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ABSTRACT.

Hopf Hypersurfaces

José Kenedy Martins

This thesis is concerned with Hopf hypersurfaces of Kihler and nearly Kahler man-
ifolds and gives special emphasis to the cases of hypersurfaces of complex projective
spaces and of the 6-sphere endowed with its nearly Kahler almost complex struc-
ture. Although there is already a wealth of investigations done in the case of complex
space forms and the 6-sphere, a full classification of these hypersurfaces in the former
spaces was done under assumption of constancy of the rank of its focal map. Here,
the classification is revisited and this assumption is removed although a complete
classification is still not obtained. The characterization of the Hopf hypersurfaces
of the 6-sphere as tubular hypersurfaces around almost complex curves is used to
determine among these hypersurfaces special examples which have constant mean
curvature or are Einstein hypersurfaces. The invariants needed to decide when a pair
of hypersurfaces of S® and CP" are respectively G'5-congruent and holomorphically
congruent are determined and this result is applied to characterize the hypersurfaces
of these spaces whose Hopf vector fields are also Killing field. Finally, the linearly
full almost complex 2-spheres of S® with at most two singularities are determined
up to G§-congruence of their directrix curves and this is used to determine the space

of linearly full almost complex 2-spheres of S® with suitably small induced area.
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Introduction.

The study of hypersurfaces or curves of Riemannian manifolds has always been
facilitated by the fact that these are the submanifolds of lowest co-dimension or
dimension. However, we are far from achieving any kind of unified treatment in
the investigation of these particular submanifolds despite of the impressive progress
made in the 20th century. Nevertherless, mathematicians have obtained enumerable
results in this area by considering special ambient spaces or by making further

assumptions to be satisfied by these submanifolds.

In this piece of wqu we shall consider real hypersurfaces of special ambient spaces
such as the 6-sphere and the complex projective spaces and also hypersurfaces of
more general spaces like Kahler and nearly Kahler manifolds. The 6-sphere is a spe-
cial example in this category since it is endowed with a non-Kéhler nearly Kahler
almost complex structure. Nevertherless, an almost complex structure of the ambi-
ent space yields in each of its oriented hypersurfaces a special tangent vector field
which is obtained by applying the almost complex structure of the ambient space
to a unit normal vector field of the hypersurface. Henceforth, we shall name this

special vector field as the Hopf vector field of the hypersurface.

A hypersurface of a nearly Kéhler manifold is said to be a Hopf hypersurface when
the foliation given by its Hopf vector field is geodesic, in other words, when the

integral curves of its Hopf vector field are geodesics of the hypersurface.

Some beautiful and elegant studies of these hypersurfaces have already been carried
out throughout the last twenty years and to the best of my knowledge it was Yoshiaki
Maeda [31] who in 1976 published the first results concerned with these hypersurfaces
for the case of the complex projective spaces. In 1982, Cecil and Ryan [18], assuming
the constancy of the rank of the focal map of the hypersurface, characterized the
Hopf hypersurfaces of the complex projective spaces as open subsets of tubes around
complex submanifolds. In 1986, Kimura [29] used the result of Cecil and Ryan and

the work of Takagi [39] on homogeneous hypersurfaces of the complex projective




spaces to characterize the Hopf hypersurfaces of constant principal curvatures as
tubes around some special complex submanifolds of this complex space form. In
1989, Berndt [2] has obtained similar characterizations for the Hopf hypersurfaces of
complex hyperbolic space forms. Finally, in 1995 Berndt, Bolton and Woodward [5]
gave a complete characterization of the Hopf hypersurfaces of the 6-sphere as tubular

hypersurfaces around almost complex curves, these curves being fully classified in

[9].

It is worth mentioning here that most of the content of each chapter of this thesis is
made up of original research and we have opted for distributing among the sections
any basic background material accordingly to the needs of each particular chapter.

In the sequel, we give a brief layout of this work.

In chapter 1, we state some of the main results already known about the charac-
terization of Hopf hypersurfaces of complex space forms and of the 6-sphere. We
give particular attention to the Hopf hypersurfaces of this sphere, determining spe-
cial examples of hypersurfaces with constant principal curvatures, constant mean

curvature and also those which are Einstein hypersurfaces.

In chapter 2, we use the transitive action of the excepcional Lie group G, on the
6-sphere to obtain a special type of rigidity for hypersurfaces of this sphere. Namely,
given an isometric immersion f : M — S° of a non totally umbilic hypersurface M of
the 6-sphere whose second fundamental form has rank greater or equal to 3, we prove
that this immersion is extendable to an element of G if and only if its derivative
maps the Hopf vector field of M to the Hopf vector field of f(M). This result is firstly
obtained for the case of a Hopf hypersurface in section (2.2) and then generalized
to any hypersurface in section (2.3). Carrying on with congruence of hypersurfaces,
we obtain a new proof for a similar theorem on rigidity of hypersurfaces in CP®

obtained by Suh-Takagi in [38].

The last two sections of chapter 2 are dedicated to giving an application of these

rigidity results above to determine the hypersurfaces of the 6-sphere and of the




complex projective spaces whose Hopf vector fields are Killing fields.

In chapter 3, we give the first steps on the way to investigate Hopf hypersurfaces in
more general Riemannian manifolds. We do this in section (3.2) whereby we start
by characterizing the complex space forms as the Kihler manifolds all of whose
geodesic hyperspheres are Hopf hypersurfaces. Still in this section, we consider the
reflection map and the push maps induced by a hypersurface of a Kihler manifold
and then we determine necessary and sufficient conditions to be satisfied by these

maps in order that the hypersurface be a Hopf hypersurface.

In section (3.3), we obtain some geometrical properties of Hopf hypersurfaces of CP"
which as well as being relevant on their own also suggest that the assumption used
by Cecil-Ryan to characterize Hopf hypersurfaces as tubes can actually be proved.
This is exactly what is done in section (3.4), that is, we use all the geometrical
understanding achieved about Hopf hypersurfaces of this complex space form in
order to prove that if we assume that every continuous principal curvature function
defined on the hypersurface admits a corresponding continuous principal vector field
then the rank of the focal map of a Hopf hypersurface in this space is indeed constant.
We prove this by means of a special construction of vector fields along geodesics
normal to the hypersurface. Therefore, our approach to this problem is to deal with

the Hopf hypersurface from a quite extrinsic geometrical viewpoint.

Chapter 3 is closed with the important fact that the lift of Hopf hypersurfaces under
a holomorphic Riemannian submersion 7 : W — W are also Hopf hypersurfaces.
This can provide us with a means to obtain examples of Hopf hypersurfaces in more

general Kéhler manifolds which could possibly be non tubular hypersurfaces.

As we have mentioned above the Hopf hypersurfaces of the 6-sphere are characterized
as open subsets of tubes around almost complex curves. Thus we are also motivated
to obtain explicit examples of such curves. For this reason, in chapter four, we
are mainly interested in finding all the linearly full almost complex 2-spheres of S

with at most two singularities. In order to do this, we construct in section (4.4)




an example of such a curve for each given sigularity type and then we prove that
any other such a curve has directrix curve GS-equivalent to that one given in our
example. In the last section of this chapter we determine the moduli spaces of these

curves with suitably small area.




Chapter 1

Special Hypersurfaces of S°.

1.1 Introduction.

Some authors have investigated Hopf hypersurfaces in complex space forms, obtain-
ing a good wealth of results which essentially characterize these hypersurfaces as
tubular hypersurfaces around complex submanifolds. Although the 6-sphere is not
a Kéhler manifold, it can be endowed with a nearly Kihler almost complex structure
and a complete characterization of the Hopf hypersurfaces of S° as open subsets of
tubes around almost complex curves is known. We state the results concerned with
these characterizations in section (1.3) and in section (1.4) we determine those Hopf

hypersurfaces of the 6-sphere with particular geometrical properties.

Let M be a submanifold of a Riemannian manifold M. We shall use, throughout
this thesis, the notation (,), V, R to denote the metric, Riemannian connection
and curvature tensor respectively of M whilst all the corresponding induced objects

on M shall be denoted simply by (,), V, R.

The normal bundle L M of M in M is a manifold. In fact, it can be seen as a vector

bundle which is a subbundle of the restriction to M of the tangent bundle of .

We shall name the restriction of the exponential map of M to the normal bundle of
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M, given by G(p,v) := exp,(v) for (p,v) €L M, as the normal exponential map

of M. It is possible to prove that if M is complete then G is defined for all (p,v)
and if M is compact then G maps diffeomorphically a neighbourhood O,, of M C
L M onto a neighbourhood of M C M. In order to simplify our notation we shall

consider the map ®, : 11 M —» M obtained from G as

@,(p,n) = G(p,rn), (L.1.1)

where 1! M denotes the unit normal bundle of M.

Definition 1.1.1 For each r > 0 we define the tube of radius r around M as the
image set ®,(M). In particular, if M is a hypersurface of M, we say that any open

subset M, C ®;(1* M) is a level hypersurface associated to M.

If M is compact then for sufficiently small r, M, is a submanifold of M and the
restriction of G can give us a diffeomorphism from {(p, v) €1M with |v| = r} onto
M, C G(Oy).

We shall use extensively throughout this thesis the notation and abreviation v =
Yp,m) to denote a geodesic of M parametrized by the archlength and satisfying the
initial conditions ¥(0) = p € M and %(0) = n €L M. In terms of the normal

exponential map G we have
Yo (r) = G(p, ). (1.1.2)

Definition 1.1.2 Let 7 denote the canonical projection of the normal bundle of M
onto M. We say that a point q € M is a focal point of multiplicity v > 0 of M
if there exists a point (p,n) €M such that ¢ = G(p,n), and the Jacobian of G has
nullity v # 0 at (p,n).

Remark 1.1.1 When M is a hypersurface of a Riemannian manifold M and £ is a
unit local normal vector field defined on M, we shall consider throughout this thesis

the focal map of M with respect to the field ¢ defined as follows. Let W denote the
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set of all the points ¢ € M such that the geodesic Yq,e) contains at least one focal
point of M. Then the focal map takes each point g € W to the first focal point of M
situated in the corresponding geodesic v ¢). As we shall see further ahead in this
chapter, 1t turns out that if M is a Hopf hypersurface of a real or complex space form
then the focal map is defined on M and its focal points occur at the same distance
of the hypersurface, thus in this case the focal map is just ®, for a convenient real

value 7.

For the next definition and elsewhere in this thesis we shall only be considering

orthogonal (almost) complex structures of the manifolds involved.

Definition 1.1.3 Let M be a Riemannian manifold endowed with an orthogonal
almost complex structure J. Let M be a hypersurface of M. Let ¢ be a local unit
normal vector field on M. The tangential vector field U := J& € X(M) will be called
the Hopf vector field of M and we shall say that M is a Hopf hypersurface of

M if the integral curves of U are geodesics of M, that is

VyU = 0. (1.1.3)

We shall make an extensive use of Jacobi fields throughout this work. These have
been a powerful tool employed by differential geometers to approach a large range of
mathematical issues. It is very easy to find a good wealth of the basic theory about
these fields in the literature, however, we shall use quite often in this thesis the
characterization of a Jacobi field as a variational vector field defined by a geodesic

variation and we shall also make some use of the following property.

Lemma 1.1.1 Givenp € M, letn denote a local normal vector field defined on M
and let A, be the shape operator of M with respect 1. Then a Jacobi vector field
W(s) defined along a geodesic v = v,,,(s) of M, shall satisfy the conditions

W(0) € T,M and W (0) + A, (W (0)) €L M, (1.1.4)
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if and only if W (s) is the variational vector field corresponding to a geodesic variation

fi(=€€) x[0,7] — M of v complying with the following conditions
oy
f(t,0) € M for each t € (—€,€) and g(t, 0) €L;u0 M. (1.1.5)

In this case, we shall say that W is a M-Jacobi field of M.

In addition, it is important to highlight here the following facts. Since the M-Jacobi
field W is orthogonal to v, the variation given in the lemma yields locally a surface
of M, which implies %% = %%5 and consequently [y, W] = 0. Therefore, if £
denotes a local unit normal field on the tubular hypersurface M, around M, then

the corresponding shape operator A¢ of M, satisfies:
(AeW)(r) = = (V,W)(r). (1.1.6)

A proof for Lemma (1.1.1) can be found for instance in [21].

We finish this section giving a general illustration of a tube or a tubular hypersurface
in order to set up the typical geometrical frame that we have in mind for most of

the results to be obtained in this thesis.

ambient_
space M

tubular
h: urface M
ypersurface M,

integral curve

of the Hopf vector field of lengthr

focal set M

Figure 1.1: A tube M, around the submanifold M of M.
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1.2 Nearly Kahler hypersurfaces of R’.

In this section we shall first recall how any hypersurface of the Euclidean space R’
can be given an almost complex structure J. This is due to the fact that R inherits
a special structure (cross product as defined below) when viewed as the imaginary
part of the Cayley numbers. Secondly, using this almost complex structure, we shall
see that the 6-sphere and R® are the only hypersurfaces of R” which are nearly

Kabhler, that is, the almost complex structure J satisfies the condition ( 1.2.5) below.

On the other hand, as will be made clear in Lemma (1.3.2), the study of a Hopf
hypersurface of a nearly Kéhler almost complex manifold is facilitated in the sense
that, in this case, the integral curves of the Hopf vector field are geodesics of the
hypersurface if and only if this vector field is principal. Therefore, it is a natural

question to argue which hypersurfaces of (R, x) shall be nearly Kahler.

Let us recall how to define a cross product on R?. The Cayley numbers (also called
octonians) are defined in terms of the quaternion numbers H by O = H & H. This
set can be endowed with a normed algebra structure by defining the multiplication

of their elements as

(a,0).(c,d) := (ac — db, da + bc). (1.2.1)

This multiplication induces a vector cross product on R” = SO (viewed as the

imaginary part of O) as follows. We first define a cross product x : @ x @ — SO

by
_ I _ 1 _
T xy=3(yz) = (72~ 7y) = -5 (Ty — ¥o) = -S(7TY). (1.2.2)

This map is clearly bilinear and alternating (z x z = 0). Moreover, when restricted
to R” xR” it yields a vector cross product x on R” which is related with the ordinary

Euclidean inner product (,) by the following elementary relation.

uX (vxw)+ (uxv)xw=2(u,wv - (v,v)w— (w,v)u. (1.2.3)
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Remark 1.2.2 Calabi (c.f. [17]) has shown that the triple scalar product (u x

v, w) is skew-symmetric. He actually considers this property as part of his aziomatic

definition of an abstract vector cross product.

It follows from this remark that, given a unit vector « € R”, the linear operator
Ju : R" = R’ defined by J,(v) = u x v is skew-adjoint. Moreover, using (1.2.3) we
see that J, |, is anti-involutive, that is, J2 |,.= —I. Therefore, J, : u* — utis an

isometry and J, has kernel spanned by wu.

Let M be a hypersurface of R” and we consider M endowed with the induced metric
and connection (,) and V respectively. Given ¢ € M, let ¢ denote a local unit
normal vector field on M defined around ¢. Then we can define an isomorphism J,

of T,M by
Jy(v) =€ x v. (1.2.4)

Thus, we get a tensor J which is an orthogonal almost complex structure on M.
In general, this tensor is not parallel, that is, V.J # 0. However, in the following
proposition, we shall determine for which hypersurfaces of R”, the almost complex

structure obtained in this way satisfies the nearly Kahler condition
(VxJ)X # 0. (1.2.5)
R® is clearly one such hypersurface since (RS, .J) is isomorphic to C3.

Another example is the 6-sphere. Indeed, this follows from the fact that (VxJ)Y is
the component of X x Y tangent to S® which is a straightforward consequence of
the definition of J. Hence S® with the standard metric <, > and the corresponding
Riemannian connection V is a nearly Kahler manifold. Henceforth, we shall be

always considering S® endowed with these structures just defined.

It turns out that these two examples are the only ones, as we prove next.

Proposition 1.2.1 The only nearly Kihler hypersurfaces of R” are the open subsets
of S® or RS.
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Proof:
Let (M, J) be a nearly Kahler hypersurface of (R, x), where J is defined as above.

Let V and V denote the Riemannian connections of R” and M (induced) respec-

tively.

Let ¢ € M and let ¢ be a unit local normal vector field on M. Let A = A¢ denote
the shape operator of M. Then for any smooth unit vector field X € X(M), we

have

Vx(JX) = (Vx€) x X +£ % (VxX)

=X X AX + £ x (VxX). (1.2.6)
On the other hand, using the nearly Kahler condition we get
Vx(JX) =Vx(JX)+(AX,JX)E

=& x (VxX) + (AX, JX)E. (1.2.7)
Thus, it follows from (1.2.6) and (1.2.7) that

(AX,JX)t = X x AX. (1.2.8)
Taking the cross product of (1.2.8) with X and using (1.2.3) we obtain
AX =aX + pJX.

In particular, if X is a principal vector of A, say AX = AX then so is JX because

B=(JX,AX) = \JX,X) =0

Therefore, given a point ¢ € M, we can find an orthonormal basis

{e1, ez, €3, Jey, Jeg, Jes} of T, M with each vector being an eigenvector of A.
Assume Ae; = Aje; for j =1,2,3. Then
Ale; + €5) = Mies + Ajej = ale; + ¢;) + B(Je; + Jej),

which implies that the eigenvalues \; are the same, say . Similarly, we can verify

that the eigenvectors Je, Jey, Jes correspond also to a same eigenvalue, say u.
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Finally, choosing ¢ # 7 we get from the following equation that A = p.
Alei + Jej) = deg + pJe; = a(e; + Je;) + B(Je; — ¢;).
Therefore, the hypersurface M is totally umbilic and consequently it is an open

subset of either a hypersphere or a hyperplane. ©)

The exceptional Lie group G, is defined as the group of automorphisms of the Cayley
algebra (O, .), that is, G, = {9 € GLg(R) / g(z.y) = g(z).9(y) ¥ z,y € O} but
using elementary properties of O and G, we can actually think of this group as the

subgroup of SO(7) which preserves the vector cross product of R?, that is
Gy = {9 € SO(7)/g(a x b) = g(a) x g(b) ¥ a,b € R"}. (1.2.9)
Definition 1.2.4 A G5-basis of R is an orthonormal basis {ei,... ,e;} for this
space satisfying the relations
€1 X ey =€3, €] X €4 = €5, €y X €4 = €g, €3 X €4 = €7. (1.2.10)
Hence, if ey, 5, e4 are orthonormal vectors of R” such that ey L e; X e; then ey, es, €4

determine a unique Gy-basis for R”. Furthermore, an element of SO(7) lies in Gy if

and only if it maps any (and hence every) Gy-basis to a G-basis.

It follows from equation (1.2.3) and the relations (1.2.10) that the elements of a

Ga-basis for R” satisfy the following multiplication table

i\J 1 2 3 41 5 6 7

1 0| es|—e2| e5|~es|—er| e

2| —es O e | eg| er|—eq|—es

€; X €; = 3 il 0 o1 | % G | (1.2.11)

' 41| —e5 | —eg | —er 0| e1| e| e

) e4| —€7| eg|—e; 0| —e3| ey

6 er| es|—es|—ey| e 0] —eg

Tl —es| e5| es]|—es|—e| e 0
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1.3 Classification theorems.

In this section we state the main results known on Hopf hypersurfaces of S¢ and
complex space forms. The next two lemmas are proved in [5] and are important

basic facts when dealing with Hopf hypersurfaces.

Lemma 1.3.2 M is a Hopf hypersurface of a nearly Kahler manifold M if and only
if the Hopf vector field is a principal curvature vector field, that is, A¢(U) = aU
where A¢ 1s the shape operator of M with respect to & and o is a function on M

which we will call the Hopf principal curvature.

Lemma 1.3.3 The Hopf principal curvature of a Hopf hypersurface of S® is con-

stant.

Proof:

By the Codazzi equation we obtain grad(a)) = (Ua)U. Consider the 4-dimensional
orthogonal complementary distribution to U on M: D =1U C TM. Recall that
the gradient vector field satisfies < grad(a),Z >= Z(a) for every smooth section
Z € X(M) of the tangent bundle TM. Thus for any Z € D we have Za =
(Ua) < Z,U >= 0 and in order to prove the lemma we just need to show that
Ua = 0since TM = D@ U. But, in particular, for X and Y in DN X(M) we have
[X,Y]ao=X(Ya)-Y(Xa) =0, so that if Ua # 0 on an open subset of M then the
distribution D would be integrable there and since it is J-invariant this would give
us a 4-dim almost complex submanifold of S which does not exist according to the

proof given in [26]. Hence, Ua = 0 and a = constant. ©)

Remark 1.3.3 In the case of Hopf hypersurfaces of non-Euclidean complezr space
forms Maeda [81] has also proved that the Hopf principal curvature is locally con-

stant.

Example 1.3.1 The totally geodesic almost compler curves of S® are ezactly the

2-spheres obtained as the intersection of S® with the 3-dimensional vector subspace
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of R” which are closed under the vector-cross product x of R7 (associative 3-planes).
Furthermore, the open subsets of a tube around such curves are Hopf hypersurfaces

all of whose principal curvatures are constant.

Indeed, in order to see the first part of our example let us consider a totally
geodesic almost complex curve S of S8 Since S is totally geodesic, there exists
a 3-dimensional subspace V of R” such that S = V N S®. Given p € S, we can

choose an orthonormal basis {X;, X,} of T,S such that X, = J(X;), for S is an

almost complex curve.

Now, since {p, X1, X>} is a basis of V, in order to prove that V is an associative
3-plane we just need to check the x-invariance of these basic vectors which is a

consequence of the following equations.

pxX; =JX,)eT,SCV
Xix Xy =X xJ(X))
= X1 x (p x X))
=—-X; x (X1 xp)

Conversely, let V' denote an associative 3-plane and consider the totally geodesic
2-sphere S? = V'N.S®. Without loss of generality we can assume that V is generated
by the vectors {e;, ez, es} of the standard basis of R” because the group Gy of
automorphisms of R” which preserve the x-product also takes canonical basis to
canonical basis and preserve the almost complex structure of S®. Thus for p = e,

we have

Jeo(Tes (S%)) = span{Je,(e1), Jey (€2)}
= span{es, —e;}

=T,,5%




1.3 Classification theorems. 15

Thus, if p € V and g is an element of G5 such that g(V) C V and ge; = p, then

To(Tp(S%) = 9(Jes(Tes(S?)))
= g(Tea‘Sz)

=T,5%
Therefore this S? is a totally geodesic almost complex curve of SS.

