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Abstract

This thesis is concerned with Kontsevich’s Homological Mirror Symmetry conjecture. In
Chapter 1, which is based on [1], we consider the n-dimensional pair of pants, which
is defined to be the complement of n + 2 generic hyperplanes in CP". The pair of
pants is conjectured to be mirror to the Landau-Ginzburg model (C**2, W), where W =
21...Zn42. We construct an immersed Lagrangian sphere in the pair of pants, and show
that its endomorphism A, algebra in the Fukaya category is quasi-isomorphic to the
endomorphism dg algebra of the structure sheaf of the origin in the mirror, giving some
evidence for the Homological Mirror Symmetry conjecture in this case. In Chapter 2,
which is based on [2], we build on these results to prove Homological Mirror Symmetry
for a smooth d-dimensional Calabi-Yau hypersurface in projective space, for any d > 3.
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Chapter 1

On homological mirror symmetry

for pairs of pants

1.1 Introduction

1.1.1 Homological Mirror Symmetry context

In its original version, Kontsevich’s Homological Mirror Symmetry conjecture [3] pro-
posed that, if X and XV are ‘mirror’ Calabi-Yau varieties, then the Fukaya category
of X (A-model) should be equivalent, on the derived level, to the category of coherent
sheaves on XV (B-model), and vice-versa. Complete or partial results in this case are
known for elliptic curves [4, 5], abelian varieties [6] (see (7] for the case of the four-torus),

Strominger-Yau-Zaslow dual torus fibrations (8], and K3 surfaces [9].

Kontsevich later proposed an extension of the conjecture to cover some Fano varieties
[10]. The mirror of a Fano variety X is a Landau-Ginzburg model (XY, W), i.e., a variety

XV equipped with a holomorphic function W (called the superpotential). The definitions
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of the A- and B-models on X are (roughly) the same as in the Calabi-Yau case, but
the definitions on (X, W) must be altered. In particular, the A-model of (XV,W) is
the Fukaya-Seidel category, see [11]. The B-model of (XY, W) is Orlov’s triangulated
category of singularities of W, see [12]. Complete or partial results in the Fano case are
known for toric varieties [13, 14, 15], del Pezzo surfaces [16], and weighted projective

planes [17].

More recently, Katzarkov and others have proposed another extension of the conjec-
ture to cover some varieties of general type, see [18, 19]. The mirror of a variety X of
general type is again a Landau-Ginzburg model (XY, W). The definition of the B-model
on (XV,W) is as above (the definition of the A-model in this case is problematic, but
does not concern us). One direction of this conjecture has been verified for X a curve
of genus g > 2, see [20, 21]. Namely, the A-model of the genus g curve is shown to be
equivalent to the B-model of a Landau-Ginzburg mirror. Our main result (Theorem 2)
gives evidence for the same direction of the conjecture in the case that X is a ‘pair of

pants’ of arbitrary dimension.

1.1.2 The A-model on the pair of pants

Consider the smooth complex affine algebraic variety

n+2 n+2
{sz - o} c P\ | J{z = 0}.
j=1 j=1

This is called the (n-dimensional) pair of pants P (see [22]). We equip it with an
exact Kahler form by pulling back the Fubini-Study form on CP™*!, and with a complex
volume form 7. Observe that P is just CP*\ {3 points}, i.e., the standard pair of pants.

We will consider the A-model on P™, i.e., Fukaya’s A, category Fuk(P") (see [23,
24]). Recall that the objects of Fuk(P") are compact oriented Lagrangian submanifolds

14



of P™, and the morphism space between transversely intersecting Lagrangians L, Ly is

defined as
CF*(Ly, L) := @ K(z),

z€liNLz

where K is an appropriate coefficient ring. The A, structure maps are
pd CF*(Lg—y,Lg) ® ... ® CF*(Lg, Ly) = CF*(Lo, Lg)[2 — d],

for d > 1, and their coefficients are defined by counts of rigid boundary-punctured holo-
morphic disks with boundary conditions on the Lagrangians Lo, ..., Lg. Observe that,
because the symplectic form on P™ is exact, the Fukaya category of exact Lagrangians

is unobstructed (i.e., there is no u°).

In general, K must be a Novikov field of characteristic 2, and the morphism spaces
of the Fukaya category are Zo-graded. If we require that the objects of our category
be exact embedded Lagrangians, we remove the need for a Novikov parameter. If we
furthermore require that our Lagrangians come equipped with a ‘brane’ structure (a
grading relative to the volume form 7, and a spin structure), we can assign signs to
the rigid disks whose count defines a structure coefficient of the Fukaya category, and
therefore remove the need for our coefficient ring to have characteristic 2. The grading of
Lagrangians also allows us to define a Z-grading on the morphism spaces of the Fukaya
category. Thus, by restricting the objects of the Fukaya category to be exact Lagrangian
branes, we can define the category with coefficients in C, and with a Z-grading. For

more details, see [24] or [11].

We construct an exact immersed Lagrangian sphere L™ : S®™ — P™ with transverse
self-intersections, and a brane structure. In the case n = 1, we obtain an immersed circle
with three self-intersections in P!, illustrated in Figure 1.1.2.1 (ignore the additional

labels for now). This immersed circle also appeared in [20].

We point out that L™ is not an object of the Fukaya category as just defined, because
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Figure 1.1.2.1: The immersed Lagrangian L' : S* — P!. The image has been distorted
for clarity — for L! to be exact, the front and back triangles should have the same area.

it is not embedded. However, we will show (in Section 1.3.1) that one can nevertheless

include L™ as an ‘extra’ object of the Fukaya category in a sensible way.

We compute the Floer cohomology algebra of L™

Theorem 1.

HF*(Ln,Ln) ~ A*cn+2
as Zy-graded associative C-algebras.

Remark 1.1.2.1. Although both HF*(L"™, L") and A*C™*? carry Z-gradings, these grad-

ings only agree modulo 2.

1.1.3 The B-model on the mirror

The mirror of P™ is conjectured to be the Landau-Ginzburg model (C"*2 W), where

W=z212... 2042

This paper is concerned with relating the B-model on (C**2, W) to the A-model on P™.
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Recall that the B-model of (C™2, W) is described by Orlov’s triangulated category
of singularities Dg;,,(W~'(0)) (see [12]). Note that 0 is the only non-regular value of
W. The triangulated category of singularities is defined as the quotient of the bounded
derived category of coherent sheaves, D*Coh(W~1(0)), by the full triangulated subcat-
egory of perfect complexes Perf(W~1(0)). It is a differential Z,-graded category over
C.

Because C*"*? = Spec(R) is affine (where R := C[z1, . .., Z,4+2]), the triangulated cate-
gory of singularities of W~!(0) admits an alternative description, which is more amenable
to explicit computations. Namely, it is quasi-equivalent to the category M F(R, W) of
‘matrix factorizations’ of W, by [12, Theorem 3.9].

An object of MF(R,W) is a finite-rank free Zy-graded R-module P = P° & P!,
together with an R-linear endomorphism dp : P — P of odd degree, satisfying d% =
W -idp. The space of morphisms from P to @ is the differential Z,-graded R-module of
R-linear homomorphisms f : P — @, with the differential defined by

d(f):=dgo f+(=1)VIf odp,

and composition defined in the obvious way. This makes M F(R, W) into a differential
Zsy-graded category over C.

Under Homological Mirror Symmetry, our immersed Lagrangian sphere L™ should
correspond to Oy, the structure sheaf of the origin in the triangulated category of singu-
larities of W~1(0). This corresponds, under the above-described equivalence, to a matrix

factorization of W, which by abuse of notation we will also denote 0.

It follows from the computations of [25, Section 2] that, on the level of cohomology,

H* (Hom}‘up(R,W)(Oo, OO)) = A*Cn+2
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as Zo-graded associative C-algebras. Combining this with Theorem 1 establishes an
isomorphism between the endomorphism algebras of the alleged mirror objects on the

level of cohomology.

The Homological Mirror Symmetry conjecture predicts more: this isomorphism of

cohomology algebras should extend to a quasi-isomorphism of A, algebras. Namely,

Hom}‘sz(R,W) (O, Oo)

inherits the structure of a differential Zy-graded C-algebra from M F(R, W), and a dif-

ferential graded algebra is a special case of an A, algebra.

Our main result (proved by studying the A, deformations of the cohomology algebra)

is that such a quasi-isomorphism does exist:

Theorem 2. There is a quasi-isomorphism
CF*(L",L") & HOIHR{F(R,W)((%’ Oo)

as Zo-graded As-algebras over C.

Remark 1.1.3.1. Of course the B-model Dging((C"”, W) cannot be equivalent, in any
sense, to the A-model Fuk(P™) as we define it, because the morphism spaces in the B-
model can be infinite-dimensional (even on the cohomology level) whereas the morphism
space between two compact Lagrangians is always finite-dimensional. To get an A-model

which has a hope of being equivalent to the B-model in some sense, we must consider

the ‘wrapped’ Fukaya category (see [26]), which also includes non-compact Lagrangians.
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1.1.4 Motivation: the A-model on the one-dimensional pair of

pants

In this section, we consider the 1-dimensional case. We hope that this will aid the
reader’s intuition for the subsequent arguments, and provide a link with computations
that have previously appeared in the literature (in [20, Section 10]), but this section

could be skipped without serious harm.

Consider the immersed Lagrangian L' : St — P! shown in Figure 1.1.2.1. We outline

a description of the A, algebra A = CF*(L!, L!) up to quasi-isomorphism.

A has generators u, ¢ corresponding respectively to the identity and top class in the
Morse cohomology CM*(S'), and two generators for each self-intersection point, which

we label z, %, T2, T2, x3,Z3 as in Figure 1.1.2.1.

Because the homology class of L! is trivial in H;(P'), the generators of A come

labeled by weights which are elements of the lattice
Hy (P') = Z{ey, ea,e3)/{e1 + €2 + e3),

so that the A, structure maps are homogeneous with respect to these weights. This is
just because the disk contributing to such a product lifts to the universal cover, so its
boundary must lift to a closed loop. See Definition 1.3.2.1 and Proposition 1.3.2.4 for
the precise definition and argument. Explicitly, the weight of u,q is 0, of z; is e; and of

Z; is —e;. It follows that u! = 0.

The A, structure maps count rigid holomorphic disks, which in this case is purely

combinatorial. Our first step is to determine the cohomology algebra of A, which has
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the (associative) product defined by
a-b:= (=1)?(a,b)
(using the sign conventions of [11]).

We have the following result:

Lemma 1.1.4.1. The cohomology algebra of A is isomorphic (as Zs-graded associative

C-algebra) to the exterior algebra
A*(C<€1, €9, €3>

via the identification

u —= 1

z; = (=1)%
Z; — (=1)"xe; (Hodge star with respect to volume form e, A ey A eg)
qg — —ejANexes.

Proof. (sketch — see [20] for a more detailed proof) The contributions of constant disks
give all products involving u and ¢. The other products come from the two triangles on
the front and back of Figure 1.1.2.1. For example, the triangle with vertices in cyclic

order x1,x9,x3 gives the product

fl
1)
w

M2($1,332)

corresponding to
€1 ey = *ez3 = €1 A €és.

We will not explain how to determine the signs here — see Section 1.3.4 (or [20]) for more

20



detail. : O

Furthermore, we have

/1'3(1‘17 Z2, .'133) = —u,

but the corresponding product is O for any other permutation of the inputs. This comes
from the degenerate 4-gon with vertices at u,z;,x2,x3. Observe that, if we put the
marked point u somewhere else on L', this product would again be equal to u, but
possibly for a different permutation of the inputs (and would be 0 on all other permuta-

tions).

By choosing a complex volume form 7 on P! and computing grading of the gener-
ators, one can lift the Z,-grading of A (defined by the sign of the intersection point
corresponding to the generator) to a Z-grading. See [20] for a formula for the grading
that holds in the 1-dimensional case. The choice of volume form is not canonical, and

hence the choice of Z-grading is not canonical.

We have now shown that A lies in the set 2 of A, algebras satisfying the following

conditions:

o put =0

The cohomology algebra is isomorphic to A*C{es, eq,e3) as Z,-graded associative

C-algebra;

e The A, structure maps are homogeneous with respect to the weights as defined

above;

The Z,-grading lifts to a Z-grading as defined above.

One can show that 2 has a one-dimensional deformation space, in the sense of [9, Lemma

21



3.2]. Furthermore, the deformation class of A in this deformation space is given by

3
Z Ms(xiaxjazk) = Ns(wh T2, $3) =-u
i,5,k=1
by our previous computations. In particular, it is non-zero, so A is versal. This deter-
mines A up to quasi-isomorphism, in the sense that any A, algebra lying in 2A, with

non-zero deformation class, is quasi-isomorphic to A.

1.1.5 Outline of the chapter

In Section 1.2 we introduce some standing notation, and discuss the topology of the pair
of pants P™. In particular, we introduce the coamoeba, which encodes topological infor-
mation about P™ and is the starting point for understanding the Lagrangian immersion
L"™. We give the details of the construction of the Lagrangian immersion L™ : S™ — P",

and some of its properties.

In Section 1.3, we explain how to include the Lagrangian immersion L™ as an ‘extra’
object of the Fukaya category of embedded Lagrangians in P™. We define the A, algebra
A = CF*(L™, L"), and establish some of its properties — namely, that it is homogeneous
with respect to a certain weighting of its generators, that its Z,-grading lifts to a Z-

grading, and that it has a certain ‘super-commutativity’ property.

In Section 1.4, we give an alternative, Morse-Bott definition of the Fukaya category
of embedded Lagrangians. We define the A, structure coefficients by counts of objects
called ‘holomorphic pearly trees’, which are Morse-Bott versions of the holomorphic disks
usually used (and closely related to the ‘clusters’ of [27]). The technical parts of this
section could be skipped at a first reading, but the concept of a pearly tree is important
because it is the basis of our main computational technique, which is introduced in

Section 1.5. This section could be read independently of the rest of the paper.
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In Section 1.5, we introduce a Morse-Bott model A’ for the A, algebra A, in which
the A structure coefficients are defined by counts of objects called ‘flipping holomorphic
pearly trees’. We show that A’ is quasi-isomorphic to .A. We can compute the A,
structure maps of A’ by explicitly identifying the relevant moduli spaces of flipping
holomorphic pearly trees. In particular, we compute that the cohomology algebra of A’
(hence of A) is an exterior algebra, as well as some of the higher structure maps. We
use our computation of higher structure maps to show that A’ is versal in the class of
Ay algebras with cohomology algebra the exterior algebra, and the homogeneity and
grading properties described in Section 1.3 (compare Section 1.1.4). Thus, applying
deformation theory of A, algebras, A’ (and hence A) is completely determined up to

quasi-isomorphism by the coefficients and properties that we have established.

In Section 1.6, we describe the B-model of the mirror. We use the techniques of [25,
Section 4] to construct a minimal A, model B’ for the differential Z,-graded algebra
B := Homjsp g w)(Oo, Oo). We find that its cohomology algebra is an exterior algebra,
and that it has the same grading and equivariance properties as .A. We compute higher
products to show that B’ is versal in the same class of A, algebras as A’, and hence

that it is quasi-isomorphic to A’. This completes the proof of Theorem 2.

1.2 The Lagrangian immersion L" : S" — P"

The aim of this section is to describe the immersed Lagrangian sphere L™ : S™ — P™.
In Section 1.2.1 we introduce some standing notation, and describe the topology of the
pair of pants P". We introduce the notion of the coamoeba of the pair of pants, which

is the starting point for visualising the Lagrangian immersion L".

In Section 1.2.2 we construct the Lagrangian immersion L™ : ™ — P™ and establish

some of its properties.
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1.2.1 Topology of P" and coamoebae

Let [k] denote the set {1,2,...,k}. For a subset K C [k], let |K| be its number of
elements and K C [k] its complement. Let M be the (n + 2)-dimensional lattice

M = Z(el, e ,€n+2>.

For K C [n + 2], let e denote the element
Cx = Z €5 € M
jeK

Let M be the (n + 1)-dimensional lattice
M = M/(epnra).-

We will use the notation

MPZ:M®ZP

for any Z-module P. We will not distinguish notationally between a lattice element

ex € M and its image in M. We define maps

I,JB/g : Mc* - MR,

I/Eé(zl, ey Zng2) = (loglzl,...,10g |zn42])
1% ‘Mo — MR/27TM,

Arg(zr,.. . zse) = (arg(ar), ., arg(ens2)).

24



These descend to maps

Log: M¢« — Mg,
Arg: Mc. — Mg/27M.

We can identify
M. =c™2\ | J{z =0}
J

and the quotient by the diagonal C* action,
M(C* = (CPn+l \ D

where we denote the divisors D; := {z; =0} for j = 1,...,n 42, and D is the union of

all D;. Thus we have

n+2
Pr = {sz = 0} C Me-.

j=1
Definition 1.2.1.1. The closure of the image Arg(P™) is called the coamoeba (also,
sometimes, the alga) of P", and we will denote it C™ (see, e.g., {28, 29]).

Now we will give a description of the coamoeba C" for all n. It will be described in

terms of a certain polytope, which we first describe.
Definition 1.2.1.2. Let Z, be the zonotope generated by the vectors e; in Mg, i.e.,

n+2
Ly = {Zﬁjej : 0_7' € [0, 1]} C Mg

J=1

(this is the projection of the cube [0, 1]"*2 in Mg).

Definition 1.2.1.3. The cells of 87, are indexed by triples of subsets J, K, L C [n + 2]
such that
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e JUKUL=[n+2]

e J#¢and K # ¢.

Namely, we define the cell

n-+2
Usgr = {Z&iei:Hj:OforjEJ,kalforkeK, 6, € [0,1] forleL}
i=1

C 0Z,.

We note that
dim (UJKL) = |L|,

and Uy g is part of the boundary of Uk if and only if
JCJ,KCK',and LD L

In particular, the vertices of Z, are the O-cells Ug  , = {ex}, and are indexed by proper,

non-empty subsets K C [n + 2].

Proposition 1.2.1.4. C® C Mg/27M is the complement of the image of the interior of
Ty

Proof. C™ is the closure of the set of those
0= Z Qjej
J

such that there exist r; satisfying
n+2
Z exp(rj + ’Lg]) =0.
j=1
In other words, the convex cone spanned by the vectors exp(i6;) contains 0.
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Therefore the complement of C* consists of exactly those @ such that the coordinates
61,...,0,42 are contained in an interval of length < 7. By adding a common constant
we may assume all §; lie in [0, 7). Thus the complement of C" is exactly the image of

the interior of 7Z,. O

Remark 1.2.1.5. As we saw in Definition 1.2.1.3, the vertices of d(7Z,) are the points
wex where K C [n + 2] is proper and non-empty. Observe that the vertices mex, meg
get identified because

wex — e € 2mM.

We can draw pictures in the lower-dimensional cases (see Figure 1.2.1.1).

Proposition 1.2.1.6. The map Arg: P" — C™ is a homotopy equivalence. In particular,

P has the homotopy type of an (n + 1)-torus with a point removed.

Proof. We choose to work in affine coordinates

Zj

forj=1,...,n+1
Zn+2

on CP**'\ D. So
PP {143 +4...4 Zp =0} C (C)"TL

It is shown in [30] that there exists a subset W C P™, such that the inclusion W — P"

is a homotopy equivalence, and the projection
Arg: W — Mgr/27M
is a homotopy equivalence onto its image, which is

Arg(W) = {(gl,...7én+1) . at least one éj = 77} C Mg/2mM.
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It is easy to see that the inclusion
Arg(W) > C"

is a homotopy equivalence (both are strong deformation retracts of (Mg /27 M)\ (0,0, ...,0)).

Hence, we have a commutative diagram

w  — P

| ]

Arg(W) —— C"

in which all arrows but the one labeled ‘Arg’ are known to be homotopy equivalences.

It follows that Arg: P™ — C" is also a homotopy equivalence. (]

Corollary 1.2.1.7. Forn > 1, there are natural isomorphisms
71'1(7371) = H](Pn) = M

When n = 1, we still have a natural isomorphism Hi(P') = M, but the fundamental

group is no longer abelian. Instead, there is a natural isomorphism

71 (P) 22 (a,b, clabce).

1.2.2 Construction of the Lagrangian immersion L" : §" — P"

We observe that the Lagrangian L' : S — P! can be seen rather simply in the coamoeba.
It corresponds to traversing the hexagon which forms the boundary of the coamoeba
(see Figure 1.2.2.1). The two triangles that make up the coamoeba correspond to the

holomorphic triangles that give the product structure on Floer cohomology.

We will show that a similar picture exists for higher dimensions. Namely, by Propo-
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(a) The coamoeba of PL. (b) The coamoeba of P2, This picture lives in
(S1)3, drawn as a cube with opposite laces iden-
tified, and we are removing the zonotope illus-
trated, which looks somewhat like a crystal.

Figure 1.2.1.1: C! and C2.
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Figure 1.2.2.1: The projection of L' to C.

29



sition 1.2.1.4, we know that the boundary of C" is a polyhedral n-sphere that intersects
itself at its vertices. In this section, we will explain how to lift this immersed polyhedral

n-sphere to an immersed Lagrangian n-sphere in P".

Remark 1.2.2.1. This is not the first time that the coamoeba has been used to study
Floer cohomology. It appeared in [28] (with the name ‘alga’), where it was used as
motivation to construct Landau-Ginzburg mirrors to some toric surfaces. It was conjec-
tured in [31] that this picture generalizes to higher dimensions. There is a connection
between the ‘tropical coamoeba’ of the Landau-Ginzburg mirror (X, w) of projective

space, introduced in [31], and our construction, but we will not go into it.

Consider the real projective space

RP" = {sz =0,2 € ]R} C {sz = 0} c CP™+L.
j J

Clearly it is Lagrangian and invariant with respect to the S,,o X Z; action, so by an
equivariant version of the Weinstein Lagrangian neighbourhood theorem, there is an

Sht2 X Zg-equivariant symplectic embedding of the radius-n disk cotangent bundle

D;RP™ — {sz = 0} c cpt!
J

for some sufficiently small n > 0. We may choose this embedding to be J-holomorphic

along the zero section with respect to the almost-complex structure induced by the

standard symplectic form and metric on D;RP". The Zp-invariance says that complex

conjugation acts on D;RP" by —1 on the covector.

Our immersed sphere L™ will land inside this neighbourhood. Now consider the

double cover of RP" by S™. Think of S™ as

5 = {Zzg _ 1}m{gjjxj =0} R

J
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and denote the real hypersurfaces

Then the double cover just sends (z1,...,ZTnt2) F [1 ... : Tpy2]. This extends to a
double cover D;S™ — D;RP". Composing this with the inclusion D;RP"™ — CP" gives
a map i : D;S™ — CP™.

Lemma 1.2.2.2. Suppose that f : S® — R is a smooth function whose gradient vector
field (with respect to the round metric on S™) is transverse to the real hypersurfaces DJR.
Then for sufficiently small € > 0, the image of the graph T'(edf) C T*S™ lies inside D;S",

and its 1mage under the map i into CP" avoids the divisors D;.

Proof. Note that the graph of edf in D;S™ is the time-¢ flow of the zero-section by the
Hamiltonian vector field corresponding to f, which is exactly J(Vf), where J is the
standard complex structure on CP" (we observe that the round metric on S™ is exactly
the metric induced by the Fubini-Study form and standard complex structure). Given
a point g € DJR, we can holomorphically identify a neighbourhood of its image in CP"
with a neighbourhood of 0 in C", in such a way that a neighbourhood of ¢ in S™ gets
identified with a neighbourhood of 0 in R® C C*. We can furthermore arrange that the

divisor D’ corresponds to the first coordinate being 0.

When we flow R® by J(V f), the imaginary part of the first coordinate will be strictly
positive (respectively negative) because V f is transverse to D]JR, in the positive (respec-
tively negative) direction. Therefore the first component can not be zero, so the image

avoids Dj. O

Definition 1.2.2.3. Let ¢ : R — R be a smooth function so that
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Figure 1.2.2.2: The function g.
3. g(x) =z for |z| < §;
4. ¢'(z) is a strictly decreasing function of |z| for |z| > §;

5. ¢'(z) < 0 for |z| > 26,

where 0 < 6 < 1 (see Figure 1.2.2.2). We define f : S — R by restricting the function

f:R** 5 R
. n+2
f(mla"')xn+2) = Zg(xj)7
=1

recalling that S™ sits inside R"*? as above.

Lemma 1.2.2.4. V[ is transverse to all of the hypersurfaces DJR in a positive sense.

Proof. One can compute that V f is the projection of the vector

n+2

TRn+1
E fj O0x; ©

to T'S™, where R**! = {EJ z; =0} C R"™*2 and

n+2 /
Zk 1 9 (k)

—
Jii=gle;) = n+2
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By the construction of g, one can check that f; > 0 whenever |z;| < 6. The result
follows. |

Definition 1.2.2.5. Let L" : S® — CP" be the graph of edf in CPP", for € > 0 sufficiently
small. Note that it lies in P™ by Lemmas 1.2.2.2 and 1.2.2.4, and is Lagrangian because

it is the graph of an exact one-form. We will frequently fix an € and write L™.

Remark 1.2.2.6. L™ is S, -invariant (because f and our Weinstein neighbourhood

are). Furthermore, because f(—x) = — f(x), df is invariant under the Z,-action
(37, Ot) = (a(x), —a’*a)

where a : S® — S” is the antipodal map. Recall that complex conjugation 7 : P™* — P"
induces the Zy-action (z,a) — (z,—a) in D;S™, so 7o L™ = L" o a. In other words, the
image of L" is preserved by complex conjugation, but it acts via the antipodal map on

the domain S™.

Proposition 1.2.2.7. Define the maps

te: 8" — Mg/21M,

te = ArgolL?,

and

q:aZn — MR/27I'M

(the standard inclusion). Then there exist homotopy equivalences p. : S™ — 0Z,, defined

for € > 0 sufficiently small, such that
11_1)1(1) ||LC —qo pe”C‘) = 0.

In other words, . converges absolutely, modulo reparametrisation, to 0Z,.

Proof. We consider a cellular decomposition of S which is dual to the cellular decompo-
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sition induced by the hypersurfaces Dg-{, and is isomorphic to the cellular decomposition
of 07, defined in Definition 1.2.1.3. We will show that the image of each cell in the

decomposition, under ¢, converges to the corresponding cell in 87,.

