) to which the D3—brane
couples. In ref. [43], an expression was given for the field strength F{5y = dC4), but

in fact it is possible to integrate this up using the flow equations for p and x to give:
Cuy = —4w(r,0)dzoAdxy Adry Adzy + ...,
44
where w(r,0) = g—pa[pﬁ sin® @(cosh(2x) — 3) — cos® #(1 + cosh(2x))] (2.26)

and the remaining terms in C{4) do not couple to the D3-brane probe which we

consider.

2.5 A D3-brane probe

We now move on to the brane probe calculation. As in the example of chapter 1,
the idea is to pull a single D3-brane off the stack which provides the supergravity
background and thus probe a part of the Coulomb branch of the gauge theory where
the SU(N + 1) gauge group is broken to SU(N) x U(1). The relevant part of the

D3-brane action in Einstein frame is:

S = —-Tg/ d4§ detl/Q[Gab + 6_(1)/2.7‘-01,] + T3/ (0(4) + 0(2) ANF + %C(o) F A .7:)
My My
(2.27)

The meaning of the various terms in this action was described in chapter 1 after

equation (1.6).

2See ref. [45) for a related example
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The probe of interest to us is aligned along the {t,z!,z?, 2%} difections and
moving slowly in the transverse directions. Accordingly we partition the spacetime
coordinates into z* = {t,z*, 22,23} and y™ = {r, 2%, 2'}. Our choice of static gauge
is:

gt=¢, y"=y"0). (2.28)

Substituting the values for the supergravity fields into the brane action and per-
forming a low energy expansion (i.e. keeping only terms with up to two derivatives),

we find an effective Lagrangian:

T. 1
L = ZeAbGuimy - Tysin® 6t (cosh(2x) — 1)

X
—Ty sin® 0e4 p*(cosh(2x) — 1) (2.29)

T: inh? o
— E3_62A Af'2+p2 (|21|2+ |22|2) +p—4|2-:3|2+ S XIZ?*’?F
i

The second term in the Lagrangian is a potential energy. In the flow to the
conformal phase of the IR theory, the values of p* and cosh(2x) — 1 are non-zero
for r < oo and so the potential is minimized only at 8 = 0. Setting 8 = 0 leaves a
4 (real) dimensional space spanned by {r, 2!, 7', 22, 22}. This agrees with the field
theory prediction for the dimension of this part of moduli space. Furthermore, 8 =0
is a fixed subspace under the SU(2) symmetry. This agrees with the field theory
result in which the moduli space is given by ¢; = 0 and is also fixed under SU(2).

In order to further interpret our low energy effective Lagrangian in the context
of the boundary field theory, we need to fix coordinates in the bulk such that the
coordinates transverse to the brane can be matched to gauge theory scalars. This

will be the subject of the next chapter.

2.6 Discussion

In this chapter we have reviewed the gravitational description of a particular A" =1
supersymmetric field theory renormalisation group flow and presented the results of a

D3-brane probe computation in this background. The gravitational background with
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a single brane in the bulk is expected to describe the field theory on the Coulomb
branch where the gauge group SU(N + 1) has been broken to SU(N) x U(1). The
low energy Lagrangian for this brane probe should encode the low energy physics of
the U(1) sector of this theory. Thus our probe computation provides predictions at
large NV and large 't Hooft coupling for this sector of the low energy physics in the
field theory.

One immediate result which we can check is that the probe sees the correct
number of dimensions for the gauge theory moduli space. As we have described, the
four flat directions in the probe potential agree with field theory predictions. Also the
SU(2) xU(1) symmetry of the field theory is inherited by the supergravity geometry
and thus is present in the brane probe action. Further checks and predictions will
be made in the next chapter.

We close with a comment on a remarkable feature of holography which is nicely
illustrated by this example. Normally in discussions of holography the radial co-
ordinate 7 is thought of as an energy scale in the boundary theory. This is borne
out in the flow solution of this chapter since the geometry asymptotes to AdSs x S°
for large r and to a warped product geometry of the (schematic) form AdSs x M®
for small r. Here M® is the compact manifold with SU(2) x U(1) symmetry which
emerges at the 1 — —oo end of the flow. This geometry reflects the fact that the field
theory at high energies approaches the N/ = 4 supersymmetric fixed point whilst
at low energies it is described by a new fixed point theory. This relationship can
be made more precise by studying field theory Green’s functions at different energy
scales via computations in the bulk. These bulk computations are only sensitive to
the details of the geometry over a range of values of r related to the energy scale of
the operators in the Green’s function.

However a remarkable feature becomes evident when branes are used to probe
the bulk. As we have seen a D3-brane in the bulk represents a state of the Coulomb
branch of the theory. In particular, the position of the brane represents the vevs for
certain gauge theory scalars. Thus the bulk geometry encodes a picture of the gauge
theory moduli space as well as the renormalisation group flow of the theory. This is

brought out particularly clearly in the example of this chapter since the geometry
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-describes-a. field theory with-nen-trivial RG flow -and non-trivial moduli space. Of
course the two pictures of the transverse geometry are interrelated since the scale of

the scalar vevs sets the energy scale at which the U(1) theory on the probe decouples
from the SU(N) theory.
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Chapter 3

The Kahler Structure of
Supersymmetric Holographic RG

Flows

3.1 Introduction

In order to extract useful predictions from gauge theory/gravity dualities we need to
have a dictionary for comparing quantities between the two sides of the correspon-
dence. It is not always obvious how this should work. As an example, supergravity
has an invariance under local coordinate transformations which may nonetheless
drastically alter the appearance of a solution. Similarly, field theories have an in-
variance under field redefinitions. In order to compare predictions from the two
sides of the correspondence it is useful to fix simple coordinate systems on both
sides which make the process of matching straightforward. This is the main sub-
ject of the present chapter in which we use the special properties of D-brane probe
moduli spaces to fix preferred coordinates in supergravity.

The basic reason why D-branes are useful for fixing coordinates in this way
is that the world volume theory on the brane is expected to match directly with a
sector of the gauge theory dynamics. The world volume action for the brane encodes
couplings between the bulk fields and the fields on the brane (i.e. the transverse
scalars, gauge fields and fermionic superpartners) which correspond to fields of the
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boundary theory.

We pick up where we left off in the previous chapter with the effective Lagrangian
for a D3-brane probe in the type IIB supergravity background dual to the Leigh-
Strassler flow. The expectation is that this Lagrangian should represent the low
energy dynamics of the decoupled U(1) sector of the SU(N + 1) field theory broken
to SU(N) x U(1) by scalar vevs. This field theory has N' = 1 supersymmetry as
well as a U(1) R-symmetry and an SU(2) flavour symmetry. By considering the
restrictions which such symmetries place on the low energy effective Lagrangian for
the U(1) theory on the brane we can find strong consistency conditions on our result.
In particular, the metric on moduli space (part of the kinetic term in eqn. (2.29))
should be a Kahler metric. Once suitable coordinates have been fixed, our probe
Lagrangian can be seen to have this property.

Having thus used the symmetries of the field theory/ probe Lagrangian to fix
coordinates on both sides of the correspondence, we can interpret our results directly
in the field theory. In particular, the probe result predicts the anomalous dimensions
of the fields on moduli space, agreeing with a non-perturbative result from field
theory described in the previous chapter. This pleasing result provides some highly
non-trivial evidence for the duality.

Another result which we find is an exact formula for the Kahler potential all
along the flow in terms of the scalars of the five-dimensional supergravity. We find a
simple differential equation satisfied by the Kéhler potential. It is not immediately
apparent why the Kéhler potential should have such a simple form in terms of the
five-dimensional supergravity scalars. A direct comparison with the gauge theory
is difficult because of the lack of reliable strong coupling results for the Kahler
potential.

For the remainder of the chapter, we consider various other supersymmetric flows
in the literature and once again use N’ = 1 supersymmetry along with the relevant
global symmetries to constrain the form of the low energy effective action for a brane
probe. We compare this to supergravity results for the brane probes and again find
preferred coordinate systems in which to study the duality. In all cases, the Kahler

potential obeys the same simple differential equation (or a related one in the case of
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eleven dimensional flows) -which allows us to solve exactly for the Kahler potential

along the flow.

3.2 N = 1 supersymmetric Lagrangians in four
dimensions

The idea of our approach is to use the strong constraints which N' = 1 supersym-
metry and various global symmetries place on the form of the low energy effective
Lagrangian in order to fix simple coordinates in field theory and supergravity. Su-
persymmetric Lagrangians are most simply expressed in terms of superfields. We
may represent the matter content of a four dimensional ' = 1 theory in terms of
chiral superfields. The most general terms of a low energy Lagrangian which involve

at most two derivatives of these fields are:

L= / d*0 K (&, &%) — / d2OW (9%) + c.c. (3.1)

In this equation K is a real function of the chiral superfields ®* and ® but not
their derivatives whilst W is a superpotential. There may also be couplings to the
gauge fields but these shall not concern us. We shall focus on the low energy physics
of probes moving on moduli space and so the superpotential does not contribute to
the action here. Expanding out the kinetic terms for the scalar components, ¢¢, of

the chiral superfields we find:
L = g;0"¢' 0,81 + ... (3.2)

where g;; is the Kéhler metric defined by the Kéhler potential K, i.e.

8 6 k k
95 = @WKW , ™). (3.3)
Now suppose that we have some theory with &' = 1 supersymmetry and global
symmetry group G, which furthermore has a moduli space of supersymmetric vacua.
We may pick complex coordinates on (a part of) the moduli space such that the
symmetry group G is realised linearly and the kinetic term for motions on moduli

space is given by a G-invariant Kahler metric. Such a metric may in general be
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constructed from a G-invariant Kahler potential and so the task of determining the
metric on moduli space is reduced to specifying a G-invariant real function of the
complex fields parametrizing moduli space.

In the following section we shall illustrate this procedure with the example of
finding the form of an SU(2) x U(1) invariant Kahler metric on the relevant part of
the moduli space of the LS flow.

3.3 The Leigh-Strassler flow revisited

3.3.1 A Kaihler metric on moduli space

We recall the main results of the previous chapter. The Leigh-Strassler flow is
described in supergravity by an SU(2) x U(1) invariant solution with A" = 1 super-
symmetry. A single brane probe of the geometry has a low energy effective action
given by equation (2.29). The moduli space has four (real) dimensions and the

reduction of the low energy Lagrangian to this space is given by:

sinh? x - 51512
e |Z zZ'2'°, (3.4)
i=1

L= [M? + o (1 + 1222) +

corresponding to the metric on moduli space:

1.2 2
ds® = %62’4 [Adﬁ +p? (Jd2'? + |d222) + Sm; X Zzidz‘l"’} . (35)
i=1

Recall that as in the previous chapter, the z* coordinates are constrained by the
equation Y, |2%|> = 1 and thus (on the moduli space 23 = 0) parametrize a three-
sphere.

This metric inherits an SU(2) x U(1) invariance from the supergravity solution

under which the fields transform linearly as:

21 2!
SU(2) : U , U e SU(2),
22 22
21 e* 0 21
U@ - — ) (3.6)
2 i 2
z 0 e z
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Note that SU(2) x U(1) acts transitively on the z* coordinates whilst r is inert under
this symmetry.

We wish to find out if the metric on moduli space (3.5) is indeed Kéahler. We
shall use the method outlined in the previous section to construct the most general
Kéhler metric in two complex dimensions with an SU(2) x U(1) invariance realised
as in eqn. (3.6) on the complex coordinates.

In order to proceed, we choose complex coordinates (u', @!, 42, %2) which trans-
form in the same way as the z coordinates under SU(2) x U(1). We demand that
the Kahler potential, K, is invariant under this SU(2) x U(1). Thus K is only a
function of the quantity ¢ defined as:

q = u'a' + vl (3.7)

The Kéahler metric can now be easily determined in terms of derivatives of K with

respect to ¢g. For example:

a ad d _ d?

The complete expression for the metric in terms of the u coordinates is given by:

dK d’K
ds® = (du'da' + duzdt_ﬁ)E + |u'da' + “2dﬂ2|271q_2~ (3.9)

We may now ask if our probe result for the metric on moduli space (3.5) may
be brought into this form by a change of coordinates. Since the SU(2) x U(1)
transformation of the u’s was chosen to match that of the 2z’s our only freedom is in

choosing ¢ as a function of . Thus the coordinates should be related according to:

ut = /q(r)2 (3.10)

It is a simple exercise to transform eqn.(3.9) into r, z coordinates to find:

st = 2 (%4 2 qi 2Kdr2+ 4 K (dz'dz" + d2*dz?)
4¢2 \ dr dq qdq
d2
2 1:1 27522
+ (q dq2) K|z'dz + z°dz°|* , (3.11)

Comparing this metric with the probe result (3.5) and demanding that the two are

equal, we find three equations for the two unknown functions q(r) and K(r):
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1 [dqg 270 d\? T3 cosh? x
— | == — ) K = =——2M 12
i (3) (43;) 2 7 ¢ (212)

d 13 2.2 2A
- = 22 13

d? T:
2 — 372 2 .24 : 1,2
In fact it is more convenient to add the last two equations to get:
q—d- 2 K= EL2p2(32A cosh? x (3.14)
dq 2

Fixing ¢ as a function of r corresponds to a preferred choice of complex coordinates
(in particular the complex structure is determined) whilst fixing K corresponds to a
choice of Kahler metric. Since there are 3 equations to satisfy and only 2 unknown
functions, we expect that there will be one non-trivial consistency condition which
needs to be satisfied if everything is to work out.
Substituting (3.14’) into (3.12) we get an equation for q:
dq 2
dr = L7
Substituting this result for ¢ into (3.13) we find a strikingly simple equation for
K:

(3.15)

K
“;—T = T3Le?4 | (3.16)

Finally we need to check that (3.14') is satisfied. Substituting (3.15) into (3.14’) we
find that

d%(pze“) = %e“ cosh®y , (3.17)
is needed for consistency. Remarkably, this equation is a consequence of the su-
pergravity flow equations (2.18) which encode the N/ = 1 supersymmetry of the
geometry. We have thus performed a strong check on the results of (43] and found
that the metric on moduli space is indeed Kahler.

The differential equations (3.15,3.16) defining ¢ and K are tantalisingly simple. It

is possible to show in particular that K can be expressed in terms of the supergravity

fields as:

This is a pleasing and unexpectedly simple result.
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3.3.2 Scaling dimensiens

One result of the last section was that we were able to fix unique coordinates on
moduli space by demanding that the supersymmetry and flavour symmetries be re-
alised linearly in the brane probe action. To recap, the SU(2) flavour symmetry
uniquely fixed (up to rigid rotations) the angular part of the complex coordinates,
(u', @', u?, @?), whilst the requirement of a Kahler structure fixed the radial part.
The coordinates ' are thus expected to match directly with (the non-zero eigenval-
ues of) the complex scalar fields ¢* , i = 1, 2.