To prove the second part of our example, we consider an open subset M, of a tube
@, (L' S) around S = V' NS® where V is generated by the vectors {e1,e2,e3}. Let us

fix a point ¢ € M,. By the definition of tube ¢ = 7, ,,(r) for some point (p,7) €L1S.

Let {X; = p, X5, X3} be an orthonormal basis for V such that X3 = X; x X, and
X4 = n. Then there exists a unique element g € G, such that g(X;) = e;, so that

we can assume without loss of generality that p = e3 and 1 = e4. Thus,

¥(s) = (cos s)ez + (sin s)ey (1.3.1)
Y(s) = —(sin s)es + (cos s)ey (1.3.2)
J(¥(s)) = 7(s) x ¥(s) = er. (1.3.3)

As a special case of the proof given for Theorem (1.3.3), we can define along 7y the
vector fields T; = (cos s)e; for j = 1,2 and T; = (sins)e; for j = 5,6,7 in such a
way that they are Jacobi fields satisfying the conditions (1.1.4). Moreover, using
(1.1.6) we have

A(ej;) = (tanr)e; for j=1,2

A(e;) = —(cotr)e; for j=5,6,7.

Since the point g is arbitrary, these equations prove that the principal curvatures of

the tubular M, hypersurface around S are tanr and — cotr. Furthermore, since
Afer) = —(cotr)er and  U(q) = J(¥,(r)) = e,

we have A(U) = —(cotr)U, in other words, the Hopf vector field U of M, is a

principal field and hence by Lemma (1.3.2) M, is a Hopf hypersurface.
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The next four theorems show some results already known about the classification
of Hopf hypersurfaces in complex space forms. The first one, is just a consequence
of the results on homogeneous hypersurfaces of a complex projective space obtained

by Kimura [29] and Takagi [39].

Theorem 1.3.1 (Hopf Hypersurfaces in Complex Projective Spaces) Let M
be a connected Hopf hypersurface of CP™ (n > 2) with constant principal curvatures.
Then M is holomorphic congruent to an open part of one of the following real hy-

persurfaces of CP™:
(1) a tube of radius r € (0,%) around the canonically (totally geodesic) em-
bedded CP* for some k € {0,1,... ,n — 1},

(ii ) a tube of radius v € (0,%) around the canonically embedded complez

quadric
Q! = S0(2)xS0(n—-1)’

(iii ) a tube of radius v € (0,F) around the Segre embedding of CP' x CP* in

CP™, where n =2k +1,

(iv ) a tube of radius v € (0,%) around the Plicker embedding of the complez

Grassmann manifold CGy 3 in CP?,

(v ) atube of radius r € (0,%) around the canonical embedding of the Hermi-

tian symmetric space Sg((sl)o ) in CP.

Theorem 1.3.2 (Hopf Hypersurfaces in Complex Projective Spaces, [18])
Let M be a connected orientable Hopf hypersurface of CP™ with Hopf principal cur-
vature p = —2cot(2r). Assume that the focal map ®, of M has constant rank k
on M. Then k is even and each point ¢ € M has a neighbourhood V such that
®, (L' V) is a complez submanifold of CP™ and V lies on the tube of radius r over
®, (L' V). Furthermore, if M is compact then its focal set N = ®,(L1 M) is a com-
plez submanifold of CP"™ and M lies on the tube of radius r around N. Conversely,
every open subset of a tube of constant radius over a complex submanifold of CP™

s a Hopf hypersurface.
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Theorem 1.3.3 ( Hopf Hypersurfaces in S®, [5]) Let M be a connected hyper-
surface of S®. Then M is a Hopf hypersurface of S® if and only if M is an open

subset of

(i) a geodesic hypersphere,

(ii ) a tube around an almost complez curve of SS.

Theorem 1.3.4 (Hopf Hypersurfaces in Complex Hyperbolic Spaces, [2])
Let M be a connected hypersurface of CH™. Then M is a Hopf hypersurface with

constant principal curvatures if and only if M is an open subset of
(i) a tube of radius r € R* around CH*, for 0 < k < (n — 1),
(ii ) a tube of radius r € R* around RH",

(iii ) a horosphere in CH™.

We are compelled to give here a concise proof for at least the first part of Theorem
(1.3.3) because most of the ideas and constructions involved in this proof shall be
referred to when proving some new results later on in this work. Although we shall
not write here the proof for the converse of this theorem, it is worth mentioning
that the main idea used in [5] to prove it is to show that the rank of the focal map

of a connected Hopf hypersurface of S° is constant.

Proof of Theorem (1.3.3):

(<=) Open subsets of Tubes are Hopf Hypersurfaces.

Let M, be an open subset of the tube ®,(L! S) around an almost complex curve S

of SS.

If S is degenerate to a single point, that is, M, is a geodesic hypersphere, then MT is
totally umbilic and in particular J¢ is an eigenvector of the shape operator of M,.

Thus, by Lemma (1.3.2), M, is a Hopf hypersurface.




1.3 Classification theorems. 18

Now, assume S is non-degenerate. Let p € S and 7 EL}, S. The geodesic v = v,
of S% can be written as

v(s) = cos(s)p + sin(s)n.
Thus, the unit vector £ := 4(r) is normal to the hypersurface M, at the point
q:=(r).
Given X € T,5°N {Rn}*, we can define a Jacobi field Wy along + complying with
the conditions
Wx(0) = XT (orthogonal projection of 7,5¢ onto 7,5)
Wx(0) = X+ — A,XT  (orthogonal projection of T,S® onto L, S),

where A, denotes the shape operator of S with respect to 7.

Let us denote by B,(s) the parallel transport of a vector v € T,,5% along . Then

the Jacobi field Wx can be written as
Wi (s) = cos(s)Bxr(s) + sin(s) Bx._4, xr(s). (1.3.4)

Thus, we can distinguish two particular cases. The first being when X is an eigen-

vector of A,, say A,X = AX. This implies
Wx(s) = (cos s — Asin s)Bx(s).
The second case is when X lies in (L, S) N (Rn)*, for which we have
Wx(s) = (sin s) Bx(s).

By applying (1.1.6) to these equations and writting the principal curvature A as
A= taﬁ(&), we conclude that Bx(r) is a principal vector of A with eigenvalues

tan(r & ¢) and — cot(r) corresponding to the first and second cases respectively.

Since S is an almost complex curve we have J(L,S) CL,S, which implies that J7
lies in (L ,S) N (Rp)* and hence it follows from the nearly Kihler condition that J¢
is the parallel transport of J7 along . Therefore, using the second case above and

(1.1.6), we see that J¢ is an eigenvector of Ag. O
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1.4 Special Hopf hypersurfaces of S°.

In this section we use the characterization of the Hopf hypersurfaces of the 6-sphere
given in the previous section, to determine those which have constant mean curva-

ture, or constant principal curvatures and also those which are Einstein spaces.

Carrying on with the procedure and notations above for calculating the principal
curvatures on an open subset of a tube M C ®,(L! S), let us now identify the Hopf
hypersurfaces which have constant mean curvature and also those ones which have

constant principal curvatures.

Proposition 1.4.2 Let S be an almost complez curve of S® and let £\(p,n) =
+tan(0) denote the principal curvature functions corresponding to the shape operator
Ay of S where (p,n) varies on the unit normal bundle of S in S®. Then the function

A (equivalently 0) is constant if and only if S is totally geodesic in S®.

Proof:
Let {X;, Xy = JX,} denote an orthonormal frame of tangent vectors of S and let

h be the second fundamental form of S in S®. First, we will prove that h satisfies

h(Xl,XQ) = J(h(Xl,Xl)) = V9. (141)

h(Xl,Xl) = —h(XQ,XQ) =0 (142)
Using that J is a nearly Kahler structure we have
0= (VxJ)(X) = (VxJ)(X) + h(X,JX) - Jh(X, X). (1.4.3)

Equation (1.4.1) then will follow from the fact that the normal component of the

right hand side of equation (1.4.3) must be zero, that is, h(X, JX) = Jh(X, X).

Putting X = JY in this equation we get h(JX, JX) = +Jh(X, JX), and so
h(X,X) = —Jh(X, JX) = —h(JX, JX),

from which equation (1.4.2) follows.
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We note in passing that (1.4.2) is also an immediate consequence of the assumption
that S is an almost complex curve because it is well known that, in a more general

situation, every almost complex submanifold of a nearly Kihler manifold is minimal.

Observe that (1.4.2) and (1.4.1) are just saying that the image of the second funda-
mental form, when non-trivial, is the 2-dim subspace generated by the unit normal _

vectors

U1 (%]
h=r—— and 7=
|v1] " vl

Moreover, if we define A; := A(p,m1) := |v1] = [vs], then it follows from (1.4.2) and
(1.4.1) that:

A771 (Xl) - )\1X1 (1 4 4)

Aﬂl (Xg) = —/\IXQ.
Now, suppose that S is not totally geodesic, then we can choose a point (p,n) €113
such that h # 0 { that is, v1 # 0 # v} on a neighbourhood W of (p,7) in LS.

Thus, the unit normal fields 7; and 7, are defined in a neighbourhood V of pin S.

Let us consider vector fields &, and & on S such that {n;, 72, &, &} is an orthonormal
frame of normal fields on V. Then, we can define a curve ¢ = (p,((t)) in the unit

normal bundle 1.1 by
m + &y
Im + t&1]

If we denote by A := A, the shape operators of S with respect to the family of
unit normal vector fields ((t), then (1.4.1), (1.4.2) and (1.4.4) yield

A
(A, X5) = (X X,), O = ()05

¢(t) =

where 7, j € {1,2}. In other words, X; and X, are eigenvectors of A¢ and

A (Xl) I771+t€1|X
A (XZ) 1771+?5€1|‘X2
Thus,
A
Ap,¢(8) = - (1.4.5)

1771 +t& |
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and hence the principal curvature function X is non-constant along the curve (p, ((t))

of the unit normal bundle of S. : ©)

Remark 1.4.4 Looking at the proof of Proposition (1.4.2) we see that the result
stated there does not require the function A to be constant on L S but it only demands
that A be at each base point p € S independent of the choice of normal vector
n€ly, S. Indeed, this is clear from (1.4.5) since that equation shows that \(p, ((t))
is not constant even for a fized base point p. In other words, we can restate that
Proposttion saying that the function A(p,n) depends only on the point p if and only

if S 1s totally geodesic in SS.

For the sake of completeness we must point out that the results in Proposition (1.4.2)
and Remark (1.4.4) are valid for the more general situation of any submanifold N”
of any Riemannian manifold M~ as far as m > w This is so because the
main part of the proof given above depends solely on the existence of a normal
vector orthogonal to the first normal space which has dimension less than or equal
to M;ll Neverthelessl, it was convenient having written down the proof for an
almost complex curve of the 6-sphere since this is the case we are most interested

in this chapter.

In Example (1.3.1) we saw that the tubular hypersurfaces of S around totally
geodesic almost complex curves have constant principal curvatures, now using Re-

mark (1.4.4) we give a converse for this fact.

Corollary 1.4.1 The Hopf hypersurfaces of constant principal curvatures of S¢ are
the open subsets of either the geodesic hyperspheres or the tubes over the totally

geodesic almost complex curves.

Proof:
Indeed, according to the proof of Theorem (1.3.3) the principal curvatures of a
tubular hypersurface M, around an almost complex curve S are of type — cot(r)

and cot(r 4 6) respectively, where 6 is a function defined on the curve S in such
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a way that +tan(#) are the principal curvature functions of S. Therefore, M, has

constant principal curvatures if and only if # is constant and hence the Corollary

follows from Proposition (1.4.2). ©)

As a consequence also of Proposition (1.4.2) we are going now to identify which
Hopf hypersurfaces are Einstein (that is, the Ricci tensor is a multiple by a constant

of the metric tensor) and which ones have constant mean curvature.

Corollary 1.4.2 The Einstein Hopf hypersurfaces of S are the open subsets of

(i) a geodesic hypersphere.
(ii ) a tube of radius r = arctan(v/2) over a totally geodesic almost complez

curve of SS.

Proof:
The geodesic hyperspheres of S° are Einstein spaces because we have more in general

that geodesic spheres in S™ have constant curvature.

Let M be a Hopf hypersurface of S% say M is an open subset of a tube of radius
r around an almost complex curve S. Then the Hopf principal curvature of M is
a = —cot(r).

Given p € S, let 1 be a local unit normal vector field on S. Let us choose a local

orthonormal frame {n, X3, X4, X5} of normal vector fields on S and also a local

orthonormal frame {X;, X, } of principal vector fields on S with respect to 7, say
Ap Xy =tan(0)X; and A,X; = —tan(9)X,.

If A = A is the shape operator of M with respect to a unit normal field ¢ on M,
and if for each 1 € {1,...,5}, B; = B;(r) denotes the parallel transport of X; along

the geodesic v = 7,.,(s) from 7(0) = p to y(r) = ¢ € M, then according to the
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proof of the first part of Theorem (1.3.3), we have

(

ABl = tan(r + 0)31
\ AB; = tan(r — 6)B, (1.4.6)
| ABi = —cot(r)B; (i=3,4,5).

Let R and S denote the curvature and Ricci tensors of M, respectively. Let us denote
also by <, >, the induced metric on M. As S® has constant curvature 1, it follows
that the Gauss equation reduces to:
SRX)Y)ZW>=<X,W><Y,Z>-<X,Z><Y, W >+ Lan
+ < h(X,W),h(Y,2) > — < h(X, Z), h(Y, W) >, (147
where X,Y,Z, W € X(M) and h is the second fundamental form of M. Then we
can rewrite the Ricci tensor as

S(X,)Y)=4< XY >+ < AX,Y > trA— < AX, AY > . (1.4.8)

Using equations (1.4.7) and (1.4.8) we can explicitly calculate the Ricci tensor on

the basis {B, ..., Bs} of T,M as follows

(S(Bl, Bi) =4+ [tan(r + 6) 4 tan(r — 0) — 3cot(r)]. tan(r + 0) — tan?(r + 6)

J S(Bz, B;) = 4 + [tan(r + ) + tan(r — 6) — 3cot(r)]. tan(r — ) — tan?(r — 6)

| S(Bi, Bi) = 4 — [tan(r + 0) + tan(r — 6) — 3cot(r)]. cot(r) — cot?(r) (i=3,4,5)
(1.4.9)
The equations (1.4.9) tell us that if M is an Einstein space then tan(r + 6) and
tan(r — ) are both equal to either — cot 7 or 2 cotr. Thus, in any case, the function
0(p,n) is constant and hence by Proposition (1.4.2), S is a totally geodesic curve,
that is, # = 0. Moreover, when M is Einstein, equations in (1.4.9) also give us a

unique radius for the tube, namely, r = arctan(v/2). ©)

Hypersurfaces of constant sectional curvature of real space forms have been studied
by several authors (Fialkow [23], Struik [37], Burstin [15]) and are essencially char-

acterized as geodesic hyperspheres and developable hypersurfaces. However, if we
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consider the additional structure of being Hopf hypersurfaces then we can do the

following remark.

Remark 1.4.5 In the second type of Einstein Hopf hypersurfaces in the Corollary
above, the sectional curvatures with respect to the planes spanned by the vectors
{B1, By} and {By, B3} are respectively equal to 3 and 0. Thus these hypersurfaces do
not have constant curvature and hence, using that Riemannian manifolds of constant
curvature are Einstein, we see that the geodesic hyperspheres are the only Hopf

hypersurfaces of S® which have constant sectional curvature.

Definition 1.4.5 Let M be a hypersurface of an almost complez Riemannian man-
ifold (M,{,)J) and let ¢ be a unit normal field on M. We say that M 1s
pseudo-Einstein if there ezist functions a,b : M — R such that the Ricci ten-

sor S of M satisfies

S(X,Y) = a(X,Y) + b(X, JENY, JE).

The Einstein condition on a Hopf hypersurface is too severe, as we can see from the
corollaries above. Nevertheless, we can argue if we could obtain some stronger result
by imposing the less stringent condition of being pseudo-Einstein. However, unlike
the situation in CP", investigated by Cecil-Ryan ([18]), this extra condition does
not add anything new to our previous results. Indeed, if M is a pseudo-Einstein
Hopf hypersurface of S® contained in a tube over an almost complex curve S, it

follows from (1.4.9) that b = 0. Thus, M is actually an Einstein hypersurface.

Corollary 1.4.3 The Hopf hypersurfaces with constant mean curvature ¢ # 0 are
the open subsets of either a geodesic hypersphere with distance (polar) arctan() or a

tube of radius r = arctan (32 oyer g totally geodesic almost compler curve.

Corollary 1.4.4 The minimal Hopf hypersurfaces of S are the open subsets of
either the totally geodesic hyperspheres or the tubes of radius r = arctan(?) over

the totally geodesic almost complex curves.
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Indeed, these corollaries follow from the fact that their extra assumptions on the
hypersurface imply that the function A(p,n) is constant since the principal curvature

functions at a point ¢ = y(r) are given by
a = —cot(r), f=tan(r+0), v=tan(r —0).

Furthermore, the specific values for the radii in corollaries (1.4.3) and (1.4.4) are cal-
culated directly from the condition on the mean curvature and the constant values,

—cot(r) and tan(r), for the principal curvatures. ©)

It is worth remarking in passing that Miquel ([32]) has obtained a particular version
of the last two corollaries above for the case of complex space forms. He has proved
that the compact Hopf hypersurfaces of constant mean curvature in a non-Euclidean

complex space form are geodesic hyperspheres.




Chapter 2

Congruence of Hypersurfaces.

2.1 Introduction.

We start this chapter investigating a special type of rigidity for the hypersurfaces
of the 6-sphere, namely we determine when are two hypersurfaces of the 6-sphere
Ga-congruent in the sense explained below. Our inspiration to tackle this problem
came from a series of three papers [39],[38] and [19] where holomorphic congruence

of hypersurfaces of complex projective spaces is studied.

In order to make our approach to rigidity or congruence of hypersurfaces as clear as

/possible, we give below what this means for us.

Definition 2.1.1 Let M be a Riemannian manifold and let M be a Riemannian
submanifold of M (with the induced metric). Let G denote a group of isometries of
M. We say that M is rigid in M with respect to G iof every isometric immersion
f: M — M is extendable to an isometry of the ambient space M, in other words,
there ezists an isometry f € G such that f = f |v- In this case we shall say that
the manifolds M and f(M) are G-congruent.

In real space forms, the rigidity of hypersurfaces whose second fundamental forms

have rank greater or equal to 3 at every point is a well known classical result that

26
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can be found for instance in volume V of the Spivak’s work [36].

The papers of Takagi mentioned above give a similar version of this classical rigidity
for the case of complex space forms. We shall give later in this chapter a different
rather classic approach to this problem in order to produce an alternative proof of

Takagi’s result.

We dedicate the two last sections of this chapter to do some applications of these
rigidity results. There, we determine the hypersurfaces of the 6-sphere and of the

complex projective spaces whose Hopf vector fields are Killing fields.
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2.2 Gy-Congruence of Hopf hypersurfaces in SS.

Considering that G is the group of the isometries of S® which preserve the al-
most complex structure, we can naturally be curious to know what are the G,-rigid

hypersurfaces of the 6-sphere.

Definition 2.2.2 Let g : M — M be an isometric immersion of a Riemannian
manifold M*~1 into a nearly Kahler manifold (H%, J) and letf be a normal vector
field on the hypersurface M= g(M) of M. Then we can define on M a structure

vector field U and tensors q3 and A of type (1,1), as follows

Uq = g:l(‘]g)
$(X) = 9.1 (Jg. X = < Jg.X,€ > §)
A(X) = —g71(Vxd).
Remark 2.2.1 It is clear that the structure vector field U corresponds to the Hopf
vector field g,U of g(M) with respect to the normal field €.

When M is a submanifold of M and g is taken as the inclusion map then we shall
denote these induced structures on the hypersurface M by &, U, ¢, A. In this case

they are more simply expressed by

U= Je, (2.2.1)

P(X)=JX+< X, U > ¢ (2.2.2)

We shall make extensive use later on of some basic properties, listed below, of these
induced structures. All of them are easy to be checked and essentially they are
Just consequences of the definitions above and the properties of the almost complex
structure J. We should also point out that they are also valid for the induced

structures (U, ¢).

¢*°X = - X + (X,U)U, (2.2.3)
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($X,9Y) = (X,Y) — (X, UNY,U), (2.2.4)
¢ is skew symmetric, | (2.2.5)
Ker(¢) = span{U}, (2.2.6)

¢ : U+ — U'is a linear isometry, (2.2.7)

(Vx¢)Y = (AX,Y)U — (Y, U)AX. (2.2.8)

Remark 2.2.2 Note that up to a choice of the normal vector field for the hypersur-

face, the tensor ¢ determines and is determined by the vector field U.

When M = S° and g is the restriction of a linear map (lying on SO(7)) to a
hypersurface M of S° as will be the situation in most of the results ahead, then we
will rather use the explicit definition of J in terms of the vector cross product of R’

and these structures can be rewritten as
U, = 99 % g, (2.2.9)
90(X) = gq x gX + (X, U)g¢. (2.2.10)
In this case the rate of change of the Hopf vector field will play an important role

wher dealing with the induced structures (¢, ) because it gives a direct relation

between these structures and the corresponding second fundamental forms A and

~

A. Namely
VxU = —¢AX + X x £+ (X,U)q, (2.2.11)
gVxU = —gpAX + gX x g€ + (X,U)gq. (2.2.12)

These equations can be easily obtained by using the Riemannian connections V and

V of R” and S° respectively. For example we obtain (2.2.11) as follows.
VxU  =Vx(JE) — (AX, V),
= V(g% &)~ (Vx(g x §),0)a — (AX, U)§,
=X X &+ qx Vx&— (X x£,q)g - (AX, V)¢,

= —¢AX + X x £+ (X,U)q.
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Proposition 2.2.1 Let M be a hypersurface of S® and g € SO(7). Consider the
tensors (U,U, ¢, ¢) defined on M as above. Then g € Gy if and only if ¢ = .