Definition 1.2.2.8. We define a cellular decomposition of S™ whose cells are indexed

by triples of subsets J, K, L C [n + 2] such that

e JUKUL=[n+2;

e J# ¢and K # ¢.
Namely, we define the cell
VikL = {(:rl, e Tpg2) €S iy = mzax{ml} forall j € J,z = miin{xi} for all k£ € K}
(this is dual to the cellular decomposition with cells
Wike ={x; >0forje Jzpy <0for k€ K, andz;=0for [ € L},
induced by the hypersurfaces D]R).

We now have

dim(VJKL) = !L|,

and Vi gps is part of the boundary of Vg if and only if
JCJ KCK' and LD L.

Thus, this cellular decomposition is isomorphic to that of 7, by cells Uk, described

in Definition 1.2.1.3. See Figure 1.2.2.3 for the picture in the case n = 2.

Our Lagrangian is obtained from the immersion S™ — CP" by pushing off with the

vector field J(V f). Thus, by Lemma 1.2.2.4, it is approximately equal (to order €2) to
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the composition of the map
ST = {ZZ]' :O,Zj 750} C(Cn+2
J
(371, RN ,$n+2) — (xl, . ,xn+2) + if(fl, ... 7fn+2)

with the projection to CP" \ D = P". Thus we have

te(z1, .. xn) = (arg(z+iefi), ..., arg(Tnin + i€fara)) + O(e2).

Now, when || is sufficiently large, we have
arg(x; + iefi + O(e)) ~ arg(z;) = 0 or .
When |z;| is sufficiently small, we have
arg(z; + iefi + O(€?)) € (0,7)

because f; > 0 (by Lemma 1.2.2.4). More precisely, we have the following:
Lemma 1.2.2.9. If we choose € > 0 sufficiently small, then we have:
o If |z;| > V¢, then arg(z; + ief, + O(e?)) = arg(z;) + O(/e), where arg(x;) = 0 or
7
o If |z;| < V€, then arg(z; + ief + O(e?)) € (0,7), because f; is strictly positive for

|| sufficiently small (by Lemma 1.2.2.4).

Observe that, on the cell Vg, we have

z; > +eforje J,and 2 < —efor k € K,
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because y_; 27 = 1 and y_, ; = 0. Therefore, by Lemma 1.2.2.9,

arg(z; + ief;) + O(e®) = O(Ve) for j € J,
arg(xy +iefi) + O(?) = 7+ OWe) for k € K, and
arg(z; +ief)) + O(8) € (0,7)+ O(Ve) for L € L.

It follows that tc(Vyxr) lies in an O(y/€)-neighbourhood of Uk,

We are now able to define the map
pe: ST — 07,

to be a cellular map which identifies the cellular decompositions Vi and Uk (hence

is a homotopy equivalence), and such that

llte = g0 pellco = O(Ve).

We assume inductively that a map with these properties has been defined on all cells of

dimension < d, then extend it to the cells of dimension d relative to their boundaries. O

Now observe that, because f(—z) = —f(z), df(—z) = —df (z) (identifying tangent
spaces by the antipodal map), so the only points where L™ has a self-intersection are
where df = 0, i.e., critical points of f. A self-intersection point looks locally like the
intersection of the graph of df with the graph of —df, which is transverse because f —
(—=f) =2f is Morse. We will now describe the critical points and Morse flow of f.

Lemma 1.2.2.10. Ifz; > x4 > 0, then

(V£) (f”-’i) > 0.

Zj
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Similarly, if x; <z <0, then
Tk
(V) (%) <0.

Proof. We prove the first statement. If z; > x;, > 0 then, by the construction of g,
g (z;) < ¢'(mx). It follows that f; < fi, and hence that f;zz < fyz;, using the notation
from the proof of Lemma 1.2.2.4. Thus,

n+2
(V) (ﬁ> = Z fli (i—k) (since zy/z; is constant in the radial direction)

zj = 0m\g;
1
= —i(fkfﬁj - fjxk)
Tj
> 0.
The proof of the second statement is similar. a

Corollary 1.2.2.11. There is one critical point px of f for each proper, non-empty
subset K C [n+ 2|, defined by

VI‘{,K,¢ = {PK}~

Ezplicitly, px has coordinates (recalling Z]. z;j=0)

|-

JEK,
jeK,

1
T

x

.’L‘j:

=

S

I

up to a positive rescaling so that Z]. a:? = 1. Observe that Arg maps px to the vertex

mex of 0Z,.

Proof. Critical points of f cannot lie on the hypersurfaces Dg-*, since V f is transverse to

the hypersurfaces. Suppose that z; > z; > 0. Then by Lemma 1.2.2.10,

V) (?—) >0,

so Vf # 0. Hence, at a critical point of f, all positive coordinates z; are equal. By a
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similar argument, all negative coordinates are equal. It follows that the points px are

the only possiblities for critical points of f.

To prove that each pg is indeed a critical point, observe that by S, .2 symmetry, the

Morse flow of f must preserve the equalities

T, = Iy forall k,l € K, and

T = Iy forall k,1 € K.

The set of points satisfying these equalities is exactly {px,px}, hence the Morse flow

preserves these points. Thus each pg is a critical point of f. |

Lemma 1.2.2.12. Let ¢: R x §® — S™ denote the flow of V f with respect to the round
metric on S™, so that ¢(0,-) = id. Given a proper, non-empty subset K C [n + 2], we
define

S(pr) = {q € 5" lim (t,q) = px} c S,

the stable manifold of px, and
Ulpk) = {q € 5" lim ¢(t,q) =pK} csm
the unstable manifold of py. Then
Slpr) = (w1, -, ny2) € 5" {k € [0+ 2] 2y = min{z,}} = K}
and
Upk) ={(z1,..., Tnt2) €S": {k € n+2] t a2 = mlax{:v,}} = K}.
Proof. We prove the first statement. Suppose we are given ¢ = (z1,...,Zn42) € S™. Let

Jim ¢(t,q) = px,
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and

K :={ken+2:2x= mlin{:vl}}.

We will show that K = K'.

First observe that, by S,y symmetry, any equality of the form x; = x; is preserved
under the forward and backward flow of Vf. Consequently any inequality of the form

x; > zy is also preserved under the (finite-time) flow. It follows that K' C K.

We prove that K C K’ by contradiction: suppose that j ¢ K’ but j € K. After
flowing for some time, z; would have to be negative (in order to converge to px). Then

for any k € K’ we would have z; < z; < 0, so by Lemma 1.2.2.10 we have

Thus, the ratio z;/zy is bounded above away from 1, so even in the limit ¢ — oo, z; can

not approach the minimum value z; = min;{z,}. This is a contradiction, hence K C K'.

Therefore K = K'. This completes the proof of the first statement. The proof of the

second statement is analogous. O

Corollary 1.2.2.13. The critical point px of f has Morse index
ﬂMorse(pK> =n+1- |K|

Proof. The Morse index of pg is the dimension of the stable manifold of pg, which by
Lemma 1.2.2.12 isn + 1 — |K]. a

Remark 1.2.2.14. Observe that, as a consequence of Lemma 1.2.2.12,
VJKL :Z/{(f) ﬂS(K)
(see Figure 1.2.2.3).
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Figure 1.2.2.3: The dual cell decompositions for n = 2. The dashed circles represent the
hypersurfaces DB-Q as labeled. Each region is labeled with the list of coordinates that are
negative in that region (e.g., the label ‘124’ means that z; < 0,22 < 0,23 > 0,24 < 0
in that region). The arrows represent the index-1 Morse flow lines of Vf. The dots
represent critical points of f. The picture really lives on a sphere, and the three points
labeled ‘4’ should be identified (at infinity). Observe that the flowlines correspond to
the edges of the polyhedron 07, illustrated in Figure 1-1(b).
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1.3 The A, algebra A :=CF*(L", L")

This section is concerned with the definition and properties of the Ay algebra A" :=
CF*(L", L"). We will simply write ‘A’ rather than ‘4™ unless we wish to draw attention

to the dimension.

In Section 1.3.1, we will explain why L™, despite being an immersion rather than an
embedding, can be regarded as an ‘extra’ object of the Fukaya category of P", as defined
in [11, Chapters 8 — 12]. This section can not be read independently of that reference.
In Sections 1.3.2 — 1.3.4, we establish certain properties of A.

1.3.1 Including L" as an ‘extra’ object of Fuk(P"™)

In [11, Chapters 8 — 12], it is shown how to define the Fukaya category of a symplectic

manifold (X,w) with the following properties and structures:

e w = df is exact;

e X is equipped with an almost-complex structure Jy in a neighbourhood of infinity,

compatible with w;

e X is convex at infinity, in the sense that there is a bounded below, proper function
h: X — R such that
0 = —dh o Jy.

These assumptions are actually not quite the same as those in [11], but the arguments

and definitions work in the same way.

In particular, X = P™ has these properties: we equip it with the standard (integrable)

complex structure Jy, then the restriction of the Fubini-Study form to P" is given by
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w = df, where § = —dh o Jy, and

hiP" - R,
> Izl

1
(I 1242) ™

h([z1:...: Zng2)) = log

is proper and bounded below.

With this data, the Fukaya category of compact, exact, embedded, oriented La-
grangians L can be defined over a field of characteristic 2, and with Z, gradings (the
‘preliminary’ Fukaya category of [11, Chapters 8, 9]). If X is furthermore equipped with
a complex volume form 7 (note: we will not take a quadratic complex volume form as
in [11], because we assume our Lagrangians to be oriented), then the Fukaya category of
compact, exact, embedded, oriented Lagrangian branes L* can be defined over C, and

the Z, grading can be lifted to a Z grading.

We define the Fukaya category of P™ to include an ‘extra’ object corresponding to

the Lagrangian immersion L™ : S® — P".

Remark 1.3.1.1. A theory of Lagrangian Floer cohomology for immersed Lagrangians
has been worked out in [32] using Kuranishi structures, but we will give a definition that
is compatible with the definition of [11] using explicit perturbations, with the aim of

using it to make computations in Section 1.5.

First, we note that H!(S") = 0 for n > 1, so L" is automatically exact (this is an

additional restriction in the case n = 1 — see the caption to Figure 1.1.2.1).
Now we explain the modifications necessary to the definition of the (preliminary)
Fukaya category given in [11, Chapters 8, 9], to include the object L".

Remark 1.3.1.2. We will not mention brane structures, orientations and gradings for

the purposes of this Section 1.3.1, because they work exactly the same as in [11, Chapters
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11, 12]. We observe that H*(S™) =0 for n > 1, so L™ admits a grading (the case n =1
is easily checked). S™ is also spin, so L™ admits a brane structure. These observations,
together with the modifications described in this section that show we can include L™ as
an extra object of the preliminary Fukaya category, allow us to include L™ as an extra

object in the ‘full’ (Z-graded, with C coefficients) Fukaya category of P".

Definition 1.3.1.3. We define an object L of the (preliminary) Fukaya category to be
an exact Lagrangian immersion

L:N—=sP"

of some closed, oriented n-manifold N into P™, which is either an embedding or the

Lagrangian immersion L™ : S® — P".

Definition 1.3.1.4. We define

H = C*(P",R),

the space of smooth, compactly supported functions on P" (the space of Hamiltonians),
and J, the space of smooth almost-complex structures on P"* compatible with w, and

equal to the standard complex structure Jy outside of some compact set.

Definition 1.3.1.5. For each pair of objects (Lo, L;), we define a Floer datum (Hos, Jo1)
consisting of

Hor € C([0,1],H) and Joi € C*([0,1], )

satisfying the following property: if ¢* denotes the flow of the Hamiltonian vector field
of the (time-dependent) Hamiltonian Ho;, then the image of the time-1 flow ¢' o Lo is
transverse to L;. One then defines a generator of CEF*(Lg, L;) to be a path y : [0,1] —
P" which is a flowline of the Hamiltonian vector field of Hy;, together with a pair of
points (4o, %1) € No x Ny such that Lo(fo) = y(0) and Li(f1) = y(1). One defines
CF*(Ly, Ly) to be the C-vector space generated by its generators.
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The definition of a perturbation datum on a boundary-punctured disk with La-

grangian labels is the same as in [11, Section 9h].

Definition 1.3.1.6. Given a perturbation datum on a boundary-punctured disk S with
Lagrangian boundary labels (Lo, ..., L), some of which may be immersed, we define an
inhomogeneous pseudo-holomorphic disk to be a smooth map v : S — P such

that

e u(C) € im(L¢) for each boundary component C' with label L¢, and

e u satisfies the perturbed holomorphic curve equation [11, Equation (8.9)] with

respect to the perturbation datum,

together with a continuous lift 4¢ of the map ulc : C — im(L¢) to Ne:

N¢

[%e}

ulc
for each boundary component C' with label Le : No — P™.

Remark 1.3.1.7. Note that the lift G exists automatically if Lo is an embedding.
When L¢ is an immersion, the existence of @¢ tells us that the boundary map u|¢ does

not ‘switch sheets’ of the immersion along C.

Definition 1.3.1.8. Given generators
yJ S CF*(L]_l,LJ) fOI‘ ] = ].,.. .,k‘, y
and
yo € CF*(Lo, L),

we say that an inhomogeneous pseudo-holomorphic disk has asymptotic conditions

given by (yo,...,yx) if, on the strip-like end ¢; corresponding to the jth puncture, we
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have

lim u(e;(s,t)) = w;(t),

§~3+4-00

lim 4(e;(s,0)) = (;)o,and

s—+00

lim 4(e;(s,1)) = (G

$—r+00

(and the analogous condition with s — —oo when j = 0). We define the moduli
space Ms(yo,...,Ur) to be the set of inhomogeneous pseudo-holomorphic disks with

asymptotic conditions given by the generators (yo, . .., ¥x)-

To show that Mgs(yo,. ., ¥k) is a smooth manifold, we must modify the functional
analytic framework of [11, Section 8i slightly. Namely, we fix p > 2, and define a Banach

manifold Bg(yo, - .., yx) as follows.

A point in Bg consists of:

e a map u € WP(S, P"), satisfying u(C) € im(Lc¢);

loc

e continuous lifts %c of the continuous maps ulc : C — im(L¢) to Ng, for each

boundary component C of S,

such that u and 4c are asymptotic to the generators y; along the strip-like ends, in the
sense of Definition 1.3.1.8. Observe that WP functions are continuous at the boundary,

so the lifting condition makes sense.

Let u = (u, (iic)) € Bs be represented by a smooth map. We define charts for the
Banach manifold structure in a neighbourhood of u. For each boundary component C

of S, we have a continuous Lagrangian embedding of vector bundles,

(Le)«

TNe —<2% (Lo)*TP™.
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Thus, we have a continuous Lagrangian embedding
(ic)*TNe = (tc) (Le)*TP™ = (w*'TP")|c.

We define the tangent space to Bgs(yo, - --,¥k) at u to be the Banach space
TuBs(Yo, - - -, Yx) = WHP(S,uw*TP™, i T Ne)

(with the W'P-norm). We choose an exponential map exp : TP™ — P™ that makes the
Lagrangian labels totally geodesic, and denote by expy : TN — N the corresponding

exponential map on each Lagrangian label. We then define a map
¢u : T’uBS - BS

so that ¢, (&) consists of the map exp(u, &(u)), together with boundary lifts expy, (tic, &(c))-

This defines a chart of the Banach manifold structure in a neighbourhood of u.

Remark 1.3.1.9. Note that we can not define a Banach manifold of locally WP maps
from S to P™, sending boundary component C to im(L¢), then impose the lifting condi-
tion separately — this would not define a Banach manifold because the image of Lo may

be singular (if Le = L™).

We now define a Banach bundle £ over Bg, and a smooth section given by the
perturbed J-operator, as in [11, Section 8i]. The section is Fredholm, because its lin-
earization is a Cauchy-Riemann operator with totally real boundary conditions given
by 45T Ne. Thus, assuming regularity, the moduli space Ms(yo, - .., yx) is a smooth
manifold with dimension equal to the Fredholm index. We can extend these arguments
to show that the moduli space Mgk+1(yo, - .., yx) of inhomogeneous pseudo-holomorphic

disks with arbitrary modulus is also a smooth manifold.
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Finally, we must check that Gromov compactness holds. The author is not aware
of a proof of Gromov compactness with immersed Lagrangian boundary conditions in
the literature, but we can give an ad hoc proof in our special case by passing to a cover
of P*. Namely, by Corollary 1.3.2.3, there is a cover P of P" in which every lift Ir
of L™ is embedded, so all of our lifted boundary conditions are embedded Lagrangians.
Any family of inhomogeneous pseudo-holomorphic disks in P lifts to a family in P,
Standard Gromov compactness for the family of lifted disks in ﬁ", with boundary on

the embedded lifts of Lagrangians, implies compactness for the family in P™.

Everything else works as in [11]; so this allows us to define the Fukaya category of
P™ with the extra object L™, and show that the A, associativity relations hold.

We now consider the Ay, algebra A = CF*(L",L™). We would like to choose the
Floer datum for the pair (L™, L™) so that the underlying vector space of A is as small as

possible.

Lemma 1.3.1.10. There exists a Hamiltonian H € H such that (L™)*H is a Morse
function on S™ with exactly two critical points, and Xpg|imn) vanishes only at those

critical points.

Proof. First define H in a neighbourhood of the self-intersections of im(L"), in such a
way that Xy is transverse to both branches of the image. This defines (L™)*H on a
neighbourhood of the critical points px of f (see Corollary 1.2.2.11). This function can
easily be extended to a Morse function on S™ with the desired properties, then extended

to a neighbourhood of im(L"), then to all of P™ using a cutoff function. O

Corollary 1.3.1.11. For an appropriate choice of Floer datum, CF*(L™,L™) has gen-
erators px indexed by all subsets K C [n + 2].

Proof. We scale the H of Lemma 1.3.1.10 so that it is < € (the parameter in the definition
of L™ = L?), and use it as the Hamiltonian part of our Floer datum for (L™, L™). Let
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Xy denote the corresponding Hamiltonian vector field. Now if ¢! is the time-1 flow of

Xy, we can arrange that ¢'(L™(p)) = L"(q) if and only if either

p=qand Xg(L"(p)) =0,

or

(p, q) corresponds to a pair (p/,¢’) such that p’ # ¢’ and L™(p') = L™(q')

(note that the assumption that H < e ensures that the transverse self-intersections

L™(p') = L™(q) persist under the flow of one branch of L™ by Xg).

In the first case, we get generators corresponding to the critical points of the Morse
function (L™)* H. We denote the generator corresponding to the minimum, respectively
maximum, by p,, respectively pj,49. In the second case, we get generators corresponding
to pairs (p',q') = (pk,pi) where K C [n+ 2] is proper and non-empty, by Corollary
1.2.2.11. We denote the generator corresponding to (px,pg) by pk, by slight abuse of

notation. O

1.3.2 Weights in M

Definition 1.3.2.1. (Compare [9, Section 8b]) Whenever we have an immersed La-
grangian L : N — X (such that the image of H;(N) in Hy(X) is trivial), we can assign
a weight w(y) € H;(X) to each generator y of CF*(L, L). Namely, choose a path from
1 to o in N, and define w(y) be the homology class obtained by composing the image
of this path in X with the path y (see Definition 1.3.1.5).

Proposition 1.3.2.2. In our case, we have

w(pg) =ex € M = H,(P™).
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Proof. By Proposition 1.2.1.6 and Proposition 1.2.2.7, Arg induces a homotopy equiv-
alence between (P", L") and (C",d(nZ,)). Thus, when K is proper and non-empty,
w(pk) is the class of a path from meg to meg in Hy(C") = M, which is exactly eg.

When K = ¢ or [n+ 2] it is clear that w(pg) = 0. O
Corollary 1.3.2.3. There erists a finite cover Pr — P in which every lift Lr of L™ is

embedded.

Proof. Recall that m(P") = M by Corollary 1.2.1.7. Consider the group homomorphism

p:M = Znyo

plu) = eptz-u

(this is well defined because p(ep42) = 0 (mod (n +2))). There is a corresponding
(n + 2)-fold cover of P*, and we have

p(w(pk)) = plex) = |K| # 0 (mod (n +2))

for all proper non-empty K C [n + 2], so the two lifts of L™ coming together at an

intersection point are distinct. |

Proposition 1.3.2.4. The A, structure maps p* are homogeneous with respect to the

weight w. In other words, the coefficient of px, in p*(pk,,. .. ,pxk,) is non-zero only if
k
Z eK]. = €Ko-
Jj=1

Proof. 1f the coefficient of px, in u*(pk,, .. .,Pk,) is non-zero, then there is a topological

disk in P™ with boundary on the image of L,

u: (D,0D) — (P",im(L")),
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whose boundary changes ‘sheets’ of L™ exactly at the self-intersection points px,, Pk, - - - Pk,
in that order (ignoring any appearance pg or P12 on the list). This disk must lift to

the universal cover, hence its boundary lifts to a loop in the universal cover.

The boundary always lies on lifts of L™, which are indexed by the fundamental group
M (think of the homotopy-equivalent picture of Mg \ {nZ, + 2w M}, with the lifts of
L™ being 9(wZ,) + 2rM). When the boundary changes sheets at a point pg, the index
of the sheet in M changes by w(pk) (observe that the points py and pj,49), at which no

sheet-changing occurs, have weight 0).

Therefore, if the boundary of our disc changes sheets at pk,, Pk, - - -, Pk, , and comes

back to the sheet it started on, we must have

—w(pg,) + Zw(pxj) =0.

J=1
Corollary 1.3.2.5. The character group of M,

T := Hom(M,C"),

acts on A via

a - p = a(w(p))p.

The A structure on A is equivariant with respect to this action.

1.3.3 Grading

Recall that, to lift the Zy-grading on the Fukaya category to a Z-grading, we must equip

P with a complex volume form 7. We assume that:
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e 7 is compatible with complex conjugation 7 : P* — P™, in the sense that 7*n = 7;

e 7 extends to a meromorphic (n,0)-form on CP", with a pole of order n; along the

divisor D; (with the usual convention that a zero of order £ is a pole of order —k).

We set
n+2 _
n:.= Z nje; € M.
j=1
Observe that
n+2
N:€nyo) = an
=1
= deg(Kcpn)
= n+1.

Observe that there is no canonical choice for 7, so our Z-grading will not be canonical.

Proposition 1.3.3.1. The Z-grading on A defined by n s

i(pr) = (21 — €nrg)) - ek

In other words, the coefficient of pr, in pu*(pk,, ..., Pk, ) is non-zero only if
k
ipo) = 2=k + Y ilpx;,)-
j=1

Proof. Recall that the volume form 7 defines a function
Y : Gr(TP") — S,

where Gr(TP™) is the Lagrangian Grassmannian of P" (i.e., the fibre bundle over P"
whose fibre over a point p is the set of Lagrangian subspaces of T,P"). If V. C T,P" isa

Lagrangian subspace, then ¢(V) is defined by choosing a real basis vy,...,v, for V and
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defining
(V) = arg(n(v, ..., vn)).

A grading on L™ is a function o : S® — R such that
ma® (z) = ¢(LY(T:S™))

(see [33]). Recall from the construction of L™ that, away from the hypersurfaces DIJR, the
immersion L™ : S® — CP" is close to the double cover of the real locus, ¢ : S* — CP".

So away from the hypersurfaces DY,
Y(LYT:S™)) = (e (T:S™)) = 0 or m,

because we assumed 7 was invariant under complex conjugation, so ¥(TRP") is real.

Therefore, away from the hypersurfaces D¥, o is approximately an integer.

The hypersurfaces DJR split S™ into regions S} indexed by proper non-empty subsets
K C [n+ 2]. Namely, S% is the region where z; < 0 for j € K and x; > 0 for j ¢ K,
and contains the unique critical point px of f. Suppose that o# =~ aﬁ, € Z in the region

Sp.

How does a}f change as we cross a hypersurface D]]R? Let p be a point on D?R,
away from the other hypersurfaces DF. Let us choose a holomorphic function ¢ in a

neighbourhood of ¢(p) in CP", compatible with complex conjugation (i.e., q(7(z)) =

q(2)), and such that D; = {g = 0}. Because 1 has a pole of order n; along D;, we have
n=q ",

where 77’ is a holomorphic volume form compatible with complex conjugation.
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In the same way that 7 defines the function 1, " defines a function
Y’ : Gr(TCP") — S*

in a neighbourhood of ¢(p). Whereas 1 is not defined on Dj, because 7 has a pole there,

the function 1’ is defined and continuous on D;, because 7’ is holomorphic.

We have
V=1 +arg(q™™)

away from D;. We can define real functions 8# on a neighbourhood of p in S™, for € > 0

sufficiently small, so that
nBE(x) = Y((L)(TeS™).

Because L§ = ¢, and 7/’ is compatible with complex conjugation, 53’& is a constant integer.
Furthermore, away from D’]R, L" =, so f# =~ B# . It follows that 8% approximately
does not change as we cross D?. So the change in aﬁ as we cross the hypersurface DJR

comes only from the term arg(qg™"/).

We saw in Proposition 1.2.2.7 that Argo L™ approximates the boundary of the zono-

tope Z™. Thus, as we cross D?, moving from S% to Sk Arg o L™ changes from ey

u{s}
to Teku(j}, changing by mwe;. It follows that arg(g™") decreases by 7n;. Therefore, ot

approximately decreases by n;. So we may assume that

# _
aj =-n-eg.

To calculate the index of the generator py, we observe that the two sheets of L™
that meet at pg are locally the graphs of the exact 1-forms df and —df. It follows by
[33, 2d(v)] that the obvious path connecting the tangent spaces of the two sheets in the

53



Lagrangian Grassmannian has Maslov index equal to the Morse index
pnmorse(PE) = n + 1 — | K| (see Corollary 1.2.2.13).

We also need to take into account the grading shift of af — aﬁ between the two sheets.

Using [33, 2d(ii)], we have

i(pK) = MMorse(pK) - aﬁ + C!}%-
= n+1—-|K|+n-ex—n-ex
= n+tl—epy-etxk+n-: (ex — €[n+2] + ex)

= (2n — ep4) - ek (since n - ey =n+1).

We also note that this equation works for p, and pjn49), which have their usual gradings

of 0 and n respectively.

The dimension formula for moduli spaces of holomorphic polygons now says that the
dimension of the moduli space of (k+ 1)-gons with boundary on L™, a positive puncture

at pg,, and negative punctures at pg,,...,Pk, 18
k
dim(Ms(prc, - - P ) = b = 2 +(prey) = Y (P, )-

=1

Since we are counting the 0-dimensional component of the moduli space to determine our
A structure coefficients, this dimension should be 0. This proves the stated formula,

i.e., that i defines a valid Z-grading on A.