In the UV and IR limits, the field theory approaches conformal fixed points and
as we have discussed in the previous chapter, there are definite predictions for the
scaling dimensions of the chiral superfields in these limits. We can now ask if these
scaling dimensions are correctly reproduced by the u* coordinates in the supergravity
solution.

We start at the UV end of the flow which is just the standard AdSsx S° geometry.
The AdSs part of the metric is

ds® = e*n,, dz*dz” + dr? where A = % ) (3.19)

which has a symmetry under which a rescaling of the brane coordinates z* is com-

pensated by a shift in the radial coordinate r:

z — éx et — aet . (3.20)

In fact this is a symmetry of all the fields in the supergravity solution (since the
scalars p and  are constant) and is thus a symmetry of the action of a brane probing
this background. In terms of the coordinates on moduli space derived in the previous

section, we have /g ~ e for large r and so the scaling symmetry becomes

T3 Ve — on/g . (3.21)

In other words the fields on moduli space have scaling dimension 1 which matches
with the field theory prediction for the scalar components of these chiral superfields
in the A = 4 theory.

Next we consider the IR end of the flow solution. Here the solution again has

25/3p

the scaling symmetry (3.20) except that A = 25-" in this case. The coordinate ,/q
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goes like \/g ~ exp (577) ~ (e*)*/* and thus the scaling symmetry becomes

1
Tz 1o SN (3.22)

Therefore, we see that the massless fields have scaling dimension 3/4 here. This
agrees with the field theory result (2.9) which followed from a nonperturbative anal-
ysis of the vanishing of the exact beta functions. It is very pleasing that this result

is encoded in the supergravity solution in this way!

3.3.3 Comments on the Kahler potential

The scaling arguments of the previous section only require knowledge of the complex
coordinates on moduli space and the asymptotic form of the supergravity solution.
In section 3.3.1 we also found a simple expression for the Kahler potential all along
the flow. It is difficult to make a direct comparison between this result and the
gauge theory owing to the lack of non-renormalisation theorems to protect the field
theory result at strong coupling. However, a few observations are possible.

The UV and IR limits of the Kéhler potential are particularly simple as the
Kéhler metric becomes conical in these limits. ! Consequently, the Kahler potential
is a simple power of ¢ in these limits. This power is determined by dimensional
analysis. The Kéhler potential has dimension 2 (since it appears in the Lagrangian
with an [ d*@). In the UV, ¢ has dimension 2 and so K ~ ¢ whilst in the IR ¢ has
dimension 3/2 and so K ~ ¢*/3. It is straightforward to check that our result for K
(3.18) has these asymptotics.

A further check would be to investigate the next to leading order corrections to
K in the limit of large vevs. It is straightforward to expand the result for K as a
series expansion at large r and it should be possible to compare this to a perturbative
calculation in field theory. This would provide an interesting test of the result.

Perhaps the most intriguing result which we have found is the simple differential

equation satisfied by K (3.16). As we shall see this result also holds for a variety

!This is because we have a situation in which conformal invariance is being broken by a single
scale - the position of the brane in the bulk - and thus the physics should appear the same at all
radii, leading to a conical metric.
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of other holographic- renormalisation group-flows which preserve at least A = 1
supersymmetry in four dimensions. We now turn to the investigation of these other
flows using the techniques we have developed in this section. The next solution we

consider represents a flow to the Coulomb branch of the Leigh-Strassler theory.

3.4 A More General N’ =1 Flow

3.4.1 The Ten Dimensional Solution

In this section we consider a related ten dimensional supergravity flow which was
presented in ref {46] and is another lift from five-dimensional gauged supergravity.
The five-dimensional solution involves the same scalars p and x as in the previous
flow, but allows a new scalar, 8 = logv, to vary. Switching on 3 breaks the SU(2) x
U(1) symmetry to U(1)%, and corresponds to turning on a vev on the Coulomb
branch of the A/ = 1 theory which we explored previously.

The new ten-dimensional metric is of the same general structure as given in
equation (2.23), with equation (2.16) for the first component. The new warp factor
2 is given by:

0?2 = cosh x ((1/ cos? ¢ + v~ 2sin ¢) +p sin 0) , (3.23)

whilst the metric on the compact space is:

2
dst = é— [7* (cos6 + ° sin® 0 (v~ cos” ¢ + v* sin® ) db”

+p? cos? O(v? cos® ¢ + v~ 2 sin? ¢)dg?

—20%(v* — v™%) sin @ cos 0 sin ¢ cos pdfde

+p? cos® O(v™2 cos? pdy? + 12 sin® pdp3) +p~* sin® 0dy3

gL)_Z sinh? y cosh? x(cos® 8(cos® pdyp, — sin? ¢dip,) — sin® 8dip3)?(3.24)
The U(1)? symmetry is generated by the Killing vectors 8/9p; and 8/dp,. The
superpotential for this flow is given by [46]:

1 1
W = Zp‘l(cosh 2x —3) - ZE(U + v (cosh 2y + 1) , (3.25)
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which generalises the superpotential in equation (2:17). The equations of motion

for the supergravity fields are:

do 1 ,0W 1 (2p%cosh2x —3)+ (v® + v ?)(cosh2x + 1)

ar ~ 6L’ op  12L ( p ) ’

v _ i,ﬂ?ﬂ _ 1 ((cosh 2x + Vv (v? - 1/"2))

dr 2L v 4L p? ’

dx _ 10W _ sinh2x [p®— (¥ +0v7?)

dr ~ Lay 2L < p? ) ’

dA  _ ——2—W= 1 (pe(cosh2x—3) - (V2+I/_2)(COSh2X+1)> . (3.26)
dr 3L 6L P

The authors of ref. [46] probed the solution with a D3-brane. Once again the moduli
space has four real dimensions , which agrees with the interpretation of the solution
as the LS theory on Coulomb branch. The result for the metric on moduli space is:
ds® = %Tg,e“ [C(p'2 cosh? xdr? + L? p*d¢?)
+L?p* (v 2 cos?® pdp? + v sin® pdip3)
+L?p? sinh? x( 7 (cos® ¢ dip; — sin® ¢ d<p2)2] ,

where ¢ = (v?cos® ¢+ v~ ?sin’¢) . (3.27)

3.4.2 A Kahler Potential

Again we wish to use N = 1 supersymmetry and the flavour and R-symmetries of
the theory to choose a special set of coordinates in which the action for the brane
probe can be compared to field theory expectations. In this case the SU(2)xU(1)
symmetry has been broken to U(1)? by giving a vev to one of the massless fields.
The U(1)? symmetries are given by constant shifts in ¢, and ;. We wish to
find a complex structure in which this metric is Kéhler and the U(1)? symmetries

are realised linearly. We can choose:

z1 = Vu(r, ¢)e | 2y = Vu(r, d)e” ™2 (3.28)

and a U(1)? invariant Kéahler potential

K = K(21Z, 2222) = K(u,v) . (3.29)
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Proceeding as-before we write down the form of the metric which results from this

Kahler potential. A short calculation gives
o= 2 (0 kg L (W) (W2 1,9 ka
ds® = 12 \ %30 Kdu® + 500 \ %3, vav Kdud’u+4v2 V3 Kdv
a\* ., o d A\, .,
+ (u%) Kdp; -2 (u%> (v%) Kdpydp, + (’UE)-) Kdys . (3.30)

Comparison with equation (3.27) gives the following set of equations for u,v and K.

2

2 2
= 4u?e?4¢ | p~2 cosh? x (ﬁ + L?%p? i ,
ou ou

2
(v%) K = %emLsz(z/2 sin? ¢ + sinh? x( ! sin? ¢)

or\? o¢ 2
— 2 24 -2 2 2 2
= 4ve C(p cosh X(&v) + L°p (_Bv) ) ,

0 9 _T32A22-2—12-2
(uau) (vav)K = e L?p? sinh® x( ™" cos” ¢ sin® @ (3.31)

o (32) () (3) (8)

The solutions for © and v are

2
T
(ui) K = Z2eL2p*(v 2 cos® ¢ + sinh? x¢ ! cos? ¢)

u=f(r)cos’¢, v=g(r)sin’¢g,
where
df 202 dg 2
We find an exact solution for the Kahler potential:
T322A 2¢. 2 ~2\ ain2 1 5 —4
K:;Le p*(v? —v ™) sin ¢+§(pl/ +p7%)) . (3.33)

As before the equations of motion (3.26) were needed in order to find a solution.

The specific combinations of the equations used are rather simple and we reproduce

them below:
d(ezAPZV_z) d(e2Ap21/2) _ 2 " 5
T T dr o rf eshx
d(e2Ap—4) eZA
- 7 7 = Z_(3-cosh(2x)). .
o 7~ (3 — cosh(2x)) (3.34)
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In fact, this-allows us to write down a remarkably simple solution for A as a function

of p and v for the case v # 1:

k
24 __
e’ = 22— v2)° (3.35)

where k is a constant. Using this expression we can simplify the Kahler potential:

T3 2, . 2 T3L282A p2 1
K=?L k sin ¢+—4—— ﬁ-l-ﬁ . (3.36)

Once again K satisfies the simple differential equation (3.16).

3.5 Pure Coulomb Branch Flows

3.5.1 Switching off the mass

It is quite interesting to study a special case of the above. Let us switch off the mass
deformation by setting x = 0. We can consistently do this in the flow equations
(3.26) whilst allowing p and v to vary. In this case we are studying a purely N' = 4
Coulomb branch deformation. With x = 0, the equations (3.34) simplify to yield
the result

eAph =eMptv 4 k=ept 41 (3.37)

where k is the constant appearing in equation (3.35) and ! is another integration

constant. We can also write down a solution for equation (3.32) in this case:

L* 44 2 o L? 54 5 2
fzaﬁe PV, g=_ge PV (3.38)

Now if we substitute into the expression (3.36) for the Kéahler potential, we find

T
K = ?3L2c32"‘(,021/2 sin® ¢ + p*v % cos® §)

= 1 v
Sﬂzgng

1 - -
= m(zlzl + 2222) . (339)

This is the expected probe result [7] for a two complex dimensional subspace of the

flat three complex dimensional moduli space which exists for the A’ = 4 theory on

Coulomb branch.
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3.5.2 The General Case of the Coulomb Branch

There is in fact a broader class of N' = 4 supersymmetric Coulomb branch flows
which are accessible via five dimensional gauged supergravity. The five dimensional
supergravity equations describing these flows were given in ref. [47] and a way to
decouple these equations in order to find exact solutions was presented in ref. [48].
The ten—dimensional lift corresponds to a continuous distribution of parallel D3~

branes [49] and so the metric must take the form
ds? = H™on,do"dz” + H7 (dy? + dy? + ... + dy?) , (3.40)

for some harmonic function H(y;). A D3-brane probing this background has a flat

metric on moduli space [7]:
2 _ T 2 2 2\ _ Ty = = =
ds = 7(dy1 + dy2 +...+ dyﬁ) = ?(dzldzl + ngde + ngng) y (341)
coming from a Kihler potential

T.
K=73(y%+y§+...+y§). (3.42)

In ref. [48] it was shown that it is natural to write the lift solution in terms of a

radial coordinate F' which satisfies, in the coordinates of our discussion:

F
‘fi—r =2Le?4 | (3.43)

and is related to the y; by
i = (F — b;)35; , (3.44)

where b; are constants and %; are coordinates on a unit S°. Changing to F coordi-

nates we find that the Kahler potential is given by

. T3 ~2 T3 ~ 2
K = 721;(1? = bi)di = o (F - Zbﬂi )5 (3.45)
from which we can read
oK T;
= _ 28 A4

which when combined with equation (3.43) results in our equation (3.16) once again.
In fact it is straightforward to generalise these results to the case of M2- and M5-

branes on their analogues of the Coulomb branch by adapting the results of ref. [50].
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In these cases we find

%—I: = TmoLe? | (3.47)
for M2-branes and

K

%—T = TysLe* | (3.48)

for M5-branes. It seems that the Kéhler potentials governing the metric on moduli
space for supersymmetric holographic RG flows arising from gauged supergravities,
always satisfy these equations. We have shown this for purely Coulomb branch
flows, for the Leigh~Strassler flow and a generalisation, and in the next two sections

demonstrate that it is also true for another three families of examples.

36 An N =2Flowin D =14

In this section we consider the ten—dimensional supergravity dual of an N' = 2
supersymmetric field theory RG flow. This field theory flow results from perturbing
the A = 4 theory in the UV by an equal mass for two of the chiral superfields. The
ten-dimensional flow solution was constructed in ref. [51], and has been studied via
brane probing in refs. [52-54]. Again we wish to find an explicit form of the Kéhler
potential and check that equation (3.16) is satisfied. In this case the moduli space
for a D3-brane probe is a one complex dimensional space and so it is simple to find
coordinates in which the metric is Kahler, since these are just the coordinates in

which the metric is conformally flat:
ds®* = 90K dz dz . (3.49)

In fact such coordinates have already been found in refs. [52,53], and we reproduce

the result here

T: c
ds? = 2k2L? dz :
s Zk TEE dzdz , (3.50)
where
c=cosh(2x) and z=e"* E—z—i_—i—; : (3.51)

Note that this fixes the complex structure on moduli space but that in this case

the flavour symmetries are insufficient to pin down a unique choice of complex
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coordinates. N = 2 supersymmetry is used in ref. [52] to match the scalar kinetic
term with the kinetic term of the U(1) gauge field on the brane and so fix a unique
set of coordinates?. However, for our purposes we only need the correct complex

structure and so N = 1 arguments are enough. To proceed we set u = 2% and find

d d _T (W’ -1)
2 = 3,272
ds® = Tu (u—d ) Kdzdz k L e dzdz , (3.52)
which has solution
Ty 2r2 1 -1
K= k L Z(u —u")+alog(u)+b) , (3.53)

where a and b are constants. To get this expression for the Kahler potential into

the form we want, we need to use the following solutions [51] for the supergravity
fields A and p,

2

A = k P
¢ sinh 2x
inh x
5 = cosh2y + sinh? log | . .
p cosh 2x + sinh” 2 { v + log cosh (3.54)

If we choose a = —% and b = « then the Kihler potential simplifies to

13
2

K = =L | (3.55)

which on applying the relevant supergravity equations of motion

dpo 1 (1 dx 1
pg = 37 ( p* cosh 2x> D Lp sinh4y ,
dA 2 /1 1
- = 3L ( + 2p cosh 2x) , (3.56)

can be shown to satisfy equation (3.16).

3.7 TwoN =2Flowsin D=3

Finally, we examine two examples of flows in eleven dimensions constructed in ref.
[65]. The three-dimensional field theories on the M2-branes which source these

eleven dimensional geometries are close cousins of the Leigh-Strassler field theory in

2See also ref. [54] for further work and generalisations.
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four-dimensions. Consequently, the eleven-dimensional flows are closely related to
the ten-dimensional geometry dual to the Leigh-Strassler flow, which we studied in
some detail at the start of this chapter.