Proof:
(=)
If g € G, the conditions will arise naturally from the definitions, indeed for every

g € M and X € TyM we have
90y = 94 % g€ = (g x £) = gU,
9(X) = gg x gX + (X, U)g¢
=9(g x X) + (X, U)g¢
= g8(X).
(=)
A = A because g is an isometry of S°. This together with the assumptions gives
9(g x X) = gq x gX for every X € T,M (2.2.13)
9(€ x X) = g€ x gX for every X € T,M. (2.2.14)

Indeed, the first equation comes from equations (2.2.2) and (2.2.10), and the second

one comes from equations (2.2.11) and (2.2.12).
Now, sinceUkX:(qxf) XX =¢6xJX =& x ¢X, we obtain

g(Ux X) =g x dX) = g€ x gp X [from (2.2.14)]

=g x g(gx X) =g{ x (99 x gX) [from (2.2.13)]
=gU x gX. (2.2.15)
If g€ Mand X = X, € TqM is a unit tangent vector orthogonal to U, then
elementary calculations using the basic properties of the cross-product of R” show

that the ordered set
{Q7€7U>Xaq x X, Ex X,U x X}

is a G-basis for R”. Observe that equations (2.2.13).(2.2.14) and (2.2.15) say that

{94, 9¢,9U,9X,9(g x X),9(§ x X),9(U x X)}
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is also a Gp-basis and hence g € Gs. ©)

Lemma 2.2.1 Let g € SO(7) and let M be a hypersurface of S® endowed with the
induced structures (¢, ¢, A = A) as described above, then PA— dA = Ag — Ad.

Proof:
If M is totally umbilic then the lemma holds trivially. Thus assume that M is
not totally umbilic. Let a and b be distinct eigenvalues of A and let X and Y be

corresponding principal vector fields of M, then from (2.2.11) and (2.2.12) we have
—a($X,Y) + (X x §Y) = (VxU,Y) = ~a($X,Y) + (9X x g¢,gY)

and
—b(@Y, X) + (Y x &, X) = (VyU,X) = ~b(gY, X) + (g x g€, ¢X).

As ¢ is skew symmetric, we get

a(($X,Y) = (X,Y)) = (X x£Y) ~ (9X x g¢,gY),

B(BX,Y) ~ ($X,Y)) = (g¥ x g€,9X) — (¥ X £, X).
And thus we have

(a = B)((9X,Y) — (¢X,Y)) =0.
Which implies |
(#— DX, Y)=0.

Therefore, since A is symmetric, we conclude that (¢ — d;) leaves all the eigenspaces

invariant and consequently the equality ¢A — (;ASA = A¢p — Aqg holds on every

eigenspace, and hence everywhere. ©)

When M is a Hopf hypersurface of S® then in accordance with Theorem (1.3.3) M
is an open subset of the tube ®,(_L1S) around an almost complex curve of S® which
is given in turn as the focal set of the focal map ®, of M. In this case, we can
give an explicit description of the integral curves of the Hopf vector field U of M.

Indeed, given a point g of M, say the end point of the geodesic

q = Y(p.) () = cos(r)p + sin(r)n. (2.2.16)
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Consider the curve o(t) of M, passing through ¢, given by

o(t) = Vs (r) = cos(r)p + sin(r)d(¢), (2.2.17)

t
sin(r)

where 6(t) = cos(t)n + sin(f)p x n with £ =

In the following equations we use dot and prime to denote derivatives with respect

to the variables s and ¢ respectively. Now, by elementary calculations we obtain

!

o = sin(r)d
= —sin(®)n + cos@)p x 7= p x 6. (2.2.18)
U(o) =0 x¢(o)
=0 X Yp,5)()

= (cos(r)p + sin(r)d) x (—sin(r)p + cos(r)d) = p x 4. | (2.2.19)

Thus o is the integral curve of U through ¢ and this proves the

Lemma 2.2.2 The flow F, of the Hopf vector field of a Hopf hypersurface M C
®,(L1S) is given by

Fe(Yom (1) = Vs (r) = cos(r)p + sin(r)é(2). (2.2.20)

In particular, we note in passing that the integral curve of the Hopf vector field
starting at the point 7y ) (r) is geometrically originated from the rotation of the

complex 2-plane at p spanned by the vectors {7, Jn}.

Definition 2.2.3 We shall name as generic Hopf hypersurfaces of S® those ones
which are neither the geodesic hyperspheres nor subsets of a tube around totally

geodesic almost complex curves.

Proposition 2.2.2 Let g be an isometry of S® (g € SO(7)) and let M be a generic

Hopf hypersurface of S®, then the following conditions are equivalent

(i) M = g(M) is a Hopf hypersurface,
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(ii) g(px X)=gpxgX for everyp € S and X € T,S5,
(iii ) g maps the Hopf vector field U of M to the Hopf vector field U of M
(U=U), that is g(q x £) = gq x g¢.

Proof:

The isometry f = g [pr: M — M maps the geodesics which are integral curves of
U to geodesics which are integral curves of U and hence by definition Misa Hopf
hypersurface.

As an isometry of S°, g maps the geodesic () (7) to the geodesic F(yp g5 (r) thus

from equations (2.2.18) and (2.2.19) we obtain respectively

go' = sin(F)gn + cos(D)g(p x 7). (2.2.21)

Ugo = go X 7(917,96) (7)
=90 X §Ype)(T)
=90 x g€
=gp % gb

= cos(¢)(gp x gn) — sin(t)[gp x g(p x 1)]. (2.2.22)

Thus if we use that g € SO(7) and the vectors {gn, gp x g(p x 1)} are orthogonal
to the vectors {g(p x 1), gp x gn}, then the equivalence (i5) <= (i) follows from
equations (2.2.21) and (2.2.22). Note that under the assumption of either condition
(i) or (iii), condition (ii) is trivially satisfied for every X € T,S, because in both
cases the isometry g will map the almost complex curve S into the almost complex
curve g(S5).

(i) = (z)

Since g is an isometry, it takes the focal set S of M into the focal set S of M. ,
moreover in accordance with Theorem 1.3.3, the hypersurfaces M and M lie on

tubes around the almost complex curves given by these focal sets.
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In order to prove that g and J commute along S we first recall that it follows
from equations (1.4.2) and (1.4.1) in Proposition 1.4.2 that the image of the second
fundamental form h (k) of S (S) spans a 2-dimensional J-invariant subspace V; (V3)

of the normal space 1,5 (L gpg).

Secondly, as S (5) is an almost complex curve we also have that this normal space is

J-invariant, thus it can be decomposed as a direct sum of two J-invariant subspaces
J—pS =Vioh

18-

However, since g is an isometry of S®, mapping S to S , we have
9(T,5) = Typg 9(Lp5) :J-ypg gn) = ‘71 9(Va) = ‘72

thus using that g € SO(7) plus the orthogonal properties of J we see that these maps
commute on the subspace T,,S and on each subspace V; and hence they commute

on T,5° for every p € S. ©)

It is worthwhile observing that the condition (iz) in the proposition above gives a
way to improve this result by proving that actually an element g € SO(7) satisfying
those conditions lies in fact in G,. Although the following examples show that this
would not be true for every Hopf hypersurface of S¢, we will prove below that it is

true for any generic Hopf hypersurfaces.

Example 2.2.1 Let M be a geodesic hypersphere of S® centred at the point e,.
Consider the element F of SO(7) defined by F(e;) = e; for j # 3,7, F(es) = ey,
F(e7) = —es, then F' is the unique extension of the isometry f = F |p: M — M
and obviously F' is not an element of G3. Moreover, F' maps the Hopf vector field

to tself.

Example 2.2.2 Let M be a Hopf hypersurface contained in a tube around the almost

complez curve S = V3N S where V? = span{es, ey, e7}. Consider the map F €
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SO(7) given by F(e;) = e; for j = 3,4,7, F(e1) = ey, Fley) = ey, Fles) = e,
F(es) = es, then F' ¢ Gy and F is the unique eztension of the isometry f = F |
M — M. Furthermore, F' does not map the Hopf vector field U of M to the Hopf
vector field of F(M), that is U # U.

In order to see the later part of each example above we just remark that as F' is a
linear map then from (2.2.19) we have that at each point ¢ = 7y, € M and F(q)

the Hopf vectors are given respectively by

~

U=pxn and = F(U,) =Fpx Fn. (2.2.23)
Therefore, U, = U, if and only if
F(pxn) = Fpx Fr,

from which the properties stated in the examples follow.

Proposition 2.2.3 Let M be a generic Hopf hypersurface of the 6-sphere. Let
g € SO(7), then M = g(M) is a Hopf hypersurface if and only if g € Gs.

Proof:

(=)

If g € G, then g maps the Hopf vector field U of M to the Hopf vector field U of
M so that from Proposition 2.2.2, Mis a Hopf hypersurface.

(=)

If Mis a Hopf hypersurface, then from Proposition 2.2.2 we know that U = U, that

is
g(g x &) = gq x g€ for every g € M (2.2.24)

As we have just noted in the proof of Proposition 2.2.1, in order to prove that g € G,

it suffices to find a unit vector X = X, € T, M orthogonal to U, and satisfying the
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following equations

9(g x X) = g(q) x g(X) (2.2.25)
9(€ x X) = g(§) x 9(X) (2.2.26)
g(U x X) =g(U) x g(X) (2.2.27)

Consider M as an open subset of the tube @,(L'S) of radius r € (0,%) around
an almost complex curve S. We have seen in Theorem 1.3.3, that the orthonormal
eigenvectors {B;} (i = 3, ..., 7) of the shape operator A of M at a point ¢ = You(T) €
M are just the parallel transport B;(t) along <y, of orthonormal vectors {X; € T,,5%},

where

{X1=p, X2 =0,X35=pxn, X4, X5 = p X X4, X6, X7 = p X Xs}
is a Ga-basis for R7, such that {Xg, X7 = p x X;} is a basis for 7,5 and {X, =
n, X3 =pxn,Xg, X5 =px Xy} is a basis for 11S.

We will show now that X = Bg = By(r) satisfies the equations (2.2.25) (2.2.26) and

(2.2.27) and therefore g is an element of G,. Consider the vector field
L(s) = 9(m x Bs) = g7 % gBs,

then L is a Jacobi field along +,. Indeed, ¥, = —v, and so L = —L. Moreover L
also satisfies

L(0) = g(p x X¢) — gp x 9Xs,

L(r) = g(q x Bs) — gq % gBs,

L(0) = g(n x Xg) — gn x gX.

It follows from Proposition (2.2.2-ii) that for every curve ¢ in S and every vector

field Z € X(S°) along o, we have
glox Z)=go x gZ. (2.2.28)

Considering Z as parallel vector field along o and differentiating this last equation,

we see that for each vector X € T,,S and Z € T,,S5,

9(X X Z)=gX x gZ. (2.2.29)
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Thus it follows from (2.2.28) and (2.2.29) that L(0) = 0 and L(0) = 0 respectively.
Therefore, the Jacobi field L vanishes identically. In particular L(r) = 0 which

proves that Bg satisfies the equation 2.2.25.

We can similarly prove that Bs satisfies the equations (2.2.26) and (2.2.27) by using
respectively the following Jacobi vector fields

L(s) = g(y x Bs) — g1 x 9Bs,

L(s) = g(Bs X (79 X 1)) — 9Bs x g(7y X ). O

Corollary 2.2.1 Given a non-totally umbilic Hopf hypersurface M of S®, that is
M is not a geodesic hypersphere, and g € SO(7) then U = U if and only if g € G,.

Proof:

If M is a generic Hopf hypersurface this is just a consequence of Proposition 2.2.2
and Proposition 2.2.3. Therefore, we just need to prove the Corollary for the case
when M is an open subset of a tube around a totally geodesic almost complex curve
S. We can assume without loss of generality that S is the intersection of S® with

the subspace of R” spanned by the cannonical vectors {ej, ey, e3}.
Now, we know from (2.2.19) that U = U if and only if for every p € SN
span{ey, ey, es} and n € span{ey, es, €5, €7} we have

g9(p X n) = gp x gn,

which implies that g maps the cannonical G,-basis of R” to another Gy-basis and

hence g € Gs. ©)
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2.3 (G3-Congruence for hypersurfaces in S°.

Theorem 2.3.1 Let M be a non totally umbilic hypersurface of S® and g € SO(7),
then g maps the Hopf vector field of M to the Hopf vector field of g9(M), that is

U=U, if and only if g is an element of Gs.
Proof:

The converse of the theorem is trivial.

If M is a Hopf hypersurface then the Theorem has already been proved by Corollary

(2.2.1), thus we may assume that U and AU are linearly independent vector fields.

Now, let us assume that U = U. Looking at Proposition (2.2.1), we see that it is
only necessary to prove that ¢ = ¢. Moreover, if U = U then (2.2.11) and (2.2.12)

yield
gPAX — gpAX = g(X x £) — gX x g¢. (2.3.1)
In particular, for X = U we have
AU = GAU. (2.3.2)
Using this and the fact that ¢? = ¢ when U = U, then we get
b($AU) = ¢*(AU) = §*(AU) = §($AV). (2:3.3)

Hence ¢ = ngS on the space V = span{U, AU, pAU}. Note that this space has
always dimension three because (2.2.5) and (2.2.6) imply that ¢AU # 0 and ¢AU

is orthogonal to U and AU. Thus we have
M=V, W,
where W, is the 2-dimensional orthogonal complement VL.

By using those properties, (2.2.3) and (2.2.5), of ¢ and ¢, we can also see that W is
invariant under these maps and it follows particularly from (2.2.4) that ¢, ¢ : W —»

W are isometries.
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Now, since by their definitions ¢ and é realize Z-rotations and dim(W) = 2 then
p=c¢ord=—¢onW.

Therefore we just need now to prove that ¢ = —qAS on W leads us to a contradiction.
Henceforth let us assume ¢ = —q§ on W. First we observe that W is invariant under

the tensor A. Indeed, given any vector X € W, we have ¢X € W and so
(ApX,U) = (¢ X, AU) = 0.
Using Lemma 2.2.1 together with (2.2.5) and (2.3.2) we get
(ApX, AU) = %(qzﬁAX — GAX, AU)

= —%(AX, pAU) + %(AX, GAU)

=0.
And from Lemma 2.2.1 together with (2.3.2) and (2.2.4) we obtain

(ApX, pAU)Y = %(QBAX — pAX, pAU)

- %(quX, PAU) — %(éAX ,pAU)

1

= S ((AX, AU) - (AX, AD)) = 0.

Thus A¢pX € W for every X € W and consequently A(W) C W.

The invariance of W under A together with Lemma 2.2.1 imply that A and ¢

commute on W and hence for each X € W we have
(AgX, 0 X) = (pAX, ¢X) = (AX, X),
and
(AX,9X) = —(¢AX, X) = —(A¢X, X) = —(AX, ¢X),

which implies

(AX,$X) = 0.

However, {X,¢X} is an orthonormal basis for W, so AX = kX for every X € W.
Considering this in (2.3.1) we have

2kgpX = g(X x &) — gX x g,
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and since
96X = —gdX = —gq x gX,
we deduce that k¥ = 0. Therefore the second fundamental form A vanishes on W

and consequently (2.2.11) and (2.2.12) are reduced to
VxU=Xx¢ (2.3.4)
gV xU = gX x ¢¢. (2.3.5)

Substituting X by ¢X in these equations and using (2.2.2), (2.2.9) and (2.2.10), we

have
9(X x U) = gU x gX, (2.3.6)
and hence
glgx VxU)= ¢g(U x X) from (2.3.4)
= gX xgU ~ from (2.3.6)
= ¢gVxU x gq. from (2.3.5) (2.3.7)

Therefore, we have proved that

~

¢(VxU) = —p(VxU).

However, VxU € V since in accordance with (2.3.4) this vector is orthogonal to .

This contradicts the fact that ¢ and ¢ coincide on V. ©)

Corollary 2.3.2 Let M be a non totally umbilic hypersurface of the 6-sphere whose
second fundamental form has rank greater or equal to 8. Let f : M — S® be an
isometric immersion of M. Then f maps the Hopf vector field of M to the Hopf
vector field of f(M) if and only if there exists an element g € Gy such that f is the -

restriction of g to the hypersurface M.

Proof:
Indeed, from the classical rigidity for hypersurfaces of real space forms mentioned
in the introduction of this chapter we have that the map f can be extended to an

isometry of S® and hence the corollary follows from the previous theorem. O)
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2.4 Congruence for hypersurfaces in CP".

In 1973, Takagi ( [39] ) gave a rigidity theorem for hypersurfaces of the complex
projective spaces which was equivalent to that well-known rigidity theorem for hy-

persurfaces of a real space form, namely, he proved:

Theorem 2.4.2 Let M be a hypersurface of CP™ whose second fundamental form
A has rank at least 3 everywhere. Let f denote an isometric immersion of M into

CP"™ (n > 3). Then,

(i) ¢ =6 if and only if A= A,
(ii) IfA= A then there exists a holomorphic isometry F of CP™ such that
Flu=1f.

We call attention here to the fact that the second part of the theorem above, as
observed by Takagi, can be proved by following the same method used to deal with

rigidity of hypersurfaces in real space forms.

Recently, Takagi et al ( [19] ) have improved this result by showing that the rigidity
of hypersurfaces in CP™ depends in general only on the invariance of the Hopf vector

field, that is U = U. More precisely they have shown:

Theorem 2.4.3 Let M be a hypersurface of CP™ whose second fundamental form
A has rank at least 3 everywhere. Let f denote an isometric immersion of M into

CP" (n>3). IfU = U then [ 18 a restriction of a holomorphic isometry of CP™.

In this section, we shall give a new proof for this result, using the same method as in
the case of hypersurfaces of S®. It turns out that the approach we give here makes

the proof clearer, simpler and more geometrical.

Consider the complex projective space (CP", J, <>, V, R) endowed with the Fubini-

Study metric of constant holomorphic sectional curvature 4. Then its curvature
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tensor R is given by

R(X,Y)Z = (Y,2)X = (X, 2)Y —(Y,JZ)JX + (X, JZ)JY + 2X, JY)J Z.
(2.4.1)

Let M be a hypersurface of CP™ with second fundamental form A and induced
structures <>, V, R, etc. Let £ be a unit normal vector field on M. The Gauss and
Codazzi equations for M are respectively:

(R(X,Y)Z,W) =(R(X,Y)Z,W)+ (AX,Z)(AY,W) — (AX,W)(AY,Z) (2.4.2)

(R(X,Y)Z,§) =((Vxh)(Y,2),€) - (Vyh)(X, 2),¢), (2.4.3)
where the covariant derivative of the tensor h is given by
(Vxh)(Y,Z) = Vxh(Y, Z) — h(VxY, Z) — h(Y,Vx Z).
In terms of the shape operator A of M, we can also write (243) as

(R(X,Y)Z,&) =(AX,VyZ) — (AY,VxZ) + (AZ,VyX) — 204
—(AZ,VxY) + X(AY, Z) - Y(AX, Z). -

Thus, using (2.4.1), we have that for every hypersurface M of CP™, the Gauss and
Codazzi equations are simplified to
RIX,Y)Z = (Y, 2)X — (X, Z)Y + {9V, Z)¢X — ($X, Z)$Y
~2¢X,Y)$Z + (AY, Z)AX — (AX, Z)AY,  (2.4.5)
(VxA)Y — (VyA)X  =2X,Y)U+ (Y, U)X — (X, U)¢Y. (2.4.6)

The rate of change of the induced vector fields U and U (if we are considering an

isometric immersion g : M — CP™) is given by

VxU = —¢AX (2.4.7)

VxU = —¢gAX (2.4.8)

This follows immediately from the Kéhler condition Vx(JY) = J(VxY) on CP™.
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Theorem 2.4.4 Let M be a hypersurface of CP™ whose second fundamental form

has rank at least 3 everywhere and let g be an isometric immersion of M into CP".
If g maps the Hopf vector field of M to the Hopf vector field of g(M), that isU = U,

then g 1s the restriction of a holomorphic isometry of CP™.

Proof:
Since U = U, it follows from (2.4.7) and (2.4.8) that:

PAX = GAX for every X € X(M). (2.4.9)
As g preserves the curvature, that is R = R, we obtain from (2.4.1) and (2.4.4) that

(X,0Z2)0Y + 2(X, Y )pZ — (Y, ¢pZ)pX — (AX, Z)AY + (AY, Z)AX =

(X, 62)9Y + 2 X, 4Y)9Z — (Y, $2)$X ~ (AX, Z)AY + (AY, Z)AX. (2410
Specializing this equation for Z = U we get:
(X, AUYAY — (Y, AUYAX = (X, AU)AY — (Y, AU)AX. (2.4.11)
Specializing again this equation for Y = U we have for every X € X(M):
(X, AUYAU — (U, AUYAX = (X, AUYAU — (U, AU)AX. (2.4.12)

If W denotes the orthogonal complement of the vector space span{ AU, AU} then for
any Y € X(M) and X € W, the equations (2.4.11) and (2.4.12) give respectively:

(Y, AUYAX = (Y, AU)AX, (2.4.13)

(U, AUYAX = (U, AUYAX. (2.4.14)
Taking Y = AU and Y = AU in (2.4.13) we have for every X € W respectively:

JAUPAX = (AU, AUYAX, (2.4.15)

(AU, AUYAX = |AU?AX. (2.4.16)

Now we shall split our proof into two cases.

Case 1: AU #0.
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Since rankA is at least 3, there exists a vector X € W such that AX # 0, so from
(2.4.15) and (2.4.16) we have AX # 0, AU # 0 and (AU, AU) # 0, moreover by
taking the quotient between those equations we get |(AU, AU)| = |AU||AU| and
hence

AU = 54U,
where § = +4Ul Using this in (2.4.15), it follows that AX = §AX for every

|[AUl”
X € W. However, from (2.4.9) and (2.2.4) we also have |[AX| = |AX| for every

X € W and so § = £1. Choosing if necessary, the oposite normal vector field on

g(M), we can assume § = 1. Thus,

AX = AX, (2.4.17)

~

AU = AU. (2.4.18)

If (AU,U) # 0 then substituting (2.4.18) in (2.4.12) we obtain A = A.