We also observe that i lifts the Zs-grading: the two sheets of L™ that meet at pg are
locally the graphs of the exact 1-forms df and —df, hence the sign of the intersection is

n 41+ pmorse(Pr) = |K| = (2n — epig)) - ex (mod 2).
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Corollary 1.3.3.2. The A structure on A admits the fractional grading
n
= ——|K| € Q,
bl = —|K| € Q

in the sense that the coefficient of pk, in u*(p,,- - ., PK,) is non-zero only if
o n
2—-k E ——| K| = ——=|Kb|.
+j=1 n+2| i n+2' o

Proof. For any such non-zero product, we have
k
—€k, Z €K; = 4€n+2

=1

for some g € Z (Proposition 1.3.2.4 says that the image of this sum in M is 0, hence it
is a multiple of efp4q in M ). It then follows from Proposition 1.3.3.1 that

k
ilpr,) = 2—k+Zz’(ij).

Hence, we ought to have

k
k-2 = (2n-— €[n+2]) : (-81(0 + Z 6Kj>
j=1

= (2n- e[n+2]) * €[n+2)
= ngq (since n - epig =1+ 1)

n
= me[nn] * Q€[n42)

k
n
= - +26[n+2] . <~6K0 + ]Z_:;eKj>

from which the result follows. O
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Corollary 1.3.3.3. The Ao, products j* are non-zero only when k = 2 + nq (where
q [S Zzo).

Proof. This follows from the final set of equations in the proof of Corollary 1.3.3.2. [

Remark 1.3.3.4. We observe that, when k = 2 + ng, we must also have

2+nq

Z €K; = €K + q4€n+2)
j=1

(note: this is an equation in M, not M).

Corollary 1.3.3.5. p! is trivial, and

a‘(KviZ)pKlLJKQ Zf Kl N K2 == ¢

0 otherunse,

MQ(pKnpKz) -

where a(Ky, K2) are some integers.

Proof. The fact that u! = 0 follows immediately from Corollary 1.3.3.3.

For the second part of the Proposition, suppose that the coefficient of px, in p(pk, , Px;)

is non-zero. It follows from Proposition 1.3.2.4 that
ek, + €K, = €K,
in M, and from Corollary 1.3.3.2 that
|Ky| + | Ka| = | Kol

Therefore Ky = K; U K5, and the result is proven. O
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1.3.4 Signs

The main aim of this section is to prove that the cohomology algebra of A is graded
commutative. The basic reason for this is that complex conjugation 7 : P™ — P™ maps
L™ to itself. Given a holomorphic disk u : S — P™ contributing to the product a - b, the
corresponding disk @ := Tou : S — P™ (where S denotes the disk S with the conjugate
complex structure) contributes to the product b- a with the appropriate relative Koszul
sign.

Throughout this section, we use the sign conventions of [11].

Definition 1.3.4.1. Given an A, category C, we define its opposite category C to

be the category with the same objects, the ‘opposite’ fnorphisms
homeer (A, B) := home(B, A),
and compositions defined by

ngp(xlv T amk) = (_1)*:uk(‘rk7 s ,181),

where
x =1+ &k;—l—) +(k+1) (Zz’(zﬂ) + Zz’(:z:j)z'(:m).

It is an exercise to check that C° is an A.-category.

The following proposition is due to [34]:

Proposition 1.3.4.2. Let X = (X,w,n) be an exact symplectic manifold with boundary
with symplectic form w, and complex volume form n. Define X°P := (X, —w, 7). Then

there is a quasi-isomorphism of As-categories

G Fuk(X) = Fuk(X°P).
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Proof. See Appendix A.

d

Lemma 1.3.4.3. We denote by A% the endomorphism algebra of L™ in Fuk(P™).

Suppose that k = 2 +nq and Ko, ..., Ky are subsets of [n + 2] such that

k
Z eK; = €K, T q€[n+2)
j=1

in M (see Remark 1.3.3.4). Then, in A%, we have

/J'f):p(me s apKk) = (_1)*Mk<pKk) s 7pK1)
where

ng(ng — 1
L= M=) g+ S KL

1<j<!

Proof. Recall from Proposition 1.3.3.1 that the Z,-grading of A is

i(px) = |K| (mod 2).

As noted in Remark 1.3.3.4, the only contributions to ,u’gp(pKl, o PR, OF W (DK - -

are proportional to pg,.

By Definition 1.3.4.1, the result holds with the sign

k
e B2 D (;um)) =3 (o, )ilp).

j<l

The result follows by substituting k& = 2 +ng, i(px) = |K| (mod 2),
|[Kq |+ .+ [ Kk| = | Kol + (n + 2)qg,

and simplifying (modulo 2).
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Corollary 1.3.4.4. There is a quasi-isomorphism of Ay algebras, A — AP, which is

the identity on the level of cohomology.

Proof. Observe that complex conjugation induces a symplectomorphism 7 : (P*, w) —

(P™, —w) and hence a quasi-isomorphism
Fuk(P",w) = Fuk(P", —w) = Fuk(P",w)%,

where the second quasi-isomorphism is given by Proposition 1.3.4.2. We observe that
this quasi-isomorphism sends our Lagrangian L™ to 7 o L™, which is the same as L" o q,
where a : S — S™ is the antipodal map, by Remark 1.2.2.6. We note that wy(S™) =0
and H'(S™) = 0 for n > 2, so there is a unique spin structure P# on L™ and we must
have a*(P#) = P#. Furthermore, an examination of the proof of Proposition 1.3.3.1
quickly shows that

(@)= —-(n+1) —a*

from which it follows that our Lagrangian brane L# = (L™, o, P¥) gets sent, under the
above quasi-isomorphism, to the Lagrangian brane (L",n + 1+ o, P#) = L#[n+1]. In

particular, the endomorphism algebra gets sent to

A= CF*(L¥*,L*) = CF*(L*[n + 1], L¥[n + 1)) = CF*(L*, L*)® = A®.

The isomorphism we have defined sends each orientation line o, to itself without any

sign change, so the result follows from Proposition 1.3.4.2. a

Corollary 1.3.4.5. The cohomology algebra of A, with product

Pry " Pk, = (—1)’}(1'/12(])]{1,[)1(2),

s supercommutative:

PK: " PKy, = (_1)IK1”K2|pK2 ' Pk -
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1.4 A Morse-Bott definition of the Fukaya category

The Fukaya A, category was introduced in [23]. There are a number of approaches to
transversality issues in its definition — virtual perturbations are used in [24], and explicit

perturbations of the holomorphic curve equation are used in [11].

In this section, we describe a ‘Morse-Bott’ approach which is a modification of the
approach in [11], combining it with the approach of [35]. The outline of this approach
has appeared in [20, Section 7], and is related to the ‘clusters’ of [27]. However, the
geometric situation we consider is simpler than that of [27], namely we work only in
exact symplectic manifolds with convex boundary, which for example rules out disk and

sphere bubbling.

Our treatment follows [11, Sections 8 — 12] closely, explaining at each stage how
our construction differs. We make use of concepts and terminology from [11] (includ-
ing abstract Lagrangian branes, strip-like ends and perturbation data) with minimal
explanation. We explain, in Section 1.4.8, why our definition of the Fukaya category is

quasi-equivalent to that given in [11].

This section deals only with the Fukaya category of embedded Lagrangians. In partic-
ular, the Lagrangian immersion L™ : S™ — P™ does not fit into this framework. However,
the concepts introduced in this section are the basis for the Morse-Bott computation of

A= CF*(L", L") that will be explained in Section 1.5.1.

1.4.1 The domain: pearly trees

In this section, we recall the Deligne-Mumford-Stasheff compactification of the moduli
space of disks with boundary punctures, and define the analogous moduli space of pearly

trees and its compactification.
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Suppose that k > 2, and L := (Lq, ..., L) is a tuple of Lagrangians in X. We denote
by R(L) the moduli space of disks with k+1 boundary marked points, modulo biholomor-
phism, with the components of the boundary between marked points labeled Ly, ..., Ly
in order. The marked point between Ly and Lg is ‘positive’, and all other marked points
are ‘negative’. We call L a set of Lagrangian labels for our boundary-marked disk (for
the purposes of this section, it is not important that the labels correspond to Lagrangians
in X — we need only assign certain labels to the boundary components and keep track

of which of the labels are identical).

Definition 1.4.1.1. We denote by S(L) — R(L) the universal family of boundary-
punctured disks with Lagrangian labels L, so that the fibre S, over a point r € R(L) is

the corresponding disk, with its boundary marked points removed.

We define
7* =R* x[0,1]

with the standard complex structure (where R* R~ are the positive and negative half-
lines respectively). We will use s to denote the R* coordinate and t to denote the
[0,1] coordinate. We make a universal choice of strip-like ends for the family

S(L) — R(L), which consists of fibrewise holomorphic embeddings
€ R(L)x Z2* = S(L)

to a neighbourhood of the jth puncture, for each j = 0,1,...,k, where the sign * is

opposite to the sign of the puncture.

Definition 1.4.1.2. A directed k-leafed planar tree T is a directed tree with k semi-
infinite ‘incoming’ edges and one semi-infinite ‘outgoing’ edge, together with a proper
embedding into R2. Isotopic embeddings are regarded as equivalent. We denote by V(T')
the set of vertices of T', by E(T') the set of edges, and by F;(T") C E(T') the set of internal

(compact) edges. We say that T" has Lagrangian labels L if the connected components
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(a) A k-leafed stable tree Tg is said to have
Lagrangian labels L if the connected com-
ponents of R? \ 7 are labeled by the La-
grangians of L, in order. In this figure,
L = (Lg,Lo, Lo, L1,L2, Ly, L1, Lo, L3). A La-
grangian labeling L of Ts induces a labeling
L, of the regions surrounding each vertex v.
In this figure, the induced labeling of the re-
gions surrounding the topmost vertex is L, =
(Lo, Lo, L1, L1, Lo, L3).

¥ ¥ N

(b) A pearly tree S, with underlying tree Ts and
Lagrangian labels as in Figure 1-1(a). Observe
that all edges have the same label on either side,
while external strips have different labels on ei-
ther side.

Figure 1.4.1.1: Pearly trees with Lagrangian labels.

of R?\ T are labeled by the Lagrangians of L, in order. A Lagrangian labeling L of

T induces a labeling L, of the regions surrounding each vertex v € V(T') (see Figure

1-1(a)). We call a vertex stable if it has valence > 3, and semi-stable if it has valence

> 2. We call the tree T stable (respectively semi-stable) if all of its vertices are stable

(respectively semi-stable).

We define
RT(L) =

veV(T)

II R@.) | x (-1,0/%®.

In other words, Ry (L) consists of the data of the planar tree T, a boundary-marked disk

ry € R(L,) for each vertex v, and a gluing parameter p. € (-1, 0] for each internal

edge e.



Given an internal edge e of T with gluing parameter p. € (—1,0), we can glue the
disks 7, at either end of e together along their strip-like ends with gluing parameter p,
(corresponding to the ‘length’ of the gluing region being I, := —log(—pe)), to obtain
an element of Ry/e(L) (where T'/e denotes the tree obtained from T" by contracting the
edge €). This defines a gluing map

ore:{r € 7_€T(L) ipe € (1,0} — 7_€T/6(L).

Definition 1.4.1.3. We denote by R(L) the Deligne-Mumford-Stasheff compactification
of R(L) by stable disks:

R(L) (H ML)) /o

where

T~ ore(r)

whenever defined. Given a boundary-punctured disk S with modulus r € R(L), we call
the union of all strip-like ends and gluing regions (under all possible gluing maps) the

thin part of S, and its complement the thick part.

Remark 1.4.1.4. R is the compactification of R by allowing the gluing parameters p,
to take the value 0. This corresponds to allowing the lengths of the gluing regions [,
to be infinite. R(L) has the structure of a smooth (k — 2)-dimensional manifold with
corners (where k := |L| — 1). The codimension-d boundary strata are indexed by trees
T with d internal edges. Namely, T corresponds to the subset of Ry where all d gluing

parameters p. are equal to 0.

Definition 1.4.1.5. We denote by S(L) — R (L) the partial compactification of the uni-
versal family S(L) — R(L) of boundary-punctured disks by stable boundary-punctured
disks.
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In [11], the coefficients of the A, structure maps
pk CF*(Lig-1, L) ® ... @ CF*(Lg, L) = CF*(Lo, L)

are defined by counts of (appropriately perturbed) holomorphic curves u : §,(L) — X
for some r € R(L). The structure of the codimension-1 boundary of R(L) leads to the

A associativity equations.

When no two of the Lagrangians in L coincide, we define the A,, structure maps in
exactly the same way. However, when some of the Lagrangians in L coincide, we alter

this definition.

Definition 1.4.1.6. A pearly tree S with Lagrangian labels L is specified by the

following data:

e A stable directed k-leafed planar tree Ts (the underlying tree of S) with La-
grangian labels L, such that the labels on either side of an internal edge are iden-

tical;
e For each vertex v, a point r, € R(Ly);

e For each internal edge e, a length parameter [, € [0, 00).

We denote by V(S) the set of vertices of the tree Ts, and by E(S) the set of edges of
Ts with both sides labeled L (internal or external). For each vertex v € V(S), we define
S, to be the boundary-marked disk with modulus 7, with all marked points between
distinct Lagrangians punctured (but all marked points between identical Lagrangians

remain). These are the ‘pearls’. We define

SP .= ]_[ S, .

veV(S)
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For each internal edge e, we define S, := [0,l.]. For each external edge e with opposite
sides labeled by the same Lagrangian, we define S, := R*, depending on the orientation

of the edge. For each Lagrangian L € L, we define

sy= [] S

e€EL(S)

and S¢ to be the disjoint union of S¢(L) over all L. For each L € L, we define F(S)
to be the set of flags of Ts with both sides labeled by the same Lagrangian L. We
define F'(S) to be the union of all F1(S). For each f € Fi(S), there is a corresponding
marked point on a boundary component of S? with Lagrangian label L, which we denote
by m(f) € SP. Also corresponding to f, there is a point b(f) € S¢(L), which is the
boundary point of the edge corresponding to the flag f. We finally define

S = (SPUS®)/ ~
where

m(f) ~ b(f) for all f € F(S)

(see Figure 1-1(b)).

We now define a topology on the moduli space of pearly trees.

Suppose we are given a stable directed k-leafed planar tree 7" with Lagrangian labels
L. If the labels on opposite sides of an edge are distinct, we call the edge a strip edge,
and if they are identical, we call it a Morse edge. We denote by E; ,(T) C E(T) the
internal strip edges, and E; p(T) C E(T') the internal Morse edges. We define

REL) = J] R(EL) ] x (=1,00%T) x (—1,1)Fem (D
veV(T)
(‘pt’ stands for ‘pearly tree’).
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As before, for any internal edge e € E;(T), we have a ‘gluing map’
ore: {r € RE(L) : pe € (—1,0)} = RY (L)

The only difference from the previous construction is that the gluing parameter p. now

takes values in (—1,1), rather than (—1,0), for e an internal Morse edge.

Definition 1.4.1.7. We define RP'(L), the moduli space of pearly trees with La-

grangian labels L:

RA(L) = (HR’?(L)) [~

T

where

T~ p7(T)

whenever defined. A point r € RP*(L) corresponds to a pearly tree S, as follows: we
glue along any edge with gluing parameter < 0, so that we get a tree Tg whose only
internal edges are Morse edges with gluing parameter p, € [0,1). We regard these as

edges having length parameter

le := —log(1 — pe)

(see Figure 1.4.1.2). This defines a topology on the moduli space R (L). Again, we
define the thin part of SP to be the union of all strip-like ends and gluing regions
(including a strip neighbourhood of each boundary marked point), and the thick part

of SP to be its complement.

Remark 1.4.1.8. We could have defined R?*(L) without any reference to strip edges
at all, since we can glue along all strip edges. However this would not allow us to define
the thick and thin regions, and we will need to consider strip edges soon anyway when

we define the compactification of R¥*(L).
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Figure 1.4.1.2: In this figure, we show what happens as the gluing parameter p, for a
Morse edge in a pearly tree passes from negative to positive. On the left, p. < 0, and
we have a ‘thin’ region in our disk, corresponding to the edge e. As p. — 07, the thin
region’s length becomes infinite, until at p. = 0 we have a stable disk (middle picture).
On the right, p. > 0, and we have two distinct disks connected by an edge of length
le = —log(l — pe). As p. — 07, the edge’s length goes to 0, until at p, = 0 we have the
same stable disk.

Definition 1.4.1.9. We denote by

SP(L) — RPYL),
S¢(L) — RP(L) (for L € L), and
SPM(L) — RF(L)

the universal families with fibre S?, S¢(L) and S, respectively, over a point r € RP(L).

Definition 1.4.1.10. We define a universal choice of strip-like ends for the family
SPY(L) — RP(L) to consist of the embeddings

€;: RP(L) x Z* — S™(L)

for each external strip edge, coming from our universal choice of strip-like ends for

families of boundary-punctured disks, and
€ R™(L) x R* — SP(L)

which are parametrisations of the corresponding external Morse edges (where the sign

+ is determined by the orientation of the edge).

Definition 1.4.1.11. Given a tree Ts as above, and a subset B C E(Ts), we define
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RP(Ts, B) C RPY(L) to be the images of pearly trees S with underlying tree T, with
gluing parameter p, = 0 for e € B and p. > 0 for e ¢ B (of course this depends on the
Lagrangian labels, but we omit L from the notation for readability). Each pearly tree
r € RPY(L) lies in a unique subset R¥!(Ts, B).
Definition 1.4.1.12. Given (T, B) as in Definition 1.4.1.11, we define the universal
family

SP(Ts, B) — R"(Ts, B).

We now define the compactification of RP*(L). Let

ﬁgf(L) = H R(L,) | x (_1,O]Ei,s(T) x (—1, 1}E1,M(T)'
veV(T)

Note that R5 (L) contains R% (L) as a dense open subset.

Definition 1.4.1.13. We define the the compactification of RP*(L), the moduli space

of stable pearly trees,

where

T~ Qre(T)

whenever defined. We also define the universal family SP*(L) — RP*(L) of stable pearly

trees.

Remark 1.4.1.14. In the spaces 7@’; , the gluing parameters of strip (respectively Morse)
edges can take the value 0 (respectively 1). This corresponds to the length of the gluing
region [, becoming infinite (respectively, the length of the edge /. becoming infinite).
Thus, we are essentially compactifying by allowing the pearls to be stable disks, and
the Morse edges to have infinite length. RP*(L) has the structure of a smooth (k — 2)-

manifold with corners. The codimension-d boundary strata are indexed by trees T' with
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Lagrangian labels L and d internal edges. Namely, the boundary stratum corresponding
to T is the image of the subset of 7@’7’3 (L) where all gluing parameters p. are 0 for strip

edges and 1 for Morse edges.

Remark 1.4.1.15. RP*(L) is obtained from the usual Deligne-Mumford-Stasheff com-
pactification R(L) by adding a ‘collar’ along each boundary stratum corresponding to a

tree with a Morse edge in it.

Naively, the structure coefficients of the usual Fukaya category count rigid holomor-
phic disks u : S, — X for some r € R(L). In reality, we must perturb the J-holomorphic
curve equation to achieve transversality, in particular when two of the Lagrangian bound-
ary conditions coincide. In [11], the equation is perturbed by allowing modulus- and

domain-dependent almost-complex structures and Hamiltonian perturbations.

We would like to alter the definition of the Fukaya category so that the structure
coefficients are counts of rigid ‘holomorphic pearly trees’ u : S, — X for some r € RP*(L).
Naively, a holomorphic pearly tree is a map which is holomorphic on the pearls and given
by the Morse flow of some Morse function on the corresponding Lagrangian on each edge.
Again, in reality, we have to perturb the holomorphic curve and Morse flow equations
by modulus- and domain-dependent perturbations in order to achieve transversality. We

describe how to do this in Sections 1.4.2-1.4.4.

1.4.2 Floer data and morphism spaces

Recall, from Section 1.3.1, that we define the Fukaya category of a symplectic manifold

(X,w) with the following properties and structures:

e w = df is exact;
e X is equipped with an almost-complex structure Jy, compatible with w;
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e X is convex at infinity, in the sense that there is a bounded below, proper function
h: X — R such that
0 =—dho J();

e X is equipped with a complex volume form 7 (note: we will not take a quadratic
complex volume form as in [11], because we will assume our Lagrangians to be

oriented).

An object of the Fukaya category of X is a compact, exact, embedded Lagrangian
brane L# (we will neglect the superscript #, denoting the brane structure, for notational

convenience).

Definition 1.4.2.1. We define

H = C®(X,R),

the space of smooth, compactly supported functions on X (think of this as the space of
Hamiltonians), and 7, the space of smooth almost-complex structures on X compatible
with w, and equal to the standard complex structure J, outside of some compact set.

For future use, for each Lagrangian L, we define

VL == C=(L,TL),

the space of smooth vector fields on L.

Definition 1.4.2.2. For each distinct pair of objects (Lg,L1), we choose a Floer

datum (Hy;, Jo1) consisting of

Hy € C°°({O, 1],7‘{) and Jy; € C°°([0, 1],J)

satisfying the following property: if ¢* denotes the flow of the Hamiltonian vector field

of the (time-dependent) Hamiltonian Hp;, then the time-1 flow ¢'(Lg) is transverse to
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L. One then defines a generator of CF*(Lg, L,) to be a path y : [0, 1] = X which is a
flowline of the Hamiltonian vector field of Hy;, such that y(0) € Lo and y(1) € Ly (these
correspond to the transverse intersections of ¢'(Lo) with L;). One defines CF*(Lo, L1)
to be the C-vector space generated by its generators. It is Z-graded, as explained in [11,

Chapter 11, 12].

In [11], the case Ly = L, is treated identically, but we will do something different.

Definition 1.4.2.3. A Floer datum for a pair of identical Lagrangians (L, L) is a
Morse-Smale pair (hr,gr) consisting of a Morse function hy, : L — R and a Riemannian
metric g; on L. One then defines CF*(L,L) := Cj;(L), the C-vector space generated
by critical points of hy. It is Z-graded by the Morse index.

Remark 1.4.2.4. Intuitively, one should think of this as a limiting case of Definition
1.4.2.2. Namely, we could choose the almost-complex structure part of the perturbation
datum to be a time-independent J € J which, when combined with w, induces a Rie-
mannian metric whose restriction to L is gr. We could then choose the Hamiltonian
part of the perturbation datum to be a time-independent function eH, where H|y = hy,

and consider the limit ¢ — 0.

Definition 1.4.2.5. Given a set of Lagrangian labels L = (Lo, ..., L), an associated

set of generators is a tuple

Y= (y0>"‘)yk)»

where y; is a generator of CF*(L;_y, L;) for each 1 < j < &, and yo is a generator of

CF*(Lg, Li). We denote the grading of a generator y by i(y), and define
k
i(y) = iyo) = D ilyy)-

=1
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1.4.3 Perturbation data for fixed moduli

For the purposes of this section, let S be a pearly tree with Lagrangian labels L and
fixed modulus 7 € R¥*(L).

Definition 1.4.3.1. A perturbation datum for S consists of the data (K, J, V'), where:

o K cQYSP, H);
o J€C™®(SP,T);

e V is a tuple of maps V;, € C*(S¢(L),V,) for each L € L,

such that

K(€)|z, =0 for all £ € TC C T(8SP)

for each boundary component C of a pearl in S with Lagrangian label L.

We also impose a requirement that the perturbation datum be compatible with the

Floer data on the strip-like ends, in the following senses:
;K = H;j1;(t)dt, J(€(s,t)) = Jj-1,(t)
on each external strip edge;
VLJ- (6]-(8)) B Vh[,j

on each external Morse edge.

Definition 1.4.3.2. Given a pearly tree S with Lagrangian labels L and a perturbation
datum (K, J,V), a holomorphic pearly tree (or more properly, an inhomogeneous

pseudo-holomorphic pearly tree) in X with domain S is a collection u of smooth maps

up:SP = X and

ur : S¢(L) — Lforal Lin L,
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satisfying

up(C)
up(m(f)) = ur(b(f)) for all f € F(S), for all L;
(Du, —Y)®' = 0on S?;

m

L¢ for each boundary component C of SP with label L¢;

Dup -V = 0on S¢L), for all L,

where, for £ € T'S, Y/(§) is the Hamiltonian vector field of the function K (&). Note that

the second condition says exactly that u defines a continuous map S — X.

Definition 1.4.3.3. Given y = (y_,y;), where y;. are generators of CF*(Lo, L,), we
define the moduli space M z(y) of solutions of the holomorphic pearly tree equation with
domain Z =R x [0,1] (if Ly # L;) or R (if Ly = L1), translation-invariant perturbation
datum given by the corresponding Floer datum, and asymptotic conditions

lim wu(s,t) = yx(t)

s—+oo

if Ly # L,, and the same without the ¢ variable if Ly = L;. We define M3(y) :=
Mz(y)/R, where R acts by translation in the s variable.

It is standard (see [36, 37]) that the moduli spaces M%(y) are smooth manifolds for

generic choice of Floer data, and their dimension is i(y) — 1.

Definition 1.4.3.4. Suppose that k£ > 2. Given a pearly tree S with Lagrangian labels
L = (Lo, ..., L), associated generators y = (yo, . .., ¥x), and a perturbation datum, we
consider the moduli space Mg(y) of holomorphic pearly trees with domain .S, such that

lim u(e;i(s,t)) = y;(t)

s—r+o0

and

lim u(eo(s,t)) = yo(?)

§—>—0Q
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on external strip edges, and the same (without the ¢ variable) on external Morse edges.

We wish to show that the moduli spaces Mg(y) form smooth, finite-dimensional

manifolds for a generic choice of perturbation datum.

Definition 1.4.3.5. Fix 2 < p < oo and define the Banach manifold Bs(y) to consist

of collections of maps

u = (up,ug) € Wil (SP, X) x [[ Wil (S°(L), L)
LeL
such that
’U,p(C) € Lo

for each boundary component C of SP with label L¢, and u converges in W'P-sense
to y; on the jth strip-like end. These boundary and asymptotic conditions make sense
because WP injects into the space of continuous functions. Henceforth we omit the y

from the notation for readability. Note that the tangent space to Bg is

TuBs = W'(S”, usT X, usTLc) & @ W'(S°(L),u; TL),
LeL
where for the first component we have used the notation W1?(S?, E, F) for the Space of
WP sections of a vector bundle F over S, whose restriction to the boundary lies in the

distribution F' C Elags».