The first eleven dimensional solution flows between geometries of the form AdS, x
S7 in the UV and AdSs x M7 in the IR, where M7 is a compact seven-dimensional
manifold. The flow preserves 4 supercharges (corresponding to A/ = 2 supersym-
metry on the three-dimensional brane worldvolume) and has an SU(3) x U(1) in-
variance. The similarity to the LS flow lies in the fact that this field theory also
comes from a mass perturbation for a single chiral multiplet in the UV and induces a
flow between conformal field theories. Some aspects of the field theory are discussed
in [56], where the flow was first studied in four dimensional gauged supergravity.

The second eleven dimensional flow which we consider arises from a second lift
of the same four dimensional gauged supergravity solution which gives rise to the
first flow. The geometry at the UV end of this flow is not AdS; x S7, but rather
the near horizon limit of a collection of M2-branes at a conical singularity in flat
five-dimensional Minkowski space x the conifold. We shall discuss this example in

more detail later.

3.7.1 An SU(3) x U(1) invariant flow in gauged supergravity

In this section we present details of the ‘analogue of the LS flow in four-dimensional
N = 8 gauged supergravity. This solution was constructed in [56] (see also [55]).
The flow preserves 2 + 1 dimensional Poincaré invariance and so the metric can be
written as:

e* A0 dgkdz, + dr?. (3.57)

Two scalars are turned on and we call these p(r) and x(r) in analogy with the

corresponding five-dimensional flow. The superpotential is
1, 3
W(p,x) = gp’(cosh(2x) - 3) - W(Cosh@x) +1) (3.58)

leading to flow equations:
A__ 2, dp_pOW  dy_20W
’ dr 6L 0p '’ dr L Oox '

+=-3 (3.59)
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3.7.2 The SU(3) x U(1) invariant lift

We now consider the first of the two lifts of this four-dimensional flow solution to

eleven dimensions . The lift ansatz for the eleven dimensional metric in ref. [55] is:

ds?, = A™Y(dr? + 240) (), dz*dz”)) + AT L%ds?(p, X) (3.60)
where
2 2¢ 7.1 751 2 ;-2 3 67,4 7-4 sinh®(x), ; .
ds*(p, x) = p*(dz'dz" + d2*dz* + d2°dz®) + p~0dz*dz* + —X—|z‘dz’|2 , (3.61)
with
X = p2cos?@+ p°sin?6
A = (Xcoshy) 3. (3.62)

The complex coordinates z* are constrained by the equation |z'|? + |22|? + |23|* +
|24|2 = 1 and thus span an S7. The angle theta is defined via the equation |2*|> =
sin? §.

The three-form potential, which couples to an M2 brane probe, is also given in
ref. [65] and a brane probe calculation is performed which reveals that the moduli
space has 3 complex dimensions (as expected for a deformation of the UV theory
by a mass for a single chiral multiplet) and is situated at sin®# = 0. Using these
results it is straightforward to read off the metric on moduli space for an M2-brane

probe:

T h?
ds? = 1;2 et (COS;)4 Xar? L%ds*(p, X)lmoduli) , (3.63)

where

3 3
ds?(p, X)|moduti = P° Z dz'dz* + p*sinh? x| Z 2'dz? . (3.64)

i=1 i=1

The next stage is to calculate the form of the most general SU(3) x U(1) in-
variant metric in three complex dimensions with which to compare this result. As
in the similar example of section 3.3.1, SU(3) invariance will automatically imply
invariance under the larger group SU(3) x U(1).

In fact it will be useful to have the general form for an SU(n) invariant Kéahler

metric on C*. Let w',w?,...,w" be coordinates on C*. We assume that the co-
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ordinates (w!,...,w") transform in the fundamental representation of SU(n). In-
variance under this group implies that the Kahler potential K depends only on the
combination

q = w'o' + wr® + ... +wa" . (3.65)

Let us reparametrise C* ~ Rt x $?"~! with coordinates z!,...,2", ¢ . The 2*’s are

complex coordinates on an $?*~! of unit radius and are related to the w’s by

w' = /g7 . (3.66)

A short calculation gives the Kiahler metric in these coordinates as:

L4y A\ o i (2 i
2 _ _ Kd 2 —\K dztdz 2 & iz 9 .
45" = 17 (qdq) q +(qdq) ; Zdz +(q dq2>K|;z #[2, (3.67)

Now we wish to compare this result (for n = 3) to the metric on moduli space
of the flow solution. Substituting equation (3.64) into (3.63) and comparing with
equation (3.67), we get three equations for the two unknown functions ¢(r) and

K(r):

4—;5 (q-(%)2 Kd¢® = %eAA‘%drz : (3.68)
(qu&) K = r‘r—’;feAsz2 : (3.69)
(q2dii:_2) K = %e"sz sinh? x . (3.70)
Consistency of these equations requires that
;—T(e"p?) = %e"‘ cosh? (3.71)

which is a consequence of the supergravity equations of motion. Then the solutions

for K and q are:

— 2 ’ Al 2 1 dgq 2
K = Dol + s —=q. :
2 ¢\’ )’ dr Lp2q (3.72)

We observe again that this Kahler potential satisfies the equation (3.47).
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3.7.3 The T"! flow

Interestingly, there is a second lift of the same four dimensional gauged supergravity
solution which led to the eleven dimensional example of the previous section. This
was also constructed in ref. {55]. The second eleven dimensional geometry is similar
to the first, but with the stretched five spheres (spanned by 2%, z*, 1 = 1, 2, 3) replaced
by stretched T?'’s. The details are in ref. [55] and since we shall only be interested
in the moduli space of an M2-brane probe, we shall not go into detail here.?

The metric on moduli space for an M2-brane probing this geometry is again

given by equation (3.63) except that equation (3.64) is replaced by
1
ds®(p, X)|moduti = p*ds+11 + p° sinh? Xg(d’/) + cos 8;de; + cos O,ddy)? ,  (3.73)
and the metric on T! is [57):

dst.: = %(dw + cos 8ydey + cos fad)” + %(d()f + sin? 6,d¢?) + %(dog + sin? 6,d¢?) .

(3.74)
In particular, the S°’s in equation (3.64) have been replaced by T''’s so that for
large 7 (p — 1, x — 0) the two moduli spaces approach flat R®, and the Ricci flat
Kabhler conifold, respectively.

To proceed we first note that the SU(2) x SU(2) symmetry of the conifold met-
ric is preserved for all values of r. Therefore, we need to find the general form of
an SU(2) x SU(2) invariant Kahler metric on the conifold and compare to equa-
tions (3.63), (3.73). Such metrics have been studied in ref. [57] and we shall rederive
a result of that paper below.

The conifold is a surface in C* parametrised by four complex coordinates 21, 2o, 23

31t may seem rather surprising that there should be two different lifts of a single four dimensional
solution. A possible explanation is that the four dimensional solution may be embeddable in two
ways in a larger four dimensional gauged supergravity with other fields representing e.g. twisted
sector modes of M-theory on an orbifold of AdS; x S”. In particular, if there were some decoupling
between twisted and untwisted sector modes, the same values for the untwisted fields p, x could
perhaps occur with different constant values of the twisted fields. There would then be two different
solutions to lift to eleven dimensions which might be expected to differ in topology in roughly the

way which we find here.
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and 24, which satisfy an equation
A4+ +22+22=0. (3.75)
An SU(2) x SU(2) = SO(4) invariant metric depends only on the combination
P =212, + 2272 + 23Z3 + 2424. (3.76)

Thus, to construct an SU(2) x SU(2) invariant metric on the conifold we can start
with our equation (3.67) for an SU(4) invariant metric on C* and then restrict to
the conifold using equation (3.75). For convenience and in order to adjust a couple

of notations we reproduce the equation for an SU(4) invariant metric on C* here:

1 [ d\* d )
2 __ _— el 2 el s 13 2
@-%WGW)K®+(%JKMMH( d)Kmm| (3.77)

where the Z;’s parametrise an S7, i.e. £7;2; = 1. In fact it will be more convenient to
work in terms of a radial coordinate ¢ = %p2/ 3 for reasons which will become clear.

In these coordinates the SU(4) invariant metric becomes:

1 ( d\° d 2 . 2. 4 ( ,d?
d82 = @ (qa(;) qu2+ (qd—q) K [gdzidz,- — §|Z,dztl2jl - ( d 2) K IZ,dZ,|2
(3.78)
Finally, we need to restrict to the conifold by applying equation (3.75) to the 2;’s. If
we reparametrise in terms of the coordinates* on 71! introduced in equation (3.74),

then we find the following form for the general SU(2) x SU(2) invariant metric on

the conifold:

ds* = — qi 2qu2+ qi K [ds2.,]
4¢2 \'dg dq !
+§ q e K (dip + cos01d¢y + cosb2dgs)*. (3.79)

It is now straightforward to compare this metric with the metric on moduli space
(3.63), (3.73), to extract equations for K and q. The equations which K and ¢
satisfy are precisely (3.68), (3.69) and (3.70) with solution (3.72). It should be
noted, however, that q has a different definition than it did in the flow of the previous

section.

4The reader should refer to ref. [57] for the explicit form of these coordinates in terms of the

5.7

2i'S.
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3.7.4 Scaling dimensions

Since the eleven dimensional geometries which we are considering flow between
asymptotic geometries containing an AdS, factor, the corresponding field theories
flow between conformal fixed points in the UV and IR. Consequently we may once
again discuss scaling dimensions of the field theory operators. Our field theory
arguments in this section are rather heuristic owing to the lack of a Lagrangian
description of the IR fixed point theory on a stack of N M2-branes and should be
considered as providing a rough way to understand the supergravity results, which
we believe to be correct. We could perhaps make these arguments more rigorous by
staring in the UV with the dimensional reduction of the four dimensional N’ = 4
gauge theory but we shall not attempt this here.

First we consider the flow from the AdS; xS geometry in the UV. Let us consider
the field theory which in the UV contains four chiral superfields ¢;, with i = 1...4.
Suppose that all four chiral superfields are coupled together in the Lagrangian. Then

the scaling dimensions (d;) of the fields satisfy
di+do+ds+dy=2, (3.80)

and d; = % by symmetry. The flow solution corresponds to perturbing the superpo-

tential by a mass term for &,

SW = %’I‘r@ﬁ . (3.81)

This leads to a S—function

Bm =m(2ds - 2) . (3.82)

Thus the IR values of the scaling dimensions are dy = 1,d; =dy = d3 = %

Let us compare with the limits of the flow solution written in the coordinates of
section 3.7.2. The UV end of the flow is just AdSy x S and has a symmetry under
the scaling (3.20), with A = 2. The radial coordinate on moduli space from section

6 is /g ~ exp(}) ~ (e*)!/? and so the scaling symmetry becomes

1
T -z g a2,/ (3.83)
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At the IR end of the flow A ~ £ and /g ~ exp(sthp) ~ (e#)/®. The scaling
symmetry is

N éx Ji— a'* /. (3.84)

These are all in agreement with the scaling dimensions of the massless scalar fields
derived above.

We can now consider the Kéhler potential at either end of the flow, as we did
in section 3.3.3. In three dimensions K should have scaling dimension 1. At the
UV end of the flow, since /g has scaling dimension 1/2, K ~ ¢ as before. For
the IR end, /g has scaling dimension 1/3, and so K should obey K ~ ¢*2. Let
us compare this with the results we found in section 3.7, equation (3.72). We see
that for r = —oo, K ~ e” and g ~ (e4)?/3. This implies K ~ ¢*/%, matching the
result from the classical scaling argument above. Note that the scaling argument
does not give the Kahler potential for arbitrary r (where the scaling symmetry no
longer holds).

For completeness, we note that it is possible to extract scaling dimensions for
the UV and IR ends of the conifold flow of section 3.7.3. Since the large field limit
of the flow gives the moduli space as the conifold, it is natural to assume that the
dual field theory will be an orbifold, with the M2-branes at the origin. The conifold
arises as the moduli space of vacua of a set of fields restricted by a D-term equation
which is the defining equation (3.75) of the conifold. Then, a good description of
the field theory on moduli space is in terms of fields A; and B;, as in ref. [58] (called
X; and Yj in ref. [59]). There is an additional complex field, say ®, which has a
superpotential giving it a mass, which drives the low. Carrying out the supergravity
analysis as above, we find that the scaling dimensions of the A’s and B’s are 3/8
in the UV and 1/4 in the IR. These numbers are simply 3/4 times the dimensions
of the fields in the other flow. A guess for the superpotential which couples all
the fields is W ~ €e*Tr(A; By A; Bi®), for which the S—function vanishes if ® has
dimension 1/2 in the UV, and 1 in the IR, the latter also fitting nicely with a mass
term mTrd2.
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3.8 Conclusions

In this chapter we have continued to investigate the physics of the moduli space of
holographic gauge theories by probing with branes. We have succeeded in finding
good coordinates in which to study the supergravity duals by putting the metric on
moduli space for a brane probe into a manifestly Kihler form. One nice point in these
calculations has been the way in which the first order supergravity equations which
ensure the N/ = 1 supersymmetry of the full supergravity geometry are precisely
what is needed to ensure that the metric on moduli space is Kahler.

Furthermore, we have shown that by working in these natural coordinates we can
give a simple derivation of the scaling dimensions of the massless chiral superfields.
The usual method for calculating dimensions of fields from the dual supergravity
involves linearising fluctuations about a given background and is computationally
rather tedious. Also these analyses of the linearised fluctuations lead to predictions
for the spectrum of gauge invariant composite operators rather than the basic chiral
superfields.

We have studied a wide variety of flows preserving different numbers of super-
symmetries and in different dimensions. Remarkably, we were able to find an exact
expression for the Kahler potential in terms of the supergravity fields in every case.
This is exciting since gauge theory results for this quantity at strong coupling were
not previously available for theories with a low amount of supersymmetry.

It certainly seems worthwhile to study these results further and to try to extract
the gauge theory predictions in their clearest form. In particular, the expression
for the Kahler potential in terms of the supergravity fields is not directly related
to an expression in terms of the basic fields in the gauge theory but rather relates
the renormalisation group flow equations of the gauge theory coupling constants
to that of the Kahler potential. This is because the supergravity scalars represent
renormalisation group profiles of gauge theory couplings.

As an example of the way in which this works we recall the maximally super-
symmetric Coulomb branch flows. In these examples, supersymmetry constrains the
Kahler potential to have a very simple form in terms of the chiral superfields since

the metric on moduli space is flat. However, it looks more complicated in terms of
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the supergravity scalars. We can of coufse change coordinates in this case to see
that the supergravity reflects the simplicity of the gauge theory.

In another example, the two eleven dimensional lifts of the same four dimensional
gauged supergravity of section 3.7 have identical Kihler potentials in terms of the
supergravity fields, but represent quite different field theories.