If (AU, U) = 0 then from (2.2.7) we can choose a vector X € U'such that ¢X = AU

and so

X = —¢AU = —¢3AU,
A(AU) = A($X) = ApX = —AP*(AU) = A(AU).
This together with (2.4.17) implies A = A, which reduces (2.4.10) to
(X, 0Y)Y = (X, $Y)§Y.
therefore, for every X € Ut we have ¢X = +4X.
Because Ker(¢) = Ker(¢) = span{U}, we must have ¢ = +$. But we know that
PAX = QASAX and hence ¢ = d;
Case 2: AU = 0.

In this case the Codazzi equation (2.4.4) for the hypersurfaces M and g(M) are

written respectively as:

R(X,Y)U,E) = 2$AX, AY) (2.4.19)
(R(9:X, 9.Y)g.U, &) = 2(pAX, AY) (2.4.20)
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On the other hand, using the curvature tensor of CP" as given in (2.4.1), we have

for every X|Y € UL

R(X,Y)U = 2(¢X,Y)¢
R(9.X,0.Y)g.U = 2(¢X,Y)¢.
thus
(¢X,Y) = (pAX, AY)
(6X,Y) = (JAX, AY). (2.4.21)
In other words, recalling that ¢A = &4, we have
ApA = ¢ (2.4.22)
ApA = (2.4.23)
Now, taking Z =Y in (2.4.10) we have
33X, 9Y)pY — (AX,Y)AY + (AY,Y)AX =
o A A A ) (2.4.24)
3(X, Y)Y — (AX,Y)AY + (AY,Y)AX

Putting Y = —¢$AX in this equation and using that
Y = AX and AY = —ApAX = —¢X,
we obtain for every X € U
<X, AX > AX =< X,AX > AX.

However,

[AX| = |¢AX| = [$AX| = |AX|
and hence AX = +AX. From (2.4.22) we see that the restriction 4 : Ut — Ut is
non-singular so that Ker(A) = span{U} and hence A = £4 on U, Choosing an
apropriate normal vector field, if necessary, we can assume A = A. Therefore, from

(2.4.22) and (2.4.23) we have ¢ = ¢.

Therefore, the proof of the theorem follows from Theorem (2.4.2). ©)
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2.5 H-K vector fields in S8.

The Hopf vector field of a hypersurfaée in a nearly Kahler manifold will be called H-
K vector field when it is also a Killing field. In this section we intend to characterize

those hypersurfaces of S% whose Hopf vector fields are H-K vector fields.

For hypersurfaces in CP", Berndt (see [4] for details) has proved that the Hopf
foliation of a hypersurface is a Riemannian foliation if and only if the Hopf vector

field is an H-K vector field.

In investigating in depth the Hopf vector field of any hypersurface (not necessarily
Hopf) we shall actually prove here (example (2.5.3) and Theorem (2.5.5)) that the
only hypersurfaces of the 6-sphere whose Hopf vector fields are H-K vector fields
are the geodesic hyperspheres. This is a surprising fact about the nearly Kahler S®
since we shall see in Theorem (2.6.6) that for complex projective spaces any Hopf
hypersurface around a totally geodesic complex submanifold satisfies this condition

on the Hopf vector field.

We start by recalling that a vector field X in a Riemannian manifold (M, <>, V)
is a Killing field when its flow is locally an isometry. We shall also make use of the

classical equivalent to this definition given by the so called Killing equation:

<VyX,Z>=—-< VXY >. (2.5.1)

Lemma 2.5.3 If M is a Riemannian manifold which admits a Killing field X of

constant length, then the integral curves of X are geodesics.

Proof:
From the Killing equation (2.5.1) we have for every Y € X(M)

<VxX,)Y >=—-<VyX, X >=0.

Thus, VxX = 0. O




2.5 H-K vector fields in SS. 47

Lemma 2.5.4 Let (S,(,),V) be an almost complezx curve of a nearly Kdhler Rie-
mannian manifold (M, (,), V). Then S is totally geodesic in M if and only if every

unit normal vector field n(t) of M, defined along a smooth curve p(t) of S, satisfies

Vian(t) €Ly S.

Proof:
(=)
If S'is a totally geodesic almost complex curve, then the property stated in the lemma

follows from the fact that {p, Jp} is a basis for 7,,S and the following calculation

(Ven,p) = —(n,Vp) =0

<vﬁ7”, Jp) = _<77av.15‘]p> = (Jnav—pp> =0.

(2.5.2)

(=)
Conversely, assume that S is an almost complex curve satisfying the property in the

Lemma. Since the vector field n(t) is orthogonal to the tangent vector fields p(t)

and Jp(t), we have

(i) = (0, Vs = —(Vym, ) = 0

(Ayp, Ip) = (1, VJp). = —(Vn, Jp) = 0,

(2.5.3)

where the last equality in each case follows from the assumption. Therefore, A, (p) =

0 and hence A, = 0 because the curve p(s) of S is given arbitrarily. ©)

Example 2.5.3 The Hopf vector field of a geodesic hypersphere of S® is an H-K

vector field.

Let us first consider a great hypersphere. There is no loss of generality if we choose
M =V N S° where V = e, because this hypersphere can be mapped to any other
one via an element g € G, and this transformation shall certainly map the H-K

vector field of M to an H-K vector field of g(M).




2.5 H-K vector fields in SS. 48

In this case, the unit normal vector field £ = e; to M is constant and the Hopf

vector field at a point ¢ € M is just U, = e4 x ¢. Thus
(VxU, Y> = <Vx(€4 X q),Y) = <€4 X X, Y> (254)

Therefore, using equation (2.5.1) and the fact that the product (X x Y, Z) is skew-

symmetric we conclude that U is a Killing field.

Now, let M be the small hypersphere of S® centred at the point p = e,. This
hypersurface is just a degenerate tube of radius r around the degenerate curve
S = {p}. However, we note that all of our calculations to determine the flow F, of

the Hopf vector field remain valid in this situation.

In order to prove that U is a Killing field, we start by assuming this to be true and
out of that assumption we deduce the natural candidate for the local isometry F,

which describes the flow of U.

As the rank of the second fundamental form of M is 5, we have by the rigidity of the
hypersurfaces of spheres that F; can be extended yielding a 1-parameter subgroup

of SO(7) which we shall still denote by ;. From linearity of ; and Lemma (2.2.2)

we obtain
cos(r) Feq + sin(r)Fynp = cos(r)eq + sin(r)d(t). (2.5.5)

Each F; must map the focal set of M to itself and since the focal set of M is just
{es}, we have Fres = e4. Thus (2.5.5) can be simplified to

Fin = cos(t)n + sin(t)(eq x n) for every n € ey (2.5.6)

It is immediate to verify that the map F; defined as above is indeed an element of
SO(7). Moreover, it is worth mentioning that F; lies in G, only for the values t = 0

and ¢ = 7sin(r).

In the following, we determine the action of F; on an integral curve o of U in order




2.5 H-K vector fields in S°. | 49

to check that F; corresponds, indeed, to the flow of U.

Fio(0) = cos(r)eq + sin(r) Fin
= cos(r)eq + sin(r)d(t)

=o(t).

Theorem 2.5.5 The geodesic hyperspheres are the only connected hypersurfaces of
S® whose Hopf vector fields are H-K vector fields.

Proof:

Let M be a connected hypersurface of S® with unit normal field ¢ and H-K vector
field U. It follows from Lemma 2.5.3 that M is a Hopf hypersurface, say that M is
a subset of a tube ®,(L1S) where S is an almost complex curve of S®. We shall
assume that the Hopf principal curvature oo = — cot(r) is not zero, that is, r # 7.
Thus the second fundamental form of M has rank at least 3 everywhere since it is

proved in Theorem (1.3.3) that the a-eigenspace of M has dimension at least 3.

From the well known rigidity of hypersurfaces of a real space form [36] we have
that under the assumption that the second fundamental form having rank at least
3 everywhere, any isometry between hypersurfaces of a sphere is extendable to an
ambient isometry. Therefore, the flow F; of the H-K vector field U can be realised
as the restriction to the hypersurface of an isometry of S®, which we shall still name

as F;.

Now, we prove that the almost complex curve is a connected component of the fixed
point set of each isometry F;. Geometrically, this is almost evident for since F; is
the flow of the Hopf vector field, we can expect that the action of the isometry F, on
M, and similarly on each tubular hypersurface around S, is just to turn it around
the curve S. This idea is based on the fact that we already know from Theorem
(1.3.3) that the Hopf hypersurfaces of S® are subsets of tubes. However, we call
attention to the rather subtle fact that the proof we give in the sequel does rely

only upon the formula obtained in Lemma (2.2.2) for the flow of the Hopf vector
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field and this formula in turn depends only on the fact that the focal map of a Hopf

hypersurface is constant along the integral curves of the Hopf vector field.

S is connected because it is the image of the connected tubular hypersurface M

under the focal map, which is a continuous map.

Since F; is an isometry of S® and maps open subsets of M to open subsets of M

then JF; also maps open subsets of the focal set S to open subsets of S.

On the other hand, by construction, the map F; maps an integral curve o of the
Hopf vector field of M to itself. Thus it follows from Lemma (2.2.2) that F, must
fix the point p € S which corresponds to the integral curve o. Therefore, F, fixes

every point of S.

Moreover, it follows from the fact that S is the set fixed by F;, the linearity of F,
and Lemma (2.2.2) that for s € (0,%) we also have Fy(v(p)(5)) = Yp.5) (), that is
the isometries F; perform a non-trivial rotation of each tube of constant radius s

around the curve S.

Now, using the property that S is a connected component of the fixed point set of

Fi we shall prove that the curve S is totally geodesic by two different methods.

The first method shall essentially make use of the linearity of F, and the formula
(2.2.20) for the flow of the Hopf vector field whilst the second one will explore the
fact that F; is a one-parameter subgroup of SO(7).

Method 1:

Using that F; is linear and fixes S, from (2.2.20) we obtain

Fin = cos(t)n — sin(¢)(p x n) for every (p,n) €1'S. (2.5.7)

Let us consider an arbitrary smooth curve (p(s),7(s)) in 1*S. Then by differentiating

(2.5.7) along this curve we have

Fiy = cos(t)i) = sin(£){(p x n) + (p x 0)}. (2.5.8)
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Thus, since F;*"***(p) = F, '(p) = p and using (2.5.8) we have

(Fun, ) = cos(£)(, p) — sin(?)(p x n,p) — sin(?)(p x 1, p)

= (1, p)(1 — cos(t)) = sin(t)(Jp, )

== (1, Jp)(1 — cos(t)) = —sin(t)(p, 1)

= (7, p)(1 = cos(t))* = — sin’(?) (p, )

= (1, p)(1 — cos(?)) =0

= (n,p) =0,
and hence by Lemma 2.5.4 the almost complex curve S is totally geodesic.
Method 2:
We want to prove that the almost complex curve S is totally geodesic and we
already know that S is a connected component of the fixed point set of the isometry
F = Fi. In order to do that we shall consider a conjugation F = g 1Fg by an
element g € SO(7) such that F be an element of the standard maximal torus of

SO(7). Then g maps the fixed point set of F exactly to the fixed point set of F and

hence S = g(5S) is also a connected component of F.

Therefore, we can describe F by FX = AX where A is the matrix

(R, 0 0 o0
0 R1 0 0 . COs 0]' sin Hj
A= with Rj = and 0_7' = Gj(t)
0 0 Ry O — sinf; cos 0;
0 0 0 1 )

Since F fixes any point p = (pg, ..., pg) € S then our matricial representation for F

yields for each j € {0,1,2} a homogeneous system as follows

cos(0;) pa; + sin(0;) pajy1 = poj
—sin(0;) py; + cos(0;) pyy1 = pan
Which implies
(cos(6;) — 1)pa; + sin(6;)pzj+1 = 0
—sin(6;)ps; + (cos(0;) — 1)pyj1 =0
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This homogeneous system must hold for every real value t and every point p € S ,
thus its discriminant A; = 2(1 — cos §;) vanishes if and only if the function cos 6;(t)
is identically equal to 1 so that for at least one value j € {0,1,2}, say j = 0, we
must have Ag # 0 otherwise F would be the Identity map. Therefore, the two first

coordinates of any point of S vanish.

By using these systems, we can also conclude that B; = ( }9) if and only if for
some point p € S we have P2; # 0 or pyjp1 # 0. Consequently, there are only three

possibilities for our isometries F and their fixed point sets V, namely:

casel. case2. case3.
Ry 0 000 Ro00 0 0
0 R,000 01000
A= 0 0100 A= 00100
0 0010 0 00R,0
0 0001 0000 1

V = S®Nspanes,..,es} V =5n span{es, es, e}V = S® N span{es, ey, e}

(=]

COoO~ O
(=)

—

A=

[e=fevlen Yo Y] =]
QOO O O
SOHOO O
OSHOOC O
HOOOO O

Since in all these possibilities the set V would be connected, we should have S = V.
However, in the first case dimV = 4. Since the other two possibilities give S totally

geodesic and g is an isometry then S is also totally geodesic.

Now, in order to conclude the proof of the theorem we recall the example (1.3.1)
where we have showed that a totally geodesic almost complex curve of S is given

by S = V?NS% where V? is spanned by vectors {v;,v2,v3} of a G basis {vy, ..., v7}.

This gives us an obvious contradiction in the equation (2.5.7). Indeed, for n = v,

and p € {vy, vo} we have

Vs = VU1 X Ug = Vg X Ug = Vg.




2.6 H-K vector fields in CP™. 53

2.6 H-K vector fields in CP".

In this section, we shall make use of Theorem (2.4.4) on holomorphic congruence for
hypersurfaces in CP", to prove that the hypersurfaces of CP™ which have a Killing
Hopf vector field are exactly the open subsets of tubes around totally geodesic
complex submanifolds. This result has already been proved by Berndt [4] but we

give here a simpler and more geometrical proof.

We will think of S**! as naturally included in C**!' so that the Hopf fibration
7 : §2"*1 — CP" is a Riemannian submersion with linear isomorphism 7, : H, —
Tr(zyCP™ for each z € S*f!, where H, denotes the tangent subspace {Rz}+n
{Riz}* of T,S*"*1. The natural complex structure on H,, given by the complex

multiplication by ¢, induces via 7, the standard complex structure J on CP™.

The Hopf fibration can be used to describe the geodesics of CP" as projection
of horizontal geodesics of S***!, in other words, given ¢ € T,(CP"), as 7 is a
Riemannian submersion, then the geodesic 7, ¢)(s) of CP™ is the projection of the

horizontal geodesic

Vs (8) = cos(s)p + sin(s)C, (2.6.1)

where the tilde notation is used here to denote corresponding points and horizontal

vectors under the maps 7 and 7, respectively, that is

_ , P
0.0 (8) = T(V5 (),  with (2.6.2)

Let M be a Hopf hypersurface of CP™ and as usual let ¢ denote a local normal field
on M.

By using similar procedure here, as in the case of the 6-sphere, we can also describe

the integral curves of the Hopf vector field explicitly.

However, we shall recall first the fundamental calculation done by Cecil-Ryan ([18])

for the derivative of the normal exponential map G of M. They have shown that
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given ¢ € M and a vector X € T,M, if we denote by X its horizontal lift to H,

where z is a point in the fibre 771(g), then

G, lirey (X) = dmy{cos(r) X — sin(r)(Y — (X, if)iz)}, (2.6.3)
Where ¢ = dr,(§), w = cos(r)z + sin(r)é € 7= (F(q,z3)), Y = A¢X, and the
vector on the right hand side belongs to 7,5?"*! but not necessarily to H,.

We call attention to the difference between our notation for the points z and w and

that of Cecil-Ryan, which unfortunately is swapped.

Using (2.6.3), Cecil-Ryan located the focal points of a Hopf hypersurface of CP™,

as we summarize in the following

Lemma 2.6.5 Let M be a Hopf hypersurface of CP"™. If U = J¢ denotes the Hopf
vector field of M and o = —2cot(2r) is the Hopf principal curvature of M, then

given g € M

(i) G.

wro (U) =0
(ii ) Gi lgro (X) =0  whenever X € T,M is a principal vector of (M, ¢)

corresponding to the principal value — cot(r).

(iii ) Gil|gwe (X) #0  otherwise.

Now, to determine the integral curve o of U through a given point ¢ € M, we first
note from the lemma above that the focal map of M is constant along the integral

curves of the Hopf vector field, that is, G(o, £) = p.

Next, we consider a geodesic y = ., of CP" normal to M at q and connecting the
points ¢ and p, where 1 denotes the tangent vector to - at the point p. We shall

assume 7y to be parametrized by the arclength s from p to ¢ and so y(0) = p and
Y(r) =g
Let ¢ be the curve in 5?"*! obtained as the end points of the geodesics %3’5) where

t

§ =5(t) = cos(®)ij + isin(@)i  and b= i cos()
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in other words, 6(t) = Y44 (r). Let us define the vector § = 7,8 and the curve
0(t) = Ypswy(r). Then the following calculations show that o is indeed the integral

curve of U through gq.

In equations (2.6.4) and (2.6.5) below we must consider carefully along the curve G

only the horizontal components of the vectors A and B, that is, their projections on

H&.
o =(mls)(5)
= (m5)(sin(r)d')
— (m]5)(A) where A = COSI(T) {cos(®)ifi — sin@)i}).  (2.6.4)

U(J) = Jﬁ’(p,d) (T)
= Jmls (’LY(ﬁ,S) (r))
= 7|5 (—sin(r)ip + cos(r)id)

= mi|s (B) where B = (—sin(r)ip + cos(r) cos(?)ifj — cos(r) sin()7). (2.6.5)
Noting that
(B,6) = (B,i6) =0=(A,5) and (A,i5) = tan(r),

we can see that the projections of the vectors A and B on the space H; are exactly

the same and hence ¢ = U (0). Therefore, using all the notation above we have

Proposition 2.6.4 The flow of the Hopf vector field of a Hopf hypersurface of CP™

can be described as:

Fi(Ypm (7)) = Yp,6) (1) = m(cos(r)p + sin(r)g). (2.6.6)

As we noted in the introduction of this section there is a contrast between the
hypersurfaces with H-K vector fields in S and those ones in CP™. The later being
a broader category than the former. Although Berndt ([4]) has proved the following
result, we give here an alternative proof as a nice application of the holomorphic

congruence of hypersurfaces in CP™ discussed in section (2.4).
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Theorem 2.6.6 Let M be a connected real hypersurface of CP™. Then the Hopf
vector field U of M is an H-K vector field if and only if M lies on a tube of constant

radius around a totally geodesic complex submanifold.

Proof:

Let us assume first that U is an H-K vector field. This implies, using Lemma 2.5.3,
that M is a Hopf hypersurface. Let F; denote the flow of U on an open subset of
M. It follows from Theorem (2.4.4) that for each ¢ the map F, can be extended to
a holomorphic isometry of CP™ which we shall also name as F;. Thus, we obtain a

1-parameter subgroup B; of SU(n + 1) such that
Fi(m(2)) = m(By(2)). (2.6.7)

As in the case of S® (cf. Theorem (2.5.5)), we can also show here that the focal
set N of M is a connected component of the fixed point set of F; and the proof
1s exactly the same as in that proposition since, as we mentioned above, Lemma

(2.6.5) shows that the focal map is constant along the integral curves of U.

On the other hand, it follows from (2.6.7) that the inverse image N = 7~}(N)
consists only of points in C**! which are eigenvectors for the linear operator B,.

Therefore, Nisa disjoint union of eigenspaces of B, say

~

N=V, U...UV,. (2.6.8)

However, if N is not just a single eigenspace V,, we would have a contradiction to
the connectivity of N since in this case we would write N as a disjoint union of

closed sets

N=r\)U...un(V,,).

Therefore, the focal set of M is the totally geodesic complex submanifold of CP™

given by the projectivisation of the complex linear subspace N = V.

Conversely, let M be an open subset of a tube ®,(N) of radius r around a totally

geodesic complex submanifold. If we make use here of some properties of the Hopf




2.6 H-K vector fields in CP™. 57

hypersurfaces of CP", then we can give a short proof of the fact that U is an H-K
vector field. Indeed, in this situation we have in accordance with Proposition (3.4.4)
that the only possible eigenvalues for M are A\g = a = —2cot(2r), A, = — cot(r)

and Ay = tan(r). Using this we can verify that U satisfies (2.5.1) as follows.

Since U has unit length and VyU = 0, we just need to verify (2.5.1) for vectors Y’
and Z orthogonal to U. Moreover, because of the linearity of (VyU, Z) with respect
to these variables, we just need to prove that equation for any pair of eigenvectors

Y and Z. Thus, we have a few cases to consider.

If Y and Z lie in the same eigenspace V) then it follows from (2.4.7) and (2.2.5) that

(VyU,Z) = —(¢AY,Z)
= —\(¢Y, 2)
= XY, ¢2)
= —(Y,V,U).

For the other possibility we need to mention the property proved by Maeda (cf.
Remark (3.3.3)) which shows in particular that the eigenspaces V; = Vj, and V; =
V), are invariant under the operator ¢. Thus, for each 7 € {0, 1,2}, the space ¢V,
is orthogonal to the spaces {V};x;. Therefore, given i € {1,2},Y € V; and Z €V,

with 7 # j, we have

(VyU,Z) = —\(4Y, Z)




Chapter 3

Hopf Hypersurfaces in the Large.

3.1 Introduction.

The main purpose in this chapter is to prove the assumption used by Cecil-Ryan in
- Theorem (1.3.2) to characterize the Hopf hypersurfaces of the complex projective
spaces. However, we shall start the chapter by investigating Hopf hypersurfaces in

more general spaces.

In the next section we define the reflection and push maps induced by hypersurfaces
of (nearly) Kéhler manifolds in order to give an alternative characterization of Hopf

hypersurfaces in these spaces.

In section (3.3), we deduce some properties of the principal curvatures of the level
hypersurfaces of a Hopf hypersurface. These properties together with the construc-

tions of special vector fields enable us to prove our main result.

In the last section of this chapter, we prove that the lift of a Hopf hypersurface under
a holomorphic Riemannian submersion is also a Hopf hypersurface and this provides
a way to obtain examples of Hopf hypersurfaces in spaces other than complex space

forms.