Definition 1.4.3.6. The maps u € Bg are not necessarily continuous at the points

where edges join onto pearls. We define

LFS) = T 1749,
LeL
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Then there are evaluation maps

evy,: Bs — L7

evn(u) = (up(m(f)))sers)
and

ev,: By — L)

evy(u) = (ur(b(f)))ser.(s)-
We define

ev:Bs — LF® x LF®

ev = (evny,evy).

We also define
AS ¢ LFG) x LF)

to be the diagonal. An element u € Bg is continuous at the points where edges join onto

pearls if and only if u € ev™}(AS). We define the linearization of ev,
D(ev) : TyBs — Teuquy (L7 x LFE)).

Given a point u € ev™!(A¥), we define the projection of the linearization to the normal

bundle of the diagonal,

Dg}’}u :TuBs — Tevm(u)LF(S),

Dg, = D(evyn)— D(ewy).

Definition 1.4.3.7. Define the Banach vector bundle £s(y) — Bs(y) whose fibre over
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u (again omitting the y from the notation) is the space

(Es)u := LP(SP, Q%" @ u;TX) & @) LP(SY(L), uj TL).

LeL

There is a smooth section

ds : BS — 55
ds(u) = ((Dup,— Y)O’l, (Dur - V)).

We denote the linearization of dg at u by
Dy : TuBs = (Es)u
(the ‘R’ stands for ‘holomorphic’).

Note that Mg(y) = (ev,ds) (A%, 0) (where O denotes the zero section of the
Banach vector bundle £s(y)).

Definition 1.4.3.8. Given u € Mg(y), we denote by
Dsu :TuBs = TevwL7® & (Es)u
the projection of the Hnearization
D, (ev,ds)
to the normal bundle of (A%, 0). It is given by
Dgy = DZ, @ D§,,.

We say that u € Mg(y) is regular if Dg,, is surjective, and that Mg(y) is regular if

every u € Mg(y) is regular.
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It is standard that the operator D%, is Fredholm (compare [11, Section 8i] for the
pearls, and [38, Section 2.2] for the edges). Therefore, Dy(ev,ds) is Fredholm also,
because the codomain of ev is finite-dimensional. So the map (ev,ds) is Fredholm.
Thus, if Mg(y) is regular, then it is a smooth manifold with dimension given by the

Fredholm index of Dg,, at each point.

It will follow from our arguments in Section 1.4.6 that, for a generic choice of per-

turbation datum, Mg(y) is regular.

1.4.4 Perturbation data for families

To define the Fukaya category, we must count moduli spaces of holomorphic pearly trees
with varying domain, rather than a fixed domain as in Section 1.4.3. The first step is to
define perturbation data for the whole family S?*(L) — R**(L). The following definition
is the appropriate notion of a smoothly varying family of perturbation data for each fibre

Sr.

Definition 1.4.4.1. A perturbation datum for the family S?*(L) — R**(L) consists
of the data (K, J, V), where:

® K E Qép/npt(SP,H);
o Je (™S8 T);

e V is a tuple of maps Vi, € C°(S§, V) for each L € L,

such that the restriction of (K, J,V) to each fibre S, is a perturbation datum. We
furthermore require some additional, somewhat artificial, conditions to deal with the
structure of the moduli space near a point with an edge of length 0 (the situation

illustrated in Figure 1.4.1.2). Namely, for any edge e, we require:
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e Vls, = 0 whenever [, € [0,1];

e the perturbation data do not change as . varies between 0 and 1 (keeping all other

parameters fixed);
e Vl|s, = Vhy whenever [, > 2;

e K =0, and J is constant, on a neighbourhood of each Morse edge of length 0. To
see what this means, look at Figure 1.4.1.2: we require that K = 0 and J has one
fixed value on the long strip on the left, and in a neighbourhood of the boundary

marked points at opposite ends of the edge on the right.

We impose the condition V|s, = 0 on edges of length I, < 1 because it makes the

following Lemma true (a similar trick is used in [35]):

Lemma 1.4.4.2. Suppose that we have chosen a perturbation datum in accordance with
Definition 1.4.4.1, and that S = S, is a pearly tree with an edge e of length le < 1. Let
S = Sf,t denote the pearly tree that is identical to S, except we shrink the edge e to have

length l, = 0. Then there is a canonical isomorphism

Ms(y) = Msi(y)

(where both are defined using the restriction of the perturbation datum on S¥ to the fibres

S,8).

Proof. The result is clear from the holomorphic pearly tree equation (see Definition
1.4.3.2): because Vs, = 0 for [ € [0,1], the corresponding map ul|s, : [0,l] = L is
necessarily constant. Thus the part of the holomorphic pearly tree equation on the edge
e reduces to a point constraint, regardless of /.. Because the perturbation datum does
not change as we vary l. € [0,1], the equation on the rest of S does not change, so

Ms(y) and Mg (y) can be canonically identified. O
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Definition 1.4.4.3. Given a set of Lagrangian labels L = (Lg,..., L), associated

generators y, and a perturbation datum, we consider the moduli space

M (y) = {(r,u) : 7 € R*(L) and u € Mg, (y)}.

We now aim to show that Mge(y) is a manifold (whether it is possible to construct
a smooth manifold structure is unclear, but this is irrelevant for the purposes of defining
the Fukaya category). The complicated part of this is to understand what happens in
a neighbourhood of the Morse edges of zero length, because the nature of the domain
changes at those points. We start by explaining what happens away from the Morse

edges of zero length (i.e., when the modulus r € R?(Ts, B) where B = ¢).

Definition 1.4.4.4. Let U C R?(L) be a small connected open subset which makes
the strip-like ends constant and avoids a neighbourhood of the pearly trees with some
Morse edge of length 0. We define the trivial Banach fibre bundle Bgss|, (y) — U whose
fibre over 7 € U is the Banach manifold Bg,(y) defined in Definition 1.4.3.5. There is a
Banach vector bundle Egpt|, (y) — Bsst|, (y) whose restriction (omitting the y from the
notation) to Bg, is the Banach vector bundle &g, defined in Definition 1.4.3.7. It has a

smooth section dgp, given, over Bg,, by the section ds, of Definition 1.4.3.7. We have
MSpt|U(y) = (ev‘U’ dSp‘|U)_1(ASv O)

(note that the codomain of ev depends on the underlying tree T of S,; our requirement
that U be connected and avoid Morse edges of length 0 ensures that T is constant on
U). Given (r,u) € Mgn(y) with r € U, we denote the linearization of dss |, at (r,u)
by

Disvity i * Torawy (Bsrty) = (Es,)us

where we note that

T(T,") (Bquu) = Tert D TuBST-
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Remark 1.4.4.5. The component
TuBs, = (€s,)u

is just the linearized operator Dgr,u from Definition 1.4.3.7. The component
T,RP = (€3, )u

corresponds to derivatives of the holomorphic curve equation (Definition 1.4.3.2) with

respect to changes of the modulus r.
Definition 1.4.4.6. We denote by
Dsotiyra : Ty (Bsotly) = Tevnw LT @ (Es,)u
the projection of the linearization
D,...(ev|y, dsr|v)
to the normal bundle of (A®,0). It is given by
Doty = DS, s ® Dy

If S, has no edges of length 0, we say that (r, u) is a regular point of Mspt(y) if Dswt)yy ru
is surjective (for some open neighbourhood U of r as above). We say that the moduli

space M|, (y) is regular if every u € Mg, (y) is regular.
Proposition 1.4.4.7. The operator Dgpt, 0 i Fredholm of indez
ind(DSqu,,«yu) =k—-2+4 7(y)

when U avoids a neighbourhood of all pearly trees with edges of length 0.
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Proof. See [11, Section 12d] for the pearl component — the inclusion of the Morse flowlines

is a trivial addition. O

It follows that, if Msp, (y) is regular, then it is a smooth manifold with dimension
equal to the Fredholm index of Degpt),, given above. The transition maps between the
spaces Bg»t|,, are not necessarily smooth, so in general it is not possible to define a Banach
manifold ‘Bgp|,” over an arbitrarily large open set U avoiding a neighbourhood of the
Morse edges of length 0. However, elliptic regularity ensures that the transition maps
between spaces Mg, (y) are smooth in the regular case, hence they can be patched
together to obtain a smooth manifold Mgrt|,(y) over an arbitrarily large open set U

avoiding a neighbourhood of the Morse edges of length 0 (compare [11, Remark 9.4]).

Now we must deal with the Morse edges of length 0, i.e., the case that the modulus

r € RP(Ts, B), where B # ¢ (in the notation of Definition 1.4.1.11).
Definition 1.4.4.8. We define the moduli space

Mo zs,)(Y) := {(r, ) € Mon(y) : 7 € R"(Ts, B)}.

In order to construct a manifold structure on the moduli space Mgp(y), we are
going to arrange that all of the moduli spaces Mspi (1 By(y) are regular, then use them

to construct charts for the manifold structure on Mgw:(y).

Definition 1.4.4.9. Let U C R**(Ts, B) be a small connected open subset which makes
the strip-like ends constant and avoids a neighbourhood of the pearly trees with some
Morse edge not in B having length 0. We define Bsr(1g,8))y, Esrt(T5,B)|v > 87t (T5,B)ly DY
restricting Bsee|,, Esrtyy, dsrt), to R¥(Ts, B). We have

M (rs,B)y (Y) = (€v]u, dSm(TS,B)|U)_1(AS, 0).
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The projection of the linearization

Dr,u(ev|Ua dS"t(TS’BNU)

to the normal bundle of (AS,0) is the restriction of Dgt|, v to the codimension-|B]
subspace

T.RP(Ts, B) ® TyBs, C T,R" @ T,Bs,.

We denote it by Dsrt(rs,B)|y,ru- By Proposition 1.4.4.7, it is Fredholm of index
ind(Dgr(15,B)y.ru) = k — 2+14(y) — |B.

Definition 1.4.4.10. We say that (r, u) is a regular point of Mg (y) if 7 € RP(Ts, B)
and the operator Dspt(1s,B)|y ru 1S surjective (for some open neighbourhood U C R?*(Ts, B)
of  as above). We say that the moduli space My (y) is regular if every (r,u) € Mesw(y)

is regular.

It follows that, if Mgp: (1) is regular, then each moduli space Ms»t (15, By, 1S @ Smooth

manifold with dimension equal to the Fredholm index of Dsr(1g,5) given above.

Assuming regularity, we now construct charts for a manifold structure on Mg»t(y).

Definition 1.4.4.11. Let U C R (Ts, B) be a small connected open subset which
makes the strip-like ends constant and avoids a neighbourhood of the pearly trees with
some Morse edge not in B having length 0. Given € > 0, denote by U, C RPt the image
of the map

U x (—¢,€)2 — RV

obtained by interpreting the parameter in (—¢, €) corresponding to the edge e € B as a

gluing parameter p, for e. Note that U, is open in RP,

Proposition 1.4.4.12. Suppose that Msw is reqular. Then for some € > 0 sufficiently
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small, there is a homeomorphism
Msrzs, By % (—€,€)7 = My,

which makes the following diagram commute:

Msi(rg By X (—€,6)7 —— Megpy,

l |

U x (—¢€,€)B — U

Proof. If two pearls are joined by a Morse edge e of length zero, then they form a nodal
disk. In a neighbourhood of the node, the Hamiltonian perturbation is identically 0 and
the almost-complex structure is constant, by the conditions we placed on our pertur-
bation datum. A standard gluing argument shows that there is a family of pearls with
gluing parameter p, € (—e¢, 0], converging to this nodal disk. A standard compactness
argument shows that any sequence of pearls with gluing parameter p. — 0~ converges
to such a nodal disk. More generally, allowing for multiple Morse edges of length 0, one
can show that there is a homeomorphism

Mew(rg, B0 % (—€,01% = Mesw

im(U x (—¢,01B)
for some € > 0 sufficiently small.
It then follows from Lemma 1.4.4.2 that this map extends to a homeomorphism
MSW(TS,B)!U Det (-—6, G)B -~ MSptIUE

with the desired properties. a

We have an open cover of R” by the sets of the form Uy, for some U C R (T, B)
and some T, B. Therefore, we have an open cover of Mgy (y) by sets Msst |, (y) which
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are homeomorphic to smooth manifolds of dimension k—2+i(y). So they are the charts

of a topological manifold structure on Mgp:. We have proven:

Proposition 1.4.4.13. If Mgn(y) is regular, then it has the structure of a topological
manifold of dimension

dim(Msnt(y)) =k — 2+ i(y).

Remark 1.4.4.14. One can show that the embeddings of Proposition 1.4.4.12 respect

orientations, and hence that the manifold Mg (y) is oriented.

1.4.5 Consistency and compactness

Definition 1.4.5.1. A universal choice of perturbation data is a choice of perturbation

datum for each family SP*(L) (for all choices of Lagrangian labels L).

Definition 1.4.5.2. (Compare [11, Section 9i]) Given a tree T' with Lagrangian labels
L, the gluing construction defines a map to a collar neighbourhood of the boundary

stratum corresponding to 1
{r € RE : p. € (—¢,0] for e a strip edge, and p. € (1 —¢,1] for e a Morse edge} — R™.

Because the perturbation data are standard along the strip-like ends (given by the Floer
data), we can glue the perturbation data on the families S*(L,), for each vertex v of
T, together to obtain a perturbation datum (Kr, Jr, Vr) on this collar neighbourhood.
Furthermore, this perturbation datum extends smoothly to the boundary stratum corre-
sponding to T. We say that a universal choice of perturbation data is consistent if the
perturbation datum (K, J,V) on S¥(L) also extends smoothly to the compactification
SP(L), and agrees with the perturbation datum (K7, Jr, Vr) on the boundary stratum
corresponding to 7', for all such L and T

Proposition 1.4.5.3. Consistent universal choices of perturbation data ezist.
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Proof. The proof is essentially the same as [11, Lemma 9.5]. O

Definition 1.4.5.4. Suppose we have made a consistent universal choice of perturbation
data, and all moduli spaces are regular. Let L be a set of Lagrangian labels and y
an associated set of generators. A stable holomorphic pearly tree consists of the

following data:

A semi-stable directed planar tree T' with Lagrangian labels L;

For each edge e of T, a generator y, € CF*(Ly(e), L)), where L), Ly are the
Lagrangian labels to the right and left of e respectively, such that the generators

are given by y for the external edges;

For each stable vertex v (i.e., v has valence > 3), an element

(T‘m ’U,v) € MSP‘(LU)(yv)y

where y, denotes the set of chosen generators for the edges adjacent to v;

for each vertex v of valence 2, an element

Uy € M7(Y,).

We define Mgpt (y) to be the set of all equivalence classes of stable holomorphic pearly

trees modeled on the tree T'.

Definition 1.4.5.5. We define the moduli space
Msn(y) = [[ME(v)
T

of stable holomorphic pearly trees, as a set.

Proposition 1.4.5.6. Mg (y) has the structure of a compact topological manifold with

corners. Its codimension-d strata are the sets M%,, where T has d internal edges. In
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particular, the open stratum (corresponding to the one-vertex tree) is the moduli space

M (y).

Proof. Observe that each stratum

Mgpt (y)

has the structure of a smooth manifold, since it is a product of smooth manifolds. By

standard gluing arguments, there are maps
MG (y) x (=6, 07T = Man(y).

We define the topology on Mgy (y) so that all of these maps are continuous. This defines

a manifold-with-corners structure on the moduli space of stable holomorphic pearly trees.

We prove compactness by considering each underlying tree type T for a pearly tree
separately. Given T, consider the moduli space of stable holomorphic pearly trees such
that, if we contract all edges of length 0, we get a tree of type T's. The space of possible
stable pearls corresponding to vertices of Ts is compact, by standard Gromov compact-
ness as in [39]. Similarly, the space of possible broken Morse flowlines corresponding
to edges of Ty is compact, by standard compactness results in Morse theory as in (38,
Section 2.4]. Thus, the full moduli space is a closed subset (defined by the incidence
conditions of marked boundary points on pearls and ends of edges) of the compact set
of all possible pearl and edge maps. By considering all possible tree types Ts, we obtain
a covering of Mgp(y) by a finite number of compact sets, hence the moduli space is

compact. O
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1.4.6 Transversality

Proposition 1.4.6.1. The moduli spaces Mgp:(y) are regular for generic consistent

universal choices of perturbation data.

Proof. Make a consistent universal choice of perturbation data. For each set of La-
grangian labels L, we show that it is possible to modify the perturbation data (K, J, V)
slightly to make our moduli spaces regular. In fact it is sufficient only to perturb (K, J),
assuming we have already chosen the Floer data (hr, gr) to be Morse-Smale for each L.

Our situation is very similar to that considered in [11, Section 9k].

A deformation of (K, J) is given by a choice of:

[ ] 6K < Q}SP/RPt(SPV H);

o 5J € C=(SP, TyT),

such that (6K,0J) vanish on the strip-like ends and dK(¢)|., = O for each £ € TC,

where C' is a boundary component of a pearl and L¢ its Lagrangian label.

We choose an open set 2 C &P such that, for each r € RFY, Q N SP lies within
the ‘thick’ region of Definition 1.4.1.7, and intersects each connected component of the
thick region in a non-empty, connected set that intersects each boundary component
(see Figure 1.4.6.1). To retain consistency of our perturbation datum, we require that

(6K, 6J) are zero outside €2, and extend smoothly to a pair (6K ,0J) defined on S? which

vanish to infinite order along the boundary.

Let 7 denote the space of all such (0K,dJ). Given t € T, we can exponentiate it to

an actual perturbation datum, and we define

Mfsm (y)
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to be the moduli space of holomorphic pearly trees with respect to this perturbation

datum. We define the universal moduli space

S(y) = {(t,ru) 1t T, (r,u) € Man(y)}-

We have the associated universal linearized operators
Dggz?;r,u T & Tert @ TuBSr - Tevm(u)LF(S) D (gSr )ua
given by
Dggtiz,u = Dgi{,r,u & DS’”mu?

where Dgpt ., is as defined in Definition 1.4.4.4 and
D&l T = (€s.)u

takes the derivative of the holomorphic pearly tree equation with respect to changes
in the perturbation datum. We should really work in a local trivialization of SPt over
a small set U, as we did in Section 1.4.4, but we gloss over this point to make things

readable.

We claim that the universal operator D% s surjective. Let S denote the pearl
SPtru p y

tree with modulus 7. The codomain of Dgﬁf”r , 18 a direct sum

Ty LTS @ LP(SP, Q%' @ w;TX) @ @) LP(S°(L), uj TL).
LeL

The operator Dgpt r,, always maps
WP (S¢(L),u;TL) — LP(S°(L),u;TL)

surjectively, for each L € L (the moduli spaces of Morse flowlines are always regular —
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we are not imposing any boundary conditions here).

The space of deformations 7" maps surjectively to
LP(SP, QY @ upTX)

(see [11, Section 9k}). To complete the proof of surjectivity, we show that the tangent

space to the zero set of the universal section
d§so : T x Wl (8P, X) — LP(SP, Q%' @ usTX)

maps surjectively to

Tevm(u)LF(S)v

using a modification of an argument given in [40, Section 3.4]. The essential observation
is that the group of Hamiltonian diffeomorphisms fixing the Lagrangians in L acts on

the space of perturbation data and associated holomorphic pearly trees with labels L.

Let h : S? — H be a smooth function which is locally (in the 2z coordinates on SP)
equal to a constant H € H outside of 2NS?P, and such that h|c vanishes on the Lagrangian
L¢, for any boundary component C of SP with label Le. Denote by ¢, : X — X the

time-1 flow of the Hamiltonian h(z), for z € SP. Then we can define a map from

T x WEP(SP, X)

loc

to itself by

up(z) = @z(up(2)),
K(z) = ¢;K(z) —dh(2),
J(z) = J(2)o¢,
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Figure 1.4.6.1: The region 2N S? (shaded dark grey) inside S? (shaded light grey), for
some r € RP. Note that Q avoids all thin regions. The solid circles denote marked
points. For each marked point m(f), there is a curve inside 2 (drawn as a dotted line)
which separates m(f) from all other marked points and punctures.

where dh(z) denotes the differential of h(z) with respect to the coordinates z on SP. In
particular, dh(z) is supported in €, so the new perturbation datum still lies in 7. One
can show that this action preserves the section d¥"|g» and in particular preserves its

zero set.

By our definition of €, for each flag f € F(S) we can choose a curve in (2 that
cuts the pearl containing m(f) into two regions, one of which contains the marked point
m(f) and no other punctures or marked points. We can make these curves disjoint for
different f (see Figure 1.4.6.1). Then we can define iy : SP — H which is supported in
the region containing m(f), and constant equal to some Hamiltonian Hy in the portion
of that region that lies outside of 2. By making different choices of the functions Hy, we
can independently move the points ¢ (s (u,(m(f))) in any direction we please, so the
linearization of the evaluation map is surjective from the tangent space to the zero set
of d&"|sp onto Ty, L), This completes the proof of surjectivity of the universal

linearized operator.

Therefore, the universal moduli spaces g’;ﬁ“ are Banach manifolds. Similarly, one
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can show that the universal moduli spaces

M%E’TS,B)(ZI) ={(t,r,u) : t € T,(r,u) € Mpir, p(Y)}

are Banach manifolds for each (T, B) (see Definitions 1.4.1.11, 1.4.4.8). The regular
values of the projections of each of these universal moduli spaces to T are of the second
category, by the Sard-Smale theorem (see Remark 1.4.6.2). Taking the intersection of
regular values of the projection, over all (Ts, B), shows that for a generic choice of

deformed perturbation datum in 7, the moduli spaces

MSP‘(TS,B) (v)

are all simultaneously regular. This was our definition of regularity of the moduli space

Mt (y) (see Definition 1.4.4.10). O

Remark 1.4.6.2. We have glossed over one technical issue: the space of admissible
deformed perturbation data is not a Banach space as we have defined it, but rather a
Fréchet space, and hence the Sard-Smale theorem does not apply. To fix this, we should
work with the Banach spaces of C* perturbation data, then take the intersection over all

[ (see [40, Section 3.1] for details).

1.4.7 A, structure maps

In this section we give our definition of the Fukaya category. We do not discuss signs,

but they work in essentially the same way as in [11] (using Remark 1.4.4.14).

We make a choice of Floer data and a consistent universal choice of perturbation
data, and assume that all moduli spaces Mgt (y) (as well as those used in the definition

of the Floer differential) are regular.
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We define the differential
pl: CF*(Lo, L) = CF*(Lg, Ly)

to be the standard Floer differential if Ly, L; are distinct, and to be the Morse differential

(for Morse cohomology) for (hr,gr) if Lo = Ly = L.

Given Lagrangian labels L = (Lo, ..., L), we define the higher products
pF i CF*(Ly—1, L) ® ... ® CF*(Lo, L1) = CF*(Lo, Ly)[2 — k]
as follows: given an associated set of generators ¥ = (%o, ..., ¥k), such that

i(yo) = i(y1) + ... +ilye) +2 — K,
we define the coefficient of y, in
T (TN T

to be the count of points in the moduli space

Msni(y)

(which is 0-dimensional by Proposition 1.4.4.13), with appropriate signs. Note that the
condition on degrees of the y; mean that the maps p* respect the Z-grading in the

appropriate sense for an A, category.

Proposition 1.4.7.1. The operations u* satisfy the A associativity equations, with

signs and Z-gradings.

Proof. The proof follows familiar lines: given a set of generators y associated to La-
grangian labels L, we consider the 1-dimensional component of the moduli space Mg (y).

The signed count of its boundary components is 0. By the results outlined in Section
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1.4.5, the codimension-1 boundary strata of Mgy (y) consist of those stable holomorphic
pearly trees modeled on trees T" with one internal edge. The fact that their signed count

is 0 means that the coefficient of yy in

Z(_l)*ﬂ‘k—a+1(yk7 ~ ooy Yatbt1, ﬂ'a(ya-f-ba <o 7yb+1)1 Yby - 7:’/1)

a,b

is 0, where

*:i(y1)+...+i(yb) —b.
This means exactly that the A, associativity equations hold. O

Proposition 1.4.7.2. The Fukaya category is independent, up to quasi-isomorphism, of

the choices of strip-like ends, Floer data and perturbation data made in its definition.

Proof. Compare [11, Chapter 10]. a

Proposition 1.4.7.3. The A, algebra CF*(L, L) is quasi-isomorphic to the differential
graded cohomology algebra C*(L).

Proof. We can choose the Hamiltonian perturbations of the moduli spaces used to define
CF*(L, L) to be zero, so that all pearls are constant by exactness of L. It is not difficult
to show that transversality can be achieved with this class of perturbation data, by
perturbing V. The definition of CF*(L, L) then coincides with the definition of the A,
algebra CM*(L) given in [35, Section 2.2] (by counting Morse flow trees on L). The

result now follows from [35, Section 3. O

1.4.8 Compatibility with other definitions

In this section, we explain why our definition of the Fukaya category (which we denote,

for the purposes of this section, by Fuk!(X)) is quasi-equivalent to that in [11] (which we
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denote by Fuk?(X)). We define an auxiliary A,, category, Fuk'?(X), which contains
two objects, L' and L2, for each object L of the usual Fukaya category. We define
Floer data for each pair (L', L!) to consist of a Morse-Smale pair on L, but for all
other pairs of objects (L, L?), including the case Ly = Ly, we define the Floer data
as if the objects were distinct in Definition 1.4.2.2 (i.e., the Floer datum consists of a
Hamiltonian component whose time-1 flow makes Ly and L, transverse, and an almost-
complex structure component). We define the A, structure coefficients by counting
holomorphic pearly trees as before, but we only allow Morse flowlines if an edge has

labels L' on opposite sides for some L.

There are A,, embeddings
Fuk'(X) — Fuk®*(X) + Fuk*(X)

defined by L ~ L', L ~ L? respectively.

Proposition 1.4.8.1. The objects L', L? are quasi-isomorphic, for any L.

Proof. The Piunikhin-Salamon-Schwarz isomorphism [41] gives isomorphisms on the

level of cohomology,
HF* (LY LA~ HF*(L*, LY~ HF*(L* L?) = H*(L),
and says that the product
HF* (L' [*)® HF*(L? L') — HF*(L* L?)

agrees with the cup product on cohomology (note that the moduli spaces defining this

product involve no holomorphic pearly trees, only disks).
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In particular, if we choose morphisms
fi2 € CF*(LY, L?), fu € CF*(L? LY)

corresponding to the identity in cohomology, then the PSS isomorphism tells us that the
product

1 (fa, fr2) € CF*(L? L?)

corresponds to the identity in cohomology. Thus, because HF* (L', L') and H F*(L?, L?)
have the same rank (both are isomorphic to H*(L)), the morphisms fi» and fo; induce

isomorphisms on cohomology.
Thus, L' and L? are quasi-isomorphic, as required. O
Corollary 1.4.8.2. The embeddings

Fuk'(X) = Fuk'*(X) +> Fuk?(X)

are quasi-equivalences, and in particular, the A, categories Fuk*(X) and Fuk?®(X) are

quasi-equivalent.