In each of the examples we have considered, the Kahler potential satisfies a re-
markably simple differential equation (3.16) (or (3.47), (3.48) in eleven dimensions).
It would be very interesting to try to understand better the origins of this equation

in the gauged supergravity and also its interpretation in the dual gauge theory.
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Chapter 4

Superstars and Giant Gravitons

4.1 Introduction

In the previous chapters, we have seen that certain states of the boundary theory in
gauge theory/ gravity dualities are well described by branes in the bulk. In particular
we have studied the coulomb branch of gauge theories. The picture in the bulk is of
branes breaking off from the stack which provides the background geometry. This
is a very natural picture given the way in which the brane description was used to
motivate the AdS/CFT correspondence. Below we review some arguments which
led to the discovery of another class of bulk states which are described by branes -
the giant gravitons.

In the simplest case of string theory on AdSs x S°, giant gravitons are com-
pact spherical D3-branes stabilised against collapse by a magnetic coupling to the
background RR field. Alternatively, they should have a microscopic description as
non-commutative bound states of Kaluza-Klein states of the supergravity blowing-
up in the presence of RR flux according to a version of the Myers mechanism. The
details of the microscopic description in this case are not yet fully understood (al-
though see [60,61]) and here we will focus on the macroscopic description in terms
of D3-branes.

The chapter is structured as follows. In the next section we review some field
theory arguments which hint at the role of brane physics in describing certain states

of string theory on AdSsx S®. Following that we review the original probe calculation
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of {62] which brought to light the existence of giant graviton states. We also discuss
various extensions of this construction [63], [64] and [65].

Next we discuss the description of giant gravitons as supergravity solutions.
This is based on work of [66] and our paper [3]. We identify supergravity solutions
with the relevant masses and angular momenta to represent coherent states of giant
gravitons and find that dipole moments in the form fields are present as expected
for collections of spherical branes. These ‘superstar’ solutions were originally found
when considering a consistent truncation of the type IIB supergravity theory di-
mensionally reduced to AdSs where they appear as the supersymmetric limits of
charged black hole solutions. Once lifted back to the full ten—dimensional theory,
the solutions carry internal momentum along the three commuting Killing angles
on the five-sphere. In both five and ten dimensions, the supersymmetric solutions
display naked singularities. However, within the context of ten—dimensional type
IIB superstring theory, there is a physical interpretation in which the singularities
are generated by distributions of giant gravitons.

We also study the analogous superstar solutions in M—theory compactified on
AdS; x S* and AdS; x S7. We show that these eleven-dimensional supergravity
solutions can be interpreted as being sourced by distributions of giant gravitons

which in this case are M2 or M5 branes.

4.2 The stringy exclusion principle

It remains an outstanding problem to provide a full string theory description of
quantum gravity on AdSs x S° . In particular, it is not known even how to perform
perturbative string theory in this background.

The SYM description is expected to be useful for small 't Hooft coupling, A, and
the small g,, large N, large A limit should be well-described by supergravity. As we
have reviewed in chapter one, certain protected operators in the spectrum can be
compared and found to match between these two descriptions.

It is straightforward to extend the analysis of the SYM spectrum to finite V.

We can then use this as a guide to what we should expect to find in the spectrum
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of the bulk theory away from the supergravity limit. For simplicity we consider the

same operators as in chapter one, i.e. operators of the form :

Oy = tr (XX ... X)) — traces. (4.1)

For finite N these operators are not all algebraically independent. In particular,
for kK > N, O can be written as a sum of products of O; with j < k. According
to the interpretation of single trace operators as single particle states in the bulk?,
this suggests that the Kaluza-Klein towers of particles should truncate at k = N.
This idea, first investigated in the context of AdSs black holes [68], is known as the
stringy exclusion principle.

Attempts to explain this phenomenon in the string theory picture led to the
discovery of giant graviton states. The problem is that a cutoff on Kaluza-Klein
states with momentum of order N is difficult to understand from a supergravity
perspective since N is encoded in the large-scale structure of the geometry (e.g. via
the length scale L). The resolution is that particle states expand into branes which
are extended objects and thus sensitive to the large scale geometry. As more and
more momentum is added the branes expand further until they reach a maximum
size given by the radius of the compact sphere, L. This mechanism can account for
the kind of cutoff expected from the stringy exclusion principle. In the next section
we review a brane probe calculation which gives the relation between Kaluza-Klein
momentum and size for the expanded branes and produces a family of BPS states

with the expected form of cutoff.

4.3 Giant gravitons

In this section we review the calculations by various author’s [62-64] which show
that there are stable expanded brane states in backgrounds of the form AdS x S.
We consider the dynamics of a D3-brane in AdSs x S°. We shall work in global

coordinates on the AdS space. The metric is :

1See [67] for a nice explanation of this interpretation and its limitations.
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ds® = — (1 + 2—22) dt*+ (1 + %25) 1 dr?+r2d2+ L2 (d6* + cos® 6d¢? + sin® 0d3)

(4.2)
where ddg is the metric on the three sphere S3 at constant r and ¢ in the AdS space
and d2? is the metric on the three sphere S* at constant § and ¢ on the five-sphere.
The utility of writing the metric in this way will become clear shortly. The self-dual
RR five-form field strength is:

F® = — (eaqs, + €55), (4.3)

el

where €445, is the volume form on the AdS space and egs is the volume form on the

five-sphere. We can use the coordinates introduced above to integrate this locally

as :
F(5) = dcge)ct'ric + dcf:ignetic (44)
where
4
T .
Cotectric = =T U N €ga,  Chuagnetic = L*sin' 6d A ess. (4.5)

The labels ‘electric’ and ‘magnetic’ which we have given to the two pieces of the
four-form potential refer to the fact that the electric part couples to a static brane
(owing to the presence of the dt term) whereas the magnetic part does not. In order
for a brane to couple to the magnetic potential it will have to have some angular
momentum on the five-sphere. In fact it is easy to see that a D3-brane wrapped on
the S% and moving in the ¢ direction will couple to this potential.

Thus we consider an ansatz in which the brane is a spherical D3-brane at constant
f and moving in the ¢ direction. For consistency, it should also follow a geodesic in
the AdS space and we choose the geodesic at r = 0. Finally, we can consistently set

the gauge field on the brane to zero. The action for this brane probe is :

S = —-T, / dio\/—det (P(G)) + Ty / P(CW)

= % / dt (—sin39\/ 1 — cos? 0L2q$2+sm40Lq's), . (4.6)
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where in the second line we have substituted in our ansatz for the brane motion and
integrated over S3. Also, we have substituted N = T3V3L* where V; is the volume
of a unit S3.

Since ¢ is a cyclic variable we replace it by the conjugate angular momentum P

and find a Hamiltonian:

_N 2 .2
H= f\/];-l- tan? 8(p — sin” 9)?, (4.7)

where p = Py/N. This Hamiltonian is a sum of squares and so it is straightforward
to minimise over § for fixed p. The minima are at § = 0 and sin?§ = p. The
first minimum corresponds to a pointlike configuration as can be seen by inspection
of the metric at § = 0. The second minimum corresponds to an expanded giant

graviton. Both minima have the same energy :

H =P,/L. (4.8)

This probe calculation indicates that there are expanded brane states which
are degenerate with massless particle states with the same angular momentum and
energy. Since the expanded branes are compact and do not wrap a topologically non-
trivial cycle, they carry no net D3-brane charge. Thus, all their quantum numbers
match those of the Kaluza-Klein states and we expect to find mixing between the
two. As expected, the expanded states form a finite family of BPS states with
Py < N since sin®f < 1.

This calculation generalises to the case of spherical M2 brane and M5 brane
probes in AdS; x S* and AdSy x S7 respectively. (Note that the probe brane is
the magnetic dual of the branes which form the background since the probe couples
to the magnetic potential of the background.) These calculations are carried out
explicitly in the references [62,63).

For M2 brane probes of AdS; x S* there are degenerate minima at § = 0 and

sin = P,/N, where 0, ¢ are the corresponding angles on the four-sphere?. Mean-

2We pick coordinates on a D-dimensional sphere such that the metric is dQ% = d6? + cos® 0d¢? +

sin® 8d0% _,
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while for M5 brane probes of AdSy x S7, the degenerate minima are at § = 0 and

sin® @ = P;/N. In all cases the BPS relation is given by eqn. (4.8).

4.3.1 Giant gravitons from holomorphic surfaces

In fact, there is a beautiful geometrical construction of a more general class of giant
gravitons, due to Mikhailov [65]. The idea is to think of the S® of AdSs x S° as
being embedded in R® ~ C3. We think of C® as a cone over S® and then Killing
spinors on S° are given by parallel spinors on C3 [69]. There are a large class of
supersymmetric branes in C? given by holomorphic surfaces since such a surface is
calibrated® by w A w where w is the Kiahler form on C3. The idea is then that these
holomorphic surfaces should lead to supersymmetric brane configurations on the S°
base of the cone.

The details of the construction are contained in [65] and we just present the
result here. Supersymmetric giant gravitons on AdSs; x S° are given as follows.
They are the intersection of holomorphic surfaces in C*® with the S° base, rotating
at the speed of light in the direction ), 5% , given by acting with the complex
structure on the radial direction of the cone.

It is easy to see that the giant gravitons we have considered are a special case in
which the holomorphic surface is a flat complex two plane. In this case the inter-
section with the S° is a three-sphere. Furthermore, since the ¢, and ¢; directions
lie completely within the spatial world volume of the brane, rotation at the speed
of light in the ), 8%.' direction reduces to rotation at less than the speed of light in
the transverse ¢; direction.

We note that if we chose a null time coordinate in the a% +Y, —5%; direction the
giant gravitons would be static branes. It would then presumably be possible to

modify the set up of [72] to directly describe these as generalized calibrations.

3See refs. [70,71) for a discussion of the connection between calibrations and supersymmetry

for branes.
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4.3.2 Giant gravitons as baryons

The construction of the previous section shows that there are rather a wide variety
of supersymmetric giant graviton states in the bulk theory. This calls into question
the idea that these states should be dual to the single trace operators Oy, described
previously. In fact a more detailed investigation suggests that these are not precisely
the correct operators to consider.

The first thing to note is that the construction of the previous section generalises
immediately to other supersymmetric geometries which arise as the near-horizon lim-
its of branes at conical singularities. In order for such a near-horizon geometry to
be supersymmetric, the cone must be Calabi-Yau [58,69,73]. In this case holomor-
phic surfaces are once again calibrating and the whole construction of giant graviton
states can be precisely repeated.

Examples of such supersymmetric near-horizon geometries are AdSs x T'! and
various orbifold examples. In these cases, some of the giant gravitons, correspond-
ing to branes wrapping topologically non-trivial cycles, had already been studied
independently and had been proposed to correspond to baryon operators in the
boundary field theory [74-76]. This was the clue for the proposals of [67,77,78] to
identify giant gravitons in general with baryon-type operators in the field theory.

This proposal has now passed a number of tests. In particular these operators
carry the correct R-charges and fall into finite families with cutoffs to match the mo-
mentum bound on giant gravitons. Indeed a detailed matching of baryon states and
supersymmetric giant graviton states has been performed [78]. Also these operators
have been shown to be orthogonal at large IV, even for large values of the R-charge
and are thus reasonable candidates for the duals of single brane states [67].

It may be a little confusing that we have introduced two sets of operators - the
trace operators Oy and now some baryon operators - in the context of giant gravitons.
The point is that these operators are different choices of bases for the chiral operators
in the gauge theory. It is to be expected that the stringy exclusion principle should
hold whatever choice of basis we make for the chiral operators. The Oy states are a
good description of supergravity modes of low angular momentum. Meanwhile, the

baryon states are a good description of the expanded giant gravitons. There is no
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contradiction here, since the expanded brane description and the supergravity mode
description are valid in complementary regimes - the branes are a good description
so long as they are large and so carry large momentum whilst the supergravity
perturbations are a good description for small angular momentum. Since there is
no good semi-classical description which interpolates between these two regimes it
is not suprising that we find ourselves working in two different bases of operators in

the dual gauge theory.

4.4 Giant gravitons in supergravity

For the remainder of the chapter we discuss a complementary way of studying giant
gravitons in the bulk. If Kaluza-Klein particles are expanding into brane states this
should be reflected in the supergravity solutions. In particular, we would expect
to see dipole moments of the RR five-form field strength excited by the presence of
expanded D3-branes. A first signal of this can be seen in the analysis of the linearised
perturbations of supergravity around AdSs x S°. In contrast with perturbations
about flat space, the mass eigenstates in this case are mixtures of graviton and five-
form modes. This suggests that branes rather than particles are being produced.
(A similar effect was discussed by Polchinski and Strassler [79] in investigating the
role of dielectric branes in the description of ' = 1« vacua.)

In the following sections we discuss solutions to the full non-linear supergravity

equations which display the expected properties of giant gravitons.

4.5 The Superstar solutions

Here we review some charged black hole solutions of gauged supergravity theories
in four, five and seven dimensions and their lifts to ten dimensional type IIB and
eleven dimensional supergravity. These solutions have supersymmetric limits which
generally display naked singularities from which they get the name superstars. In
the following sections we will describe the interpretation of these singularities as

corresponding to coherent states of giant gravitons in IIB string theory and M-
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theory.

4.5.1 Superstars in AdSs x S°

As discussed previously, type IIB string theory has a spontaneous compactification
on AdSs x S® and there is believed to be a consistent truncation of the theory down
to a five dimensional gauged supergravity with N’ = 8 supersymmetry and SO(6)
gauge group corresponding to the isometries of the five-sphere. Here we consider a
further truncation of this theory to a five-dimensional N' = 2 supergravity theory
with U(1)? gauge group. This gauge group is the maximal abelian subgroup of
SO(6). An advantage of using this theory is that the lift ansatz to ten dimensions
is explicitly known [80]. Moreover, the U(1)® gauge symmetry corresponds to an
unbroken U(1)? isometry of the ten-dimensional theory which allows us to consider
objects with conserved angular momenta along three commuting killing angles on
the five-sphere. These objects will be giant gravitons.

The bosonic fields of the five-dimensional N' = 2 supergravity with gauge group
U(1)? are the metric, three U(1) gauge fields A* (i = 1,2,3) and two scalar fields
which are usefully parametrized as X; obeying X; X, X3 = 1.