28




3.2 Hopf hypersurfaces of Kahler manifolds. 59

3.2 Hopf hypersurfaces of Kiahler manifolds.

The geodesic hyperspheres of complex space forms are the simplest examples of
Hopf hypersurfaces, as we can see from Theorems (1.3.1),(1.3.2) and (1.3.4). Con-
sequently, we can question naturally about what can be said of the geometry of a
Kahler manifold all of whose geodesic hyperspheres are Hopf hypersurfaces. It turns
out that this fact actually characterizes the complex space forms as we shall prove

now.

We shall be considering some common terminology throughout this chapter which
we mention next. Given a Kahler manifold M with metric (,) and complex structure
J, let M be a hypersurface of M and let ¢ denote a unit normal vector field defined
on a neighbourhood O C M of a point ¢ € M. We can use the exponential map
of M to extend ¢ to a local unit vector field Ywe)(s) on M, where p € O and
V) (8) = expp(s&p)-

When M is a hypersurface of a nearly Kahler manifold M then the vector field U,

defined along v = y,¢)(s) by Us = J7, is parallel along . Indeed,

ViU = J(V4%) = 0. (3.2.1)

Theorem 3.2.1 Let (M, J) be a Kahler manifold. Then M is a complez space form
if and only if every geodesic hypersphere of M is a Hopf hypersurface.

Proof:
(=)
It is clear from the results on Hopf hypersurfaces of complex space forms stated in

the first chapter that every geodesic hypersphere of these spaces is indeed a Hopf

hypersurface.

(=)
Given ¢ € M and a unit vector X € T,M, let y(s) = expq(sX) be the geodesic of
M starting at g in the direction X. Then, U, = J¥(s) is the Hopf vector at (s)
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of the geodesic hypersphere G, centred at ¢ and radius s. Thus, if A, denotes the

shape operator of the hypersurface G,, we have
A (Us) = a,Us, (3.2.2)

where o is the Hopf principal curvature of G;.

Now, we show that the rate of change, in a radial direction, of the shape operators

of tubular hypersurfaces satisfies a Riccati differential equation, namely:
(V54:)(2) = A3(2) + R(Z,9)4, (3.2.3)

where Z is a vector field, orthogonal to 4, defined along vy and (V54,)(Z) =
V4(AsZ) — As(V5Z). Indeed, equation (3.2.3) follows from the definition of the

curvature tensor

R(Z,%)¥ V2Vt = ViVzy — Vizay

Y
ﬁ(A Z) V( AsZ-Y. Z)'Y

I
<

Il
<

(AsZ) — A2Z — A(V52).
By using (3.2.1), (3.2.2) and (3.2.3), we obtain
R(Us, %)y = (&, — &)U, (3.2.4)

Given a tangential vector Y € T, M such that Y is orthogonal to both vectors X
and JX, let Y denote the parallel transport of ¥ along . Then (3.2.4) implies

(R(Us,%)%,Ys) = 0 for any s # 0 and hence by continuity we have

(R(JX, X)X, Y)=0. (3.2.5)
However, it is well known (see for example [33] or [41]) that the condition (3.2.5) on
the curvature tensor characterizes the complex space forms. ©)

It is convenient to point out here that the Riccati equation (3.2.3) for the second
fundamental forms of the tubular hypersurfaces around a submanifold P, encom-

passes essentially the same information as the Jacobi differential equation which
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defines Jacobi fields on M. This equation has been useful to study the geometry of

tubular hypersurfaces in general. (c.f. [25] and references mentioned there.)

We remark that Vanhecke et al used Jacobi fields (for details see [42]) to show that
the complex space forms are characterized by the fact thaf their geodesic hyper-
spheres are quasi-umbilical with respect to their Hopf vector field. Thus the result
we have proved above improves that of Vanhecke et al in the sense that, being
Hopf hypersurfaces, the geodesic hyperspheres of complex space forms satisfy some

further geometrical properties.

Remark 3.2.1 The theorem above can be proved also using Jacobi fields instead of

the Riccati equation, however, the proof would be less elegant.

Definition 3.2.1 Let M be a hypersurface of a Riemannian manifold M. Then for
some € > 0 and locally on M, we can define the reflection map R on a tubular

neighbourhood M¢ of an open subset O of M by putting

R(Y0,6) () = Vg6 (—5), (3.2.6)

where ¢ € O, s € (—¢,€) and £ is a unit-normal vector field on ©. For each

s € (—¢€,€), we also define the push map B, by

Ps(9) = a0 (). (3.2.7)

We will denote the level hypersurfaces of M¢ by M, so that M€ :|3H6M8 and the

restriction R of ;R maps M; into M_;, whilst B, maps M into M,.

Lemma 3.2.1 Let o(t) be a smooth curve of a hypersurface M in CP™. Let &

denote a unit normal vector field on M. Then the variational vector field W (s)
defined along Vi, .6(s) by W(s) = & (v,0(s)) satisfies

R.(W(s)) = W(—s) (3.2.8)

Bau(o () = W(s). (3.2.9)
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Proof: A
Indeed, the lemma follows from direct application of (3.2.6) and (3.2.7). ©)

Remark 3.2.2 Note that M s the fized point set of R and so if R is an isometry

then M is a totally geodesic submanifold of M.

Indeed, this is just a consequence of the well known fact that a connected component
of the fixed point set of an isometry of M is a totally geodesic submanifold of M.
But we should note that particularly for the reflection map we can also prove this
directly. Although the proof we give below is assuming that M is a hypersurface, it

can be similarly applied to submanifolds of higher codimension.

Given g € M, let £ be a local unit normal vector field on M and let X € T,M be
an eigenvector of A¢. Let us consider a curve o on M with ¢(0) = ¢ and ¢’ (0) = X.
Then the geodesic variation v, of the geodesic v, gives the variational vector
field W (s) along ., (s) which is a Jacobi field satisfying conditions (1.1.4) and so
the shape operator A, of M satisfies (1.1.6), so that W (0) = — A, (W (0)) = =AW (0).
Now, if R is an isometry then it follows from (3.2.8) that the function |W (s)|? is
even. Thus, its derivative is an odd function which implies W (0) = 0 and hence

A=0.

Theorem 3.2.2 If M is a hypersurface of a nearly Kihler manifold M satisfying

condition () below, then M is a Hopf hypersurface.

(x) : for each s € (—¢,€), R maps the Hopf vector field of M,

to a scalar multiple of the Hopf vector field of M_,.

Proof:
Let M be a hypersurface of M satisfying the condition in the Theorem, then in order
to prove that M is a Hopf hypersurface we will just verify that the Hopf vector field

U of M is a principal vector field.

Given g € M, consider a local unit normal vector field & of M defined around ¢. Let
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A = A¢ denote the second fundamental form of M. It follows from (3.2.6) that

Rilrges) (Fao(8)) = —Yan (=) (3.2.10)

By assumption there exists a smooth function g(s) = g(g, s) such that
Rubras) (Us) = 9(s)U-s. (3.2.11)

We can fix the point g because in what follows we shall be considering the rate of
change of the function g only in the radial direction. Since 2R is a smooth map,

using (3.2.1), we have

R. [7, Us] = [%*f)’; m*Us]
=R, (V’YUS) - R, (st’Y) = vﬁ"tdm*Us - —V—ER*USR*;Y

2vER*UsiR*;)' = vE)‘L,"yg{nk(]s + R, (st’Y) (3212)

Now, let A, denote the shape operator of the level hypersurface M, with respect
to the normal field ¥(s), then if we substitute (3.2.10) and (3.2.11) in (3.2.12) we

obtain
9(8)A_U_s = —g(s)U_s — R.(A,Uy), (3.2.13)

so that by taking the limit when s goes to zero and recalling that the reflection

restricts to the identity map on M, we finally have

AU(g) =~ 9(0)U(a). (3.2.14)

And hence M is a Hopf hypersurface. ©)

Proposition 3.2.1 A hypersurface of S® satisfies the condition () if and only if it

15 a Hopf hypersurface.

Proof:
Let M be a Hopf hypersurface of S®. Then by the characterization given in Theorem

(1.3.3) we may assume M C ®,(L'S) for some almost complex curve S in S%. Let
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us define ¢* = v, (r £ s) € My,. According to the characterization of integral
curves of the Hopf vector field given by Lemma (2.2.2), we have that the integral
curve o,(t) of the Hopf vector field U, of M, passing through g* is Ys,e (7 + 5)

where

d5(t) = cos( )n + sin( )p X 7. (3.2.15)

sin(r + s) sin(r + s)
On the other hand the integral curve o_4(t) of U_, passing through ¢~ = R(q™) is

’Y(p,a_s(t))(r — 5) where

§_s(t) = cos(m)n + Sin(éi-n(r——s))p X 1. (3.2.16)
From the definition of the reflection map we have
R(Vpssn (T + 8)) = Vpsoion (T = 5)- (3.2.17)
By observing that
8s(t) = 0_s(kt), (3.2.18)
where k = z:zg:;g, we see that (3.2.17) is reduced to R(o4(t)) = o_s(kt) and hence
R.(Us(q7)) = R(65(0)) = ko—s(0) = kU_s(q7). (3.2.19)

O

In the next section, we prove a similar converse to Theorem (3.2.2) for hypersurfaces

of CP™.

Theorem 3.2.3 If a hypersurface M of a nearly Kahler manifold M satisfies the

condition (xx) below, then each level hypersurface My is a Hopf hypersurface.
(x%) : for each s € (—€,€), Bs maps the Hopf vector field of

M to a scalar multiple of the Hopf vector field of M.

Proof:

Let us use the same notation and terminology as in the proof of Theorem (3.2.2).
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Here we can give a simpler proof since by using the assumption we see that the
push map P, will map the integral curve o of U to the integral curve, possibly
reparametrised, o, of Us. This fact implies that there exists a smooth function f(s)
such that the Jacobi field V(s) along 7 (s) defined by V(s) = L, ,(s) can be

expressed by:
V(s) = f(s)Us. (3.2.20)

Using (3.2.1), we obtain V = fU,. Now, observing that V satisfies the conditions
(1.1.4), that is, V' is a M,-Jacobi field, then we have from (1.1.6) that

AU, = AV (s) = =V = —fU,, (3.2.21)

and hence M; is a Hopf hypersurface. ©)

In the next section, we give a similar converse to Theorem (3.2.3) for hypersurfaces

of CP™.

The following result is proved in a manner similar to that of Proposition (3.2.1).

Proposition 3.2.2 A hypersurface of S satisfies the condition (5x) if and only if

it 1s a Hopf hypersurface.
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3.3 Properties of the Hopf hypersurfaces of CP".

We give in this section some further geometrical properties of Hopf hypersurfaces in
CP™ which not only point out more evidence that they are indeed tubular but also

highlight some special features of the geometry of such hypersurfaces.

Let M be a Hopf hypersurface of CP". Let £ and U = J¢ denote a unit local
normal field and the corresponding Hopf vector field respectively. As we mentioned
in Remark (1.3.3), the Hopf principal curvature o of M is locally constant, thus we

may consider

a = —2cot(2r),

for some constant r € (0, §]. Moreover, using Gauss and Codazzi equations, Maeda
([31]) has shown the following main result known about the geometry of a Hopf

hypersurface of CP™.

Theorem 3.3.4 Let M be a Hopf hypersurface of CP™ with Hopf principal curva-
ture a. Let A denote the shape operator of M with respect to a unit normal vector
field & on M and let ¢ be the tensor on M induced by the complez structure of CP™

as defined by (2.2.2). Then these tensors satisfy the following relation

ApA = ¢ + g(Aqs + A). (3.3.1)

Remark 3.3.3 As Maeda observed, the result above shows in particular that if X
is a principal vector field of M with principal curvature X, orthogonal to the Hopf
vector field U, then ¢X is also a principal vector field with corresponding principal

curvature \, where

= aA+2
A= ) 3.2
2\ —« (3:32)

Equivalently, if we consider the principal curvature X given in terms of a new func-

tion @ : M — R by A = — cot(r + 8) then A = — cot(r — 0).
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The local constancy of the Hopf principal curvature o of M is not an isolated fact
in the sense that using the Codazzi equation (2.4.6) for M we can actually prove

the following

Proposition 3.3.3 Let X be a unit smooth principal vector field of a Hopf hyper-
surface M C CP™ corresponding to a principal curvature function \. Then ) is

constant along any integral curve of the Hopf vector field U.

Proof:

Using that the Hopf principal curvature o is constant, it follows from (2.4.6) that
UNX =aVxU - A(VxU) — A\VyX + A(VyX) — ¢X.
Thus, using (2.4.7) and (3.3.2) we get
UNX = A(VyX) — AVpX — (14 ol — AN)gX. (3.3.3)
Consequently, the inner product of this equation with X yields
U(A) =0.

O

Remark 3.3.4 If X is a unit smooth principal vector field with corresponding prin-
cipal curvature A, then it follows also from (3.3.3) that VyX is a principal vector
field corresponding to the same principal curvature A if and only if A = X and hence,

using (3.3.2), if and only if A = — cot(r) or A = tan(r).

We shall see now that, in general, almost every principal vector of a level hypersur-
face of a Hopf hypersurface M in CP™ is obtained simply by parallel transporting

-principal vectors of M along normal geodesics, more precisely we have

Theorem 3.3.5 Let M be a Hopf hypersurface of CP™. Let X be a unit principal

vector at ¢ € M corresponding to an eigenvalue A such that X is either equal or
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orthogonal to the Hopf eigenvector U at q. Then for each s, the parallel transport
X(s) of X along the normal geodesic v = 7y, (s) (that is, £ = ¥(0) €L, M) starting

at g, is a principal vector of the level hypersurface M;.

Proof:
Let us consider a curve o of M such that 0(0) = ¢ and ¢'(0) = X. Then the

2-parameter family of geodesics in CP™
F(s,t) = Y0 (s)

yields the Jacobi field

W(s) = 2 (s,0),

defined along the geodesic y(s). Then W satisfies the initial conditions W (0) = X
and W(0) = —AgX = —AX.

On the other hand, let f : R — R denote either the solution of the differential
equation f = —f if X is orthogonal to U, or the solution of f = —4fif X =U,
satisfying the initial conditions f(0) = 1 and f(0) = —\. Then, using the curvature

tensor R for CP™ as given by (2.4.1) we obtain
R(FX(s), 7)1 = —fX(s)s.

Therefore, fX (s) is also a Jacobi field along v having the same initial conditions as
W and hence W = fX(s). However, by construction, W is a M,-Jacobi field for
each s and so A,(W(s)) = =W (s), which implies

A,X(s) = - L x(s)
f
If we denote the Hopf principal curvature by & = —2cot(2r) and if we write the
principal curvature as A = —cot(r 4 6) then for the case when X is orthogonal to

U, the function f is given by

_sin(r+ 60 +5s)

sin(r + 6) (3:3.4)

f(s)
O
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Note that in particular,l applying this result to the Hopf eigenvector, we have also

proved the following

Corollary 3.3.1 The level hypersurfaces of a Hopf hypersurface in CP™ are also

Hopf hypersurfaces.

Theorem 3.3.6 A hypersurface of CP™ satisfies either the condition (x) or (x*) if

and only if it is a Hopf hypersurface.

Proof:
One direction has already been proved in accordance with Theorems (3.2.2) and
(3.2.3). So if M is a Hopf hypersurface, let us show firstly that the push maps 0,

satisfy (xx).

Indeed, given ¢ € M, let o be the integral curve of the Hopf vector field U which

passes through ¢, say 0(0) = ¢. Then it follows from (3.2.9) that

W1y (U) =5 o Blo()
dF
= E(s’ O)

= f(s)U,, (3.3.5)

From which (xx) follows.

Now, for the reflection map we set up W(s) = fX(s) in (3.2.8), which yields

dR(U,) = f;;&‘;) U_,. (3.3.6)

Therefore, M also satisfies (). ©)
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3.4 Tubular hypersurfaces of CP".

We recall here Theorem (1.3.2), where Cecil-Ryan, under the assumption of con-
stancy of the rank of the focal map of a hypersurface, characterize the Hopf hy-
persurfaces of CP™ as open subsets of tubes around complex submanifolds. Now,
looking at the calculation for the derivative of the focal map, Lemma (2.6.5), we can
see that this assumption is equivalent to the constancy of the rank of the principal

curvature — cot(r), wherever this value be a principal curvature for the hypersurface.

We shall investigate hereafter what is the behaviour of the principal curvatures of
a Hopf hypersurface of CP™ from the extrinsic viewpoint, that is, considering the
hypersurface as part of a family of level hypersurfaces. Our intention in doing that
shall be to collect as much information as possible about the principal curvatures in

order to determine the rank of the principal value — cot(r).

It is worthwhile highlighting here that from thé intrinsinc point of view the best
geometrical property that we know about a Hopf hypersurface in CP™ is the elegant
result of Maeda stated in Theorem (3.3.4). However, this result does not seem to
be sufficient to evaluate the behaviour of — cot(r) as an eigenvalue of the shape

operator of the hypersurface.

The main results of this section which are concerned with the characterization of
the Hopf hypersurfaces of CP™, shall use the crucial constructions of tangent vector

fields X; and V; that we now start to describe.

Let us fix a point ¢ in a Hopf hypersurface M of CP™. Then, according to Proposition
(2.6.4) we can write ¢ = y(r) = 7,.,(r) and the integral curve of the Hopf vector
field U of M is described by o(t) = () = 7., (r) where § = cos(t)n + sin(%)J7

2t
sin(2r) °

and t =
In Corollary (3.3.1), we showed that the level hypersurfaces M, of M are also Hopf
hypersurfaces. Thus, we just need to replace r by s in the description above in order

to describe the integral curve o, of the Hopf vector field U, of the level hypersurface
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M, starting at the point y(s).

Definition 3.4.2 Given a vector Xy € TyM orthogonal to the Hopf vector U(q),
let Xo(s) denote the parallel transport of Xy along y(s). Then we can construct
a smooth vector field X; along o(t) in two different manners which we shall name
hereafter as

Case 1.

The vector field X,(r) is defined as the parallel transport of Xo(0) along v,(s) from
the point p to the point o(t).

Case 11I.

The vector field X,(r) is defined as the parallel transport along «,(s) from the point

p to the point o(t) of the vector

X,(0) = cos(%)XO(O) + sin(%)JXo(O). (3.4.1)

Remark 3.4.5 The vectors {Xo(0), JXo(0)} are orthogonal to the vectors {n, Jn}
because Xo(r) and JXo(r) are both also orthogonal to the vectors {¥o(r),Us(q)}.
‘Therefore, in both constructions above X;(0) s orthogonal to &, for every t. Thus,
by elementary properties of parallel vector fields we have that X;(s) is orthogonal to
Ye(s) for eacﬁ value of t and s. In particular, this makes it clear that X;(s) is indeed

a tangent vector field defined along os(t) on the level hypersurface M;.

Definition 3.4.3 Let us denote the induced Riemannian connection of each hyper-
surface M by the same symbol V. Then, for each construction of X;(s) as given in

Definition (3.4.2), we associate the following vector field
a
Vi(s) = Vi, Xy(s) + Es-gbxt(s). (3.4.2)
The constructions of X; and V; may appear artificial at first. However, as we shall see

in Theorem (3.4.7), they arise quite naturally when considering the case of tubular

hypersurfaces.
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In the sequel, we shall need to recall some basic facts about Jacobi fields of CP” in

order to prove our next proposition.

The Hopf fibration 7 : S?"*! — CP™ can be used to write down Jacobi fields of
CP" in terms of Jacobi fields of the sphere. Indeed, let v = 7, (s) be a geodesic
of CP™ which is lifted to a horizontal geodesic ¥ = 4, (s) in the sphere. Then the

Jacobi fields along y are given as follows.

Lemma 3.4.2 The Jacobi field W (s) along ~(s) satisfying the initial conditions
W(0) = X and W(0) =Y is determined by

W (s) = cos(s)Bx(s) + sin(s) By (s), (3.4.3)

where Bz(s) denotes the image under 7, of the parallel transport B(s) of Z along

¥(s)-

Proof:

Indeed, we first need to observe that the variation of 4 given by
F(s,t) = cos(s)(cos(t)§ + sin(t) X) + sin(s)  cos(t)€ + sin(¢)Y),

consists of horizontal geodesics since the initial tangent vector of each of these
geodesics are horizontal. Consequently, the projection F(s,t) = 7(F(s,t)) is also a
geodesic variation. Secondly, we note that the former variation corresponds to the
Jacobi field

W = cos(s) By (s) + sin(s) By (s).
)

Let us first have a close look at tubes around complex submanifolds of CP™. We
shall do this in order to get a good picture of the geometrical relation between the
principal curvatures of a tubular hypersurface around a complex submanifold and

the principal curvatures of this core.
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Proposition 3.4.4 Let M be an open subset of a tube ®,(L' N) of radius v around
a complex submanifold N™ of CP™. The principal vectors of M at a point ¢ =
Y(r) = Yy (1) are obtained according to the following cases
(i) A¢B = —2cot(2r)B,
where B(s) = m.(By;) and W (s) = sin(s)B(s) is the Jacobi field along
v satisfying the initial conditions W(0) = 0 and W (0) = Jn. Note that
B=Je=U. |
(ii) A¢B = —cot(r)B,
where B(s) = m.(Bg) and W (s) = sin(s)B(s) is the Jacobi field along
v satisfying the initial conditions W(0) = 0 and W(0) = X € (L,
N) N {n}*
(iii ) A¢B = —cot(r +0)B,
where X is a principal vector of the shape operator A, of N corre-
sponding to the principal value cot(d), B(s) = m,(Bg) and W(s) =
(cos(s) — cot(6) sin(s)) B(s) is the Jacobi field along v satisfying the ini-
tial conditions W(0) = X € T,N and W(0) = —A, X = — cot(4)X.

Proof:
The proposition follows immediately from Lemma (3.4.2) and the fact that the

Jacobi field W satisfies conditions (1.1.4) and hence satisfies (1.1.6), that is, W(0) =
—AW(0). O

Remark 3.4.6 In the Proposition above we can highlight some useful facts. The
first, being that (i) shows that every tube around a complez submanifold is indeed a
Hopf hypersurface. Secondly, it follows from (ii) that the multiplicity of the eigen-

value — cot(r) is ezactly 2(n — m) at each point of the hypersurface M.