Proof. See [11, Section 10a]. O

1.5 Computation of A

The aim of this section is to prove Theorem 3, which identifies the cohomology algebra,
of A as an exterior algebra, and Proposition 1.5.4.3, which gives a description of A up
to quasi-isomorphism.

The outline of the section is as follows: Section 1.5.1 gives a Morse-Bott description
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of CF*(L™, L"™). We define an A, category C with two objects: one is the Lagrangian
immersion L™ : S™ — P", and the other is the Lagrangian immersion L' : §* — CP"
which is the double cover of the real locus RP". The situation is analogous to that
in Section 1.4.8, in which we explained why our Morse-Bott description of the Fukaya
category using pearly trees was equivalent to the standard one using disks. Namely, we
will define the A, structure maps so that the A, endomorphism algebra of L™ counts
holomorphic disks as in Section 1.3.1, and in particular is the same as A, while the A
endomorphism algebra of L’ counts Morse-Bott objects which we call ‘admissible flipping

holomorphic pearly trees’.

Recall that one can think of a pearly tree as a degeneration of holomorphic disks, as
the Hamiltonian part of the Floer datum for the pair (L, L) converges to 0 (see Remark
1.4.2.4). Similarly, one should think of L’ as the limit of L? as € — 0, i.e., the double
cover of RP" C CP" by S™ (recall that L7 is constructed as the graph of an exact 2-
valued 1-form edf in the cotangent disk bundle D;RP™ embedded in CP"). One should
think of a flipping holomorphic pearly tree as a degeneration of a holomorphic pearly

tree with boundary on L7, in the limit € — 0.

Because we wish to consider only holomorphic pearly trees which lie inside P™ (i.e.,
do not intersect the boundary divisors), we must impose an additional condition (‘admis-
sibility’) on our flipping holomorphic pearly trees. Thus, although the admissible flipping
holomorphic pearly trees themselves may intersect the boundary divisors, they should
be thought of as degenerations of holomorphic pearly trees which avoid the boundary

divisors.

We show that, for sufficiently small € > 0, the objects L’ and L? of this A, category
are quasi-isomorphic, and hence that we can compute A := CEF*(L?, L?) up to quasi-

isomorphism by computing A" := CF*(L',L").

In Section 1.5.2 we describe some features of pearly trees, which help us to explicitly

96



identify the moduli spaces of flipping holomorphic pearly trees that give the structure
coefficients of A’. This is possible because the pearls involved are just holomorphic disks

in CP" with boundary on RP" (with some additional restrictions), hence well-understood.

In Section 1.5.3, we carry this out. In particular, we prove Theorem 3, which identifies
the cohomology algebra of A’ (and hence A) as an exterior algebra. We also identify

certain higher A, structure maps of A’.

Finally, in Section 1.5.4, we show that A’ is versal in the class of A, algebras with
cohomology algebra the exterior algebra, and the equivariance and grading properties
established in Section 1.3. This identifies A" (and hence .A) up to quasi-isomorphism, in

the sense that any A, algebra in the same class must be quasi-isomorphic to A.

1.5.1 Flipping pearly trees

For the purposes of this section, we think of CP" as the hyperplane

{Z zZj = 0} C (CIP”+1,

J

RP" as its real locus, L' : S — CP" the composition of the double cover of RP" with the
inclusion RP" < CP", and {z;} the real coordinates on S™. We define an A, category
C with two objects: one is the Lagrangian immersion L™ : S* — P", and the other is

the Lagrangian immersion L’ : S™ — CP" just defined.

Definition 1.5.1.1. We define Floer data and morphism spaces for the pairs of objects
(Lo, Ly) = (L™, L"), (L™, L) or (L', L™) as in Definition 1.3.1.5.

Definition 1.5.1.2. The Floer datum for the pair (L, L) consists of two Morse func-
tions on S™: one is h, a function whose only critical points are a maximum pp,49 and

minimum ps. The other is f, the function constructed in Definition 1.2.2.3, which has
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critical points pg for each proper, non-empty subset K C [n+ 2], as shown in Corollary
1.2.2.11. Both, when paired with the standard round metric g on S™, form a Morse-Smale

pair. One then defines

CFY (L', L'y :=CM*(h)eCM*(f) = P Clpx).

KC[n+2]

We equip it with the Q-grading

K|

i(pk) == ——

(compare Corollary 1.3.3.2).

Remark 1.5.1.3. Given a complex volume form 7 on P, we can define a Z-grading on

the morphism spaces CF*(Lg, L1) as usual.

Definition 1.5.1.4. We call generators of CEF*(L/, L') corresponding to critical points
of f flipping generators, and those corresponding to critical points of h non-flipping

generators.

Definition 1.5.1.5. Suppose we are given a set of Lagrangian labels L, consisting only
of the objects L’ and L™ of C. We define a pearly tree with labels L to be a pearly tree
as in Definition 1.4.1.6, except that we only allow edges labeled L' (not L™).

Definition 1.5.1.6. We define a perturbation datum (K, J, V) for the family of pearly
trees as in Sections 1.4.3, 1.4.4, with one difference. Namely, the part of the pertur-
bation datum V (associated to the edges, which all have label L) now consists of two

components: the ‘flipping component’
VI e C®(S®, Vsn)
and the ‘non-flipping component’

Ve (8% Vgn).
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We require that
vi=vi=0

on an internal edge e of length I, < 1, and
VI =Vfand V¥ = Vh

on an external edge or an edge e of length [, > 2.

Definition 1.5.1.7. (Compare Definition 1.4.3.2) Given a set of Lagrangian labels L
and associated generators y, we define a flipping holomorphic pearly tree with labels

y to consist of the following data:

e A designation of certain edges as flipping and the remaining edges as non-
flipping, such that external flipping edges are labeled by flipping generators and
external non-flipping edges are labeled by non-flipping generators. We call the
marked points attached to flipping edges flipping marked points and those at-
tached to non-flipping edges non-flipping marked points;

e A smooth map

Ue 1 5S¢ — 5"
satisfying

Du, — V! = 0 on flipping edges, and

Du, — V™ = 0 on non-flipping edges;

e A smooth map

up : S = CP"?

satisfying
(Du, —Y)% =0,
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such that

u,(C) € im(Lc¢) for each boundary component C' of S? with label Lc;

o A lift @i of the map uplc : C — im(L¢) to S™,

Sn

S

C —> lm(Lc),

uplc

for each boundary component C with label L,

satisfying the following conditions:

e iic is continuous except at flipping marked points, where it changes sheets of the

covering;

We have
a*(m(f)) = ue(b(f)) for all f € F*(S),

where we denote by @t, respectively @™, the right, respectively left, limit of @ (this
is necessary because 4 is discontinuous exactly at the flipping marked points), and
where F*+(S), respectively F~(S), denotes the subset of flags whose orientation

agrees, respectively disagrees, with the orientation of the tree;

The external edges are asymptotic to the generators y, in the same sense as in

Definition 1.3.1.8.

Recall that P" is obtained from CP" by removing the divisor D which is the union

of the divisors D; = {z; = 0} for j = 1,...,n 4+ 2. We wish to count only flipping

holomorphic pearly trees that do not ‘intersect’ the divisors D;. We now explain how to

do this in a well-defined way.
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Definition 1.5.1.8. Given a flipping holomorphic pearly tree u as defined above, one

obtains a well-defined homology class [u] € Hy(CP", L™) as follows:

Start with the continuous map u : S — CP" associated with the flipping holomor-

phic pearly tree.

Glue a thin strip along the boundary of the flipping pearly tree (see Figure 1-1(a));

If the boundary component or edge has label L™, then it already gets mapped to
L", so we map the strip into CP" by making it constant along its width.

If the boundary component or edge has label L', then by constfuction, there is a
continuous lift of the boundary of the strip to S™. Namely, it is given by the lift 4c
along a boundary component C of a pearl with label L’; by a flowline of Vf and
its antipode along the boundary of a strip coming from a flipping edge; and by a
flowline of Vh on both sides of the boundary of a strip coming from a non-flipping

edge.

e Thus, we can map the strip into CP" by letting it interpolate between the zero
section and the graph of edf in the Weinstein neighbourhood D;S™ used in the
construction of L. Thus, boundary components of the strip with label L' now lie

on L7.

We now define the intersection number w - D; to be the topological intersection
number of this class [u} € Hy(CP", L") with D; € Ho,_»(CP"). We say that a flipping

holomorphic pearly tree u is admissible if u - D; = 0 for all j.

Proposition 1.5.1.9. Let u be a flipping holomorphic pearly tree. Then the intersection
numbers w - D; are non-negative. Furthermore, in nice situations they can be calculated:
Suppose that the boundary lifts ic of each boundary component C with label L' are
transverse to the real hypersurface D]’R C 8™, and no flipping marked points lie on DY.

Then one can calculate u - D; by counting the usual intersection number for internal
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intersections of each pearl u, with D; (this is positive by positivity of intersections), +1
for each time a flipping edge of w crosses D?, and +1 for each time a boundary lift ic

crosses DY in the negative direction.

Proof. We observe that the first statement follows from the second: in the transverse
situation the intersection number is non-negative because the only contributions are
positive. We can put ourselves in the transverse situation by making a small perturbation

of the divisor D;. Namely, define a 1-parameter family of divisors

D; = {zj + tZakzk = 0}
k

for t € [0,6], where a; € Rand § > 0 is real and sufficiently small that the real part (D%)®
remains transverse to the gradient vector field V f, and hence D} avoids the Lagrangian
L™ (by Lemma 1.2.2.2). We also make ¢ small enough that D;» avoids all other Lagrangian
labels of the flipping holomorphic pearly tree. Therefore the intersection number u - D;
remains constant, so we can compute u - D; by computing w - Df. That D? can be made
transverse to the boundary lifts @i is an easy application of Sard’s theorem. Furthermore,
one can easily make D? avoid all marked points and critical points of pearls (since these

are isolated).

Now we prove the second statement. Internal intersections of w with D; contribute
the usual intersection number (which is positive by positivity of intersections, recall-
ing that the almost-complex structure is standard near the divisors D;). The other

intersections happen near boundary components of w with label L":

o If a flipping edge crosses DgR, one can see that the image of the surrounding strip
under projection to the z; plane looks like Figure 1-1(b), hence contributes +1 to

the intersection number;

o If a non-flipping edge crosses Dg-*, the image of the strip under projection to the z;

102



plane looks like Figure 1-1(b) except that the strip gets folded in two, so that both
edges get sent to the same sheet of L™, and the contribution to the topological

intersection number is 0;

e If a boundary lift @i¢ crosses DLR positively, the projection of the strip and nearby
disk to the z; plane looks like Figure 1-1(c) (the projection is a holomorphic map,
which by assumption has no singularities near the divisor D;, and its boundary
crosses DE-R positively, hence maps to the upper half plane in a neighbourhood of this
point). There is a ‘fold’ along the real axis, and one can see that the contribution

to the topological intersection number with D; is 0;

e If a boundary lift %c crosses DE* negatively, the projection of the strip and nearby
disk to the z; plane looks like Figure 1-1(d) (as before, because the disk is holo-
morphic, non-singular, and its boundary crosses DgR negatively, it must get sent to
the lower half plane in a neighbourhood of this point). Thus the contribution to

the topological intersection number with D; is +1.

This completes the proof. O

Corollary 1.5.1.10. In an admissible flipping holomorphic pearly tree, the flipping edges
can not cross the hypersurfaces D}R and the boundary lifts can only cross DJ]R in the

positive direction.

Definition 1.5.1.11. We define the moduli space Mg (y) of admissible flipping holo-
morphic pearly trees with asymptotic conditions y, by analogy with Definition 1.3.1.8.

Remark 1.5.1.12. We remark that it follows from the proof of Proposition 1.5.1.9 that,
if u is an admissible flipping holomorphic pearly tree, then its homology class [u] can
be represented by a smooth disk in P™ with boundary on L". Namely, we perturb the
divisors D; to put ourselves in the transverse situaﬁon as described. The disk defining

[u] can only intersect the divisors D; when a boundary lift @c crosses D} in the positive

103



(a) Adding a strip to a flipping pearly tree, to
define its homology class in Hy(CP", L™).

(c) Projection of part of the disk and strip near a
positive crossing of a boundary lift iic with DF,
to the z; plane. There is a ‘fold’ along the real
axis, so the topological intersection number with
D; is 0.

(b) Projection of the strip surrounding a flip-
ping edge crossing the hypersurface D}‘ trans-
versely, to the z; plane. The topological inter-
section number with D; (which corresponds to
the point 0 in this projection, drawn as a solid
circle) is +1.

(d) Projection of part of the disk and strip near
a negative crossing of a boundary lift @iz with
DY, to the z; plane. The topological intersection
with DJ' is +1.

Figure 1.5.1.1: Defining and calculating u - D;.
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direction. It is obvious from Figure 1-1(c) that the disk can be perturbed to avoid the

divisor in this case.

It follows that admissible flipping pearly trees inherit any properties of holomorphic
disks in P™ with boundary on L" that depend only on the topology. For example,
the energy of an admissible flipping holomorphic pearly tree is given by the differences
of symplectic action functionals of input and output generators, and in particular is

constant in the moduli space Mgsp:(y). Furthermore, we can prove the following:

Proposition 1.5.1.13. Suppose that L is a set of Lagrangian labels and y an associated
set of generators. Then, for generic choice of perturbation data, Mgsei(y) is a manifold
of dimension

dim(Mgsm (y)) = i(y) + k — 2.

Proof. The proof follows that of Proposition 1.4.4.13 — we must construct charts from
the moduli spaces Mgspe(rg, p)(y) for each (T's, B) as in Definition 1.4.4.8, and glue the
pieces Mgsi(tg,p)(y) X (—€,€)P together to obtain a manifold, using an analogue of

Proposition 1.4.4.12.

The dimension is given by the index of the Fredholm operator used to cut out the
moduli space. One might worry that the index theory of Cauchy-Riemann operators
depends on a choice of holomorphic volume form 7 on P”, and our holomorphic pearls
can intersect the boundary divisors D;, where 7 is not defined. However, this is dealt with
by Remark 1.5.1.12, which shows how to construct a smooth disk in P" with boundary
on L™, near any given admissible holomorphic flipping pearly tree. One can show that
the Fredholm index of the operator cutting out the moduli space of flipping pearly trees
is equal to the index of the pseudo-holomorphic curve equation on the nearby disk, which
depends only on the homology class of the disk in " relative to its Lagrangian boundary

conditions. This is sufficient to prove the dimension formula.

Now observe that, when a new Morse edge with label L’ is created as in Figure
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1.4.1.2, there are two possibilities: either the lifts % of the two boundary components
of the strip on the left are antipodes, in which case a flipping edge is created, or they
coincide, in which case a non-flipping edge is created. With this convention, the gluing
maps of Proposition 1.4.4.12 define boundary lifts %ic as well as the map u,. They also

preserve the homology class of Definition 1.5.1.8, and hence admissibility. 0

Definition 1.5.1.14. We define a stable flipping holomorphic pearly tree by anal-
ogy with the definition of stable pearly trees (Definition 1.4.5.4). The only difference
is for edges of trees T' with both sides labeled L': these can be broken Morse flowlines
of f (for flipping edges) or h (for non-flipping edges). We define a stable admissible
flipping holomorphic pearly tree to be a stable flipping holomorphic pearly tree,

each component of which is admissible.

Remark 1.5.1.15. We observe that the admissibility condition rules out sphere bub-
bling in families of admissible flipping holomorphic pearly trees: any sphere bubble must
have intersection number 0 with the divisors D; by admissibility, and hence have trivial

homology class. But then its symplectic area is 0, so it must be constant.

Proposition 1.5.1.16. The moduli space of stable admissible flipping holomorphic pearly

trees has the structure of a compact manifold with corners.

Proof. As in Section 1.3.1, we run into the problem that we can not appeal to a Gromov
compactness theorem for immersed Lagrangians. Furthermore, we can not bypass this
problem by passing to the cover P of P defined in Corollary 1.3.2.3, as we did in Section
1.3.1, because the image of the Lagrangian immersion L' does not lie in P*. Even if
we considered the corresponding branched cover of CP" (branched around the divisors
D;), the Lagrangian immersion L' would only lift to a piecewise smooth embedded
Lagrangian, with ‘edges’ along the branching divisors D;. Again, there is no Gromov

compactness theorem that deals with piecewise smooth Lagrangians.
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Instead, consider the quadric

n+2 n+2
Q"= {sz- =03 %= 0} c CP,
j=0 Jj=1

and the branched double cover

p: Q" — CP"

p(fzo ot zaga]) = [zt Zpgal]

The cover is branched along the divisor

Q"= {Zz}’ - 0} c CP.

J

The real locus of Q" in the affine chart 2y = ¢ is the unit sphere S™, and p|gn
is the double cover of the real locus RP® of CP". It is well-known that there is a
symplectomorphism

T*S™ = Q" \ {20 = 0},

sending the zero section to the real locus. This sends the radius-n disk bundle D}S™ to
a neighbourhood of RP", as in the construction of L™ (Section 1.2.2). Thus, the lifts of
L™ and L' to T*S™ C Q" are embedded. L™ lifts as the graphs of the exact one-forms

+edf, and L' lifts to the zero section via the identity and via the antipodal map.

For any flipping holomorphic pearly tree u € Mg (y), the topological intersection
number [u]- Q™ depends only on the generators y (compare Proposition 1.5.2.3). We can
arrange that positivity of intersection with @" holds in our moduli space, for appropriate
choice of perturbation datum, and then each flipping holomorphic pearly tree in the
moduli space intersects @" some finite number of times, which is bounded above by

the topological intersection number. Then the lifts of flipping holomorphic pearly trees
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u € Mg (y) to the branched cover @ are branched over some finite number of points,
hence have bounded genus. Gromov compactness for curves with bounded genus and
boundary (see, for example, [42, 43]) then implies that the lifted family has a convergent

subsequence, which corresponds to a convergent subsequence downstairs.

This shows that a sequence of admissible flipping holomorphic pearly trees has a
subsequence converging to a stable flipping holomorphic pearly tree whose intersection
number with each divisor D; is 0. The intersection number of the stable flipping holo-
morphic pearly tree with D; is the sum of intersection numbers of each component
flipping holomorphic pearly tree with D;. Since these are all non-negative by Proposi-
tion 1.5.1.9, they must all be 0. Thus the limit stable flipping holomorphic pearly tree

is also admissible, and we have proven compactness. O

We define A, structure maps ¥ as in Section 1.4.7, by counting rigid flipping holo-
morphic pearly trees. The proof that they satisfy the A, associativity equations essen-
tially follows that of Proposition 1.4.7.1. The proof that the A, product is Q-graded

relies on Proposition 1.5.1.13.

Proposition 1.5.1.17. For sufficiently small € > 0, the objects L' and L7 are quasi-

isomorphic.

Proof. We observe that RP" and L7 intersect transversely in the points px. Therefore
we can choose the Hamiltonian component of the Floer datum for the pairs (L', L™)
and (L™ L) to be 0. The morphism space CF*(L’, L") is generated by pairs of points
(p,q) € S™x .S™ that get sent to the same point by the respective Lagrangian immersions
defining L', L™. Thus p is a critical point of f, and ¢ is either equal to p or its antipode.
As we saw in Corollary 1.2.2.11, there is a critical point pg of f for each proper non-
empty subset K C [n + 2]. Therefore, we can label the generators of CF*(L', L™) as
p¥ = (pk,pK) and p% = (px,a(px)) (M stands for ‘Morse’ because the generators p¥

correspond to the Morse cohomology of L", and S stands for ‘self-intersection’ because
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the generators p3, correspond to the self-intersections of L™). So, additively,
CFY (L', L") = CMy(f) ® CM(f)

and similarly for CF*(L™, L'). One can check that the gradings of these generators are

S)=

. n .
i(p5) = = IK], ipY) =n - maupx) = n+1- |K].

n+

Now observe that we have natural inclusions

CML,(f) & CcFY L, LM,
CMy(f) & CFY (L' L)

as graded vector spaces.

Lemma 1.5.1.18. For sufficiently small € > 0, the inclusions p; are chain maps.

Proof. We first observe that, for sufficiently small € > 0, the holomorphic strips
u: Z — CP"
used to define the differential
p':CF*(L',L") — CF*(L',L")

must remain entirely within the Weinstein neighbourhood DyRP" used in the construc-
tion of L?. To see why, suppose that u passes through some point p of distance > 5
from RP". Then for sufficiently small € > 0, the ball B(p;n/2) is disjoint from L” and
L'. Therefore, by the monotonicity lemma (see [44, 3.15]), the symplectic area of the
intersection of u with the ball B(p;n/2) is at least ¢(n/2)? for some constant c. However,

the symplectic area of u is given by the difference in symplectic actions of the generators
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(see Remark 1.5.1.12 and its sequel), which is proportional to € and hence can be made

arbitrarily small. Thus, for sufficiently small € > 0, the strips never leave the Weinstein

neighbourhood D;RP".

Now we observe that any strip u contributing to the differential on CF*(L’, L™) lifts
to the double cover D;S™ — D;R]P’", because it comes equipped with a lift of one

boundary component to S™ by definition. This lifted strip contributes to the differential
u' s CF*(S™,T'(edf)) — CF*(S™, T(edf))

in the Fukaya category of T*S™. Conversely, any strip u contributing to the differential
on CF*(S™ I'(edf)) projects to a strip contributing to the differential on CF*(L',L?).
The only thing to check is that these projected strips are all admissible — for this one
needs a certain amount of control on the topology of u. It was proven in [45, Proposition
9.8] that, given é > 0, there exists ¢y > 0 such that for any strip contributing to the
differential on CF*(S™,T'(edf)), with € < €, there is a Morse flowline of f,

y:R— S"

such that
d(u(s,t),y(es)) < 0 for all s,¢.

Because Morse flowlines of f cross the hypersurfaces D;R positively, it follows from Propo-

sition 1.5.1.9 that all such strips are admissible.

It follows that the inclusion
CF*(S™,T(edf)) — CF*(L', L")

(where the left hand side is a morphism space in the Fukaya category of 7*S™ and the

right hand side is a morphism space in the Fukaya category of P™ as we have defined
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it) is a chain map. Now the Lagrangians S", I'(edf) in T*S™ are Hamiltonian isotopic,

hence quasi-isomorphic in the Fukaya category of T*S™. So there is a quasi-isomorphism
CF*(S",T'(edf)) =2 CF*(S™, S™) &2 CM*(f)

(the second quasi-isomorphism comes from Proposition 1.4.7.3). Thus, there is a chain
map

CM;(f) = CF*(S",S") = CF*(S™,T(edf)) — CF*(L', L")

as required. O
Now consider the elements

fre CFY (LML), fre CF (L, L")

that correspond to the identity in CM7},(S™). Explicitly,

n+2

- M
fi=)_
i=1

(and the same for f5).

Lemma 1.5.1.19. For sufficiently small € > 0, we have

1t (f5) 0 forj=1,2, and

/}‘2(f17f2) = D¢ € CF*(leLI)

Proof. The fact that p'(f;) = 0 follows from Lemma 1.5.1.18. We now prove that
12 (f1, f2) = pg-

Observe that i(f,) = i(f2) = 0, so i(4*(f1, f2)) = 0. Therefore, py is the only term
that can appear in the product u?(fi, f2). Its coefficient is the signed count of points

111



M
Py

Py

Figure 1.5.1.2: The flipping holomorphic pearly trees whose count gives the coefficient
of ps in p®(f1, f2). The solid circle denotes a non-flipping point. The upper half of the
boundary gets sent to L™, and the lower half to L.

in the moduli space of flipping holomorphic pearly trees which are holomorphic strips
running between some intersections pg} and p{Mk} of L™ and L', with one marked point
on the boundary labeled L' which gets sent to ps (see Figure 1.5.1.2). As we saw in
the proof of Lemma 1.5.1.18, such strips must lie inside the Weinstein neighbourhood
D;RP", and lift canonically to the double cover D;S™. The lift is a holomorphic pearly

tree contributing to the product
p? : CF*(D(edf),S™) ® CF*(S™,T'(edf)) = CF*(5",5™).

Conversely, by the same argument as in the proof of Lemma 1.5.1.18, any holomorphic
pearly tree contributing to this product projects to an admissible flipping holomorphic

pearly tree contributing to the product p2(fi, f2).

It now follows from the quasi-isomorphisms (in the Fukaya category of T*S")
CF*(S™,T'(edf)) = CF*(S™,S") = CF*(I'(edf ), S™)

and

CF*(S", 5™) = CM*(S™)
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that, on the level of cohomology,

[“Q(flva)] = [Pd:]

(product of identity with identity is identity in CM*(S™)). But CF°(L/, L’) has only the
single generator py, so we have

/LQ(flafZ) = D¢

as required. . O

Because CF*(L',L') and CF*(L"*, L") have the same rank (by Corollary 1.3.1.11), it
follows that f; and f; induce mutually inverse isomorphisms on the level of cohomology,
and therefore are mutually inverse quasi-isomorphisms in the category €. This completes

the proof that L’ and L™ are quasi-isomorphic, for sufficiently small € > 0. O

1.5.2 Properties of the A, algebra A := CF*(L', L)

We define the A, algebra A’ := CF*(L',L’). It follows from Proposition 1.5.1.17 that
A and A’ are quasi-isomorphic A, algebras. Henceforth we will only be concerned
with computing the A, structure of A’. In particular, we will assume that our flipping

holomorphic pearly trees have all boundary components labeled L'

Lemma 1.5.2.1. If u is an admissible flipping holomorphic pearly tree with associated

morphisms Yy = (Pk,, - - -, Pk, ), then
k
Z €K; = €Ko
j=1
in M.