The Lagrangian for the theory is

1 4 1 ; 1
—1p _ -1 2 -1 -2 1 \2 =1 _uvpod il 2 43
e £—R——2 E (X;7'0X5) +—L2 E,- X, ~1 E,- X; (F(z)) _—4e P ARl 2 A3

uvt po
1
(4.9)
which leads to the equations of motion:
d(X7? a4 F') = —F?AF*  andcyclic permutations, (4.10)

_ 4 _ L .
d(X; *e dX;) = ZMij[ﬁe(lA)Xj Y= XTI A xqFY),  (411)
j

where Mij = 61']‘ — 1/3
The five-dimensional N/ = 2 supergravity admits charged AdS black hole solu-

tions [81,82] which in the extremal limit can be written in the form
ds?, = —(H\HoH3) 7 fdt® + (HiH  Hs) 3 (f 7 r%dr? + d3), (4.12)

A'=—qH 't i=1,2,3, (4.13)
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X; = H7Y(HyH,Hs3)'/3, (4.14)

where we have introduced
f=rt+ %HleHs, (4.15)
Hi=1"+¢q; — g, (4.16)

The ¢;’s are the three U(1) charges and without loss of generality we have chosen
g1 > 2 > g3 > 0. In this extremal limit there is a naked singularity at r = 0.
The mass of this black hole is [81]

s
= — i 4.1
The ten dimensional lift ansatz is [80] *:
dsty = AY2ds} + ATYV2N " XY (L2dp? + pi(Ldgi + AP) (4.18)
and F(5y = G(5) + *G(5) where

Ge) = LZX2 — AXi)eaay + o ZX k) dX; A d(i?)
* 52,.:"“_2‘““3)”Ld¢i+A‘lA*u,4>Fé> (419)

Here, ds}, and €(4) are the metric and volume form of the five dimensional
geometry and *(; 4y denotes the Hodge dual with respect to the five dimensional

metric. A is given by
A=) Xyl (4.20)
i
The three quantities u; are non-negative real variables subject to the constraint
3", 1 =1 and we parametrize them by

p1 = cosBy, py =sinb, cosfs, ps = sinb; sinbs. (4.21)

where 0 < 6 < 7/2 and 0 < 6, < 7/2. The angles ¢; are unconstrained with
0 < ¢; < 2m. In other words each pair {y;, #;} are planar polar coordinates and the

constraint on the y; describes the embedding of a unit S° in flat RS.

4The lift in the case without the scalar fields (i.e. X; = 1) was first found in [83].
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Finally the mass of the superstar solution can be written in terms of ten dimen-

sional quantities as:

=573 Z 4 (4.22)

This follows from eqn. (4.17) and the standard relations between the five-dimensional

Newton’s constant and ten-dimensional quantities (see [66]).

4.5.2 Superstars in AdS; x S*

There is a similar story for eleven-dimensional supergravity compactified on AdS; x
S7 and AdS; x S*. The S* compactification results in a consistent truncation to
an N = 4 supersymmetric gauged SO(5) supergravity in seven dimensions [84,85].
Here we consider a truncation of this theory to an N = 2 supergravity theory with
gauge group U(1)?, the Cartan subgroup of SO(5). The bosonic fields of this theory
are the metric, two U(1) gauge fields A* (: = 1,2) and two scalar fields X; (see
refs. [86,87] for more details).

The seven—dimensional N/ = 2 supergravity admits charged AdS black hole

solutions which in the extremal limit can be written in the form [88],

ds? g = —(Hy Hy)™*° fdt? + (Hy Hy)'/® (f~'dr? + r%dQ}) (4.23)
A=(H'-1)dt i=12, (4.24)
X; = (H Hy)*® H, (4.25)

where we have introduced
r2
f=1+ mHle (4.26)

Hi=1+ 774, (4.27)

and the ¢;’s are the charges of the superstar.

The mass of this asymptotically AdS; solution is [89]

2
T
M= yre Z gi- (4.28)

The eleven dimensional lift ansatz is [86,87]

2
s [ 1 1
ds}) = AV3ds} g + A3 (—0L2du§ + ,§=1: X

|L2du2 + i (Ldos + A‘)Z]) (4.29)
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for the metric, and

1 L& 1
*Fgy = —+ Z (X2p5 — AXa) €6 — —L-AXof(l,e) ) Z X *e dXo Adp
a=0 "%

a—O
L2 2 . .
——'2— ){,2(1/1,2 (dd)z + Az/L) A *(I,G)F(zz), (430)
i=1 71
for the field strength of the supergravity three-form. The four—sphere is parametrized
by embedding it into R3. We split R® into two orthogonal two—planes parametrized
by {ui, ¢} (¢ =1,2) and a real line parametrized by po. The equation defining the
sphere is 2 + p? + p2 = 1. The ¢,’s are the two Killing angles on the sphere and

we reparametrize the u;’s by
to =sin@, sinf, py =cosf g =sinb, cosbs, (4.31)

The (1) denotes the Hodge dual with respect to the seven—dimensional metric
ds?g. Also Xo = (X1Xp)™! and A =32 Xop.
Finally, the mass of the superstar (4.28) can be re-expressed in terms of eleven

dimensional quantities as:
N3

where N is the number of four form flux quanta through the four-sphere.

4.5.3 Superstars in AdSy x S7

Finally we consider charged black hole solutions of N/ = 2 U(1)* gauge theory in
four dimensions which is a consistent truncation of the N' = 8 SO(8) theory arising
from eleven-dimensional supergravity compactified on AdSy x S7.

The bosonic fields of the four dimensional N = 2 supergravity are the metric,
four scalars labelled by X; (i = 1,2, 3,4) (X1 X2X3X, = 1) and four one-form gauge
fields A*. (see, refs. [86,87] for more details).

This theory admits quadruply charged AdS black hole solutions which in the
extremal limit take the form [87,90],

ds?y = — (HiHpHaHy) ™' fdt? + (Hy\HaHsHy)'? (F70dr® +r2dQ3),  (4.33)

A= (Hi'-1)dt i=1,2,3,4, (4.34)
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X; = (HiH,HsH,)Y* H, (4.35)

where we have introduced
f=1+ 4%Q—HngHgHti, (4.36)
H=1+ q? (4.37)

The mass of this AdS; black hole is [89]

1
M= i Z g (4.38)

The eleven dimensional lift ansatz which may be used to lift four-dimensional

solutions to solutions of the eleven—dimensional supergravity equations of motion,

is [86,87]

ds?, = AY3ds?, 4 A1/ Z (L2duf +u? (Ldgi+ 47)°)  (4.39)

i=1
for the metric, and

4 4
2 L 1
Fo=1 > (XPu? - AX) e + 5 > 3 *0 aXi Adpd
‘:l 1

i=1

E du, (dos + A'/L) A x5 Fly, (4.40)

for the field strength of the supergravity three-form. The seven sphere is parametrized
by seven angular variables. We start by embedding the sphere into R® with coordi-
nates u;, ¢; in four orthogonal two—planes. The ¢;’s are Killing angles and the other

angular variables are defined through

1 =cos; pe =sinh cosf, pz =sinb,sinbysinfs py = sin b, cos b, cos b3,
(4.41)
such that g2 + p2 + p2 4+ p2 = 1. Also A = b | X2,
Finally the mass of the superstar (4.38) may be re-expressed in terms of eleven
dimensional quantities as:

4\/2-N3/2
= 312 Z qi, (4.42)

where N is the number of seven-form flux quanta through the seven-sphere.
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4.6 Interpreting the superstar singularities

In this section we would like to understand the physics of the lifts to ten and eleven
dimensions of the superstar geometries. We shall see that the naked singularities
have various properties which suggest that they can be interpreted as particular

distributions of giant gravitons.

4.6.1 D3 brane superstars

First we shall study the lift to ten dimensions of the five-dimensional superstar of
equations (4.12)—(4.14). For simplicity we restrict to the case where only a single
charge q; is non-zero. Inspecting the form of the lift ansatz for the metric (4.18) we
see that the solution has angular momentum in the ¢; direction coming from the

term:

2
ds?, = A‘1/2L2%[Ld¢1 + AP+ (4.43)

with A — —(q;/r?)dt asymptotically. This is the first piece of evidence that the
geometry contains giant gravitons. We can see more generally that the presence
of electric charge for the gauge field A* in a five-dimensional solution will lead to
angular momentum in the ¢; direction in ten-dimensions.

Next we look at the lift ansatz for the RR five-form field strength (4.19). This

time the relevant piece to pick out is the term:

L . .

In the absence of electric sources in five dimensions, the equations of motion
(4.10), (4.11) imply that dF{5y = 0. However, if we have a source term on the right
hand side of the five-dimensional equation of motion (4.10) then this will produce a

source in ten-dimensions. Explicitly, for the singly charged superstar:

d(X7? %14y FY) = —2q18(r)dr A d°Q, (4.45)

corresponding to an electric charge of strength ~ ¢; at r = 0.
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Inspecting the form of F(5) from eqn. (4.44) we see that in ten dimensions we get

a non-zero integral from:

Ms

for a surface M which is extended in the u,, ¢; directions on the five-sphere and on
a three-sphere enclosing r = 0 in the AdS space. These are the directions transverse
to a spherical D3-brane wrapping the 82, ¢2 and ¢3 directions on the five-sphere at
r = 0 in the AdS space. We conclude that charged sources in five-dimensions are
lifted to collections of spherical D3-branes in ten dimensions.

In fact we can do rather better and find the precise distribution of giant gravitons
on the S5 In order to detect the presence of D3-brane charge we need to choose
a compact six-dimensional ball, Bg, which intersects with the D3-brane source in a
single point. The number of D3-branes captured in this way is given by the charge

integral:

n = m /M5 Fs) (4.47)
where Mg = 0Bs.

We expect that the source is a collection of spherical D3-branes wrapping the
02, ¢2, P53 directions on the five-sphere at r = 0 and so the transverse spatial direc-
tions are r, 0y, ¢1, a1, a2 and az. We can choose a six-dimensional compact surface
which intersects the source as follows. First of all the surface can span the S°
parametrized by the a;’s. We can also choose the surface to span the compact ¢,
direction. In fact, since ¢; is a Killing direction, we expect the source branes to be
distributed uniformly along this circle and we will be counting the total number of
branes around the circle.

Finally we need to choose a two-dimensional compact surface in the r, 6, direc-
tions. We could choose to integrate over the 6, direction and bound the region at
finite ». This would count the total number of source branes. However, the branes
are distributed non-uniformly in the 6, direction. In order to find the precise form
of this distribution we choose the following integration surface: 69 < 6; < 69 + 66,

r < 19, where 86, is arbitrarily small and ry, 09 are constants. This surface only
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intersects branes-near ¢; = 69.

In order to find the number of D3-branes we now need to perform the flux integral
(4.47) over the boundary of the region which we have specified. This boundary lies
in the ¢, 5,7 = 1,2, 3 directions and splits into three pieces in the r, 8, space. Two
of these pieces are at 6, = 6? and 0, = 69 + §6; and run in the r direction. The flux
integral through these directions vanishes as the appropriate term in Fs is zero.
The non-zero contribution to the flux integral comes from the boundary at r = g
and gives:

dn, N Q.
—_— = — E5y = N=; sin 26,. 4.4
do,  Am3L* $3{a;}x S {¢1} L% ®) L? S0 (4.48)

where ¢ denotes the interior product of a vector with a form. We can also integrate

over 6; to find the total number of giant gravitons:
n=NZL (4.49)

To find the total angular momentum carried by giant gravitons we can use the
result P, = Nsin? 8, for probe giant gravitons in AdSs x S°. We find that the total
angular momentum of the geometry carried by giant gravitons is:

dn, N? qQ1

otal __ —
Pt = /d&lPl(Ol)Ee—l =35I

(4.50)

This is equal [66] to the total angular momentum carried by the five-dimensional
geometry [81]. The simplest way to see this is to use the BPS relation (4.8) to relate
the angular momentum of the giant gravitons to their energy. We find that the total
energy of the giant gravitons is:

Etotl = %;ql. (4.51)
which agrees with the formula (4.22) for the mass of the superstar geometries. This
lends support to the proposal that the superstar singularities are sourced by giant
gravitons.

In the next chapter we will provide some probe calculations in the superstar
background to give further support for this. In particular we will derive the result
P, = Nsin? 6, for probes in the superstar background as opposed to AdSs x S5. This

amounts to taking into account the backreaction of the branes and is an important

step in justifying the approach we have taken.
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We can generalize the calculations of this section to the case of the multi-charged
superstar. The proposal is that the source is composed of three types of spherical
giant gravitons with momenta around the ¢;, ¢, and ¢5 directions. We find the
distribution of each type of giant graviton individually as for the single-charge back-
ground. The result for the total angular momentum carried by each set of giant

gravitons is simply:
P_total = Ni ﬂ
t 2 I3

and the total mass of giant gravitons is given by adding up the contributions from

(4.52)

the three sets:
Etotal _ N2 . 4.53
- 2L3 Z ql . ( * )

Once again this agrees with the mass formula (4.22) for the superstar background.

4.6.2 M2 brane superstars

Here we repeat the analysis of the previous section for the AdS; x S* superstars. We
begin for simplicity by considering superstars that have a single non-zero charge, ¢.
The lift ansatz for the metric (4.29) assures that this solution has angular momentum
along ¢ .

ds?, = A’2/3L2§—f[Ld¢1 + A2+ ... (4.54)
where A — —(q;/7*)dt asymptotically.

The dipole moment excited by the M2-brane giant gravitons is given by the term:
*Flg) = g Z X% *16) Figy Nd(uf) A [Ldg + A+ ... (4.55)

For the singly charged superstar:
d(X7% xae) F') = —2q:16(r)dr A d°Q, (4.56)

corresponding to an electric charge of strength ¢; at » = 0.
Inspecting the form of *F4) from eqn. (4.55) we see that in eleven dimensions

we get a non-zero integral

/ +Fla) (4.57)
My
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for a surface My which is extended in the u,, ¢, directions on the four-sphere and
on a five-sphere enclosing 7 = 0 in the AdS space. We conclude that charged sources
in four-dimensions are lifted to collections of spherical M2-branes carrying angular
momentum in ten dimensions.

Once again, we can find the total number and distribution of giant gravitons on

the four-sphere. We need to use the relation:

1
= — F, 4.58
™ 167TG11TM2 /1;47 i ( )

where G4, is the eleven—dimensional gravitational constant, T2 the tension of an
M2-brane and n; the total number of giant gravitons enclosed.

Proceeding as before, we choose a compact eight—-dimensional surface which in-
tersects with the M2-brane sources. The surface is extended over the five-sphere
spanned by the o;’s and also along the ¢, direction over which the branes are uni-
formly distributed. It is chosen to include a finite range of r, 0 < r < 7y and an
arbitrarily small range of ;, 89 < 6, < 69+66,. Performing the flux integral through
the boundary of this region we find:

dm _ quN?
do,  8L!
According to the test-brane analysis in an AdS7; x S* background [62], the size

cos 6, sin ;. (4.59)

and angular momentum of a giant graviton are related by P, = N sin ;. Combining
this with eq. (4.59) and integrating over 6;, we find the total angular momentum of

the distribution:

I

n/2 1 N3
pletal = N /0 d, sin 91%%11- = oot

Using the BPS relation between momentum and energy (4.8) we find the following

(4.60)

result for the total energy of the giant gravitons:

i‘hN?’
24 L5~

This agrees with the mass of the superstar geometry given in equation (4.32).

Etotal —

(4.61)

It is straightforward to generalize the calculation to the case of superstars with
two non-vanishing charges: ¢, # 0 and g, # 0. The total angular momentum carried

by each set of giant gravitons is:

ptetal _ 1aN °

ot < (4.62)
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and the total energy of the giant gravitons is:
1N3
total __ .
EY = S4LF Ei . (4.63)

Once again these results agree with the supergravity calculation of the superstar
mass (4.32) and provide further evidence that the superstars are built out of giant

gravitons.