The next theorem points out the geometrical relevance of the vector field V; for the

study of the principal curvatures in the case of a tubular hypersurface.
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Theorem 3.4.7 Let M be an open subset of the tube ®,.(L' N) of radius r around
a complez submanifold N of CP". Let ¢ = v, (r) € M and let Xo € T,M be a
vector orthogonal to U(q). Then the vector fields Xy and V;, as given in Definitions

(3.4.2) and (3.4.3) satisfy the following properties

(i) If X, is an eigenvector of M corresponding to the eigenvalue — cot(r) (re-
spectively, — cot(r +86)). Then, for every s € (0,7], the vector field X;(s)
constructed in case I (case II) is a principal field along o5 corresponding

to the eigenvalue — cot(s) (respectively, — cot(s + 6)).
(ii ) Vi(s) #0 for every s € (0,r], in Case L.

(iii ) Vi(s) =0, in case IT and consequently Vy, X, = —%¢X;.

Proof:

Item (i), for Case I, follows imediately from item (ii) of Proposition (3.4.4). To
prove (i) for Case II, we note that from item (iii) of Proposition (3.4.4), we have
VoM = — cot(0) Xo(0), which implies

th(o)at - - COt(G)Xt(O) (3.4.4)
And hence, using again item (iii) of that proposition, (i) follows.

Now, in order to prove (ii) and (iii), we need to consider the geodesic variation
F(s,t) = Y, (s) with its corresponding variational Jacobi field Wy(s) = £ (s,1).
Then for each t, W, is a M -Jacobi field since it satisfies condition (1.1.4) and hence

AW, = —=W,, where A, denotes the shape operator of the level hypersurface M;.
Using Proposition (2.6.4), we see that W, satisfies the initial conditions

W, (r) =U(o(t)) and W,(r) = 2cot(2r)U(o(t)).

Therefore, setting h(s) = ::;'gfg, we have W,(s) = h(s)Us because h(s)U; is also a

Jacobi field along +; satisfying the same initial conditions.

It follows from (2.4.1) that

R(’.)/t, Wt)Xt == —2h¢‘Xt (345)
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On the other hand, using the definition of the curvature tensor and the following

fact
[, W) = Vs, (RU,) — Vip, (32) = (ash + h)U = 0, (3.4.6)
we obtain
Vi Vw, X: = —2hpX,
- L,
=V, (‘;:8:)) X)) (3.4.7)
and hence

agh

v"h (th) = V"Yt (VWXt + 2 ¢Xt)
s = cos(2s)
= Vi(VwX; sin(2r) 20
=0.

In other words, the vector field h(s)V;(s) is parallel along the geodesic y;(s). There-

fore, using this parallelism, (ii) follows from the limit

lim(hV;) = ——

X, =
s—0 sin(QT)J =0

and (iii) follows from (3.4.1) and the limit

. dX, 1
lim(hV;) = 224 —
M (hV) = < ~ Gz

JXt - 0
O

Remark 3.4.7 The parallelism of the vector field hV; is equivalent to the property
V..V = a,V; because of h(s) satisfying h(s) = —a,h(s).

In each construction given by Definition (3.4.2), the vector field X;(s) satisfies the
basic property below which shall be used extensively to prove some oncoming results

in this section.
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Lemma 3.4.3 The vector field X,(s) is orthogonal to the Hopf vector field Us.

Proof:
Let W;(s) be the M,-Jacobi field defined along v, as in Theorem (3.4.7). Then, using
that Wy(s) = h(s)Us we have

h(s) (Xt) US> = (Xt7 Wt):
which by differentiation with respect to s yields

h(s)(X:, Us) = (X, V5W;) Using that X; and U, are parallel along v,

= (X;, Vw,y) Using (3.4.6). (3.4.8)
Thus, calculating the limit of (3.4.8) when s goes to zero we obtain

1 —
lll'l'é(Xt, Us> = lim -_<Xt: vW{Y)

5?0 h(S)
_ s1n22r) (Xo(0), %)
=0.

Therefore, using again that X; and U, are parallel along v;, we have (X, U,) = 0

which proves the Lemma. 0O

Inspired by the geometrical properties of the tubular hypersurfaces of CP™ described
above, we can show now that these properties hold in general for any Hopf hypersur-
face of this space form. Thus, we shall be henceforth considering M as an arbitrary

Hopf hypersurface of CP".

We shall prove next that in the case of our generic Hopf hypersurface M, the vector
fields X; and V; also satisfy properties similar to those obtained in Theorem (3.4.7)

for tubular Hopf hypersurfaces.

Theorem 3.4.8 Let M be a Hopf hypersurface of CP™. Let ¢ = v,.,(r) € M and
let Xo € TyM be a vector orthogonal to U(q). Then the vector fields X, and V;, as

giwen in Definitions (3.4.2) and (3.4.3) satisfy the following properties
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(i) Vi(s) #0 for every s € (0,r], in Case I.

(ii ) Vi(s) =0, in case IT and consequently Vy, X; = —%¢X;.

(iii ) If in addition we assume that M is analytic and X, is an eigenvector of
M corresponding to the eigenvalue — cot(r) (respectively, — cot(r + 8)),
then for every s € (0,7], the vector field X(s) constructed in case I (case
II) is a principal field along o, corresponding to the eigenvalue — cot(s)

(respectively, — cot(s + )).

Proof:

The proof of item (i) and (ii) can be carried out in the same manner as that given
in Theorém (3.4.7) for tubular hypersurfaces as far as we can show that the vector
field h(s)V; here is also parallel. According to the Remark (3.4.7), this parallelism

is equivalent to V5, V; = a,V;, which can be proved as follows.

The vector field X, is orthogonal to 4, by Remark (3.4.5) and is also orthogonal to
Us by Lemma (3.4.3). Thus, we have

Vu, X = Vy, X, (3.4.9)
We have proved in Theorem (3.3.1) that M is a Hopf hypersurface and so

[;)/h Us] = v"ths - st;)/t

= o,U,. (3.4.10)

Thus, using the results above and (2.4.1), we obtain

Yt st

Xe  =VoVaXi+ Vigu X+ R Us) X,

<

= —20X, + a,Vy, Xi. (3.4.11)
Now, applying (3.4.9),(3.4.10) and (3.4.11) to (3.4.2), we have

_ _ Grg
ViVe  =V4(Vy,Xp) + 7¢Xt
= (5 = 26X, + 0,0, X,
= a;V, since ¢; =4 + a?. (3.4.12)
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The last part of the theorem shall be proved by showing that the following vector

field Z,(s) defined along o,(t) is identically zero.
Zt == Ath - /\Xt, (3413)

where A; denotes the shape operator of the level hypersurface M;.

First, we notice that the analyticity of the ambient space CP™ and of the hypersur-
face M imply that we can construct a local analytical unit normal field on M. Thus,
the field Z; is also analytic and it is identically zero if and only if all the derivatives

of Z; with respect to ¢ vanish at ¢ = 0.

In order to simplify our notation we shall omit any subscript s since it is clear
that we are considering all the geometrical objects involved as defined on each level

hypersurface M.

It follows from the Codazzi equation (2.4.6) together with (2.4.7) and the fact that

M; is a Hopf hypersurface that
Vu(AX,) = Vx,(AU) — A(VxU) + A(Vy Xy) — ¢X,. (3.4.14)
We can also differentiate ¢AX, using (2.2.8) as follows.
Vu(pAX:) = ¢V (AX) (3.4.15)

We shall first consider the situation when AXy, = —cot(r + 6)X, and X, is con-
structed as in Case II. Then, recalling that the Hopf principal curvature o is con-

stant, we have from (3.4.14)

Vu(AX;) = —adAX, + APAX, — -‘;quth — ¢X,  Using item (ii)

= —%qﬁAXt Using (3.3.1),  (3.4.16)
and hence (3.4.15) can be simplified to

Vu($AX,) = %AXt. (3.4.17)
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Thus, it follows from (3.4.16) and (3.4.17) that the n-th derivative of AX; is given
by

(D)™ (2)gAX,  ifn=2m+1.
VI(AX,) = 2 t (3.4.18)
(=1)™(§)"AX, if n = 2m.

On the other hand, it follows from item (ii) and (2.2.8) that the n-th derivative of

X, is given by

—1)mHL(2)ng X, if n = 2m + 1.
V(X)) = R nmeame (3.4.19)
(-1)™(2)"X, if n = 2m.

Therefore, it follows from (3.4.18), (3.4.19) and the assumption AX, = AX,, that

all the derivatives of Z; at t = 0 vanish.

The proof for the situation when AXy, = — cot(r)Xp and X; is constructed as in
Case I, is now just a consequence of the previous case. Indeed, in accordance with
Theorem (3.3.4), if ¥} is any eigenvector at ¢ corresponding to a principal curvature
cot(r + 0) with 6 # 0 then X, is orthogonal to both vectors Yy and JY; since the
eigenvalues are all distinct. Consequently, the parallel transport X; along +, remains
orthogonal to the parallel transport ¥; of the rotated vector Y;(0) = cos(£)Y;(0) +

sin(%)J ¥5(0). Thus, the vector X;(s) must lie in the eigenspace V_ coy(r)- ©)

Theorem 3.4.9 Let M be a connected Hopf hypersurface of CP™ with Hopf prin-
cipal curvature being —2cot(2r). Let X be a continuous principal vector field on
M corresponding to a continuous principal curvature function A : M — R. If )

assumes the value — cot(r) at a particular point qg € M then ) is constant.

Proof:
The set of points where the function A assumes the value — cot(r) is certainly closed
and so because of M being connected we can obtain our theorem by proving that

this set is also open. Next, we shall prove this by contradiction.

Let us assume the existence of a sequence of points ¢, € M converging to gg € M

such that at each of these points we have A\, = A(g,) # — cot(r). Thus, if we define
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A in terms of a new function § by putting A = — cot(r + ), our assumption can be

read as limé@, = 0.

For each n € {0,1,...} we shall denote the integral curve of the Hopf vector field
starting at the point g, by o"(t). Along each of these curves we can apply the
construction given in Definition (3.4.2) to obtain a vector field X satisfying the

initial condition X[*(r) = X(¢n).

Thus, using Definition (3.4.3), we have vector fields X;* and V;* satisfying the prop-
erties stated in Theorem (3.4.8), that is, for each ¢t we have V,? # 0 and for each

n # 0 we have V;* = 0.

Now, since the vector field V;* depends continuously on the initial condition given

for the vector field X', we must have

lim V*(g.) = V(q),

n—o0

which contradicts the properties satisfied by these vector fields that we have just

mentioned. )

Corollary 3.4.2 Let M be a connected Hopf hypersurface of CP™ such that every
continuous principal curvature function on M corresponds to a continuous principal
vector field. If — cot(r) is an eigenvalue at a point of M then it will be an eigenvalue

at any point of M with the same multiplicity.

Proof:

If we order the principal curvatures of M at each point as
A1 <A << g,

then each ); is a continuous principal curvature function and using the theorem
above we see that if \; assumes the value — cot(r) at some point then it must be

constant and hence — cot(r) must have constant multiplicity. ©)
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Corollary 3.4.3 Let M be a connected Hopf hypersurface of CP™ such that to every
continuous principal curvature function there corresponds a continuous principal

vector field. Then M lies in a tube around a complex submanifold of CP™.

Proof:
The result follows from Corollary (3.4.2) and Theorem (1.3.2). ©)
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3.5 Liftings under Riemannian submersions.

In this section we point out a natural way of getting Hopf hypersurfaces in Kahler
manifolds other than complex space forms. In order to accomplish this we shall see
in the next theorem that a holomorphic Riemannian submersion lifts Hopf hypersur-
faces to Hopf hypersurfaces and so the following theorem can be useful to establish
a relation between the Hopf hypersurfaces of two (Nearly) Kahler manifolds. In
. particular, we could use this result to understand the geometrical behaviour of the
Hopf hypersurfaces in one ambient space in terms of the known behaviour of their
corresponding projections in another ambient space. Furthermore, the next theorem
also gives new examples of Hopf hypersurfaces in Kahler manifolds not of constant

holomorphic sectional curvature.

Theorem 3.5.10 Let (W,J) and (W, J) be Kihler manifolds. Let 7 : W — W be
a holomorphic Riemannian submersion. If M C W is a Hopf hypersurface of W
then M := 7= (M) is also a Hopf hypersurface of W.

Proof:

Given ¢ € M, let £ be a local unit normal vector field on M and let §~ be the
corresponding horizontal local vector field defined along M, that is, drn(€) =€ It
follows that £ is also a unit normal vector field on M. Indeed, given a tangent
vector ¥ € Tq(]/\\/[/ ), let us consider its decomposition into horizontal and vertical

components ¥ = v7 + 9¥. Then
(€,8) = (€,8") = (dn(§),dn(3")) = (£,0) = 0,

where in the last equality we have used that dr preserves the length of horizontal
vectors. Thus, U = J¢ is the Hopf vector field of M with respect to £, moreover,

because of 7 being holomorphic, we have dr(U) = U.

The vertical space V' = Ker(dr) and horizontal space H = V* are invariant under
J, since dr(JX) = Jdn(X) = 0 for every X € V and J is an isometry of V & H.

Consequently, U is the horizontal lift of U.
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The connection V induced on W by the Riemannian submersion is related to the

Riemannian connection V of W by the O’Neil’s formula (cf. [24])
O
VY =VxY + §[X, Y],
where X and Y are horizontal lifts of X and ¥ respectively. In particular, for

X =Y =U we have

which implies that

ViU =0
Therefore, it follows from Lemma (1.3.2) that M is a Hopf hypersurface. ©)

One more point we would like to remark here is that tubular hypersurfaces of a
Riemannian manifold are lifted under Riemannian submersions to tubular hyper-

surfaces. More precisely, we have

Proposition 3.5.5 Let W and W be Riemannian manifolds. Let w : W= W
be a Riemannian submersion. If N is a Riemannian submanifold of W then for
r sufficiently small, the tube T = ®,.(L' N) of radius r around N is lifted to the
tube T = ®,(L' N) of radius v around the submanifold N = n~*(N), that s,
T = 1(T).

Proof:

Given ¢ € T, let § € 77 '(¢q). By assumption, there exists a geodesic Yoy 10 W,
of length r, connecting the point ¢ = (r) to a point p = y(0) € N such that
n = ¥(0) €L ,N. The Riemannian submersion 7 lifts v to a horizontal geodesic
% of W with %(0) = p € N and %(r) = G Moreover, this geodesic lift meets T

orthogonally as we now show.

Given any vector ¥ € T;N, we can decompose it into horizontal and vertical com-

ponents, say v = 97 + 9¥. Then,

(¥(0),3) = (¥(0), 5") = (m,4(0), 7,5") = (n, m5") =0,
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and hence § lies on the tube of radius 7 around N.

On the other hand, every vector normal to N is horizontal and consequently, using
some basic properties of Riemannian submersions (see for instance [24] page 97.),
every geodesic 4 starting at a point of N and orthogonal to N is horizontal. Then,
for small r, it follows by uniqueness of geodesics that 7 is the lift of a geodesic v of

same length and normal to N. Therefore, ®,(L' N) = 7= }(®,(L* N)). ©)

Theorem (3.5.10) can be applied to flag manifolds, providing a way to find Hopf
“hypersurfaces in spaces other than complex space forms. In order to do such example

we need first a few definitions and preparation.

Definition 3.5.4 A flag manifold is a homogeneous space G/H where G is a

compact Lie group and H 1s the centralizer of a torus in G.

If G/H is a flag manifold then the subgroup H contains a maximal torus T of G.
Our example of Riemannian submersion will come out of the fact that we can build
up G-invariant metrics and complex structures on the flag manifolds G/T and G/H
in such a way that the projection 7 : G/T — G/H is a holomorphic Riemannian
submersion. In order to do so, let us first look at flag manifolds from the infinitesimal

viewpoint.

We refer to Burstall and Rawnsley [14] for a detailed treatment of flag manifolds.

Definition 3.5.5 Let g be a semisimple Lie algebra and let g© denote its complez-
ification. A subalgebra of g is a Borel subalgebra if it is a mazimal solvable
subalgebra of g%. A subalgebra of g€ is a parabolic subalgebra if it contains a
Borel subalgebra. If GC is a Lie group with Lie algebra g€ then a.subgroup P of G€

s a parabolic subgroup if its Lie algebra is parabolic.

A flag manifold G/H can also be realised as a homogeneous space G¢/P where P

is a parabolic subgroup of G® such that H = G N P.
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Let us denote by g, h,t and p the Lie algebras of G, H, T and P respectively. It is
Wéll known that by choosing a set of simple roots A* = {a4,..., o} with respect
to the Cartan subalgebra t©, we can decompose the complex semisimple Lie algebra
g€ into root eigenspaces {g®} as follows
C_{Cq Z e Y g

agAt aeA+
Furthermore, the parabolic subalgebras of g* are determined (c.f. [28]), up to
conjugation, by the subsets of A*. More precisely, given a subset S C A1 and
if we denote by T'(S) the set of all positive roots which are linear combination of
roots in .S, then we have a further decomposition of g€

C_{Cq Z g% @ Z g @ Z g’ @ Z g’
a€T(S)  a€T(S) BEA\T(S) BEAF\T(S)
where the complexification of the Lie algebra h and the parabolic subalgebra p are
given respectively by
he = tC o Z g @ Z g=@
a€T(S) a€T(S)

and

p=t‘e > g"® > g® 3 g

a€ET(S) a€T(S) BEA\T(S

Thus, we have in particular, that the Lie algebra g admits the following decompo-

sitions into direct sums
g=t®n and g=h®dm,

where
n= Z (gN(g*®g™) and m= Z (gn (g'@@g_ﬁ)).
aEAt BEAF\T(S)
Now, as G is semisimple and compact, the Killing form B of g can be used to
define an Ad(G)-invariant inner product (X,Y) = —B(X,Y) on g. Therefore, the
restrictions (, )| and (, )|m yield Ad(T') and Ad(H) invariant inner products defined

on these subspaces respectively.
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Since the metric (,) is Ad(G)-invariant, we have in particular that for any ¢t € T

and X, Y €n
(Ad(t) X, Ad(t)Y) = (X,Y), (3.5.1)

Thus, giving Z € t and setting ¢t = exp(sZ), we obtain from the differentiation of
(3.5.1) that

| (adz X, Y) + (adzY, X) = 0,

Therefore, the subspaces gN (g*®g~*) and gN (g’ ®g~#) are orthogonal whenever

a # £03, and hence n = t* and m = ht.

This implies that m is the horizontal subspace Hy C Tz(G/T) of the projection 7
at the identity €, where here we are identifying the tangent spaces Tx(G/T) and
T:(G/H) with the subspaces n and m respectively, via the derivative at € of the
natural projections G — G/T and G — G/H. Consequently, we have that the

identity map dnz : Hy — m is an isometry.

Using the left translations L, : G/T — G/T and L, : G/H — G/H, we can induce
G-invariant metrics on these homogeneous spaces by requiring that for each g € G
these translations are isometries. Then the projection 7 is a Riemannian submersion

because we can write down its differential at the point g € G/T as
drg = dLy o dmgodLy-1. (3.5.2)
The equation above follows from the fact that for each g € G we have mgoL, = Ego7rg.

A comprehensive study of almost complex structures on homogeneous spaces has
been done by Borel-Hirzebruch in [12] and for the special case of flag manifolds
Wang [43] has characterized these homogeneous spaces exactly as the ones which
admit a complex structure. We shall not go into the details of their work but in
order to set up complex structures on our flag manifolds we need to mention the

following main result

Theorem 3.5.11 The G-invariant complez structures on a flag manifold G/H are

in one-to-one correspondence with the splittings of T<(G/H) into Ad(H)-invariant
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subspaces
TAG/H) = ), g ad TPG/H)= Y g,
Bre(AT\T(5)) Bre(at\7(s))

where ¢, = £1.

Let us give a G-invariant complex structure to G/H by fixing a splitting for

TE(G/H) as in the theorem above. Then, we can obtain a complex structure of

G/T by considering a splitting of T (G/T) as follows

T°(G/T)= ) (g )@T;°(G/H) and TPG/T)= Y (g™**)@I*(G/H),
BLET(S) BLET(S)

where 0, = +1.

Indeed, this splitting is Ad(T')-invariant because of the very definition of the root

subspaces {g’}.

Therefore, using (3.5.2) and the fact that the root spaces g* and g~ are complex
conjugate for every o € A*, we can see that 7 is a holomorphic map with respect

to the complex structures given to G/T and G/H.

We conclude this section ilustrating the theory above with the specific example of

complex projective spaces.

Example 3.5.1 Let T be a mazimal torus for the Lie group SU(n+1). Then every
Hopf hypersurface of CP™ = SU(n+1)/S(U(1) x U(n)) is lifted by the projection
m:8U(n+1)/T — SU(n+1)/S(U(1) x U(n)) to a Hopf hypersurface of the flag
manifold SU(n+1)/T. The metrics and complez structures considered in these flag

manifolds are constructed as above.



Chapter 4

Superminimal Surfaces of SY.

4.1 Introduction.

Although the Hopf hypersurfaces of the 6-sphere are tubular hypersurfaces around
almost complex curves, we cannot find explicit examples of these hypersurfaces for
the simple reason that in general it is not so easy to get an explicit description of

these curves.

In this chapter, we use the harmonic sequence associated to a weakly conformal
harmonic map f : S — S°® in order to determine explicitly all the linearly full
almost complex 2-spheres of S® with at most two singularities. The use of harmonic
sequence is a very well known technique since, in recent times, it has been used by
several authors ([20],[22],(6]) and we shall give here the same treatment as in [6],
which was suitably specialized for the case of the spheres. Thus, our next section
is entirely dedicated to establish this background and to state the main results
already known about almost complex curves of the 6-sphere that we shall need in

this chapter.

We shall see that the singularity type of the particular almost complex 2-sphere
mentioned above has an extra symmetry and this shall permit us to determine the

moduli space of such curves with suitably small area.

88
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4.2 Harmonic sequences and harmonic maps.

A map ¢ : S — W between Riemannian manifolds is harmonic if it satisfies the

Euler-Lagrange equation

tr(Vdy) = 0.