Proof. The proof is identical to that of Proposition 1.3.2.4, since the proof relies only

113



on the homology class [u] € Hy(CP", L"), which is determined by the admissibility

condition. O

Lemma 1.5.2.2. A’ inherits the following properties of A:

It is T-equivariant in the same sense as in Corollary 1.8.2.5, by Lemma 1.5.2.1;

It has the Q-grading given by n/(n+2) times the normal Z-grading, as in Corollary
1.8.3.2;

e As a consequence of these two properties, it satisfies the analogue of Corollary

1.8.8.8, namely the only non-zero Ay products are u**™¢ for q € Zso;

It satisfies the analogues of Corollaries 1.3.4.4 and 1.8.4.5 (regarding signs and

supercommutativity).

We now establish some results about flipping holomorphic pearly trees which will be
used in Section 1.5.3 to identify the moduli spaces that give rise to the A structure

coefficients of A’.

Proposition 1.5.2.3. For K C [n + 2], define

K| = 22 K =¢,[n+2
|K| otherwise.

If u is an admissible flipping holomorphic pearly tree with labels y = (Pky, - - -, Pk, ), then
the homology class of u in Ho(CP™,RP™) = 7Z is given by the formula

Kl = S K

d
“ n+ 2

+k-1.

Proof. Note that the Fubini-Study symplectic form w acts on Ho(CP", RP"™), with value

27 on the generator. It follows that

w(u) = 27d,,
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so we can compute d,, by computing w(u).

Recall that we add a strip to u to obtain a disk @ : (D,8D) — (CP", L™). Note that
the symplectic area of the strip we add is O(¢). So we can compute w(u) by evaluating

w(@) in the limit € — 0.

The Fubini-Study form is given by the Kahler potential

n+2 n+2
= log (Z > log (Z ezrf) -2

=1
on CP"*!'\ Dy, where z; = exp(r; + ;). Thus
j it

w = dd°p,
(recall that d°p = dp o J), so we define
a = d
nt+2 o 2r; Jc
1 2e“TidCr;
= ________Z]—ln+2 ! 2dc7"1
Zj:l 621”]‘
Zn-{—? 2,-1
= T 12 _op 2 2d91
E] 1 e

Then w = da. Of course this is really m*a, where 7 : C"*2 — {0} — CP"*! is the

projection.

Because @ - Dy = 0 by admissibility, we can deform @ to avoid D; then apply Stokes’

/ a*az/a*w.
aD D

theorem to obtain
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Now recall the lift of L to C*™2 that arose in the construction of L", namely

n+2 n+2

2 __ J n+2
Zacj —1,Z£J =0, — C
Jj=1 Jj=1

(Ty,. s Tng2) = (Tr+iefr, o Tnga + i€ fuv2) + 0(52)~

We can lift D to C™**? (the result will not be a cycle, because when 8D changes sheets
of L™ the lift stops and reappears at the antipode). Call the lift [. Then

/ a:/ a=/7r*a.
8D ml !

Observe that on the lift of L™, df} is small everywhere except for when 7y is small,

and when 7 is small then

627‘ k

n+2 _op.
Zj:l e

is small. Thus the first term in 7*« is negligible. So

/7T*oz = /2d91 + O(e).
! !

The projection of the lift of the point px to the angular variables is ey (now thought
of as living in Mg, rather than Mg). Thus, as the lift of 0D travels from pg, to pg, .,

the contribution to the integral is (to order )

PRj
2d6, = 2rey - (ef{j+1 ~exk;) -
PK;
An exception occurs when K (respectively K1) = ¢ or [n+2], in which case px; (respectively pg,,,)
represents the bottom or top cohomology class of L™, so D does not change sheets of
L™ as it passes through py, (respectively pz, ). In this case we should simply replace

e1- (ex,) (respectively e; - (eg,,,)) in the expression above by 0.
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For the moment, assume that K; # ¢ or [n + 2]. Adding up and regrouping the
contributions of each part of 0D, and recalling that pg, is the ‘outgoing’ point, we

obtain:
k
/ a = 2me;p- (eKO —eg, + Ze,—{j - eKJ) + O(e)
8D =
k
= 27 (261 . <€K0 - ZeKJ) + k- 1) + O(e)

j=1

. <2|K0| - 1K

- +k—1>+(’)(e)

(in the last step we used the fact that the vector is a multiple of €n+2) by Proposition

1.3.2.4).

Now if K; = ¢ or [n + 2], recall that we must replace e; - (ek, — ex;) by 0 in the
first two lines above. This is equivalent to replacing |K;| by |K;|’ in the final line. This

completes our proof. O

Definition 1.5.2.4. Given an admissible flipping holomorphic pearly tree, it is useful
to label certain points on its boundary with proper, non-empty subsets of [n + 2], as
follows: At each flipping marked point, the boundary immediately before and after the
point get sent (by the lift @ of the boundary) to antipodal points of S™\ D®. Thus they
lie in the antipodal regions S%, S% respectively, for some K C [n + 2] (recall that Sk
is defined to be the region where z; < 0 for j € K and z; > 0 for j ¢ K). We will
ignore the case where a flipping marked point lies on some D]JR, but it presents no real
additional problem in our subsequent arguments. We label the point immediately before 4
our flipping marked point with K , and the point immediately after with K. Non-flipping

marked points do not get labels.

“Remark 1.5.2.5. We observe that, because of the condition that Morse flowlines do
not cross the hypersurfaces D;R (by Corollary 1.5.1.10), the labels at opposite ends of an

internal flipping Morse flowline are identical. Furthermore, at a flipping marked point
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connected by an incoming edge to the flipping generator px, the label immediately before
is K and the label immediately after is K. Also, by Corollary 1.5.1.10, the boundary
lifts can only cross the hypersurfaces positively. So as we follow the boundary around
anti-clockwise between two adjacent flipping marked points, the label at the beginning
of the segment contains (not necessarily strictly) the label at the end of the segment.
Suppose the pearl corresponding to vertex v of the underlying tree has degree d, €
H,(CP",RP") = Z. Then it must intersect D; d, times, and none of the intersections
can be internal by admissibility, so the boundary lift must intersect D;R d, times. It

follows that

E €R; . T EK; & dve[n+2]
Jjmod ky

in M , where Ki,..., K, are the labels given to the points immediately before the

v

flipping points (traversing the boundary of the pearl in positive direction) on the pearl

corresponding to v. It follows quickly that

Z’“’ ky—d,
j=1

for each pearl. Figure 1.5.2.1 shows a possible labeling of a flipping holomorphic pearly

tree.

Remark 1.5.2.6. We will choose the almost-complex structure component of our per-
turbation data to be equal to the standard integrable complex structure Jy, and the
Hamiltonian perturbation to be identically 0. Then the pearls in a flipping holomorphic
pearly tree with labels L’ are holomorphic disks with boundary on RP", hence they
can be ‘doubled’ to a holomorphic sphere by the Schwarz reflection principle. It fol-
lows from [40, Proposition 7.4.3] that the moduli space of holomorphic spheres in CP",
in a given homology class, is automatically regular. The moduli space of pearls is the

real part of the moduli space of spheres, hence also regular. It follows that for every
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3 3 5 5

Figure 1.5.2.1: An example of a legal labeling of a flipping holomorphic pearly tree,
which might contribute to the coefficient of p, in the A, product y7(p{1}, <oy pyry). We
have illustrated a simple case, in which all external flowlines are constant because the
points py;; are maxima of the Morse function f. The external label ‘1’ means the set
{1}, while ‘T’ means the complement {2,3,4,5,6,7}. The big label ‘1’ in the middle of
a pearl means that the pearl has degree 1.

(r,u) € Mg (y), the linearized operator
Dt Ty (Bsrm) = (E5,)u

of Definition 1.4.4.4 is automatically surjective. Thus, to show that a moduli space
Mo (y) of flipping holomorphic pearly trees is regular, we need only check that the
evaluation map

ev : ker(dgsp) = T ((SH)F(S))

is surjective at each (r,u) € Mgsp (y). Note that ker(dgsm) is the space of holomorphic

pearls and Morse flowlines, without the constraint ev(u) € AS.

Definition 1.5.2.7. The following notation will be useful. If Kj,..., K} are disjoint
subsets of [n + 2], we define

Fr, k.5, = {x € S": 2y =1y, for all |, m € K, for all i}.
Remark 1.5.2.8. Observe that

Fyr = {px.,Px}-
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As we saw in Lemma 1.2.2.12, the unstable manifold ¢(K) of px is an open subset of

F%, and the stable manifold S(K) is an open subset of F.

1.5.3 Computation of A’

In this section we compute the A, structure of A’

First, we observe that the analogue of Corollary 1.3.3.5 holds for A’. I.e., u! = 0 and

the only possibly non-zero u? products are

N2A/(PK1»PK2) = a,(Kla K2)pk,uk,

for disjoint K7, Ko. The proof is exactly the same, using the corresponding properties of

A’ given in Lemma 1.5.2.2.

Proposition 1.5.3.1. We have

(Z’(Kl, Kg) = =+1.

Proof. Let K3 := K; U K>, so K; UKy U K3 = [n+2]. If any of K7, K», K3 are ¢ or
[n + 2], the result is easy as the corresponding holomorphic disks are constant. If that
is not the case, then a/(K7, K3) is given by a count of flipping holomorphic pearly trees.

The homology class of such a flipping holomorphic pearly tree is

r_ r_ ’
(ZlKl U K| — |Ky| = |Ky| oo 1) 1
n+2

by Proposition 1.5.2.3. Therefore the corresponding flipping holomorphic pearly tree has
two incoming and one outgoing legs, and a single pearl with the homology class of half
of a line in CP" with boundary on RP".

The real part of such a pearl is a line. Thus, o/(K}, K3) counts lines passing through
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the unstable manifolds U(K,), U(K,), U(K3). Recall from Lemma 1.2.2.12 that the

unstable manifolds U(K;) are contained in the linear spaces Ff, (see Definition 1.5.2.7).

Given points p; € Fg, and p, € Ffg,, the line through p; and p, is contained in the
linear space Fig,ng, = Fk,. This space intersects Ff, transversely at pg,. Therefore
there is a unique line (namely Fy, k, k,) that intersects U (K1), U(K>), U(K3) (at pk,,
PK,, Pk, Tespectively), and the intersections are transverse so the flipping holomorphic

pearly tree is regular.

We check that it is admissible, using Proposition 1.5.1.9. Firstly, the Morse flowlines
are constant at the pg,, hence do not cross the hypersurfaces D]R, Secondly, the boundary

lifts as

Py ™ PKouKs — DKy ™ PKiuKs —* DKy ~ PKUK, — DK,

where — denotes a straight line connecting two points and ~» denotes changing sheet.
This lift clearly crosses all hypersurfaces D;R positively (since the label at the beginning
of a straight line always contains the label at the end), so the flipping holomorphic pearly

tree is admissible and regular.

Thus o'(K;, K3) = £1 as required. O

We are now in a position to prove Theorem 1. It is implied by the following:

Theorem 3. The cohomology algebra of A is
H*(A) = A Mc

as Zo-graded associative C-algebras. The isomorphism is given by
Pk — Ok jé\K €j,

for some sign o = +1.
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Proof. We define a homomorphism of C-algebras from the tensor algebra of /MC to the

cohomology algebra of A, by

Par)™ — H(A),
k=1
e; — pyforalljen+2].

By Corollary 1.3.4.5, this descends to a homomorphism
MM — H*(A).

It follows from Proposition 1.5.3.1 that the elements py;y generate the algebra H*(A'),
and hence the corresponding elements generate H*(.A), by Proposition 1.5.1.17. There-
fore this homomorphism is surjective, so because both sides have the same rank it must

be an isomorphism. O

Now we consider the next non-trivial A, product in A’, u"*2. We aim to compute

L2 (DL} - s Plomin)})s

where o is a permutation of [n + 2| (these are the important products to compute in
order to apply deformation theory, because they determine the deformation class of the

A structure (see Section 1.5.4).

Proposition 1.5.3.2. In A’, we have

L2 (i)} - - -y Plont2))) = EPo,

for ezactly one permutation o of [n + 2|. For all other permutations, the result is 0. A
different choice of the point p, (the minimum of the Morse function h) will lead to a

different permutation o.
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Proof. First, note that py is the only term that can appear in this product, for grading
reasons (Corollary 1.3.3.2).

Note also that U(pg;;) = {pyy} and S(py) = {ps}, so the external gradient lowlines of
the flipping holomorphic pearly trees contributing to the coefficient of p, in this product
are constant. We split the proof into two parts: counting the flipping holomorphick pearly
trees with a single ‘pearl’ (we show that these give the desired answer) and proving that

there are no ‘multiple-pearl trees’ contributing to the product.

For the first part, Proposition 1.5.2.3 shows that a disk contributing to this product
must have degree n. By pairing such a disk with its conjugate we obtain a degree-n
curve through the n + 3 points p1y,..., pin+2}, Py It is a classical theorem of Veronese
that there is a unique rational normal curve through n + 3 generic points in CP". A
constructive proof is given in [46, p. 10]. We just need to check that this curve satisfies
the conditions required for the definition of an admissible flipping holomorphic pearly
tree — namely, the curve should be real, and its real part should admit a lift to S™ which

changes sheet at each point p(;; and crosses the hypersurfaces D¥ positively.

By the construction in [46], we can parametrize our curve as u : CP! — CP",

n+1 -1 ... -1 (z =)t
-1 n+l1 ... -1 (2 —1p)!
u(z) = . . .
-1 =1 ... n+1 (z—yn+2)“1
I “ 2= vj R ) z—y]'””z—um_g PR it ?

Observe that this curve has degree n: if we clear denominators, the leading coefficients

2™ in all factors cancel, leaving polynomials of degree n. Furthermore, we have

u(y;) =[-1:=1:...:n+1:...: =1] = pyy.
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We choose the v; so that u(0) = py, i.e.,

n+1 -1 ... -1 vt

-1 n+1 ... -1 vyt

. , = DPo:
-1 -1 ... n+1 Vit

Note that this parametrization automatically gives a lift of the boundary RP' to
R\ {0} and hence to S™. Furthermore, the parametrization changes sheets exactly at
the flipping points v;, because the sign of the dominant term (z — v;)~" changes there.
We just have to check that it crosses all of the real hypersurfaces D¥ positively. This is

true because if

1 1
z = Vg pwr z—Vj
then the derivative
n+1 1
— + — >0
(2 —w)? #Zk (2 —v5)?

by the quadratic-arithmetic mean inequality (alternatively one can graph the function).

Thus, the two halves of this curve are the only disks that can contribute to such a
product, and only one passes through p, (the other has the opposite lift of the boundary,
hence passes through the antipode of ps). The permutation ¢ is determined by the

ordering of the coordinates of the chosen point py.

It is clear from our construction that this pearl is regular. Namely, because we have
exhibited a construction of a degree-n curve through n + 3 arbitrary generic points in
RIP", if we fix all boundary points py;},pg except for one, then the evaluation map at the

remaining point is transverse to the point.

Now we proceed with the second part of the proof, namely showing that multiple-

pearl trees do not contribute. Suppose we have a contribution from a multiple-pearl tree.
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k+1

Figure 1.5.3.1: Part of a multiple-pearl tree that may contribute to x"*2. The label ‘j’
on a marked point means that marked point gets mapped to py;;, while the big label ‘£’
in the middle of the pearl means that pearl has degree k.

The tree must contain a pearl with exactly one internal edge attached. Without loss
of generality it has input flipping generators p(i}, ..., p+1) and a single Morse flowline
attached at point ¢, as shown in Figure 1.5.3.1 (it may also have the ‘output’ point py
on its boundary, but whether it does or not is irrelevant to the following argument). If
q is non-flipping then it follows from Remark 1.5.2.5 that £k = n + 1, so this is not a
multiple-pearl tree. If ¢ is flipping, then it follows by Remark 1.5.2.5 that it has degree

k, where we assume k < n.

Any degree-k curve in CPP" is contained in a linear subspace of dimension & (this can
be proved by induction on n: choose any k + 1 points on the curve and a hyperplane
through those points, then the hyperplane intersects the degree-k curve in more than k&
points so the curve is contained in the hyperplane by Bezout’s Theorem). In our case,
there is a unique dimension-k linear subspace through the points py1y, .. ., P{x+1}, namely

Frz (to clarify: k+1)={k+2,...,n+2}).

Therefore our pearl is a degree-k curve in a k-dimensional projective space, so by the

first half of the argument, the evaluation map at ¢ runs over an open subset of Fm.
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But this subspace is preserved by the Morse flow of f, by the equivariance of f with
respect to the S,,o action. Hence the Morse flow at ¢ is parallel to the evaluation map,
so the evaluation map at p, has dimension (at least) 1 less than expected. Thus, for a

generic choice of py, the moduli space will be empty.

Thus the only contributions to the product come from the single-pearl tree, which

gives the advertised result. O

Remark 1.5.3.3. We observe that the final argument, in which we showed that multiple-
pearl flipping holomorphic pearly trees do not contribute to the product, remains true
even if we make a small change in our perturbation data: observe that, by Remark
1.5.2.5, ¢ lies in the region S['}c +- If we perturb the holomorphic curve equation by a
small amount, the perturbed evaluation map at q can be made arbitrarily C°close to
the unperturbed one. Thus, the image of the perturbed evaluation map at g is contained

in an arbitrarily small open neighbourhood of F[k vl Set1)-

Now the Morse flowline emanating from ¢ remains inside the region S[’}c +1)) since
flipping flowlines cannot cross the hypersurfaces by Corollary 1.5.1.10. But Fp; =Y ﬂS[k +1)

is exactly the intersection of the unstable manifold of p, ) with S so the flowline

L
remains inside an arbitrarily small open neighbourhood of Fy—7 ey N Sn (b1 Given that,
for generic p,, the evaluation map at the other end of the Morse flowline misses F[k =Tl
it also misses a sufficiently small neighbourhood of it. Therefore, for a sufficiently small

perturbation, the moduli space remains empty:

1.5.4 Versality of A’

We aim to prove Theorem 2 by applying the techniques of [9, Section 3], in the equivariant
setting. All our conventions on signs and gradings are taken from that paper. We review

some necessary definitions and results.
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Definition 1.5.4.1. Consider the Q-graded algebra
A=KX (Mc) s

where the grading is given by n/(n + 2) times the normal (Z-)grading. Define an action
of the character group of M,
T := Hom(M,C"),

on A by

a-e:=ae)e.
Let 2A(A) denote the set of Q-graded, T-equivariant A,-algebras with underlying graded
vector space A, u! = 0 and

12 (az,a) = (—1)"”'a2 Aaj.

Proposition 1.5.4.2. Recall that the (T-equivariant) Hochschild cohomology of A is
given by the Hochschild-Kostant-Rosenberg isomorphism [47]:

HEW(A, AT > D (SymS(Mg)@aAﬂ' (A?C))T.

et ahzi=stt

For d > 2, we have

HEP (A Ap-ir ) © W ford=n2
0 otherwise,

where W = 2y ... 2,9 = 2%n+2 s the superpotential of the mirror, viewed as an element

of the symmetric tensor product Sym"“(]f\\/.f/g)‘
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Proof. Suppose we have a generator
2% A e € HH*(A,A)¥ T,
keK
Here a € M\z/m K C [n+2] and d = deg(2*) > 2. T-equivariance simply says that
a = eg + ge[n+7

for some q € Z3( (here we identify MV with M in the natural way). To lie in HH? we

must have

2 “ n

2 = pdes(s) + 5 IK
2 n

= —(|K — K

—5 (Kl +qn +2)) + —— K]

= |K|+2q.
Now we have
2 <d=deg(2") = |K|+ (n+2)g =2+ng,

hence ¢ > 0. Therefore, we must have K = ¢,q = 1 and a = e[p42). Thus the generator

iszt=W. O

Proposition 1.5.4.3. A’ is a versal element of A(A), in the sense of a T-equivariant
version of [9, Lemma 3.2], with deformation class +W € HH?*(A, A)™T. In particular,

any element of A(A) with the same deformation class is quasi-isomorphic to A'.

Proof. The fact that A’ lies in A(A) follows from our previous results, namely Lemma

1.5.2.2:

e 1! =0 as the only non-zero A, products are p** for g € Z>o;

o the underlying algebra is A (Theorem 3);
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e the grading on A is n/(n + 2) times the usual grading;

e it is equivariant with respect to the action of T.
The fact that A’ is versal follows from the results:

e 1F =0 for 2 < k < n+ 2 (by the analogue of Corollary 1.3.3.3);
e The first non-trivial higher product u"*? satisfies

[ er, - eng) = £1

(without loss of generality) but is 0 on all other permutations of the generators
e; (Proposition 1.5.3.2). Therefore the deformation class of A’ in HH?%(A, A)™" is
given (by the HKR isomorphism) by

pt(z,.. ., 2) = %21 .. 2nge = £W(2),

where z = ) ;%€ Combining this with Proposition 1.5.4.2 gives the result.

1.6 Matrix factorizations

We now consider the other side of mirror symmetry. Recall (from the Introduction) that

the putative mirror to P" is the Landau-Ginzburg model (Spec(R), W), where

R = C|M]|

W = zCmn+2,
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Observe that there is a natural action of T on R that preserves W (recall T := Hom (M, C*)).

Also recall (from the Introduction) that the B-model on (Spec(R), W) is given by
the triangulated category of singularities of W~*(0), which is quasi-equivalent (by [12,
Theorem 3.9]) to the category M F(R,W) of matrix factorizations of W. The object

corresponding to our Lagrangian L™ is the skyscraper sheaf at the origin,
Op € Dgng(W1(0)).

Henceforth, we work entirely in the category M F(R,W). We abuse notation, and de-
note also by Oy the matrix factorization corresponding to Oy under the above quasi-

equivalence.

To prove Theorem 2, we must show that the differential Z,-graded algebra of endo-
morphisms of Oy,

B = HOIH?\/I'F(R,W)(OO? OO),
is quasi-isomorphic to A.
It is explained in [25] how to compute a minimal A, model for the endomorphism
algebra of Oy. That paper focuses on the case where W has an isolated singularity at 0,
which is certainly not true in our case, but the computation of the minimal A, model

does not rely on this assumption. We briefly review the construction, explaining how

the T-action enters the picture.

The matrix factorisation corresponding to Qg is the Koszul resolution of Oy

o~

R XM

with the deformed differential
b=ty +VA-
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where

n+2

u = Y z0) e RO NMY
j=1
n+2
w —
= i—0; € RQANM
v z_:aj P ERR
Jj=1
where {6,} is a relabeling of the canonical basis for M, {67} is the dual basis of MV, and

a; are numbers adding up to 1. Alternatively, we can write this matrix factorisation as

(R{by,...,0n42),9),

where
0 %4
(5 = Ej zja_&j + ajE;Hj.

The endomorphism algebra of O is the algebra
ROANM'QNM.

This can be thought of as the commutative algebra of differential operators

Bi=R<91,...,9 0 ‘e 9 >

n+2, 8—917 M ’ 80n+2

with the differential given by d = [4, —]. One can check that

d(;) = z;
d w
d(a‘ez) -y

Thus the cohomology algebra H*(B,d) is generated by the elements

gj::—a——a W

—0
00; 7 ziz k
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for some k # j (this is proven in [25] by constructing an explicit homotopy contracting
B onto the subcomplex generated by the ;). The generators 5j supercommute, so the

cohomology algebra can be naturally identified with
A= K(Mc)
via
Bj = €.

This proves that
H* (Hom}‘v‘,p(R’W) (OO, OO)) = NC’VH—'Z

as Zo-graded associative C-algebras.

We observe that the action of T extends in the natural way to B, and that 4 is invariant

under the action of T, so the differential algebra structure of B is T-equivariant.

Furthermore, observe that if we assign Q-gradings

B .
Zil = = -——,
I n+ 2

_2 10, = ——— 9
n+2 YT n 42 |00

then the product structure on B respects the grading (because |8;| + |0/98;] = 0), and
the differential on B has degree |6| = +1. Therefore (B, d) is a T-equivariant differential
(Q-)graded algebra. Observe that the grading on the cohomology algebra A is n/(n+2)

times the usual one, as
n

n+2

1951 =

In [25, Section 4], it is shown how to construct a homotopy contracting B onto its
cohomology, and hence (via the homological perturbation lemma) a minimal A, model
for B. The homotopy used is manifestly T-equivariant in our setting (see [25] to check

this), so the resulting minimal model is also T-equivariant. Furthermore, the homotopy
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has degree 0 with respect to the grading introduced above, so the Q-grading is preserved
under the perturbation lemma construction (in the sense that the A, product u* has
degree 2 — k with respect to this grading). Thus we obtain a T-equivariant, Q-graded
minimal A, model for B, which we shall denote by B’. It is clear from our discussion

that B’ satisfies the necessary conditions to lie in 2A(A).

Proposition 1.6.0.4. B’ is a versal element of A(A), in the same T-equivariant sense

as in Proposition 1.5.4.3. It has the same deformation class as A'.

Proof. The fact that B’ lies in A(A) follows from the preceding discussion. The fact that

B’ is versal with the same deformation class as A’ follows from the results:

e uF =0 for 2 < k < n+ 2 because of the grading and T-equivariance (exactly as in

Corollary 1.3.3.3);

e The first non-trivial higher product p™*? satisfies

"2 (e, ... enye) = 1

for an appropriate choice of contracting homotopy h (see [25, Theorem 4.8]) but is
0 on all other permutations of the generators e; (by similar computations — one can
show that only one tree gives a non-zero contribution to such a product). Therefore
the deformation class of B’ in HH?(A, A)™ is given (by the HKR isomorphism)
by

Pz, 2) = t21 . 2pge = W (2),

where 2 =}, zje;.

Combining this with Propositions 1.5.4.2 and 1.5.4.3 gives the result. a

Corollary 1.6.0.5. There are quasi-isomorphisms

AN AN =B B
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In particular, Theorem 2 is proved.
Proof. That A = A’ follows from Proposition 1.5.1.17. That A" = B’ follows from

Propositions 1.5.4.3 and 1.6.0.4, by a T-equivariant version of [9, Lemma 3.2]. That

B’ = B follows by construction. O
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Chapter 2

Homological mirror symmetry for
Calabi-Yau hypersurfaces in

projective space
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2.1 Introduction

2.1.1 Mirror symmetry context

The mirror symmetry phenomenon was discovered by string theorists. In its original
form, it dealt with Calabi-Yau Kéhler manifolds. On such a manifold, one can define
symplectic invariants (the ‘A-model’) and complex invariants (the ‘B-model’). Broadly,
mirror symmetry says that there exist pairs of manifolds (M, N) such that the A-model

on M is equivalent to the B-model on N, and vice versa.