4.6.3 M5 brane superstars

Finally we turn to the analysis of the superstars in AdS; x S7. Following the same
route as in the previous two sections, we start by considering superstars with only

one non-zero charge, ¢;. Inspection of the asymptotic geometry:
2
- [
ds}, = AL [Ldgy + AT+ (4.64)

with A = —(g,/r)dt asymptotically, tells us that there is angular momentum in
the ¢, direction.

Furthermore, the lift ansatz for F{4) contains a piece:

L . .
Fay=73 > X7P w3 Fgy Adp? A [Ldgi + AT] . + ... (4.65)

i=1

For the single-charged superstar:
d(X72 %3 F') = —2q,6(r)dr A d%Q, (4.66)

corresponding to an electric charge of strength ¢; at r=0. According to eqn. (4.65)
this will lift to a collection of M5-brane giant gravitons in eleven dimensions, whose
spatial world-volume is the five-sphere parametrized by 65, 03, ¢, @3, ¢s. To see
the details of this we compute the number and distribution of giant gravitons on the
seven-sphere.

An Mb5-brane is magnetically charged with respect to the supergravity three—
form potential. We consider a compact five-dimensional region which intersects the
source M5-branes and is spanned by the two-sphere with coordinates «;, the circle

spanned by ¢; and the wedge O.S r < 1o, 89 < 6; < 6%+ 660,. The flux through the
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surface is proportional to the number of M5-branes enclosed,

1
n=-———1[ F, 4.67
! 167TG11TM5 [\44 4 ( )

where G, is the eleven—dimensional gravitational constant, Tys is the tension of an
Mb5-brane and n; is the total number of giant gravitons making the superstar.

Performing this flux integral for the region we have specified, with F{4) given by
eqn. (4.65), we find the following distribution of branes in the 6, direction:

dny 8q N1/?
dé 2L

Next we calculate the energy of the above distribution. The test-brane analysis

cos 0y sin 6. (4.68)

of [62] gives the relation between the angular momentum of a giant graviton and its
position on the sphere as:

Py, = Nsin' 6. (4.69)

Combining this result with eq. (4.68), we find the total angular momentum of the

distribution,
dny 44/2 ¢ N3/
d, 3 L

On applying the BPS relation between angular momentum and mass (4.8) we find

w/2
plotal — v /0 df, sin 8, (4.70)

a total energy :
Etotal _ 4\/5 q1N3/2
3 L2

This agrees with the energy eq. (4.42) of the corresponding superstar. This is evi-

(4.71)

dence that the asymptotically AdS,;xS” superstars are indeed composed of M5-brane
‘giant gravitons.
We can easily generalize to the case of multi-charge superstars. The total angular

momentum carried by each set of giant gravitons is

4v/2 g;N3/?
Etotal — T\/_q I , (472)
corresponding to a total energy
ota, 4\/§N3/2
Etotel — Tzq,-. (4.73)
i

Once again this agrees with the supergravity result.
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4.7 Discussion

In this chapter we have described various aspects of the physics of giant gravitons.
We reviewed their description in terms of probe branes and as states of the boundary
field theory. We then identified certain supersymmetric geometries as corresponding
to the fields external to a collection of giant gravitons. These superstar geometries
contain naked singularities and we have argued that giant gravitons have the correct
properties to act as sources for these.

An important omission from our analysis was a proper derivation of the momen-
tum size relations for giant gravitons in the superstar backgrounds. Furthermore,
to complete the analysis and identify the superstars as solutions of supergravity
coupled to the worldvolume actions of the giant gravitons, we should investigate the
physics of probe branes in the superstar backgrounds. This is the subject to which

we turn in the next chapter.
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Chapter 5
Probing with giant gravitons

A well known example of a consistent truncation in supergravity is the reduction of
the N/ = 1 theory in eleven dimensions on a circle. This produces type IIA super-
gravity in ten dimensions. The ten dimensional theory has a solution corresponding
to a fundamental string which when lifted to eleven dimensions becomes a mem-
brane wrapped on the circle. A complementary result is that a membrane probe of
the eleven dimensional lift ansatz, which is wrapped on the circle, behaves like a
fundamental string probe of the type IIA theory [91].

In the previous chapter, we found that the extremal limits of charged black hole
solutions in five dimensional N = 2 U(1)® gauged supergravity lift to collections
of giant gravitons in ten dimensions. The (extremal) charged black hole solutions
represent the external fields sourced by a massive charged particle. In this chapter
we investigate giant graviton probes in ten dimensions and we ask whether such
a probe of the ten dimensional lift ansatz might have an expression as a charged
particle probe of the five-dimensional theory.

On the one hand this seems a reasonable expectation. We start with a D3-
brane action which couples in a supersymmetric way to the type IIB supergravity.
The lift ansatz preserves a U(1)® symmetry (corresponding to the three commuting
Killing angles ¢;) and so we can consider probes which carry a non-zero, conserved

angular momentum under one of these U(1)’s. A probe carrying such an angular
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momentum on the sphere !

will carry a U(1) charge from a five-dimensional per-
spective. We might expect that we can minimize the energy of a D3-brane probe
with a fixed angular momentum by partially solving the equations of motion in the
compact directions whilst leaving the motion in the remaining five non-compact di-
mensions undetermined. If so this should produce a five dimensional action for a
massive charged particle which couples supersymmetrically to the five dimensional
supergravity.

On the other hand, such a result will require a good deal of luck. In order for
the ten-dimensional problem to admit a general solution for minimal energy config-
urations on the five-sphere whilst leaving the AdS dynamics completely unspecified
requires a number of remarkable ‘conspiracies’ in the structure of the truncation
ansatz. In fact this is what happens and for minimal energy giant gravitons with
a given angular momentum, the ten dimensional dynamics simplifies to that of a
charged five-dimensional particle probe.

This then is the main result of the present chapter - a giant graviton probe
of the ten-dimensional lift ansatz behaves as a charged particle probe of the five-
dimensional gauged supergravity. We do not show explicitly that this particle probe
action is the bosonic part of a superparticle action. However, we observe a couple
of facts which suggest that this is the case. In particular, the charge of the particle
is equal to its mass in agreement with the BPS relation (4.17) for the extremal
superstar solutions. Furthermore, the scalar field couplings to the probe are of the
correct form to source the superstar geometry.

We see that the lift ansatz encodes more than just the embedding of one su-
pergravity theory into another. It also encodes the relation between the branes of
the two theories. It secretly contains an ansatz for lifting solutions of the lower di-
mensional supergravity, dynamically coupled to a particle, to solutions of the higher
dimensional system of supergravity coupled to a brane.

As a warm up to the main result, we also consider massless particle probes of

the ten-dimensional lift ansatz. We take massless particles with angular momentum

!Note that for brevity we sometimes refer loosely to the non-compact part of these geometries

as the ‘AdS’ directions and the compact part as the ‘sphere’ directions.
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on the five-sphere which are expected to be degenerate with giant gravitons at least
in the pure AdSs x S° background. We find that these particles also behave like
charged particles in five-dimensions with the same action as the minimal energy
giant gravitons. Thus we confirm that the degeneracy between massless particles
and giant gravitons persists in more complicated backgrounds.

As a corollary of our giant graviton probe calculations, we can confirm that the
relation between momentum and size for the giant gravitons - namely P = Nsin?§
- which we used in the previous chapter, persists in any ten-dimensional solution
which arises as a lift of the five-dimensional gauged supergravity. This fills in a
crucial step in the logic of the previous chapter in which we argued that giant
gravitons could correctly account for all of the angular momentum/energy of the
superstar geometries.

We can go further and probe the superstar backgrounds with giant gravitons
with a view to finding out whether the branes which are supposed to source the
singularities can in fact reach that region of the geometry. These probe calculations
are very straightforward since they can be performed entirely within the context
of the five-dimensional solutions. We simply have to probe the five-dimensional
superstars with charged particle probes?.

Our results are somewhat surprising. In the case of the singly charged superstars,
the probes can be brought all the way in to the singularity where they sit at a
minimum of their potential energy. In this way we see that the coupled equations
of motion of the gravity /brane system are solved by a collection of giant gravitons
in the single charge background. However, for the generic multi-charge geometries,
the singularities appear to be repulsive - at least at the level of our analysis. This
casts some doubt over their interpretation as physical solutions sourced by branes,
although it is possible that curvature corrections could alter this conclusion.

As a possible resolution of this puzzle, we consider so-called dual giant gravitons
as probes of the superstar geometries. Since these probes carry the same angular

momenta and masses as the ordinary giants it might be possible that they play a role

2This case is in contrast to accepted lore that singularities of lower dimensional supergravities

can only be explored properly within the context of their ten/eleven dimensional lifts.
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in resolving the superstar singularities. We find that there always exist dual giants
at BPS minima in the superstar backgrounds and speculate that the singularities

expand into configurations of dual giants.

5.1 A massless particle probe

We start by considering the physics of a massless particle probe in a ten-dimensional
geometry of the form given in equation (4.18), i.e. in a geometry which arises as a
lift of a solution of the ' = 2 U(1)3 gauged supergravity in five-dimensions. Such
a ten-dimensional geometry has a U(1)? isometry and so we may consider a particle
with conserved angular momenta P;, i = 1,2,3 along the three killing angles ¢;. 3

Our strategy is to partially solve the equations of motion for such a particle
probe by making an ansatz that the particle should have no kinetic energy in the
S5 directions beyond that which is related to the motion in the ¢; directions. In
other words, we set 91 = 6, = 0 and then solve for the values of 6;, 6, such that the
equations of motion are satisfied.

It is a non-trivial statement that we should be able to do this without specifying
the form of the five-dimensional fields or the motion of the probe in the non-compact
space. In fact, these details decouple form the 6,0, equations of motion under our
ansatz and we find a simple five-dimensional action describing the effective dynamics
in the non-compact directions.

For convenience we start with the action for a massive particle in ten-dimensions

and later take the mass m to zero.

S=-m / dtr/=aet(P(9)), (5.1)

where P(g) is the pullback of the spacetime metric onto the particle’s world line and
is given by

P(g) = gun XM XV, (5.2)

Here XM are coordinates on ten-dimensional space whilst we shall refer to coor-

dinates on the five-dimensional non-compact space as z#. z% = t and XM is the

3See section 4.5 for definitions of the S® coordinates.
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derivative of X™ wrt. t. The metric gy is given by equation (4.18).
We consider a particle with angular momenta in the ¢; directions but stationary

in the 60,0, directions. The Lagrangian becomes:

L= —m\/—A1/2(gu,,z'“a:"’) — A-12 z X713 (Lg; + Aizr)? (5.3)

Recall that A defined in equation (4.20) depends on the five-dimensional scalar fields
X; as well as the sphere coordinates 6y, 65.

Since all the fields in the lift ansatz are independent of ¢;, the action we have
written down has no explicit ¢; dependence and we can replace d3,-(t) with conjugate
momenta P, which are conserved in time. Since we have put no restrictions on the
motion in the five non-compact directions and we have set 6; = 0 it is convenient to
remain in a Lagrangian formulation for these variables. The resulting Routhian is

found to be?:

1/2
— P2X;:A 1 .
R = _gwjxliajll ( L2—/J,2) — z‘ Z.’L’”’A”Pz (56)

i
where we have now taken the limit m — 0.

We need to find the minimum of the energy with respect to the p;. If we define

4We will be required to perform several Legendre transforms of this type and it will be useful

to have to hand a result which covers all the cases at once. Suppose we have a Lagrangian of the

form:
L = % [—Yxl/2 +Z+ ZLW,-d;..]
2
X = A-) I*B (¢3,- - %C’,-) (5.4)

where A, B;,C;,W;, X,Y and Z are functions of » and the other angles, but not of ¢, The

Hamiltonian (or Routhian) reached by performing a Legendre transform on ¢ is:

L N2 1/2
H= % [Al/2 (Z % + YZ) +3 Ci(pi - W) - Z] (5.5)

where p; = Py, /N.
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vectors U and V by:

i B .
Uu, = %f fori=1,2,3
Vi = 4/ Xip? fori=123

Then

rx.a\"’
s Y

with equality iff. U and V are parallel. Thus the minimum of the energy occurs at

> UV (Schwarz inequality)

ui = (P/ ¥, P;), taking into account the constraint 3, uf = 1.
If we now set the p;’s to these values we find a remarkable simplification in the
Lagrangian for motion in the remaining directions. The resulting charged particle

Lagrangian in five dimensions is:

1 — .
L= T 21: (—HXM/—g“,,xl‘x” + :c”A,,Pi) . (6.7)

We emphasize once more that in the calculation above, the choice of five dimen-
sional geometry (and background fields) and the motion of the particle probe in
the five non-compact directions remains arbitrary throughout. It is perhaps rather
surprising that it is possible to minimize the energy of a massless probe in the com-
pact space independently of these details. Presumably this is illustrating some very
special properties of the lift ansatz. It would be interesting to understand this in
more detail.

In the following sections we turn our attention to probe calculations involving
giant gravitons. We have already seen that in AdSs x S°, the physics of giant
gravitons mirrors that of massless particles. If this is to happen for giant graviton
probes of the more general class of solutions, which arise as lifts from five-dimensions,
it will require even more special structure in order to bring about the necessary
cancellations and decouple the physics of the branes on the sphere from the details

of the dynamics in the remaining directions.
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5.2 The R—-R four-form potential

If we wish to probe the lift ansatz of eqns. (4.18) (4.19), with a giant graviton, we
are presented with a new technical difficulty which was not present in the particle
probe computation. We need to know the expression for the R-R four-form potential
to which a D3-brane couples. The lift ansatz is presented in terms of G5, a part of
the self-dual five-form field strength F(5) = G(s5) + *G5) with indices mostly in the
non-compact space. Since the giant graviton spans a three-surface inside the S°, we
will need the explicit expression for *G(s) also. Furthermore we need to integrate
Fs) to produce an expression for the four-form potential C(4) satisfying dC(4y = Fs).
Details of these rather lengthy computations are presented in this section. The most

important results are found at the end of the section starting with equation (5.24).

5.2.1 From G5 to *G(s)

In order to dualise G5y we will need to dualise several forms in ten-dimensions
which split into a p-form, a,, in the AdS directions and a g-form, B, in the

sphere directions. The following result will be useful:
*ao0)(a A B) = (—)q(s_p)A(q—p)ﬂ(*(1,4)0 A *(s5)8), (5.8)

where (1 4) and *(s) refer to Hodge duals taken in the AdS directions and the sphere
directions respectively.