Throughout this chapter, we shall use S to denote a Riemann surface and z =
z + 1y shall denote a local complex coordinate z on S. In this case, the harmonicity

condition of v is simplified to
(V d¢)(—) =0 (4.2.1)
52 0z ' o

Let V' — S be a complex vector bundle over the Riemann surface S and assume that
V is a connection on V. By the Koszul-Malgrange Theorem, V' admits the structure
of a holomorphic vector bundle. Here a section s is a holomorphic section if and
only if

Vas=0. (4.2.2)

K3
8z
Given a harmonic map g := ¢ : § — CP", several authors ([44],[22],[20],[6]) have
dealt with the sequence of harmonic maps 9 : S — CP™ obtained from 1) via an

inductive construction of a sequence of complex line bundles over S. In the sequel,

we outline this construction and give some of the main features of this sequence.

Let £ be the tautological line bundle over CP". Let L, and Ly be the pullbacks
via 1y of £ and L' respectively. Ly and L are endowed with naturally induced

connections for they are vector subbundles of the trivial C**!-bundle over S.

Explicitly, if s is a section of a subbundle L of the trivial bundle S x C**!, then s
may be regarded as a map S — C""!. Given X € TS, we can define a connection
Vxs by the orthogonal projection (Xs)” of Xs onto L. Similarly, we also define a
connection in L*. Thus the line bundles Ly and Lg have structures of holomorphic

vector bundles over S.

The map 1 determines a bundle map & : Ly — Li. Indeed, if we consider a
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holomorphic local section fy : S — C** \ {0} of Ly, then we define 9y fo = (af")“,

and aofo ( )LL

It follows from (4.2.1) and (4.2.2) that 9, () is a holomorphic (anti-holomorphic)
bundle map if and only if 1y = [fo] is a harmonic map. Therefore if f; := 8y, is
not identically zero then it is a holomorphic section of the bundle Ly and hence its
zeros (if any) are isolated. Let 2z be such a zero, then for some holomorphic local
section f, we have f1(2) = (z — )" f1(2) with f1(z) # 0. This latter map will then
yield a well-defined map ¢, (2) := [f1(z)] from S into CP™ and f; is a meromorphic

local section for a complex line bundle L, C Lg-

By defining 8, in a similar way, and verifying that f, := 8, f1 is a holomorphic local

section of Li, we can prove that v, is also harmonic.

Therefore, as long as the bundle section f; is not identically zero, that is, 1;_; is
not anti-holomorphic (or ;.1 is not holomorphic, when cohsidering the descending
sequence given by 0 ), we can carry on with this process, defining a sequence 1, =
[fk (2)] of harmonic maps such that the local sections f; are characterized by the

following properties:

Ofy ﬁ
a—z - fp+1+ lfp|2 azfpafp> fp
= fp+1 + aZ(ZOg’fPIZ)fP
= fy1t+o,f, where o, :=3,(log|f|*) (4.2.3)
afp—l—l . |fp+l|
55 Yolp where 7, := A (4.2.4)

It is known [22] that the harmonic sequence terminates at one end if and only if it
terminates at both ends. If this happens, we say that each element of the sequence

is superminimal and it is customary to consider the range for the indices starting

at the holomorphic element of the sequence, that is, (v,b]) denotes the harmonic
sequence of ©. This holomorphic map is usually named in the literature as the

directrix curve associated to 1 referring to the terminology adopted when dealing

with harmonic 2-spheres in S?™(cf. [1]).
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If ¥ = [fm] for some harmonic map f, : S — S™, then we can consider f,,
as a nowhere vanishing global holomorphic section of Ly so that the sequence of

meromorphic sections f; will also satisfy the condition:
Fmse = GO skl frnore (4.2.5)
In particular,

| frnak [ fni] = 1. (4.2.6)

Note that in this situation, the element 1)y will necessarily be in the middle of the
sequence, that is n = 2m, because f,,+x = 0 if and only if f,,_x = 0. Moreover,
(4.2.3) and | f,»| = 1 implies

. o 1,0 .0
3zfm - fm+1. (NOtat’LOTL (9z = a = 5(@ — ’L@)] (427)

Definition 4.2.1 We say that a map from a Riemannian manifold N into CP" is
linearly full, when its image is not contained in any complez space form CP* for

k<n.

If the Riemann surface is homeomorphic to the sphere S? then Wolfson [44] shows
that the corresponding complex line bundles are mutually orthogonal and conse-
quently the harmonic sequence terminates, that is, all the harmonic 2-spheres of
CP"™ are superminimal. Moreover, in this case, the length of the sequence achieves

its maximum, n + 1, if and only if ¥ is linearly full.

A detailed discussion of the holomorphic curves of a complex projective space can
be found in [27] (pages 263-268), but here we describe some material on this topic

to be used in this chapter.

Let ¢(z) = [f(2)] : S — CP™ be a holomorphic curve from the Riemann surface
S into CP™, where f : S — C**! \ {0} is a local holomorphic lift of 1. Then
the j"-osculating curve of ¥ is the holomorphic curve o; + S = CP™ ( where

n; = [711] — 1) defined by

035(2) = [f A A FO)(2),
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where f0) = %J[ and j =0,...,n— 1.

A higher order singularity of v is a point p € S which is a singularity for some
j™-osculating curve (j = 0,1,..,n—1). The ramification index of o; at a point p

is the order r;; of this point as a zero of the derivative of the curve o;.

Thus, the holomorphic curve % is said to have singularity type (ry,7o,,..,7,) at

the point p.

If S is a compact Riemann surface, then the curve 1 has a finite set Z, = {py, .., px}
of higher order singularities. We shall denote by R;,; the sum of the ramification
indices of o; at each singularity, that is,

Rip = ZUH(I%‘) (4.2.8)

i=1
and we shall refer to R, just as the ramification index of o;. Moreover, we can

define the total ramification index of ¢ as the sum 3 7_, R;.

Then, we shall say that the holomorphic curve 1 or any element of its corresponding
harmonic sequence has singularity type (r1(p),...,r.(p)) at the point p and has

total singularity type (Ry,..., R,).

The curve 7 is totally unramified when its total ramification index is zero. Oth-

erwise, v is said to be k-point ramified if the set Z, has cardinality k.

In terms of a local complex coordinate z for S centred on p, that is z(p) = 0, it is
possible to determine a basis {vy, .., v, } for C**! in such a way that the holomorphic

map f can be written in the normal form
F() =3 At ), (42,9
i=0
where kg =0, k; =r;(p)+1(j =1,...,n) and h;(2) denotes a holomorphic function
satisfying h;(0) # 0.

If ¢ : S2 — CP™ is 2-point ramified, then we can find a local complex coordinate

for S? so that the higher order singularities of ¢ (if any) occur at z = 0 and
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z = o0o. Indeed, this follows from the fact that the Mobius group of conformal

transformations of the 2-sphere acts triply transitively on S2.

We observe that 1 is a holomorphic map between algebraic varieties, since $? = CP!,
and so v is an algebraic map (c.f. [27]), that is f is a rational function. Without

loss of generality, we may assume f to be a C"*!-valued polynomial function.

Definition 4.2.2 We say that a harmonic map v : S — CP" has S'-symmetry
if there ezists non-trivial S'-actions on S? and CP™, where the action on CP™ is by

holomorphic isometries, such that for all z € S?,
h(e’2) = e“(2).

Remark 4.2.1 It is shown in [7] (see Theorem (4.2.1) below) that such a map v
15 either 0-point or 2-point ramified, where in the later case, the singularities of 1

occur ezactly at the two points of S? fized by the S'-action.

We are now able to state the main results ([7],[10]) to be used in the following
sections, which are concerned with the characterization of the k-point ramified har-

monic 2-spheres of CP" for k < 2.

Theorem 4.2.1 Let ¢ : S — CP" be a linearly full harmonic map with S*-
symmetry. Then there exists a holomorphic coordinate z on S? such that the di-

rectriz curve g = [fo] of ¥ can be expressed up to holomorphic isometries of CP™

by
n
fO(z) — ZZlm-+-...-i-kp,up7
p=0
where {vo,...,v} is an orthogonal basis of C**1 and the scalars k; are positive

integers. Furthermore, 1 1is either totally unramified or 2-point ramified. In the
latter case 1) has singularities at z = 0 and z = oo with corresponding singularity type

at z = 0 and z = oo given respectively by (ki —1,...,k,—1) and (k,—1,...,k —1).

Theorem 4.2.2 Let v : S — CP™ be a linearly full harmonic map which is k-point

ramified for k < 2. Let z be a complex coordinate on S?, then
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(i) The higher order singularities of 1 (if any) occur at z =0 and z = oo if

and only if its directriz curve ¥o(z) = [fo(2)] can be written in the form
fo(z) = szl"'"""kpvp, (4.2.10)
p=0

where the scalars k; are positive integers and the vectors v; constitutes a
basis of C"TL. Furthermore, 1 has S*-symmetry (with fized points of the
St-action at z = 0 and z = 00) if and only if the basis {vy,...,v,} is
orthogonal.

(ii ) ¥(S?) C RP™ and one of the conditions (and so both) in the first equiv-
alence stated in (i) occurs if and only if n = 2m for some integer m and
the following properties are satisfied.

ki = kn_jy1 fori,je{l,...,n},

(0, ;) = (=1)78;n-nprj, fori,j€{0,...,n},

. H1<r<s<n(k.7‘+"’+k5)
Ty (et k) T2, (Rjr 4 Abn—r41)

where p is a constant and \; =

The constant u in the theorem can be chosen to be 1 by rescaling the homogeneous
coordinates of CP™. However, we will avoid this in order to facilitate our calculations

later on when determining examples of superminimal almost complex curves.

Remark 4.2.2 The theorem above shows in particular that there does not ezist a

1-point ramafied linearly full harmonic 2-sphere in CP™.

Definition 4.2.3 Two maps 1, IZ : S — CP"™ are said to be projectively equivalent
if there exists [A] € PGL(n+1,C) so that ¢ = [A]().

Corollary 4.2.1 Any two k-point ramified (k < 2) linearly full harmonic maps

VY, 1’,/; : S — CP™ with the same singularity type are projectively equivalent.

Proof:
According to Theorem (4.2.2) these curves are uniquely determined by their singu-
larity type and a choice of basis for C**!. Thus, item (i) of that theorem shows that

the corresponding directrix curves differ by an element of GL(n + 1, C). O]
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4.3 The twistor fibration 7 : Q°> — S°.

Let @° denote the quadric of CP™, which is the Kihler submanifold defined
Q° = {[z] € CP™ such that (z,z) =0},
where (,) denotes the Euclidean inner product of C**!.

The twistor fibration 7 : Q° — S® is defined by the map
T
7([z]) = Wﬁl) X T.
We shall see in the next section that the superminimal almost complex curves of the
6-sphere can be characterized as the projections of a special type of holomorphic
curves of this quadric. This led us to investigate what is the group of holomorphic

transformations of the quadric which preserves the superhorizontal distribution to

be defined ahead.

Although 7 is not a Riemannian submersion, it is quite close to that as we shall see
below. Moreover, the fact that 7 can be easily expressed in terms of the cross prod-
uct x on R (extended C-linearly to C7) yields some good methods to investigate

properties of any lifting.

The exceptional Lie group G, acts transitively on the manifolds Q° and S in such
a way that these manifolds can be realized also as the homogeneous spaces G,/U(2)
and Go/SU(3) respectively (c.f. [35] for details). By considering these homogeneous
spaces, it is possible to show ([35]) that the twistor fibration just defined is nothing

but the canonical projection of the first space onto the second one.

We can write any element of Q°, without loss of generality, as [z] = [a — 4b] where

a and b are orthonormal vectors of R?. In this case 7 reduces to

m[z] =a xb. (4.3.1)

Remark 4.3.3 It follows from the characterization of Gy as the group of automor-
phisms of (R", x) that the map 7 is Gy-equivariant, that is, m[gz] = g(r[z]) for

every g € Gs.
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Using the Hopf fibration we know that the tangent space of CP™ at a point [z] € CP™
is T;)CP™ = {v € C**! such that (v,Z) = 0}. This implies that the tangent space
of Q5 at a point [z] € Q° is given by
Ti»Q° = {v € C**! such that (v,Z) =0 and (v,z) = 0.}
Using the definition of 7 we have
1

Tl (v) = W(T XU —ZXT). (4.3.2)

Thus, the vertical distribution on @Q° defined as the kernel of =, is given by the set
of those tangent vectors v € Ti;;Q° such that the imaginary part of z X ¥ is zero.
However, writting v = ¢ + id, using (1.2.3) and the notation & and R to denote the
imaginary and real part of a vector, we have

Sz xv)xd =a—(bxc)xd =-R(zxv)xc

Yz xT)xc =b—(axd)xc =R(zx7v) xd.
Thus, S(z x ¥) = 0 if and only if R(z x ¥) = 0 which implies that the vertical
distribution is characterized by

Vg = Kerm. = {v € Tj;;Q° such that z x ¥ = 0}. (4.3.3)

We should also note that V) is an isotropic subspace of 7;;Q° since using (1.2.3)
we have for any v € V]

0=1X (z x7)=2(7,7)z.
This yields a distribution of isotropic subspaces H' := V of the horizontal spaces

H = V+ which we henceforth will name as the superhorizontal distribution. It

follows then from (4.3.3) that this vector space is characterized at [z] by:
H' = {v € Tj5Q" such that z x v = 0}. (4.3.4)

Incidentally, looking at the point vy = 7[z] € S® as a real vector of C7, it is clear
that vy € T[Z]Q5. Moreover, vy is a horizontal vector since using Remark (1.2.2) we

have for any vertical vector v € V

(mlz),v) = (T xz,0)=—-(Wxz,7)=0. YveV
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Furthermore, the equation above also shows that vy is orthogonal to H’. Thus,
using the 1-dimensional complex space D spanned by vy, we can split the horizontal

distribution as follows.
H=Da&H. (4.3.5)

We shall investigate now how far the map = is prevented from being a holomor-
phic Riemannian submersion, by looking at its behaviour concerning to length-
preservation and C-linearity of its differential. We split these properties into two
lemmas. But we must notice firstly that as Gy acts transitively on Q° and 7 is
Ga-equivariant, it suffices to verify these properties at any convenient point of Q°,

say To = €1 — 1€s.

Lemma 4.3.1 7, is length—preserviﬁg in H' and it reduces the length by a v/2-factor
in D.

Proof:
At this point z, we have vy = 7[zo] = —e4, V = spanc(vy = ey — ieg, vo = €3 — iey)
and H' = spanc(v1,72). Now, using (4.3.2) we get

7T*|[:1:0] (UO) = —€

Teleo)(T1) = 2€7

Tul[2o) (T2) = —2es.

Thus, the lemma follows from the fact that with respect to the Fubini-Study metric

in CP$, these vectors have lengths |vp| = /2 and |7,| = |5| = 2. ©)
Lemma 4.3.2 , is C-linear in H' and it 1s C-anti-linear in D.

Proof:

This lemma also follows easily from (4.3.2) and the definition of the almost complex

structure on S® since in this case we have

W*I[xo] (1v0) =es = —m[zo] X Te(v0) = —Jw[zo](ﬁ*(vo))
W*,[xo](iﬁl) = —2e3 = 7!'[{50] X 71'*(51) = Jﬂ'[wo] (’/T* (ﬁl))
Tulieo)(T2) =262 =7[mo] X Ta() = Jufeo) (7 (T2)).
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These lemmas show that although 7 is not a Riemannian submersion it is not so
far from this. Consequently, bearing in mind the main result of section (3.5), we
could argue if it is possible that the lift M = 7~ (M) of a Hopf hypersurface M of
S8 would still be a Hopf hypersurface in Q°. However, it is not hard to see that the
horizontal lift of a normal vector field on M cannot lie either in the distribution D or
in H’. This fact makes clear that M cannot be a tubular hypersurface. Furthermore,
the decomposition (4.3.5) of the horizontal distribution makes it rather complicated

to work with the Riemannian connection of Q°.

We shall see later on in this chapter that the superminimal almost complex curves of
S are in 1-1 correspondence with the holomorphic curves of Q3 which are tangential
to the superhorizontal distribution. This motivates us to determine what is the
group of holomorphic transformations of Q° which preserves the superhorizontal

distribution.

Let us consider the Lie group H; = {A] € GL(n+ 1,C) : A € C*} and its Lie
subgroup Hy = {M € SO(n+1,C) : A € C and M"*!' = 1}. It is well known
(for instance, [27] page 65) that PGL(n+ 1,C) = GL(n + 1,C)/H, is the group of

holomorphic transformations of CP™.

Lemma 4.3.3 SO(n+1,C)/H, is the group of holomorphic transformations of the

quadric Q™ L.

Proof:

Every holomorphic transformation T of the quadric @"! is extendable to a holo-
morphic transformation of CP", see for instance page 178 of [27], thus we can
assume without loss of generalization that T € PGL(n + 1,C), say T = [X] where
X e€GL(n+1,C).

Let ¢ = [a — ib] € Q™ !, where a and b are orthonormal vectors of R**!. We can

decompose the matrix X as X = A + 1B, with A and B being real matrices. Then
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X(q) € Q"' if and only if

|Aa — Bb| = |Ab+ Bal
(Aa — Bb) L (Ab+ Ba).

From which, by taking a = e; and b = e;, and using the notation A; := Aej and
By, := Bey, we obtain for 1,5 € {1,2,..,n+ 1}:
|Ai|2 + |Bj|? — 2(Ai, By) = |Aj|* + |Bi|* + 2(4;, By) (4.3.6)

(Ai, A4j) = (B, B;) = (B, 4;) — (Bi, 4y). (4.3.7)
If we consider twice (4.3.6) interchanging ¢ and j, we obtain
(A;,B;) = —(A4;,B;) for every i #£j
|Ai|? — |Bi|> =|4,]>—|Bj]* forevery i,j.
From the second equation above we can define the scalar o = |A;]? — | B;|?.
Similarly, we can use (4.3.7) twice to get
(A;,Aj) = (Bi,B;) forevery i#3j
(B, Ai) = (Bj,A;) forevery 1,7,
and from the second equation above we can also define the scalar § = (B;, A;).

Therefore, it follows at once from these properties that
X'X = (A'"A— B'B) +i(A'B + B'A) = (a + 2i8)]

and hence if we define A := a + 2i then A # 0 because X € GL(n + 1,C) and we
have \/LXX € SO(n+1,C). ©)

In the next proposition we will need the following elementary properties of the

distributions D, H and V.

Dy = Dy
H [,x] = V[E]
Vi =4 [,E]'
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Remark 4.3.4 Let GS be the group of automorphisms of (C7, x). It is clear from
the definition of Gy and the characterization of the superhorizontal distribution given
in (4.3.4), that GS is a Lie subgroup of SO(7,C) and it preserves the superhorizontal

distribution.

Proposition 4.3.1 The group G of holomorphic transformations of Q° which pre-

serves the superhorizontal distribution is GS.

Proof:

In accordance with the remark (4.3.4) above, we have G§ C G. Let [g] be an
arbitrary element of G, that is, lg] € SO(7,C)/H,. Thus +g or —g lies in SO(7,C).

By assumption we have for every [z] € @Q° and v € H}, that
gx X gu = 0. (4.3.8)

We shall first observe that g also lies in G. Indeed, given v € H[’z] we have U € V|5 =

HL and hence

gr X gu = gT X gu = 0. (4.3.9)

The superhorizontal subspaces at the points [zg] = [e1 —ie5] and [z1] = [e; —1e4] are
H [’ZO] = spanc(es + ieg, €3 + ie7) and H[’ml] = spanc(e7 + iea, e3 + teg) respectively. If

we then apply (4.3.8) and (4.3.9) to these vectors at their corresponding points, we

obtain
gei1 X ges = gey X ger = geg X ges (4.3.10)
gep X geg = geg X geq = gey X ges (4311)
ge1 X geg = ges X ges = geyq X ges (4.3.12)
gey X ge; = ges X ges = gey X gey (4.3.13)

The vectors {gey, .., ge7} are orthonormal with respect to the Euclidean product ()
in C" since

(ge:, ge;) = (g€, Gej) = (g'gei, ) = bij.
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Recalling that (% x *, %) is skew-symetric, we see that
(ge; x gej, ge;) = 0.

Thus it follows from (4.3.10) that ge; x ges = +ges.

If ge; x ges = gez then we can use directly (4.3.11), (4.3.12) and (4.3.13) to show

that {gei,..ger} is a Go-basis for C7 and hence g € GS.

Similarly, if ge; X ge; = —ges then we can repeat the same process above to deduce

that —g € GS. O
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4.4 Almost complex 2-spheres of S°.

Definition 4.4.4 Let S be a Riemann surface. We say that a smooth map f : S —

S% is an almost complex curve of the nearly Kdhler S8 if f, is complez linear.

Therefore, using a local complex coordinate z = x + 4y for S we can characterize

these curves by
Oyf = f x 0,f. (4.4.1)

It follows that almost complex curves of S are weakly conformal maps which are also

harmonic because if we differentiate (4.4.1) again, we obtain f X (05 f + 0y f) = 0.

Therefore an almost complex curve f : § — S% determines a harmonic sequence
of maps ¥ : S — CP® so that 1y = [f]. Using this sequence and some invariants
associated to their elements, a full classification of these curves was obtained in [9]

according to the following four types:

(I) Linearly full in S® and superminimal,
(II ) Linearly full in S® but not superminimal,
(IIT ) Linearly full in a totally geodesic S° in S8,

(IV ) Totally geodesic.

A result of Bryant [13] highlights the importance of the Type-I almost complex
curves of S Bryant has shown that every compact Riemann surface of any genus

can be realised as such an almost complex curve of the 6-sphere.

In this section we shall obtain explicitly all the 0-point and 2-point ramified linearly
full almost complex 2-spheres of the 6-sphere. This is done by using the normal

form for such surfaces as given by Theorem (4.2.2).

In particular, we will also prove that these surfaces are uniquely determined by their
singularity type up to GS-equivalence of their directrix curves. It is worthwhile

mentioning here that a similar result in the more general situation of harmonic 2-
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spheres of S™ and CP™ has been obtained in [8] but replacing, of course, the group
GS by SO(n+1,C).

Part of the multiplication table given in the following proposition was obtained in

[9] by using slightly different calculations.