The closed-string version of the A-model is encoded in Gromov-Witten invariants
(the quantum cohomology ring), and the closed-string version of the B-model is encoded
in period integrals of the holomorphic volume form. Mirror symmetry first came to the
attention of mathematicians in 1991, when Candelas, de la Ossa, Green and Parkes [48]
applied it to make predictions about rational curve counts on the quintic three-fold M.
They constructed a manifold N which ought to be mirror to M, and computed the closed-
string B-model on N. Assuming mirror symmetry to hold, this allowed them to predict
the closed-string A-model on M, from which they extracted rational curve counts. This
closed-string version of mirror symmetry was proven by Givental for Calabi-Yau (and

Fano) complete intersections in toric varieties in 1996 [49, 50].

In the meantime, Kontsevich had introduced the open-string version of mirror sym-
metry, called the Homological Mirror Symmetry conjecture [3] in 1994. He proposed
that the A-model should be encoded in the Fukaya category, and the B-model should be
encoded in the category of coherent sheaves. Then if M and N are mirror Calabi-Yaus,
there should be an equivalence of the Fukaya category of M with the category of coherent
sheaves on Y (on the derived level). Complete or partial proofs of homological mirror
symmetry for Calabi-Yau varieties are known for elliptic curves [4, 5], abelian varieties

[6] (see [7] for the case of the four-torus), Strominger-Yau-Zaslow dual torus fibrations
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[51], and the quartic K3 surface [9].

In this paper we consider a smooth Calabi-Yau hypersurface M™ ¢ CP"!, and its
(predicted) mirror N”. Our main result is to prove one direction of homological mirror
symmetry: we prove that there is an equivalence of triangulated categories between
the split-closed derived Fukaya category of M™ and the bounded derived category of
coherent sheaves on N™ (see Theorem 4 for the precise statement). M3 is the elliptic
curve considered by Polishchuk and Zaslow, M* is the quartic surface considered by
Seidel, and M5 is the quintic three-fold. We remark that Nohara and Ueda have also
considered the case of the quintic three-fold [52], using the results of Seidel [9] and our

earlier paper [1].

In future work [53], we will extend this result to the case of Fano hypersurfaces in

projective space, and we plan also to consider the case of hypersurfaces of general type.

2.1.2 Statement of the main result

First let us introduce the coefficient rings of the categories we will be considering.

Definition 2.1.2.1. We define the universal Novikov ring Aj, whose elements are

formal sums

U(r) =D e,
=1

where ¢; € C, and )\; € Ry is an increasing sequence of non-negative reals such that

Vide

It is a valuation ring whose value group is R. Its field of fractions is the universal
Novikov field
A= Ao[rl).
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We denote the maximal ideal by m C A,.

Definition 2.1.2.2. Given an element ¢ € C[[r]] such that (0) # 0, we obtain an

automorphism

fo A — A, such that
fo(r) = rp(r).

If € is a A-linear category, and 1 such an element, we define a new A-linear category
1 - G: it is the same category as €, but the A-vector space structure of the morphism
spaces is changed via f,. We say that 1 -C is obtained from C via a change of variables

in the Novikov field.

Now we introduce the relevant categories.

Definition 2.1.2.3. On the symplectic side, let M™ C CP""! be a smooth hypersurface
of degree n. M™ is an (n — 2)-dimensional Calabi-Yau. The Fukaya category F(M™)
(as defined in [54]) is a Z-graded A-linear A, category. The split-closed derived Fukaya
category D™ F(M™) (see [11, Section 1.4]) is a A-linear triangulated category. We remark
that the Fukaya category is a symplectic invariant (up to A, quasi-isomorphism), so it

does not matter which smooth hypersurface M™ we choose.

Definition 2.1.2.4. On the algebraic side, we define

n
Whop = UL ... Uy + 7T E uj € Afug, ..., up].
j=1

We set N7

nov

= {Wney = 0} C PY71. We equip N©

v With the action of a finite group.

Observe that the group

I = (Z)"/(1,1,...,1)

acts on P! by multiplying the homogeneous coordinates u; by nth roots of unity (we
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include the ‘+’ for consistency with later notation). We have a homomorphism
I: — Zn,

*

given by summing the coordinates. We denote the kernel of this homomorphism by T*.

so I'} acts on N . We define

nov*

Note that the action of I'}, preserves N»

nov?

N™ = N" T

oY

We consider the bounded derived category of coherent sheaves on N . which is

nov?

nov

DPCoh(N™. ) := DV (cohfv*w (ﬁgov)) .
It is a triangulated category over A.

Theorem 4. Ifn > 5, then there exists a power series ¢ € Cl[r]], ¥(0) = £1, and an

equivalence of A-linear triangulated categories
D™ F(M™) =) - D’Coh(N™ ).
In fact, we will see that ¢ € C[[r"]] C C[[r]].

Remark 2.1.2.5. The requirement that n > 5 can be removed without difficulty, but
would require some ad-hoc arguments in the cases n = 3 and n = 4. We prefer to leave

these to the reader, as they distract from the main flow of the argument.

We remark that the reference [54], in which the full Fukaya category F(M™) is defined,
and one of the results we use in the proof of Theorem 4 is proven (we have stated it as
Theorem 8), is still in preparation. This is not an ideal situation, but we reassure the
reader that this paper is written with minimal reliance on [54]. Let us explain what we

mean.
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We rigorously define a version of the Fukaya category called the ‘relative’ Fukaya
category F(M™ D). It is an Ay category defined over some coefficient ring R, and

there are natural homomorphisms of C-algebras
R — C[[r]] = A.

We also define a certain category of matrix factorizations, denoted by piM FG(S,w),
which is a differential graded category over the same coefficient ring R. We introduce

full subcategories

AcC F(M™, D), BcCp:MFS(S,w),
and prove (without reference to [54]) that there exists ¢ € R and an A equivalence

A.

IR

b B

For a more precise statement, see Theorem 5. Using a theorem of Orlov relating matrix

factorizations to coherent sheaves, we show that there is an equivalence

D*Coh(N%,) = Ho (p{MFS(S,w) ®r A)

0

(the ‘Ho’ on the right-hand side denotes the homotopy category of a differential graded
category), and the full subcategory B @r A generates. It follows that we have a fully
faithful embedding

W - D’ Coh(N™) = Db (F(M™, D) ®r A) .

nov
We can come to this point without reference to [54], but no further.

In Section 2.8, we make the assumption (Assumption 2.8.1.1) that there is a fully
faithful embedding
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where F(M™) is defined as in [54]. We justify this assumption ‘heuristically’, and show
that the full subcategory
A®r A C F(M™)

split-generates, by applying the split-generation criterion Theorem 8 (also due to [54]).
This completes the proof of Theorem 4.

In the rest of this section, we give an overview of the main techniques introduced
in the rest of the paper, and how they are used to prove Theorem 4. We will make a
few imprecise statements and definitions, in the interest of giving the reader the correct

intuitive picture.

2.1.3 Affine and relative Fukaya categories

Let M be a Kahler manifold, with a tuple D = (Ds,..., D) of smooth, ample, ir-
reducible divisors with normal crossings. In this paper, we consider three versions of
the Fukaya category: the affine Fukaya category F(M \ D), the relative Fukaya
category F (M, D), and the full Fukaya category F(M).

First let us describe the affine Fukaya category. It is closely related to the exact
Fukaya category of the exact symplectic manifold M \ D, as defined by Seidel in [11],

but it has a more interesting grading structure.

First we explain the objects of the affine Fukaya category. If P is a symplectic
manifold, we denote by GP — P the Lagrangian Grassmannian, whose fibre over p € P is
the space of Lagrangian subspaces of 7, P. Any smooth Lagrangian immersion ¢ : L — P

comes with an associated lift 4, : L - GP. We define an anchored Lagrangian brane
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L# in P to be a Lagrangian immersion i : L — P, together with a lift

GP

e

L—2>GP,

where GP is the universal cover of the total space of GP, together with a choice of Pin
structure on L. The terminology comes from [55], where a closely-related concept is

studied.

We define the objects of the affine Fukaya category F(M \ D) to be compact, ex-
act, embedded, anchored Lagrangian branes in M \ D. The category is C-linear, and
morphism spaces and A, structure maps are defined in exactly the same way as in the
exact Fukaya category of the exact symplectic manifold M \ D. Namely, the morphism

spaces are

CFrunpy (Lo L) == €D C-p

pELoNLy
(with appropriate modifications to allow for non-transverse intersection of Ly with Ly).

The Ay structure map
/1’8 :CF* (Ls—lyLs) ... ®CF* (LOa Ll) — CF* (L07 La)

is defined by counting rigid holomorphic disks with s + 1 boundary punctures in M \
D. Namely, the coefficient of py in p*(ps,...,p1) is given by the signed count of rigid
holomorphic disks

u:D\ {,..., (= M\ D,

sending the jth boundary component to Lagrangian L;, and asymptotic at puncture (;

to intersection point p;. However, we treat the grading differently.

To start with, we equip each morphism space with a grading in the abelian group

Hy(M \ D). The A, structure maps respect this grading, essentially because if there
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is a holomorphic disk contributing to some A, product in M \ D, then its boundary is

nullhomologous in M \ D. Gradings of this type have appeared in, for example, [20, 1].

Remark 2.1.3.1. Another way of defining this grading (following [55]) would be to
equip M with a basepoint ¢ € M \ D, and define an object of the Fukaya category to
be a Lagrangian L C M \ D, equipped with a path from ¢ to a point g, € L, inside
M\ D. Then, given an intersection point p € LyN Ly, which by definition is a generator
of CF*(Lg, L), we can define a class in H,(M \ D): start from ¢ and follow the path
from ¢ to qz,, then follow a path in Ly to the intersection point p, then follow a path in
L, to qr,, then follow the path back to g. The class of this path in Hy(M \ D) defines
the grading of p.

Secondly, if we were given a quadratic complex volume form on M\ D, we could define
a Z-grading of the morphism spaces (as in [11]). This defines a Z & H;(M \ D)-graded
category. However, this formulation is unsatisfactory: the Z-grading and H;-grading are
related. For example, changing the quadratic volume form has the effect of changing the
Z ® H, grading by an automorphism preserving the H; factor. We really want a new

notion of grading.

In Section 2.2, we define a grading datum G to be an abelian group Y together
with a morphism f:7Z — Y. We say that an A, category is G-graded if its morphism
spaces are Y-graded, and the A, structure map p* has degree f(2 — s). We also study
the deformation theory of G-graded A, algebras and categories, and prove various

classification results about them.

In Section 2.3.1, we introduce a grading datum G(M, D) associated to M \ D, as
follows: we consider the fibre bundle G(M \ D), with the associated fibration

Go(M\ D)= G(M\D)— M\ D.

Taking the abelianization of the associated exact sequence of homotopy groups, we obtain
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an exact sequence
Hy (Gp(M \ D)) = Hy (G(M \ D)) = Hy(M \ D).

We observe that G,(M \ D) is the Lagrangian Grassmannian of the symplectic vector
space T,M, so Hi(G,(M \ D)) = Z (see [56]). Thus we can define the grading datum
G(M, D) to be given by the first morphism in this exact sequence. We show that the
affine Fukaya category is naturally G(M, D)-graded. Observe that the second map in

the exact sequence gives the Hy(M \ D)-grading mentioned earlier.

Next, we introduce the relative Fukaya category, denoted F(M, D) (following [57, 9]).
Its objects are exactly the same as those of F(M \ D): compact, exact, embedded,

anchored Lagrangian branes in M \ D. It is defined over the coefficient ring
R(M, D) :=C[[ry,...,m]],

a power series ring with one generator for each divisor. We will often write R instead of

R(M, D) when no confusion is possible. We define morphism spaces by

CFzopy(Lo, L) : GB R-p.

pELoNLy

The A, structure maps p° count rigid boundary-punctured holomorphic disks in M.
Namely, the coefficient of pg in u*(ps, ..., p1) is given by a signed count of rigid holomor-
phic disks

w:D\{C,. ., M

with boundary and asymptotic conditions as before. Each such disk u contributes a term

. D
T‘UD 7,114D1 u k c R

where u - D; denotes the topological intersection number of v with D;. We observe that
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u - D; > 0 by positivity of intersection, so indeed the coefficients lie in R.

F(M,D) is still a G(M, D)-graded category, but we remark that the coefficient
ring R must have a non-trivial grading for this to be true. For example, consider the
H,(M \ D)-grading that we mentioned earlier. It is no longer true that a holomorphic
disk u contributing to an A, product x* has nullhomologous boundary in M\ D, because
the disk now maps into M, not M \ D as it did for the affine Fukaya category. However,
if we remove small balls surrounding each intersection point of u with a divisor D;, then
the resulting surface defines a homology in M \ D between the boundary of v and a
collection of meridian loops around the divisors. Thus, if we define the H,(M \ D)-
grading of the generator 7; € R to be the class of a meridian loop around divisor Dj,
then the A, structure respects the Hi-grading. Of course there remains more to check
to show that F(M, D) is G(M, D)-graded, but this is the basic idea — the details can

be found in Section 2.5.

We observe that the zeroth-order part of F(M, D) defines an A, category over C, in
which a holomorphic disk u : D — M contributes to u° only if u- D; = 0 for all j. This
corresponds to counting only holomorphic disks which avoid the divisors D, i.e., which
lie in M \ D. By definition, this corresponds to the affine Fukaya category F(M \ D).
We therefore say that F(M, D) is a G(M, D)-graded deformation of F(M \ D) over
R(M, D).

Finally, we recall the definition of the full Fukaya category F(M), as in [24, 54],
where M is a Calabi-Yau symplectic manifold. Its objects are graded spin Lagrangians
L C M. 1t is linear over the Novikov field A. Its morphism spaces are Z-graded A-vector
spaces (where A has degree 0 € Z), defined by

CFion(Lo L)) = € A-p.

pE€LoNLy

The A, structure maps are defined by signed counts of rigid boundary-punctured holo-
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morphic disks u : D — M as before. Each such disk u contributes a term @ e A to

the corresponding coefficient of u°.

If we define the ring homomorphism

R = A

r; + rforall j,

then A becomes an R-algebra. We expect that there is a fully faithful embedding of
Z-graded A-linear A, categories,

F(M,D)®r A — F(M).

We do not rigorously establish that such an embedding exists, so we state this as As-

sumption 2.8.1.1, and give some justification in Remark 2.8.1.2.

We summarize the properties of the three versions of the Fukaya category in the

following table:

Notation Affine: F(M \ D) Relative: F(M, D) Full: F(M)
Objects Eq. branes L# in M \ D | Same as for F(M \ D) | Graded, Spin L C M
Coefficients C R(M, D) A
Morphisms C(LoN Ly) R{LoN Ly) A(LoN Ly)
Grading G(M, D)-graded G(M, D)-graded Z-graded (if M is C-Y)
Aoo maps pf | #{u:D— M\ D hol} | #{u:D— M hol.}, #{u:D — M hol.},
with r*P € R with r¢® € A
F(M\ D) G (M, D)-graded deformation} F(M, D) ®rA, F(M).
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2.1.4 The B-model mirror to the affine, relative and full Fukaya

categories

We define the smooth Calabi-Yau Fermat hypersurface

M™ = {Z 2= 0} c cp,
j=1

with ample divisors D; := {z; = 0} for j = 1,...,n. In this section, we will introduce

the B-models which ought to be mirror to F(M™\ D), F(M", D), and F(M").
We define the power series ring
R:=C[[r,...,m]],
which is the coefficient ring of F(M™, D). We define the R-algebra
S = Rluy, ..., uy),

and equip it with the Z-grading so that R is concentrated in degree 0, and each u; has
degree 1. We define the element

n
W =Uy...U, + E T‘jU?ES,
Jj=1

of degree n.
Now note that Proj(S) = P%~'. We consider the variety
N™:= {w =0} C ¥,

and equip it with the action of I}, exactly as we did for N” in Definition 2.1.2.4, then

nov
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define
N™:= N"/T%.

We note that the algebraic torus
T:={(A,..., ) €CH)": M. A, =1}
acts on S, by sending

U; > )\jU,j,

-n

This action preserves w, and commutes with the action of I';;, and therefore defines an

action of T on N™.

We note that there are homomorphisms
C+ R—A,

given by

O—rj—>r

for all j. Hence, by base change, we obtain

NP ™ NP

nov

Lo

Spec(C) — Spec(R) <— Spec(A).

We call N™ the total space of the family over Spec(R), we call NJ the special fibre,
and N, the generic fibre. We observe that this N coincides with the definition

nov

given in Definition 2.1.2.4.
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We expect mirror relationships as follows:

Coefficients C R A
B-model Perf(Ng) | Perf(N™) | Coh(N]

nov )

A-model | F(M™\ D) | F(M™,D) | F(M")

(however note that we do not necessarily claim to prove all of these equivalences — this

table is included to assist the reader in seeing the ‘big picture’).

Note that the map from R to C is naturally T-equivariant. Thus, we can define T-
equivariant sheaves on N§ and N™. However it is impossible to equip A with a T-action
so that the map R — A is T-equivariant, so we can not talk about T-equivariant sheaves

n
on N .

We expect that T-equivariant sheaves correspond to anchored Lagrangian branes.
Namely, we have seen that the morphism spaces between anchored Lagrangian branes
admit a grading in the group H,(M™ \ D), and hence an action of its character group.

In this case, there is a natural isomorphism
Hom (H;(M™\ D),C*) = T,

and we expect the mirror correspondences in the above table to be T-equivariant (exclud-
ing the last column). In fact, we expect something stronger: they should be equivalences

of G-graded categories.

In [1, Theorem 7.4], we proved that there is a fully faithful, T-equivariant embedding
Perf(N}) < D°F(M™\ D).

In this paper, we extend this to prove results about the other columns.
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Our ultimate aim is to understand the final column, and give a proof of Theorem 4.
Thus we need a method of making computations in D*Coh(NT,, ). For this purpose, we

use the category of graded matrix factorizations. Let us denote
Snov =S ®r A = A[ul’ s 7un]7

with

Wnoy ‘= WR 1 E Snov‘

Then S,y is Z-graded, and wy,ey, is homogeneous of degree n. In [58], Orlov introduced
the differential graded category of graded matrix factorizations of a homogeneous super-

potential, GrMF(S0p, Wnov), and proved that there is an equivalence
Ho (GIMF (Spou, Wnoo)) 2 D*Coh (Ngw) ,

where

N n
Nnov

= {Wpe, = 0} C PA7!

(see [58, Theorem 3.11]). Similarly, there is an equivalence of I'}-equivariant categories,

Ho (GrMF(Spovs Wnov)' ™) = D*Coh (N

TLOU) :

Orlov’s theorem applies because we work over the field A, and N = {wyey = 0} is

smooth and Calabi-Yau. However, recall that by passing from the variety N™, defined
over R, to the variety N2

nov?

defined over A, we lose the T-action. This is a disadvantage,
because T-equivariance constrains the algebraic structures we consider significantly, and

makes our classification problems tractable.

Therefore, we introduce (in Section 2.7) the category GrMF(S, w) of graded matrix
factorizations of w € S, over the coefficient ring R (Orlov mainly considered graded

matrix factorizations over a field in [58], but the definition works over any ring). The

150



coefficient ring R and the graded R-algebra S admit an action of T, which preserves
w. Therefore we can talk about T-equivariant objects in GrMF (S, w), and furthermore

there is a fully faithful embedding
GrMF(S,w) ®r A — GrMF(S,00, Wnov)-

However, because R is not a field, Orlov’s theorem does not apply to give a relationship
between the categories GrMF(S, w) and Perf(N™) (although it seems reasonable to hope
that some sort of relationship might hold).

In fact, we first introduce a differential G-graded category M FE(S,w) of G-graded
matrix factorizations of w € S (these combine the T-action with the Z-grading, in the
same way that anchored Lagrangian branes combine the H;(M" \ D)-grading with the
Z-grading in the Fukaya category). We show that GrMF(S, w)'" is some ‘orbifolding’ of
it.

The starting point for this is the observation that GrMF(S,w) is a Zy-equivariant
version of M FG(S,w) (compare [59, 60]). In fact there is an action of I'* on MFE(S,w),

and we show that there is a fully faithful embedding
MFC(S, w)fw;‘L — GtMF(S, w)!=

(recall that f‘; is an extension of Z,, by I';; the Z,, got eaten up turning M F into GrMF).

In fact, our notation for the f‘;-equivariant category is different — we will write it as
PiMFC(S,w) = MFE(S,w)™,

We will not give the precise meaning of ‘p}’ in this introduction, but will continue to

use it for consistency with our later notation.

We consider the object Oy of M FE(S, w), corresponding to the ideal (uy, . ..,u,) C S.
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We denote its endomorphism algebra by B. It is a deformation of the exterior algebra
Extoncny(Oo, Qo) = A™C?

over the power series ring R. Deformations of A*C" are governed by the Hochschild
cohomology, which is given by polyvector fields, by the Hochschild-Kostant-Rosenberg
isomorphism:

HH*(A*(CR) = C[[Ul, e aun”[eh ce ,Hn]7

where the variables u; commute and the variables §; anti-commute. We construct a
minimal A, model for this A, deformation of A*C™, and prove that its deformation
classes are given exactly by the coefficients of w (following [21]). We prove a classification
theorem (Theorem 6), which shows that these deformation classes, together with the G-
grading, are enough to determine the deformation up to A, quasi-isomorphism and

formal change of variables.

We then consider the full subcategory of pjM F&(S,w) whose objects are the equiv-
ariant twists of Oy. We denote it by B. It can be determined completely from B. We

also introduce a full subcategory
A C F(M™, D)

(the remaining sections of this introduction will consist of an explanation of how to

compute A). We prove the following generalization of [1, Theorem 7.4]:

Theorem 5. There exists a ¢ € C[[T]] C R, where T =ry...1,, with ¢(0) = £1, and

a quasi-isomorphism of G-graded R-linear Ay, categories



By our previous discussion, there is a fully faithful embedding

Ho (piMF%(S,w) ®g A) — D*Coh(NT.

nov

) 2 DPCohl (]V,’}ov) .

The images of the equivariant twists of Oy correspond to equivariant twists of the

restrictions of the Beilinson exceptional collection Q7(j) restricted to JV,:;,U

(for j =
0,1,...,n — 1) by characters of I'%.

The equivariant twists of the restrictions of the Beilinson exceptional collection gen-

erate D®Coh(N?R ), so it follows immediately from Theorem 5, by tensoring with A, that

nov

there is an equivalence of triangulated categories
¥+ D*Coh(N7,) = Ho (Tw (A @r A)) € D F(M7)
(under our assumption (Assumption 2.8.1.1) that the second embedding above exists).

Finally, to complete the proof, we wish to show that A ®gr A split-generates the
Fukaya category. We do this by applying the split-generation result of [54], which says
that, if the closed-open string map

CO: QH* (M™) — HH" (]i ®r A)
is non-zero in the top degree 2(n — 2), then A ®x A split-generates D™ F (M™).

We observe that

_ .o 2 (7
CO(lw]) == € HH (A@RA)

(in words, the image of the class of the symplectic form under the closed-open string

map is the class in HH? corresponding to deforming the Fukaya category by scaling the
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symplectic form). We now observe that CO is a A-algebra homomorphism, so

COu]™?) = (‘9;)

We then compute that this class is non-zero in the Hochschild cohomology. It follows
from the split-generation criterion that A®RrA split-generates D™ F(M™). This completes
the proof of Theorem 4.

In the rest of this introduction, we explain how we make computations in the relative

Fukaya category F(M™, D), which are sufficient to prove Theorem 5.

2.1.5 Behaviour of the Fukaya category under branched covers

Suppose that N and M are compact Kahler manifolds with ample normal-crossings

divisors E C N and D C M as before, and that
¢:(N,E)— (M,D)

is a branched cover ramified about the divisors E, sending divisor Ej; to divisor D;, and
with ramification of degree a; about divisor £;. We aim to understand how the affine

and relative Fukaya categories of (N, E) and (M, D) are related.

First, we observe that the map
¢: N\E—-M\D

is an unbranched cover. Therefore, any holomorphic disk in M \ D lifts to N \ E,
because it is contractible. It follows that the problem of relating 7 (N \ E) to F(M \ D)
is essentially one of algebraic bookkeeping: we need to keep track of how the holomorphic

disks lift, but do not need to compute any new moduli spaces of disks. This leads one to
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the statement that (N \ E) is a ‘semi-direct product of F(M \ D) with the character
group of the covering group of ¢’ (see [9, Section 8b] and [20, Section 9]). We rephrase

this in Section 2.3.4 using the language of G-graded categories, in which we write
F(N\ D) =p"F(M\ D)
(we won'’t explain this notation in the introduction).

Now we try to understand the behaviour of the relative Fukaya category with respect
to branched covers. This is not as simple as the unramified cover case, because holomor-
phic disks may pass through the branching locus, and then they do not lift to the cover.
In order to relate (N, E) to F(M, D), we introduce a ‘smooth orbifold relative Fukaya
category’ F(M, D, a), where a = (a1, ..., ax) denotes the degrees of ramification of the
cover about the divisors (but we could define the orbifold Fukaya category for any tuple

a of k positive integers).

The objects, morphism spaces and coefficient ring of F(M, D, a) are the same as for
F(M,D). The A, structure maps p°, however, count holomorphic disks v : D — M
that have ramification of degree a; about divisor D; wherever they intersect it. Each

such disk contributes

7,z&,é(intersection points with D;) - 'T:e(intersection points with Dy) € R(M, D).
In particular, if @ = (1,1,...,1) then we recover the relative Fukaya category. The
category is still G(M, D)-graded, but the coefficient ring R(M, D) is equipped with a
different G(M, D)-grading depending on a.

The holomorphic disks v : D — M contributing to the orbifold relative Fukaya
category, now do lift to holomorphic disks u : D — N (by the homotopy lifting criterion).
Thus, the relative Fukaya category F(N, E) is related to F(M, D, a) in exactly the same
way that the affine Fukaya category F(N \ E) is related to F(M \ D): in the language
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of G-graded categories,
F(N,D)=p"F(M,D,a).

It now remains to relate (M, D,a) to F(M, D). In fact, we are only able to relate
the ‘“first-order’ parts of the categories (but this turns out to be enough for our purposes).

The first-order relative Fukaya category is defined to be
F(M,D)/m?*:= F(M, D) g R/m?,

where m C R is the maximal ideal. It is linear over R/m?. It retains only the information
about rigid holomorphic disks u : D — M passing through a single divisor D; (with
multiplicity 1).