The remaining difficulty in dualising G(s5) resides in the fact that the sphere
metric is given in terms of constrained variables (the p;’s.) Consider R® spanned by

the p;’s (without the constraint Y, p2 = 1) and with metric:
dsi =) X[ ldu? (5.9)

Let S be the surface given by Y, u? = 1 and denote the restriction of this metric
to S by ds2 . Suppose that ej, ez, €3 are a vielbein for R? with the metric ds2, such
that e3 = A™Y2 Y™ p;dp;, i.e. e3 is a unit normal covector to S. Then the following

identity allows us to dualise forms within the surface S in a straightforward fashion:

*(2)x = *(3) (63 FAN O!). (510)
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Thus, for example
Vols = *@gl= *(3)A’1/2Zuidui = AW, (5.11)

*(Q)d(/.l,lz) = *(3)A—1/2 Z deﬂj A d(y,?) = —QA_I/Q ZXin.uiujZij (512)
J J

where

1
W = 5 Zeijkﬂidﬂj A d[l,k = sin 01d01 A dgg (513)
ijk
is the volume form on the sphere > . u? = 1 embedded in flat R? and Z;; =
Zk fijkdﬂk-

It is now relatively simple to dualise G(5) as given by equation (4.19). We find:

2U

*G(5)= — LF

W A pilLdd: + A’
L !
- A > XidXi A Zigpip; \ mlLdgy + A
ij !
L .
- —A" Z F(12) A Zij[.l,ij /\ /.L[[Ld(ﬁl + Al]
ij I#i
where U = Y_.(X2u? — AX;). After a little more algebra we find:

2
LA?

Xip Y
- Zay ( A" ) dz” A LZ,-/k\uk[qu’)k + AF]

L .
+x > XipiZij |\ [ Ldgy + A¥) A F, (5.14)
tj k#j

*Gey = —rg D (X2uE - AX)DPW N pe[Ldey + A*]
i k

where Z; = €;;zp/dp*. For one-forms d¢; our notation is:

1
Ndbr =5 eijedd; A doy
ki ik

5.2.2 Integrating Fis

We now have the complete expression for F(5) and we can proceed to integrate to
find Ciy). Our tactic will be to guess pieces of the expression for C(4), differentiate
and subtract from F{5. When differentiating expressions involving the fields of the

five-dimensional theory, we may use the five-dimensional equations of motion. This
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reflects the fact that the Bianchi identity for the self-dual five-form, dF(sy = 0, is only
satisfied modulo these equations of motion. We encountered a similar phenomenon
when integrating the five-form potential in chapter 2.

We start by evaluating
L 2 [y—1 -2 i i
d|3 > [X7 ke dXi + X7 Ldgs + A A+ Fy)
L 2 -1 L 2 -1
=3 > d(ud) AXT v dX + 3 > k(X x4 dX5)
L 2 —2 i i L 2v—-2m 1
+3 > d(u2) A X7 [Ldg: + A A a0 Flyy + 5 S uXTEFG) A xgFl
L : .
-5 > pE[Ldgi + ATA (X7 1,0 Flyy) (5.15)

We can use the five-dimensional equations of motion (4.10) and (4.11) to replace

the second and fifth terms. We find:
L ‘ _
d (—2— Z y,? [X:l *(1’4) dX, + X:Z[Ld(ﬁ,‘ -+ Az] FAN *(1’4)F(12)])
L 2 -1 2 2 -1
= 5 z d(ll’i) A Xi *(1,4) dX; + Z Z Ji® Mij6(1,4)Xj
i LY
L ; i L - i i
+3 > X72Fy N raaFhy + 5 > d(u?) A X7 Ldgi + A A+, Fly
L 2 i k

k#i

It is now easy to check, using the identity
U= (X2 - AX) = X7 - 1)
that this differs from the expression for G(s) given in equation (4.19) by

4 _ L i L -2 i
~3L > X e - 0) > ul{Ldg; + A \ F, - 5 D X Foy AranF
i i ki i
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We next evaluate

d (- Y (XZ‘") Lz /\ pel Loy + A"])

i

= — Za ( ”’”) dz,LZ; /\ e[ Ldoy + A¥)
-L Z (Kt(#’? - 2“1 Z 2u; X ﬂzﬂ'] u ) w /\ Nk[Ld¢k + Ak]
—2LW /\ | Ly, + A*] + (Z Z X; - 3) LW /k\ | Lddy + AF)
+Z ( ‘“’) LZ; \ m[Ldgi + A¥) A p;Fly,

k#j
Xip k 2U k
_ z:a,, ( A ) dz,LZ; /\uk[qus,c + AF) — (4 + F) LW/k\uk[de)k + A¥)

ks#j

This expression can now be seen to differ from equation (5.14) for *G sy by
ALW /\ pur[Ldgy + A¥ = LY Z; )\ m[Ldr + A¥] A F
i ke
As well as the equations of motion (4.11), we have used various useful identities

which are listed below for convenience:

dz; = 2uW (5.18)

ZiNdpy = (8ij — paps)W (5.19)

Zijtok + Ziip; + Zjgpi = 0 (5.20)
Z;— % Z XimiZip = —i— Z Xitti Zij (5.21)
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So, adding together G (5) and xGs), we see that
L . .
Fsy= d (5 > k(X7 x4 dX + X7 (Ldgs + A A *(1,4)1?;2)])

+ d (— 3 (XA“') Lz Auk[qusk + A’“])

4 _ _ .
- 37 Z X ey — = Z X2 Fiyy A Fly)

- = Z pi(Ldg; + A'] \ Fly + 4LW /\ px[Lddy + A
k#i

— LZZ,- /\ x[Ldgy + A¥] A Fy, (5.22)
i k#i

The first two terms of this expression have been written as the derivative of a
globally well-defined potential (assuming that the A'’s are well-defined, i.e. there
are no magnetic strings in five dimensions.) The next two terms are five forms on
AdSs and so are manifestly closed, but their integrals will depend on the precise
solution and are not needed here. The sum of the final three terms is closed but
not exact. We can (partly) integrate these terms locally for y; # 0 to obtain the

expression

L L
d (—Eﬂg N\ [Ldge + A¥] A Fy) + Eﬂg N\ [Ldgy + A¥] A F(22)>
k#3 k#2

Z L
+d (L”—I /k\u,c [Ldgy, + A"]) — S Ldgy + A AFl NF

Putting this together with equation (5.21) (for j = 1) we can write the five-form
field strength in terms of a four-form potential, well-defined for p; # 0, plus terms

which do not couple to the D3-branes we consider. Our final expression is
L : .
Fy= d (5 D uf (X7 w0 X+ X7 Ldgs + A A xanF ('z)])

L L
+ d (—5;@ N\[Ldge + A A F) + Sug N\ [Ldgr + AT A Fé))

k#3 k#2

+ ( Ay ZXluzZu /\uk Ld¢, + Ak]) — —[Ld¢>1 + Al AFy NFy

- BLZ 14)——ZX 2Fyy A x4 Fy (5.23)
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From this expression it is easy to read off the pieces of Cy:

L ‘ |
Cop = 3D uE[X7 " dXi + X, *{Ldds + A) A v Fy)
L

L
—5#3 /#\[Ld@c + A A Fy + 5/@ N\ [Ldgy + A¥) A F,
k#3 k#£2

L -
AL > XipiZy; \ peLdgy + A¥) + Cyy (5.24)
i k
where C(y is a four-form satisfying

~ 4 -1 L -2 i i L 1 2 3
dC = ~37 Z X leaw — 5 Z X7 Flyy NraaFly — 5 [Ldy + A'| A Fiy A F
(5.25)
In section 5.3 we will consider a D3-brane at constant 6, so the above expression

is well-defined (for u; = cos6; # 0) and after some simple manipulations, we find:

L* . ) .
Cx)oz N sin* 6; cos 0, sin 8 (X cos® 6, + X sin® 6,) (5.26)

Finally in this section, we comment that our expression for C(4) makes mani-
fest the fact that Fis) satisfies the Bianchi identity dFi{sy = 0. This is certainly a
requirement for consistent truncation and was not previously demonstrated to our
knowledge. In the reference [80] the Bianchi identity for G(s) is partly checked, but

*G (5) is not found.

5.3 Giant graviton probes

In this section we consider probing the ten-dimensional lift ansatz with giant gravi-
tons. We find that, as with the massless particle probes of the previous section,
it is possible to find minimal energy configurations in the compact directions with-
out specifying a particular five-dimensional solution or any particular motion of the
probe in the five non-compact dimensions. As with the massless particle probes, the
giant gravitons behave simply as massive charged particles in five dimensions.

Our giant graviton probe will be a D3-brane with the topology of an S3 lying
inside the S°. More precisely, the brane will ‘wrap’ the 6, ¢, and ¢3 directions
whilst moving rigidly in the ¢, direction at fixed 6. The motion of the probe in the
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non-compact directions remains arbitrary with the assumption that it is independent
of 65, ¢o and ¢3, i.e. we only consider rigid motion of the brane. While it is not
initially obvious that this is a consistent way of embedding the brane, we will see
that it does in fact give a minimal energy configuration. Specifically we find that
the brane action reduces to a particle action in five dimensions — independent of 65,
¢, and ¢3 and with #; and qﬁl constant.

The action for the D3-brane probe is:

Sy =Ty / dtdfdgadeps [\/— det(P(g)) + 27 Clthppp + qslcgg,m] (5.27)

Our first task in evaluating this action will be to find the pieces of the RR four-
form potential C® which couple to the probe. It is straightforward to read off the
relevant pieces of C from equation (5.24). We find

. : L. ) .
$VC£§)2¢2¢3 + ¢1C'$)02¢2¢3 =-x sin® 8; cos 05 sin ;P (5.28)

where a = X5 cos? 0 + X3sin® 0, and ® = L, + zv AL,

Combining this with the terms coming from the pullback of the metric the action

becomes:
sin® 0, . ...~ cos?f .
S3 = —T3L3 / dtd02d¢2d¢3 |: \/Z X1 COS 02 s 92&1/2 —glwx“.’ltl’ — XIA P2
—% sin* 8, cos 0, sin 02a<i>] (5.29)

We stress that the action at this point appears to couple together the fields repre-
senting the position of the probe in the sphere directions with the position in the
AdS directions in a very complicated way. In particular note the coupling between
the angles 6,,0, and the five-dimensional scalar fields X; in the terms involving A
and a.

Since all the fields in the lift ansatz are independent of ¢;, the action we have
written down has no explicit ¢, dependence and we can replace q51 with a conjugate
momentum Py, (62, ¢2, #3) which is independent of time. The resulting Routhian is

found to be:
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R = 1\ guBE

+ N sin® 8, X 2o cos? B, sin® 4, 1/ 1
AV T

XiA P, - Na sin* 6, cos 0, sin 6, 2
cos? 01 A‘/g

1:VA11/P¢1
= 7 /= guwiti’ Xy [qu1 + Xi tan’ 0, (P;, — —V—N sin? 6, cos 0, sin 02)2]
1 3
1.
-vaA;P¢,, (5.30)

where N = V3T5L* and V3 = 272 is the volume of a unit S® in R%.

Minimizing over 6, is now straightforward. The expanded minimum® occurs
when Py, (62, ¢2, ¢3) = V%Pl cos 0, sin @, for some constant P, and Nsin?6;, = P,.
This is the promised derivation of the momentum-size relation for expanded giant
gravitons in these more general backgrounds, which was needed to fill in a missing
step in the argument of the previous chapter. In section 5.6, we provide a derivation
of the corresponding result for the eleven dimensional, single-charge superstars only,
by considering these geometries directly rather than by probing the general lift
ansatz. Probe calculations of the general lift ansatz in eleven dimensions along the
lines of the calculations presented here for the ten-dimensional case are currently
being considered in [92].

It is easy to check that our result for P, indeed implies that <;51 is constant
and thus that our ansatz is consistent. If we substitute these values back into the

Routhian and integrate over 0, ¢, and ¢3 the resulting particle Lagrangian is:

L= % (—P1X1\/ —glwi}""i'y + .'EVAll,Pl) (531)

It is remarkable that the complicated action of equation (5.29) should reduce to
such a simple form when we consider minimal energy configurations in the compact
directions. The crucial step is that the Routhian (5.30) rearranges into a sum of

squares to make minimization over ¢, simple. That this should occur independently

5There is also a zero-size minimum at @, = 0 corresponding to the massless particle probe of

the previous section.
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of the details of the five-dimetisional solution which we are lifting and of the mo-
tion in the AdS directions suggests that our ansatz for the motion of the brane in
the compact directions manages to preserve some supersymmetry in the five non-
compact dimensions. Naturally, when we introduce a particular five-dimensional
solution, supersymmetry may be completely broken.

Equation (5.31) is the same Lagrangian for a charged particle in five dimensions®
which we saw in the previous section. The conclusion is that probing with the giant
graviton is equivalent to probing with a massless particle in ten-dimensions and both

are equivalent to probing with a charged massive particle in five-dimensions.

5.4 Superstars and giant gravitons

In this section we apply the giant graviton probe results, which we have found
for general lifts of the five-dimensional supergravity, to study the ten-dimensional
superstar geometries of [66,80]. We discussed these geometries in some detail in
the last chapter where we argued that they represent the supergravity backgrounds
sourced by a collection of giant gravitons in AdSs x S°.

In order to identify the naked singularities in the superstar geometries as corre-
sponding to a collection of giant gravitons we should check whether giant graviton
probes minimize their energy at the singularity. We consider giant graviton probes
carrying angular momentum in the ¢; direction. The results of the previous section
show that it is equivalent to probe the five-dimensional charged black holes with the
charged particle probe of equation (5.31). We insert the fields of equations (4.12)-
(4.14) into the probe action (5.31) and look for a stationary solution (z* = 0 for
p # 0.) The resulting energy of the probe is:

_Efw'*‘%'

E‘LHi

(5.32)

80ur giant graviton probes only cover the case of a singly-charged particle, whereas the massless
particles could carry charges under all three U(1)’s simultaneously. It would be interesting to
understand whether the more general giant gravitons related to holomorphic surfaces might play

a role here as multiply charged states.
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The question we are interested in answering is whether the singularity r = 0
corresponds to a BPS minimum (E; = P;/L) for each type of probe. It turns out

that there are several distinct cases to consider.

® ¢1 = ¢2 = g3 = 0 — All three types of probe have a BPS minimum at r = 0 as

expected since this is the case of pure 4dSs x S°.

e ¢ = g3 = 0 with ¢, non-zero — The probe coupling to A' has a BPS minimum

while the probes coupling to A% or A3 appear to have non-BPS minima (E 3 =

\/1 + QQ’3/L2P2,3/L) at r = 0.

e g3 = 0 with ¢; and ¢, non-zero — For the probes coupling to A! or A2, the
energy saturates the BPS bound at r = 0 but the gradient of the potential
is non-zero indicating an attractive force at the singularity. For the probe
coupling to A3 the energy diverges as r — 0 and there is an infinite repulsive

force.

e All g; non-zero — The singularity is repulsive to all three types of probe. Fur-
thermore there is an infinite repulsive force on the probe coupling to A (and

on the probes coupling to A? in the special cases g; = g3.)