Proposition 4.4.2 Let f : S — S® be a linearly full superminimal almost complex
curve. If (wj = [fj])jzo 18 the harmonic sequence corresponding to the harmonic
map 13 = [f] then the meromorphic local sections f : C — C' have the following
multiplication table for f; X f;, where the cross product x is extended C-linearly to

C:

| 0 1| 2] 3 4 5 6
0 0 | 0 | 0 |—ifo|=2ifi|=2ifs|—ifs
L0 [ 0 |ifo|difi| O | —ifs|—ify

2 0 | —1 0 ' ‘ 0 —1
ifo ifo | if3 ifs (4.49)
3| ¢fo | —tfr|—if2| O ifa | ifs | —ife
4 |[26f;| 0 |—ifs|—ifs] O 2ifs 0
5 || 2ifa| ifs 0 |—tfs|—2ifs| O 0
6 || ifs | ifa | ifs | ife 0 0 0
Furthemore, the following relation holds
| fal?l fs]? = 2| fs]*. (4.4.3)

Proof:

It follows immediately from (4.4.1) and (4.2.7) that f; = f is an almost complex

curve if and only if

f3 X f4 = if4, (444)

which by differentiation with respect to z and Z (using (4.2.4) in the latter differen-
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tiation) yields respectively:

fsx fs=ifs (4.4.5)

f2 X fa=1ifs. (4.4.6)
Using (4.2.5) and (4.4.4) we get

f2 X fs =1fs, (4.4.7)

which together with (4.4.5) gives
foxfs=—ifo x (fsx f5) =i(fax f3) X fs = —fa x fs,
Thus,
fax fs =0. (4.4.8)
Now, by differentiating (4.4.8) with respect to Z and using (4.2.4) we obtain
fi X fs = —ifs. (4.4.9)
Differentiating (4.4.5) with respect to z and using (4.2.3):
fs X fo+ fa X fs =1fs. (4.4.10)

Differentiating this equation once more and using now the superminimality condition

fr =0 (that is, 9, f¢ = asfe) we finally have
A
faxfo=3fax fs where X:i=ag—as—ou (4.4.11)

- It follows straightforwardly from (4.2.5), (4.2.6) and the orthogonality of the bundle

sections fi that
(fiafj) = (_1)(i+1)6(i,6—j)- (4.4.12)
Thus if we take the cross product of (4.4.11) with f, and if we use (1.2.3), we get

fs X fo = —ife +iMf5. (4.4.13)
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Substituting (4.4.13) in (4.4.10) yields
f4 X f5 = 2’I,f6 — ’L)\f5 (4414)
The Euclidean product of this equation with f; gives

—iA = (faxfs, f1)
= —(f1 x f5, f4)

= ’i(f3,f4)
= 0.

Using (1.2.3) and (4.4.12), we have

[fax fsI? = (fax f5, a4 x [5)
= ~|fal’|fs](fa x fs, fa x f1)
= |falfsl(fr, f2 X (fa % f5))
= | falPlfsPP(Fr, =(f2 X fa) X f5 = (f2, fa) f5)
= | fal’|fs]*(fr, —ifs % f5s + fs)
= 2f Pl

This, together with (4.4.14), proves (4.4.3). The remaining cross products in the
multiplication table can now be easily verified by using the methods and equations

obtained so far. ©)

Remark 4.4.5 It is worth mentioning that the condition (4.4.3) characterizes the
linearly full superminimal almost complex curves of the 6-sphere (cf. [9]) in the
sense that a weakly conformal harmonic map f : S — S8 is O(7)-congruent to a

linearly full superminimal almost complez curve if and only if (4.4.3) holds.

We say that a map v from a Riemann surface S into Q° is superhorizontal if at
each point of S, 1), takes values in the superhorizontal distribution. We shall recall

now the 1-1 correspondence (cf.[34]) between superminimal almost complex curves
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in S® and holomorphic superhorizontal curves in Q°. We intend to make use of this
correspondence later on in this chapter in order to work out explicit examples of

superminimal 2-spheres of SS.

By using (4.3.4), the superhorizontal condition of 1 = [f] can be described analiti-

cally as follows.

1 is superhorizontal <= f,|,(7,S) C H{b(p) ={v € TyypQ°®: f xv=0}

0 0

— fxf,=0 and fxf;=0.
thus a holomorphic map 1 : S — @Q° is superhorizontal if and only if

X % = 0. (4.4.15)

The caracterization given above fits nicely with the following theorem due essentially

to Bryant (see [30] and references in there).

Theorem 4.4.3 A map g : S — Q° is holomorphic and superhorizontal if and only
if v = w(g) : S — S® is a superminimal almost complex curve in S® with directriz

curve g where m denotes the twistor map from Q° onto SC.

Theorem 4.4.4 Let f and f be linearly full almost complex 2-spheres of S®. Then
their directriz curves are projectively equivalent if and only if they are also GS-

equivalent.

Proof:
(=)

The converse in the theorem is obvious since GY is a subgroup of SO(7,C).

(=)
Let (¢; =] fj])?zo denote the harmonic sequence corresponding to the harmonic map
[f] and let ¢ denote the directrix curve of the harmonic map [f]. By assumption

there exists an element [A] € PGL(7,C) such that 9 = [Afo].
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It is shown in [8] (Theorem 3.3) that two linearly full harmonic 2-spheres of S?™ are
projectively equivalent if and only if they are SO(2m + 1, C)-equivalent. Thus we

can assume in our particular case here that A lies in SO(7, C).

According to theorem (4.4.3) the map Afy : S2 — C7 is holomorphic and superhor-

izontal and hence

Afox Afy=0. (fi="4%) (4.4.16)

dz

We shall make use in the sequel of the following properties satisfied by the functions

(aj)j.zo defined by equation (4.2.3).

az= 0. Follows from (4.2.7),
aj = —og_;.  Follows from (4.2.6), (4.4.17)
ag = a5+ as.  Follows from (4.4.3). (4.4.18)

We differentiate (4.4.16) with respect to z and use (4.2.3), obtaining in this way
the cross product between different vectors Af;. By repeating this process we can

derive some relations among the cross product of the vectors Af;, namely

Afox Afy = 0 (4.4.19)
Afox Afs = 0 (4.4.20)
Afox Afs = —Afi x Afs (4.4.21)
Afox Afs = —2Af x Afs (4.4.22)
Afox Afs = —2Af, x Afs — 3Af, x Afy (4.4.23)

Afo X AfG = —5Af2 X Af4 — 4Af1 X Af5 + 3Q5Af1 X Af4 (4424)
As A € SO(7,C), it follows from (4.2.5) that

Afi, AFj)
AA S i)

(Afi, Af;) = (
(
= (f 1)

= (=1)%;6_;. (4.4.25)
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The vectors {Afy, ..., Afe} form a basis for C7 since A € SO(7,C). Thus, from

(4.4.21) we see immediately that Afyx Af3; can be written as the linear combination:
Afo x Afs =aAfo+bAf) + cAfs.

But if we take the cross product of this equation with Af; and Af;, then it follows
that b = ¢ = 0. Indeed,

0 = Afyx(Afox Afs) use (1.2.3) and (4.4.25)
= bAfy x Afi use (4.4.20)
= b(Afo x Afs), use (4.4.21)
and

0 = Afi x (Afo x Afs) use (4.4.25) and (1.2.3)
= cAfi x Afy use (4.4.19)

= —c(Afo x Afs). use (4.4.21)
On the other hand, if we also take the cross product with Afs, we see that a = +1.

Indeed,

a(Afox Afs) = —Afe x (Afo x Afs)
= (Afs x Afo) x Afs — Afs,

and the Euclidean product of this with Af, gives:

—-1 = a(Afox Afs, Af3)
= —a(Afy x Afs, Afs)
= —a’(Afo, Afe)
= a%
Let us first assume the case Afy x Afs = —iAfy. Then (4.4.22) yields Af; x Afs =
1Af1, indeed ‘
—2Afi x Afs = Afox Afs
= (Afo X Af3) x Afy
= —i(Afox Afy) X Af3
= 2i(Afi x Afs) X Afs
= —2iAf;.
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Thus from (4.4.22) we get
Afo X Af4 = —2’I,Af1

And this yields:
Afy x Afy = %(Afo x Afs) x Afe=0. (Using (1.2.3) and (4.4.1)).

Now, by using the equations (4.4.16),...,(4.4.25), we can carry on with this process
to determine all the cross products of the vectors {Afy,.., Afs} and to verify that

they satisfy the multiplication table (4.4.2) in the following sense
A(fi x f;) = Afi x Af;.
Therefore, A is an element of G since {fj, .., f¢} is a basis for C”.

In the other case to be considered, that is, when Afy, x Afs = tAfy, we can use the
same procedure as above to prove that —A € GS. However, this contradicts our

assumption that A € SO(7,C). ©)

Let f: S? — S° be a k-point ramified (k < 2) linearly full almost complex curve
and let ¥; = [g;] ( =0,...,6) denote the harmonic sequence corresponding to the
harmonic map 3 = [f]. Then according to Theorem (4.2.2), we can find a local
complex coordinate z for S? and a basis {vy, .., ve} for C7, so that the directrix curve

Yo = [go] can be expressed by:

go =V +Zk1’l)1 _'_2:161+1€2,U1 4 Zk1+k2+k3,u3 +
(4.4.26)

+ zk1+k2+2k3,u4 4 zk1+2k2+2k3v5 + z2k1+2k2+2k3’05.

Using the meromorphic sections g; we can choose a particular orthonormal basis
{ug, ..., ug} for C7 so that each vector u; spans the same complex line bundle as

g;- Indeed, as for z # 0 the function I% takes values in the sphere S'3 then by

compactness there exists a sequence z; — 0 so that for each j € {0,...,6} we have
lim -2 () = (4.4.27)

It follows immediately from (4.4.26) that the vectors u; and v, are related in a

triangular way, that is
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Vo = Qo,0)U0

V1 = Q(,0)Up + G, U1

Vg = Qa,0)U0 + G2,y U1 + Ga2)U2

U3 = G0 o + Q1) U1 + G Us + G 5)U3

Vg = Qua,0)%0 + Ga,1yUt + QU + Qa,3U3 + Qra,a)Us

Us = Q5,0)Up + G51)U1 + Q50U + Q(5,3)U3 + Qs,0Us + Qs.5)Us

Us = Qg,0)U0 T G6,1)U1 T Q,2)U2 + Qe 3yU3 + G ayUs + Qs 5)Us + Gs6)Us

where the scalars (a ;) appearing in the linear combinations are complex numbers.

From (4.4.27) and Proposition (4.4.2) we can easily determine the cross product of
the vectors u; and consequently also of the vectors v;. Namely, the vectors u; have

the following multiplication table for u; x u;:

i\j 0 1 2 3 4 5 6
0 0 0 0 —ug | —0v2uy | —iv2uy | —ius
1 0 0 iV 2ug | iuy 0 —iug | —1v2uy
2 0 | —ivV2uy| 0 o T 0 —iv/2us (4.428)
3 TUg —U —1Uq 0 Uy 1Us —1lUg
4 | iv2u 0 —iug | —iuy 0 iv/2ug 0
5 | iv2us | dus 0 | —ius | —iv2us 0 0
6 Tu3 iV2us |ivV2us | ug 0 0 0

Now, we notice that the coefficient a,e must be non-zero since f is linearly full
and also fy is a holomorphic superhorizontal curve because of the characterization
given in Theorem (4.4.3). These facts together with equation (4.4.15), give us a

cumbersome but straigthforward calculation to determine the following example.

Example 4.4.1 Let {es,...,e;} denote a Go-basis for R”. Let ki, ky denote positive

integers. Then the holomorphic map ¥y = [go] : S — CPS, determined by the

‘polynomial go(z) = 2]7-:1 a;(z)e; where the a;(z) are given by
___3V/30ka(k1+k2)
(3k1+k2)(2k1+k2)

_ 15v/3k;1 ko k1 3k1+2ks
GZ(Z) - (3k1+2k2)(2k1+kz)z + \@Z ’

al(z) — zk1+k2 + \/3_0231€1+k2,
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i45v/2k1 k2 (k1+k2) + V2 k1 +2k:
(3k1 +2k2)(3k1+k2)(2k1 +k2)2 2 )

az(z
6\/_162 2/01 —ch
2k -I-k2

) =
as(2)

)

”(2) =

II

15v/3k1 ko k1 : 3k1+2ko
ag (2 U (Bk1+2k2) (2k1 +h2) © +iv/3z g

45v/2k1 k2 (k1+k2) + % Zh1+2ks
is the directriz curve of a linearly full S*-symmetric almost complez 2-sphere in S®

3’61 +2k2)(3k1 +k2)(2k1+k2)2

with the same singularity type (ky — 1, ka — 1, ks — 1,ky — L ko — 1,k; — 1) at 2=10

and z = oo.

Theorem 4.4.5 Let f : S? — S° be a k-point ramified (k < 2) linearly full almost
complez curve. Then for a suitable choice of complex coordinate on S?, the harmonic
map [f(2)] : S = CP® has the same singularity type (k1 —1,ko—1,k;—1,k —1, ky—
1,ky — 1) at z =0 and z = co. Moreover, the directriz curve of f is G%-equivalent

to the S'-symmetric curve given in the Ezample (4.4.1).

Proof:
Let 4o = [go(2z)] denote the directrix curve of the map [f(z)]. The first part of the

statement follows from item (ii) of Theorem (4.2.2) and the following observation.

By comparing the exponents of the variable z appearing in the polynomial g x g, = 0,

we obtain the symmetry k3 = k; in the singularity type.

We can use (4.4.15) and Proposition (4.4.2) in order to determine the vectors (v;) in

the simplest way so that they comply with the properties stated in Theorem (4.2.2).

This would envolve some cumbersome calculation if the computer program MAPLE
did not help us to execute these boring algebraic manipulations. Therefore, out of
this little work, we can write down the vectors (v;) in terms of complex parameters

{r1,...,rs} as follows.

klkz(kl +k2)7’17‘8 u
(3’61 +2k2)(3k1+k2)(2k1+k2)2 05

Vo

kikarirg
U1 = Bk +2k)(2k1+ka) (rsuo + u1),

Vg = _ka(katho)rirs ((7‘2’)"5 - 7'47'8)11'0 + rouy + 7"311,2),

2 = (2k1+k2)(3k1+k2)
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vz = @’fﬁi—)(ﬁmuo + 2rqug + 2rsug + v/ 2us),
vy = 2((V2rsrs — 2r6)ug + (2r4rs — \/irg)ul + 2r2ug + 2v/275u3 + 2u4),

Vg = (?Tgrg’f‘s - ?7‘37“4% + r7rg — ToTg)Ug + (TaT4Ts — ?7“27"3 — r2r8)uy,

+ (ror? — %—57‘37“8 — r475T8)Ug + V2(roTs — T4T8)Us + ToUg + TeUs,

ve = (57 + 575 — T4T6)Uo + T7Us + Tela + T3Us + TalUs + T5Us + Ug.

By Corollary (4.2.1) we can assume f to be S'-symmetric. Theorem (4.2.2) shows
that the S'-symmetric linearly full almost complex 2-spheres are characterized by
the orthogonality of the vectors (v;) and hence according to the formulae above
we must have 7, = ... = r; = 0. Thus, the directrix curve is described by the

2-parameter family

klk%(kl + k)g)T%T% klkig’f‘%’l‘g k
g0(z) = Uug + 2
(3]61 + ka)(3k1 + k)g)(2k1 + k2)2 (3](?1 + 2k2)(2k1 + kg)

k)g(k)l + kg)Tﬂ"g ki+k kg’l‘l’f'g 2%
1+k2 9 1+k2
Ch + k)Bht k). 2T *f(zxcl k)

4y 2Rithey, 4 g pShithey o ARk,

Uy

Now, we shall apply a suitable conformal transformation to the domain and also
apply an appropriate element of G to the co-domain in order to prove that f is

indeed equivalent to the curve given in the example above.

Let r be a complex root for the equation
rPkitkeg e = 1/90. (4.4.29)

Then we shall consider the conformal transformation z — rz, and the element

A € G5 defined by

— (90 . (_15V6 — 6v15
AUO . — (T%rg)'U,o, Au1 .— (Tle‘%'l's)ul’ Au2 . — (T(k1+k2)7‘17'§)u2’

Aus = (ofigry s, Aus = (it )ua Aus = (ol ) us,
AU6 = (W)UG.
Using (4.4.29) and the multiplication table (4.4.28) for the vectors u; we deduce

that

A(’U/, X Uj) = A'U,z X A’U,J‘,
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which implies that A € G5. Thus, the holomorphic curve g(z) is reduced to
(2) = 90k, k2 (k1 + k) - 15v/6k, ky
V) =18k, + 2ka) (3ky + Fo) (21 + ka)2 > (3ky + 2ks) (21 + 2)

6\/1_5k2(k1 + ]CQ) k1+k2 6\/'k2 2k1+k2
Ug + V22 U3
(21 + ko) (3k1 + k2) ki + ko)

+ V155, kg, ([ kt2key L SRtk

Using again that multiplication table we can also deduce by straigthforward calcu-

2Fruy

lations that the vectors e; € R” (j =1,...,7) defined by
%( er + ies),

Uy = —\}—:?—(62 - ieﬁ)
-5 (—e1 +ies),

%(el + ies),
Us = \-}——(62 + ieg),

ug = —=(e7 + ie3),

S

form a Gy-basis for R” and the holomorphic curve go(z) is written in terms of this

basis exactly as the one we gave in the example. ©)

Corollary 4.4.2 If H*® s the space of linearly full totally unramified almost com-

plex maps of S? into S® then
H* = GS.

Proof:

Indeed, this follows from the theorem above and the fact that the harmonic sequence
corresponding to a harmonic map [f], where f € H%°, is uniquely determined by
its directrix curve. Some care is required here since the composition of f with the
'antipodal map of S® gives also a harmonic map with that same directrix curve.
However, the map —f is fortunately an almost anticomplex curve as we can see

from (4.4.1). o)

Let M denote the quotient set of the manifold N = {(p, q) € S? x S?/p # q} by the

equivalence relation: (p,q) 2 (a,b) if and only if (p, q) = (a, b) or (p,q) = (b, a).
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Corollary 4.4.3 Let H™'"2 denote the space of linearly full almost complex maps

of S? into S® with 2 higher singularities each of type (r1,72,71,71,72,71). Then

Hr2 = M x G,
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4.5 Superminimal surfaces of low area.

Let v, ...,%, : S? — CP™ be a harmonic sequence with corresponding local lifts
fos- vy fu: S\W — CP™ given in accordance with (4.2.3) and (4.2.4), where W is
the set of all singularities of the harmonic maps ,. Bolton et al have proved in [11]
that when 1), is an immersion, the area A(t,) of S? with the metric induced by 1,

is given by
A(thp) = (8p-1 + 6p), (4.5.1)

where §_; = 0 and J, is the degree of the (p —1)-st osculating curve o,_;. Moreover,

they calculate this degree in terms of the v, invariants. Namely,

1 _
61) = 2—m o ’)’de Adz. (452)

Bolton et al carry on working out the following global Pliicker formula, relating the
ramification indices R, of the curves o,_; to the degrees é, by

R, =—-2— 0,2+ 26p_1 — 0p, where p=1,...,n. (4.5.3)

Finally, they also write down the degrees d, in terms of the the ramification indices

R, as follows

Sy=+1)(n—p)+ LS5 (k+1)Ry + % i(n k)R, (45.4)

Using these results for the case n = 6 we can now produce the following consequence

Lemma 4.5.4 Let f : S? — S® be a linearly full almost complex curve. Let (gbp)gzo
be the harmonic sequence determined by f. Then the ramification indices R, of the

associated osculating curves op_; satisfy

(1) Rj=R7_j fO?" j=1,...,6.
(ii) Rs=R,.

Proof:

‘Considering that f is superminimal (see paragraph after Definition (4.2.1)) item (i)
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follows from direct application of (4.5.3), (4.5.2),(4.2.6) and (4.4.3), while item (ii)
follows from (4.5.3), (4.5.2) and (4.4.3). ©)

Proposition 4.5.3 Let f : S* — S° be a linearly full almost compler curve with
total singularity type (Ry,...,Rs). Then the area A(1) of the harmonic map ¢ =
[f] : S2 — CPS is given by

A(Y) = 47 (6 + 2R, + Ry). (4.5.5)

Proof:

Using the lemma above and (4.5.4) we have
03 =12+ 4R, + 2Ry = 44.

Thus, the Corollary follows from (4.5.1). O)

Theorem 4.5.6 Let H? be the space of linearly full almost complex maps of S? into
S% of area 4wd. Then d > 6 and
(i) H =Ho =G5,
(i) H is empty,
(iii ) HE=HOY = M x GS.
Furthermore, every element of H® has directriz curve GS-equivalent to the following

Sl-symmetric case
g9(z) = (70V152° — 126V152%)e; + (T0V62" + 75v/62)e,
+(135i + 70iz%)es + 210v/102%, + (70iv/152° + 126iv/152%)es

+(70iv/62" — 75iv/62)eq + (=135 + 702%)e. (4.5.6)

Proof:

It follows from (4.5.5) that the scalar d is given in terms of the total ramification

indices, which are non negative integers, by

d=6+2R, + Ry. (4.5.7)




4.5 Superminimal surfaces of low area. 117

From which we see that d = 6 if and only if R; = 0 = R,, in other words the space
#° is made up of the totally unramified curves. Thus item (i) follows from Corollary

(4.4.2).

If d = 7 then (4.5.7) implies R; = 0 and R, = 1 which means that an element of
H” would have only one singularity. But this is not possible as we have noticed in

Remark (4.2.2).

If d = 8 then we have two possibilities for the total ramification indices of an element
of H®. The first one being R; = 1 and Ry = 0 which cannot occur for the same
reason above. Thus every element of this moduli space has total ramification indices
R, = 0 and Ry = 2. In particular, an element of %2 must be 2-point ramified with
singularity type at each point given by (0,1,0,0,1,0) and hence (iii) and (4.5.6)
follow from Theorem (4.4.5).

It is worth mentioning here that an element of H® is always an immersion since
it occupies the middle position in the corresponding harmonic sequence and its

singularities occur only in the second and fifth element of this sequence as we have

just shown. ©)
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