The meaning of these results is not entirely clear. For a singly charged superstar,
the fact that a probe with the same type of charge as the background has a BPS
minimal energy configuration at the singularity agrees with the interpretation of the
singularity as a collection of giant gravitons. However, in the other cases agreement
is not reached. A possible resolution is that curvature corrections to the supergrav-
ity background and to the D3-brane action could modify the results in these less
supersymmetric cases.

Another possibility would be that other states that carry the same angular mo-
menta and energy as giant gravitons could appear in the bulk and change the interior
geometry, removing the need for the superstar singularities. In the next section we
take a first step towards understanding this possibility by probing [3,66] the super-
stars with so-called dual giants [63,64]. A next step would be to look for supergravity

geometries with dual giants in the bulk. We haven’t yet considered this in detail.
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5.5 Dual giants in the superstar background

We search for solutions corresponding to expanded BPS states of dual giant graviton
probes in the superstar geometries. These results first appeared in [66] although our
method for finding the BPS solutions is original.

The idea of the dual giants is to couple a probe brane to the electric RR potential
rather than the magnetic potential to which the ordinary giants couple. It turns
out that there are once again expanded states with angular momentum and energy
degenerate with the giant gravitons [63,64]. A discussion of these states in a field
theory context appears in [64].

For the asymptotically AdSs x S° superstars, the relevant probe is a D3-brane
wrapped on the S? at constant 7 in the AdS space and orbiting in the ¢; directions
at fixed 6,,6,. As with the massless particle probes we can consider a dual giant
with three non-zero angular momenta.

The action for such a probe is:

Sy = —T, / dtd®o; [ — det(P(9)) + Clmrasas + H1C5tnyaza] (5.33)

Substituting in the fields of the multi-charge superstar and integrating over the

three-sphere over which the brane is wrapped, we find the following Lagrangian:

N : '
L = f[ ———ZHiu?[Lq&,- LZH]2+A+ZM (Lé: - ]

The corresponding Hamiltonian is:

_ u (r2—q3 s (s — HE)?
"o \/Z +H) Hhuz +HZ
(r* — g3) K N
S (1) o]+ T

= —’Ho + = Z P; (5.34)

We will find BPS minima satisfying H = %’- >~ pi whenever H, vanishes. If we define
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vectors X and Y by:

2 (2
=)
X, = Hi——L2 fori=1,2,3
Xy =
Y, =
Y, =
Then
Ho = |XI|IY]-

>0 (Schwarz inequality)

with equality iff X and Y are parallel (X = AY.)
Inspecting the metric ansatz (4.18) we see that A controls the size of the sphere
which the brane wraps and in particular expanded branes are given by A # 0. In

this case, the solutions of Hy = 0 are at r, y; given by:

2’ — ) _ MG
l""i L2 =D L2

There may also be pointlike solutions with A = 0. This can only happen at

(5.35)

r? = 0 and thus these states cannot play a role in resolving the singularity.
We can find the radius at which the dual giants can appear in the bulk by

summing the three equations in (5.35) over 4. This gives:

_22 +Z( “tq*), (5.36)

To understand whether these dual giants have a role in resolving the superstar

singularities we would need to look for supergravity solutions which asymptotically
approach the superstar solutions, with branes in the bulk to carry the angular mo-
mentum. It might then be possible to use the momentum-radius relation, derived
here for the BPS dual giants, to perform an analysis similar to that involved in

interpreting the superstar singularities.
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5.6 Some eleven dimensional results

In this section we briefly report on some giant graviton probe calculations in eleven
dimensions. We have not considered giant gravitons probes of the general eleven
dimensional lift ansdtze although we would expect similar results to carry across
to these cases also (see [92]). However, we have considered giant graviton probes
in the single charge superstar backgrounds and found that (a) the required size-
momentum relations used in chapter 4 do indeed hold and (b) the branes can sit at
the singularity and thus provide a physical source for the solution. This mimics the
result for the single-charge solution in ten-dimensions.

We have also considered dual giant probes in the multi-charge eleven dimen-
sional superstar backgrounds. Once again it is always possible to find BPS minima

corresponding to expanded dual giants.

5.6.1 Probing superstars in AdS; x S*

In the following, we present a brief summary of the M2-brane probe calculations for
the superstars presented in section 4.5. We will restrict our attention to the simplest
case of a singly charged superstar (i.e. only ¢; is nonvanishing).
Our giant graviton probe will be a spherical M2-brane inside the S* at constant
6, and moving on a circle in the ¢; direction. We will first consider this configuration
at a finite radius in the anti—de Sitter space (i.e. away from the singularity) and then
consider taking the test-brane to » = 0. The M2-brane couples to the three form
potential A® satisfying dA® = F®), Hence to evaluate the worldvolume action,
we need to dualize *F(4) given in eq. (4.30) and integrate to find A®®. The result is
(A+2)
A2
+...
sin®6, . .
= d (—Hl < A\ sin b cos 6L /\[qusj + A{D]> +...

3
= dA®, (5.37)

1

F®
L

H, sin® 0, cos 6, Ld0; A sin 0, cos 62 L8 [\[Lde; + A{I)]

J
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The probe action is then

SQ = —TMg/dtd02d¢2 [\/ —gq— A§32¢2 — ¢'1A<(ﬁ31)02¢2]
N f . 1/2
= —/dt A" V250?09, | = — A7 Hyp?[Léy + (H! — 1))
L H,
H . 3 : -1
+K sin® 6, (L + H{* — 1), (5.38)

Now fixing the momentum p = Py, /N, we find the Hamiltonian

2
H= % [\/—I{V: (Z—l + tan? 6;(p — sin 91)2) +(1- Hfl)p] : (5.39)

Minimizing H(r,6;) with respect to 6, yields 8, = 0 or sinf; = p for arbitrary
values of r. However, to find a true solution of the equations of motion, we must
also minimize with respect to the radius. Setting sin#; = p, a short calculation
shows that the minimum energy configuration is at r=0, and that the energy of this

configuration satisfies the BPS relation:

N P,
H(r =0, sinb) =p) = TP= Idjl

. (5.40)

5.6.2 Probing superstars in AdS; x S7

The four-form and metric corresponding to the superstars in AdS; x S7 were given
in section 3. The probe which we shall be studying in this case is a spherical M5-
brane inside the S7 at constant §; and moving on a circle in the ¢, direction. Again,
we begin by placing the probe away from the singularity and consider the limit as
r — 0. The M5-brane couples to the six-form potential A®) satisfying dA®) = xF(4)
and so our first task is to dualize F*) given in eq. (4.40) and integrate to find A(®).
We find

2 (2A+1)
Ay
Asin 05 cos 5 Ldfs [\[Ldg; + Al ] + ...

J

*F® sin® 6, cos 8; Ldf; A sin® 0, cos 6, Ld6,

A
+...

= dA®. (5.41)
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Evaluating the probe action for the coiifiguration described above yields
S5 = —Tus / dtdbrdf3dpaddsdps [V 9+ Albsostntnss T ¢1A¢10293¢2¢3¢4]

N f ) 1/2
= f /dt ‘A_l/z SiIl5 01 (E by A—IHlu%[L(ﬁl + (I{f1 - 1)]2>

+% sin® 0, (L + Hy ' — 1)] : (5.42)

Again fixing p = Py, /N, we find the Hamiltonian

Extremizing H with respect to #; yields minima at #; = 0 and sin* #; = p indepen-

dent of the radius. The r-dependence of the Hamiltonian is essentially as before and
we once again find a solution to the equations of motion at r = 0 satisfying the BPS

relation :

H(r =0, sin* §; = p) = —2*. (5.44)

5.6.3 Dual giants in AdS; x S*

We have also considered probing the M—theory superstars with dual giant graviton
probes. In AdS; x S%, the dual giants are spherical M5-branes, spanning the S° of
the AdS; space at constant r. They orbit on the S* at constant #; and 6, with fixed
angular momentum P, conjugate to the angles ¢;.

The probe Lagrangian takes the following form (after integrating over the 5-

sphere):

L =

5 2 : 2
_Al2 (%) (f (Mg + 21: llfl_:) — 2; Hp?[Loi + (H' — 1)]2)
+ A n Z .U;Qz L¢, _ 1)] (5.45)

Here L = 2L is the radius of the AdS space and N = LL2A;Tys, where A, is

the area of a unit S? and Ty is the tension of an M2 brane. Fixing the value of
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B = Py, /N we find the Hamiltonian:

% ~‘H'2 ri0
V(28 (22w o5)

2 6 2
- [s MG r Hidi
+30-a (5 - p) ALt ‘zr} (5:40)

Expanded minima of this action saturating the BPS bound H = (N/L)> p:

| =

H =

occur whenever the following equations are satisfied:

r . qip?
—lj,z . et

= H =P = (5.47)

5.6.4 Dual giants in AdSy x S7

In AdS;x S7, the giant gravitons are M5-branes whereas the dual giants are spherical
M2-branes, spanning the S? of the AdS, space at constant r. They orbit on the S°
at constant 6;, 62 and @3 with fixed angular momentum Py, conjugate to the angles
.

The probe Lagrangian takes the following form (after integrating over the 2-
sphere):

| 2

1/2
T2 I ; -
[_Al/zE ( - Ef — E H;p2[Le; + (H ' — 1)]2)

r? 1,
+L3A+Z ; (Lo 1)} (5.48)

Here we have introduced I = L/2 as the radius of the AdS space and N =
LL5AsT; where As is the area of a unit S and Tys is the tension of an M5-brane.

Fixing the value of p; = P, /N we find the Hamiltonian:

S {(E =2

2 3 2

_ ~ ;g r 1 q;
+ l—H-l(i— ’..>—A7—+ A 5.49
20 -H (- Bt | 69

Expanded minima of this action saturating the BPS bound # = (N/L)>_ p;

occur whenever the following equations are satisfied:
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Tut=p - B (5.50)

5.7 Conclusions

We have considered giant gravitons probing solutions of type IIB supergravity which
are lifts of solutions of five-dimensional gauged supergravity. In particular we have
shown that the structure of the lift ansatz ensures that the action for a minimal
energy giant graviton reduces to that of a massive charged particle in five dimensions.
The mass and charge of this particle are equal, suggesting that this is the bosonic
part of a superparticle action. So it seems that the consistent truncation ansatz
applies not only to the pure supergravity fields but also to allowed sources in the form
of brane actions which can be coupled to the supergravity action. The derivation
of the particle action in this way is similar to the derivation of type IIA string and
D-brane actions from M-brane actions using the truncation of eleven-dimensional
supergravity to ten-dimensional type IIA supergravity [91,93].

In section 5 we looked at a specific example of a solution of five-dimensional
gauged supergravity which lifts to the superstar geometry in ten dimensions dis-
cussed in [3,66]. We found, in the multi-charge case, that charged particle probes
are repelled by the naked singularity and hence from the results of section 4, giant
graviton probes are repelled by the superstar naked singularity. A possible conclu-
sion might be that these singular geometries could be resolved by the presence of
configurations of dual giant gravitons in the bulk. Alternatively it is possible that
higher derivative corrections to the probe action or the supergravity solution might
change the situation, since we are investigating regions of strong curvature.

It is certainly interesting that it is possible to find BPS states corresponding to
expanded dual giant gravitons in the general superstar backgrounds. This is consis-
tent with expectations from supersymmetry since these probes break the same su-
persymmetries as the background geometry. However, in order to determine whether
these states do play a réle in resolving the singularities it would be necessary to find

supergravity backgrounds which match the superstars at large r but contain dual
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giants in the bulk modifying the small » behaviour.
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Chapter 6

Conclusions

In this thesis we have investigated the physics of branes in the light of new insights
provided by gauge theory/ gravity dualities. The study of branes probing holo-
graphic gauge theories, undertaken in chapters 2 and 3, has provided information
about the strong coupling physics on the moduli spaces of these theories. Where
gauge theory results were available, such as for non-perturbative scaling dimensions
of operators, our techniques have provided a new derivation of these results from an
alternative perspective. On the other hand, specific results for the Kahler metrics on
moduli space, at strong coupling, are new and it would be interesting to compare to
computations in gauge theory. Particularly intriguing is the simple equation (3.16)
and its eleven dimensional counterparts, which suggest a simple behaviour of the
Kahler potential under renormalisation group flow at strong coupling.

An interesting extension to the investigations of moduli space physics would be
to try to reproduce the full low energy Lagrangian for the gauge theory on a single
brane probe. It should be possible in particular to incorporate superpotential terms
and kinetic terms for motion off moduli space into a full supersymmetric Lagrangian,
at least in the regime of large vevs in which the Higgs bosons are very massive and
can be consistently integrated out. We have made some progress in understanding
the potential terms in this regime [2] and it would be interesting to see how far
this can be pushed. Likewise, it is possible to make some progress with the kinetic
terms for motions of the probe off moduli space. We can even reproduce the scaling

dimension of the massive superfields in the LS flow [2] by putting the metric on a
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subspace orthogonal to moduli space into a Kahler form. However, it has proved
difficult to find a metric on the full space of fields which is of the expected form and
this remains a worthwhile problem for future study.

Whereas in the early chapters our brane probe results led to new information
about field theory, in chapter 4 and 5 the flow of ideas was mainly in the other
direction. Motivated by puzzles arising from the known spectrum of BPS operators
in field theory, the authors of [62] were inspired to find a new class of light states in
string theory on backgrounds with RR flux, which are represented by compact branes
carrying no topological charge. The existence of such states leads to fascinating
possibilities regarding the description of quantum gravity on spaces with RR flux. In
particular, detailed investigations of the spectrum instigated in [77] and continued
in [78] confirm that we need to treat the compact branes quantum mechanically.
Furthermore, the correct microscopic description of these states is likely to be in
terms of non-commutative bound states of graviton modes expanding according to
the Myers effect. The implications that extended objects and/or matrix valued
fields should play a réle in quantizing Kaluza-Klein gravity in these backgrounds
seem sure to lead to developments in our understanding.

Our contribution to this subject has been to show that these branes are evident
even at the level of classical supergravity solutions. The description in supergravity
adds extra weight to the arguments that Kaluza-Klein states do expand and also
admits the possibility of a different way to investigate these states. One example of
this is a conjectured duality between configurations with a small number of back-
ground branes and a large number of giant gravitons to configurations with a large
number of background branes and a small number of giant gravitons which are based
on a study of the relevant superstar geometries [94].

We have also found results about giant graviton probes in some more general
backgrounds and seen that the degeneracy with Kaluza-Klein modes persists. We
have found that these probes are naturally related to charged particles in lower
dimensional gauged supergravities. We believe that this observation, which gener-
alises similar remarks about simpler circle reductions (see e.g. [91]), could lead to

new geometrical insights into the old problem of consistent truncations.
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In summary, whilst there is much still to learn about branes we can feel sure
that they will play a central role in our understanding of quantum gravity. We have
enjoyed finding surprising new ways in which branes fit into the beautiful structure

of string theory and look forward to future developments with great interest.
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