Let us write
B = po+ py
for the A, structure maps p* in F(M, D)/m?, where g gives the affine Fukaya category

and p} gives the first-order terms. Then the Ao relations tell us that p] is a Hochschild

cocycle, hence defines an element
k
> rja; € HH*(F(M \ D)) ® m/m’.
j=1

We call o; the first-order deformation classes of F(M, D).

We prove (Theorem 7) that, if 7(M, D) has first-order deformation classes «;, then
F (M, D, a) has first-order deformation classes a?, where the power is taken with respect

to the Yoneda product on Hochschild cohomology. The proof looks very similar to the
proof that the map QH*(M) — HH*(F(M)) is a ring homomorphism.

Remark 2.1.5.1. At first sight, this may seem a strange result: first-order deformation

classes of a category live in H H?, and the Yoneda product respects the Z-grading, so one
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would expect the class a;j to no longer live in HH? and therefore not be an appropriate
first-order deformation class. The solution lies in the fact that the coefficient rings R have
non-trivial gradings, and in fact the coefficient rings for F(M, D) and F(M, D, a) have
different gradings: thus, both r;a; and rja‘;j have degree 2 in the respective Hochschild

cohomology groups in which they live.

Combining this result with our previous observations, if we have a branched cover
¢ : (N,E) — (M, D), then we can compute F(N, E) to first order if we know F(M, D)

to first order.

2.1.6 The Fukaya category of M"

We will now explain how to compute the Fukaya category of M™. We will keep the
one-dimensional case (n = 3) as a running example throughout, despite the fact that
we do not prove this case of Theorem 4 completely in this paper. We do this because
one can see all of the holomorphic disks in the Fukaya category in this case, and gain
intuition for the various versions of the Fukaya category that we introduce, and results

that we prove about it.

We consider the Fermat hypersurfaces
n
M= {Z 2= 0} ccprt
j=1

with the smooth ample normal-crossings divisors D; = {z; = 0} for j = 1,...,n. There

is a branched cover
¢:(Mz,D) — (M7, D),
[71:...02p) = [20:...0:0 22
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Thus, applying the results described in the previous section, if we can compute F (M7, D)

to first order, then we can compute F (M7, D) to first order.

We observe that M} = CP""2, and D consists of n hyperplanes in general position.
M7} \ D is called the (n — 2)-dimensional pair of pants. In Section 2.6, we construct a
Lagrangian immersion

L:S"?— M!\D

which has an anchored Lagrangian brane structure. This Lagrangian was introduced in

[].

Example 2.1.6.1. M} = CP', and D consists of three divisors (points). The La-
grangian immersion L : S — CP' \ D is shown in Figure 2.1.6.1. The A, algebra
CF*(L, L) was described in [20]. It was introduced as a Z & H, (M3} \ D)-graded cate-
gory, but it is not hard to see the underlying G(M}, D)-graded structure.

The reason this Lagrangian is important is because it can be regarded as a ‘fibre’
in a Strominger-Yau-Zaslow fibration. See Figure 2.1.6.2 for the picture in the one-
dimensional case. More generally, as shown in [22], the pair of pants CP" 2\ D is a
singular torus fibration over the ‘tropical amoeba of the pair of pants’, which is some
space stratified by affine manifolds. The torus fibration is non-singular over the top-

dimensional faces of the tropical pair of pants.

We suggest that one should think, not of an SYZ fibration of the pair of pants
over the tropical pair of pants, with some singular fibres, but rather of an SYZ family of
objects of the Fukaya category, parametrized by the tropical pair of pants. The immersed
Lagrangian sphere L is the object corresponding to the central point in the tropical pair of
pants in this picture. The objects corresponding to points of the top-dimensional strata
are Lagrangian torus fibres (recall that the fibration is non-singular there). The objects
corresponding to points on the in-between strata are lower-dimensional incarnations of

L, crossed with tori. We provided some evidence for this philosophy in [1], where we
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—_-g——-u--.-.-

- Py

Figure 2.1.6.1: CP! with its real locus RP! is shown in black, with the divisors D
indicated by black dots. The Lagrangian immersion L : S* — CP' \ D is shown in red,
and its self-intersection points are marked in blue.
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Figure 2.1.6.2: The Lagrangian L : S* — CP'\ D can also be drawn as a ‘trefoil’, shown
here in red on the pair of pants (upper left). It lies over the central point (shown in red)
in the tropical pair of pants (bottom). The mirror is the union of coordinate axes in
C? (upper right), and the object corresponding to L is the structure sheaf of the origin
(shown in red).

showed that the endomorphism algebra of L in F(CP* %\ D) is quasi-isomorphic to
the endomorphism algebra of the structure sheaf of the origin in the mirror category of

matrix factorizations. We plan to make this picture more precise in future work.

In Section 2.6, we compute CF*(L, L) to first order in F (CP"2, D), using a Morse-

Bott model for the relative Fukaya category, based on the ‘cluster homology’ of [27]. We
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compute that the underlying vector space is an exterior algebra:
CF*(L,L) & A*C* = Clfy,. .., 6],

where the variables ; anti-commute. For example, when n = 3, CF*(L, L) is generated
by H*(S') (whose two generators we identify as the bottom and top classes 1 and
61 N 62 A 03), together with two generators for each self-intersection point, which we

label as in Figure 2.1.6.3.

We next show that the zeroth-order algebra structure, u2, coincides with the exterior
algebra. In the case n = 3, the corresponding holomorphic triangles are shown in Figure
2-3(a). The shaded triangle can be viewed as having inputs #; and 6, and output 6; A8,
while the corresponding triangle on the back of the figure can be viewed as having inputs

0, and 6, and output —6; A ;. The other products follow similarly.

Ao structures with underlying cohomology algebra A*C™ are classified by the Hochschild
cohomology, which is given by polyvector fields, by the Hochschild-Kostant-Rosenberg
isomorphism:

HHA'C™) = Cllug, - - -, un][by, - - -, 6],

where variables u; commute and 6; anti-commute. We show that the endomorphism
algebra CF*(L, L) in the affine Fukaya category F(CP"~2\ D) is completely determined,

up to A, quasi-isomorphism, by a single higher-order product, having the form
pr (b, .., 00) =1,
corresponding to the Hochschild cohomology class
Uy .. Up € Cllug, ... un]][br, - -+, 00

In the case n = 3, we can see the corresponding holomorphic disk in Figure 2-3(a). It is
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(a) Disks contributing to CF*(L, L) in the affine (b) Disks contributing to the first-order defor-
Fukaya category, F(CP'\ D). mation class of CF*(L, L) in the relative Fukaya
category, F(CP', D).

Figure 2.1.6.3: Holomorphic disks contributing to CF*(L, L).

the shaded triangle, which we view as a degenerate 4-gon having inputs 0y, 6, 03, and

output a degenerate vertex on one of the sides of the triangle, corresponding to 1.

We next compute that the endomorphism algebra of CF*(L, L) in the first-order

relative Fukaya category F(CP"~%, D)/m?) is determined by structure maps of the form
pt(6;) =y 1,
corresponding to first-order deformation classes
riu; € Cllug, ..., un)l[fh, ..., 0] ® m/m?.

When n = 3, we can see the corresponding holomorphic disks in Figure 2-3(b). The
shaded ‘teardrop’ shape has one input 6;, and a degenerate output vertex corresponding
to 1. It intersects divisor D; exactly once, and does not intersect the other divisors,

hence contributes with a coefficient 7. Thus it gives rise to the term p'(6;) =ry - 1.

It follows from the result described in Section 2.1.5 that the first-order deformation

162



classes of the A, algebra
A= CF;(C]P"*?,D,(n,...,n))(L7 L)

in the orbifold Fukaya category, are r;u}. Thus, the full deformation class of A is
n
UL ... Uy + eru;‘ + O(r?),
j=1

which we observe coincides with the defining polynomial w of N, to first order.

We prove a classification theorem (Theorem 6) which shows that this is enough
information to determine the full G-graded deformation, up to A, quasi-isomorphism

and formal change of variables.

We show that the A, algebra
B := Hompre (su)(Oo; Oo)

also has the same underlying algebra, G = G(CP" 2, D)-grading, and deformation
classes (recall the deformation classes were given exactly by w itself). Therefore, by the
above-mentioned classification theorem, we have a formal change of variables ¥, and an
Ao quasi-isomorphism

Bty Al

Now the algebraic procedures of passing from F(CP"2, D, (n, ...,n)) to the branched
cover F(M™, D), and of passing from M F%(S,w) to p{M FE(S,w), are equivalent: we
have

BpiB ey piA =y A

This completes the proof of Theorem 5. See Figure 2.1.6.4 for a picture in the case n = 3.
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Figure 2.1.6.4: A fundamental domain of the elliptic curve M 3, with the divisor D
consisting of nine points, indicated by black dots. The 9-fold cover (M 3. D) — (CP', D)
has ramification of order 3 about each divisor. The black lines are the pullback of RP".
The lifts of L are the curves shown in red, with their intersection points in blue. We
have shaded two of the holomorphic disks contributing to the A products between lifts
of L. Note that the triangle of Figure 2-3(a), which contributes to the affine Fukaya
category, lifts directly to M3, whereas the ‘teardrop’ illustrated in Figure 2-3(b), which
contributes the term rju; to the deformation class of the relative Fukaya category, does
not lift, but rather gives rise to the ‘clover-leaf’ shape, which contributes the deformation

class rau3.
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2.2 Graded and equivariant categories

The main purpose of this section is to introduce the relevant notions of graded and
equivariant algebraic objects, and modify the results in [9, Section 3] to classify such

objects.

2.2.1 Grading data

For the purposes of this section, we fix an integer n > 3.

Definition 2.2.1.1. An unsigned grading datum G is an abelian group Y together
with a morphism f: Z — Y. We will use the shorthand G = {Z EN Y}, We will often

write G as

z—1sy 25X 0,
where X is the cokernel of f. We say that G is exact if the map Z — Y is injective.

Definition 2.2.1.2. A morphism of unsigned grading data, p : G; — Gq, is a mor-
phism p : Y7 — Y5 that makes the following diagram commute:
f1
Z ——>Y]
|

7 L5 Y,

Composition of morphisms is defined in the obvious way, and this defines a category of
unsigned grading data. We say that a morphism of unsigned grading data is injective
(respectively surjective) if the map p is injective (respectively surjective). We will

sometimes write p as

7, fi Y, 9 X, 0
|
7, f2 Y, g2 X, 0,




where py is the map induced by p.
Definition 2.2.1.3. We define the sign grading datum, G, := {Z — Z,}.

Definition 2.2.1.4. We define a grading datum (G, o) to be an unsigned grading
datum G, together with a sign morphism, which is a morphism of unsigned grading
data,

c:G— G,.

We define a morphism of grading data to be a morphism of unsigned grading data that
is compatible with sign morphisms. Henceforth, we will often omit the sign morphism

o from the notation to avoid clutter.

The sign morphism is important because it allows us to define certain signs in our

algebraic objects, which allows us to work over fields of characteristic not equal to 2.

Example 2.2.1.5. We define the grading datum Gy := {Z d Z}, with the obvious

morphism o. It is an initial object in the category of grading data.

In practice, it is often simpler to work with objects called pseudo-grading data.

Definition 2.2.1.6. A pseudo-grading datum H is a morphism of abelian groups
f:Z =Y, together with an element ¢ € Hom(Z, Z), whose image lies inside 2Z C Z.

Definition 2.2.1.7. A morphism of pseudo-grading data,
p: H1 d H2,

consists of maps pz and py that make the following diagram commute:

Zl—f‘eYl

A

Z, L5 v,
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together with an element d € Hom(Y7, Z), whose image lies inside 2Z C Z, such that

c1 = pz(ca) + f1(d).
Definition 2.2.1.8. Given a pseudo-grading datum H:
z1tsy,
together with ¢, we define a grading datum G(H) by
7Z—> (Z®Y)/Z,
where we define the map Z - Z &Y by

2> c(—2)® f(2)

and the other maps in the obvious way. We define the sign morphism o : G(H) — G,
by

0. (ZaY)]Z — Zs,

oc(j®y) = j.

Observe that the condition that the image of ¢ lies in 2Z ensures that ¢ is well-defined.

Definition 2.2.1.9. Given a morphism of pseudo-grading data p : H; — H as in

Definition 2.2.1.7, we define a corresponding morphism of grading data

G(p): G(H,) - G(H3),

where

G(p)(j ®y1) = (4 +dw)) ® p(y).
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It is not hard to check that this defines a functor from the category of pseudo-grading

data to the category of grading data.
Example 2.2.1.10. If we denote by 0 := {0 — 0} the zero morphism, then G(0) = Gy.

Example 2.2.1.11. Given n > 0, we define the pseudo-grading datum Hpp(n) := {Z =%
Z}, with ¢ = 2. We denote the corresponding grading datum by Garpn). It is exact,

and has corresponding short exact sequence
0—>7Z 5 zZaen)2-n) > 2, —> 0,

This grading datum is important because it controls Orlov’s ‘category of graded matrix

factorizations’ of a superpotential of degree n (hence our terminology).

Now we will introduce another important grading datum, although first we introduce

a bit of convenient notation.

Definition 2.2.1.12. We denote [k] := {1,...,k} for any positive integer k and, for any
K C [k],
yk =D _Yj € Llys,- ., yx) 2L

jeK

Example 2.2.1.13. Given n > 1, we denote by H the pseudo-grading datum
Yin)
Z—= Z{Y1,- -, Yn)s

together with ¢ = 2(n — a). We denote by G7 the corresponding grading datum. This
grading datum is important because it controls both the Fukaya category and the cate-

gory of equivariant matrix factorizations that we will consider.

Now we prove a Lemma relating some of the grading data that we have introduced.
We will use it to relate the category of matrix factorizations to the category of coherent

sheaves.
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Lemma 2.2.1.14. For any n > 1, there is a commutative square of grading data:

Gt L Gy
»m p2

G? % Gurmy,

such that p1 and ps are injective.

Proof. The morphism p, is uniquely defined because Gz is an initial object. It is clearly
injective. The morphism q; comes from the zero morphism of pseudo-grading data, with

d = 0 (note this is a morphism of pseudo-grading data because ¢ = 0 in H?).

The morphism p; comes from the morphism of pseudo-grading data,

J

7 2% 7
with d = 2(1 — n)y},; (where here we denote by yp, the element of the dual space
(zM)Y = 7). 1t is clearly injective.
The morphism gz comes from the morphism of pseudo-grading data,

Yn
[l; 7

Z
X(*U\L ~Y[n)
Z

Xn

s 7,

with d = 2y[n].

It is a simple exercise, applying Definition 2.2.1.9, to check that the diagram com-

mutes. 0O



2.2.2 Graded vector spaces

We recall that, if Y is an abelian group, then a Y-graded vector space is a vector space

V, together with a collection of vector spaces V;, indexed by y € Y, and an isomorphism

V=PV,

yeY

Definition 2.2.2.1. Let p : Y7 — Y5 be morphism of abelian groups. Given a Y;-graded

vector space V, we define the Ys-graded vector space p,V, where
PV )y = @ Va.
p(a)=b
In particular, the underlying vector space V does not chdnge.

Definition 2.2.2.2. Let p : Y] — Y3 be morphism of abelian groups. Given a Y;-graded

vector space V, we define the Y;-graded vector space p*V, where

(P*V)a = pla):

Remark 2.2.2.3. If p : Y7 — Y5 is injective, then p*V is just the part of V whose

Ys-degree lies in im(p).

Definition 2.2.2.4. Let G = {Z — Y} be a grading datum. A G-graded vector space
V is the same thing as a Y-graded vector space V.

In fact, for the purposes of this section, ‘G-graded’ is virtually identical to ‘Y-graded’.

Things will get more complicated in the subsequent sections.

Definition 2.2.2.5. Given an element y € Y, and a G-graded vector space V', we define
V [yl to be V with grading shifted by y.

Definition 2.2.2.6. Given a morphism p of grading data, we define operations p, and

p* on G-graded vector spaces to be identical to p, and p*.
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Definition 2.2.2.7. If V is a G-graded vector space, then it automatically becomes a
Zo-graded vector space:

V &o.,V,

where o is the sign morphism of G. Given v € V of pure degree with respect to this

Zo-grading, we denote its Z,-degree by o(v).

Definition 2.2.2.8. A G-graded algebra is a Y-graded algebra, i.e., one whose multi-
plication respects the Y-grading.

Example 2.2.2.9. Recall the grading datum G7 of Example 2.2.1.13. We define the

n-dimensional G'7-graded vector space
Un :=C(uy,...,u),

where we equip u; with degree (—1,y;) € (Z®Y,)/(2(1 — n) @ yp)).

Example 2.2.2.10. Let a be an integer. We define the G7-graded vector space
Vii=C(ry,...,mn),

where we equip r; with degree (2 —2a, ay;) € (Z® Y,)/(2(1 — n) @ ypn)

Remark 2.2.2.11. We observe that, if p; and ¢; are the morphisms of grading data
defined in Lemma 2.2.1.14, then

qupV, =V}

is a Z-graded vector space concentrated in degree 0.

We remark that, if V' is a G-graded vector space, then the exterior algebra A(V') and

symmetric algebra Sym(V') have natural G-graded algebra structures.
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Definition 2.2.2.12. We define the G7-graded exterior algebra
Ap = A(Un) = C[glv SRR gn]a

where the variable 6; anti-commute.

Definition 2.2.2.13. We define the G7-graded power series ring

R .= C[[V.)]] 2 Cl[ry,..., ]

The next Lemma looks abstruse, but will be used in Section 2.7.5 to relate equivariant

matrix factorizations to equivariant coherent sheaves:

Lemma 2.2.2.14. Suppose we are given a commutative diagram of exact morphisms of

grading data:
G, > Gy

ml ml
G -5 Gy,
where p; and ps are injective, and a G-graded vector space V. Taking the X -part of the

grading data and morphisms, we find there are morphisms

P1,X 92,X

X —X—X

whose composition is 0 (by commutativity of the diagram). We define the group I to be

the homology of this sequence:

I' :=ker(go,.x)/im(p1,x)-

Then p3qq2.V admits a I'-grading, and hence an action of the character group I'*, and

there is an isomorphism

(P;(h*v)lw = quplV

172



as Z-graded vector spaces, where the superscript T'* denotes the I'*-invariant part (or

equivalently the part of degree 0 € T').

Proof. We have, by definition, the degree-j parts
PraVY = P A,
a2(y)=p2(J)

and

(QTPMV)j = @ APl(y)‘

a(y)=j
Note that the first of these is equal to the part of A whose Y-grading lies in ¢; ' (im(pz)),
while the second is equal to the part of A whose Y-grading lies in im(p,) (using the

exactness of p; and ps). By commutativity of the diagram,

v = pi(y1)
= q@y) = paly))

=y € g'(im(a)),
so im(p;) C g5 '(im(p;)). Therefore, we have
a1V C p3qa.V.

Furthermore, the left-hand side is exactly equal to the part of the right-hand side whose
Y-grading lies in
im(p1) C g5 *(im(p2)),

so we can equip the right-hand side with a grading in

g; '(im(p2))/im(p;) = T,

and the left-hand side is equal to the part of degree 0 € T".
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The fact that the Z-gradings match up also follows from commutativity of the dia-

gram:

a(y) =7 = p2(J) = q2(p1(y))-

This completes the proof. O

2.2.3 G-graded A, algebras and Hochschild cohomology

We now define appropriate notions of G-graded A, algebras and Hochschild cohomology.

For the purposes of this section, let G be an exact grading datum.

Definition 2.2.3.1. Let R be a G-graded algebra, and let A, B be G-graded R-bimodules.
For each s > 0, we define a Y & Z-graded R-bimodule, whose degree-(y, s) part is

CCY(A, B|R)* := Hom g—pimod(A®"*, B)y— f(s),

called compactly supported Hochschild cochains of length s and degree y. Note
that the Y-grading is not quite the obvious one: if ¢* changes Y-degree by v/, then we
define the Y-grading of ¢° to be y := f(s) +y'. We will omit the ‘|R’ from the notation
unless it is necessary to avoid confusion. There is a natural filtration of CC} (A, B),

called the length filtration, given by

(CCi(A,B)) =P (CC:(A,B)).

s§'>s

We also define a filtered G-graded R-bimodule, whose degree-y part is

CCY(A,B) := [[cc¥(4, By,

s>0

which is the G-graded completion of CC:(A, B) with respect to the length filtration.

Note that we call it a ‘G-graded’ completion because it is the completion in the category
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of G-graded R-bimodules — this is different from taking the completion of CC*(A, B)
in the category of R-bimodules, which would no longer be Y-graded (elements could be

sums of non-zero elements of infinitely many different Y-degrees). If B = A, we denote
CC*(A) :=CC*(A,A).

Given ¢ € CC*(A, B), we write ¢° for the length-s component of ¢.

Definition 2.2.3.2. We consider the morphism f : Z — Y coming from the grading
datum G, and define

p:ZBLZ — YPZL

Gk = (f(G),5 —Fk).
Then we define the Z @ Z-graded R-bimodule
CC:c(A,B) :=p"CC;(A, B).
We denote the degree-(s + ¢,t) part of CCg (A, B) by
CCg (A, B)t = the degree-f(t) part of CC*(A, B).
We also define the Z-graded R-bimodule
CC¢(A, B) := f*CC*(A, B),

which is the completion of CC; (A, B) with respect to the length filtration.

Remark 2.2.3.3. Note that CC&(A, B) is the part of CC*(A, B) whose Y-grading lies
in the image of Z — Y. In our applications, CC&(A, B) will be easier to compute (being
smaller), and most of our deformation theory problems take place inside it. It is this

observation that makes many of our deformation theory problems tractable.
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Definition 2.2.3.4. We also define a ‘truncated’ version of CCg(A, B), by restricting

to elements of non-positive degree t. Namely,

TCCL(A,B) = [[€PCCs*(A B

>0 <0

Definition 2.2.3.5. Suppose that R is a G-graded algebra, and A and B are G-graded
R-bimodules. The Gerstenhaber product is a map of degree (f(—-1),-1) € Y & Z,

CC*A,B)®r CC:(A) — CC;(A,B), which we denote by
¢®Y + ¢op, and which is defined by
d)o"p(anw"aal) =

Z (_1)T¢i+k+l(ai+j+ka e aai+j+1a¢j(ai+j> ey Qig1)s iy e ,al),
it+jt+k=n

where

t= (o) +1)(o(@m)+ ...+ 0la) = 1)

(recalling Definition 2.2.2.7). If the left and right actions of R on the R-bimodules A and
B coincide, then the Gerstenhaber product is R-bilinear; otherwise it is only R-linear in

#. Because the Gerstenhaber product respects the length filtration, it defines a product
CC*(A,B) ®r CC*(A) = CC*(A, B)
of degree f(—1), also called the Gerstenhaber product.

Definition 2.2.3.6. If R is a G-graded algebra and A is a G-graded R-bimodule, then we
define the Gerstenhaber bracket, which is a Lie bracket of degree f(—1) on CC*(A),
by

[0, 9] ;= o) — (_1)(0(¢)+1)(0(¢)+1)¢ o .

Definition 2.2.3.7. If R is a G-graded algebra, then a G-graded associative R-
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algebra is a G-graded R-bimodule A, together with an element
u? e C’CZG(A)O,

satisfying the associativity relation,

Remark 2.2.3.8. If A is a G-graded associative R-algebra, then the product

ag - ay = (—1)"(‘”);12(0,1, (12)

is associative and respects the G-grading, and makes A into a G-graded associative

R-algebra in the usual sense.
Remark 2.2.3.9. If R is semisimple:

R:= @Cui, Uy = 65U

iel

(where I is finite) and A is unital, then this is equivalent to a category with objects

indexed by I.

Definition 2.2.3.10. If (4, 4?) is a G-graded associative R-algebra, then we define the
Hochschild differential

0:CC*"(A) — CC*(A)
6(r) = [p*7].
It has degree f(1) € Y and increases length by 1 (i.e., it is induced by a similar differential

of degree (f(1),1) on CC:(A)). It follows from the fact that p? o u2 = 0 that § is
a differential, i.e., 2 = 0. We define the Hochschild cohomology of A to be its
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cohomology,

HH*(A) := H*(CC*(A), ),

which is a G-graded R-bimodule (as § has pure degree in Y'), and similarly
HHE(A) = H'(CCH(A),5),

which is Z-graded. Furthermore, because § is pure of degree (1, f(1)) on CC;(A), we can
also define compactly-supported versions, HH?(A) which is Y ®@Z-graded and HH; (A)
which is Z @ Z-graded. As before, we denote the degree-(j, k) part by HH, g’G(A)k.

Definition 2.2.3.11. If R is a G-graded algebra, then a G-graded A, algebra over
R is a G-graded R-bimodule A, together with an element

p € CCg(A),
satisfying p® = 0, and such that the A, associativity relation

pop=20

is satisfied. We denote Ay, algebras by A := (A, u*). If u' = 0 (or equivalently, if y sits
inside TC'C%(A)), we say that A is minimal. If we have yu* such that u° # 0, but still
pop =0, then (A,u*) is called a curved Ay algebra.

Remark 2.2.3.12. In other words, A is a Y-graded R-bimodule, equipped with R-
multilinear maps

pt o A%R 5 A
of degree f(2 —s) €Y, for all s > 1, satisfying the A associativity relations.
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Definition 2.2.3.13. If A and B are G-graded R-bimodules, we define a new ‘product’

CC*(B) ®r CC*(A,B) — CC*(A, B), denoted by
PRy — ¢o1, and which we define by
((:bow)n(a’nv""a’l) =

Z d)](,wzl (ai1+...+ij7 ey a’l+i2+...+ij)) ¢i2 (ai2+...+ij7 . ‘)7 v 7¢ij (ai]‘, e 7a1))'

i1+...+ij=n
It is R-linear only in the first variable ¢. Note that ¢ is clearly associative: (FoG)oH =
Fo(GoH).

Remark 2.2.3.14. We remark that ¢ descends to a product
CC&(B)®CC&(A,B) — CCE(A, B),

because the Y-degree of a summand of ¢ ¢ ¢ clearly lies in the image of f : Z — Y.

Although ¢ does not have a pure grading, it is an easy exercise to check that it maps
CCL(B) ® CCH(A, B) — CCL(A, B).

Definition 2.2.3.15. If A = (4, ) and B = (B, n) are G-graded A, algebras over R,
then an A,, morphism from A to B is an element F' € TCC§(A, B) such that

Fou—noF =0€CC&A,B)

(note that the class lives in degree 2 by Remark 2.2.3.14). Composition of two A
morphisms is defined using the product ¢. F'is called strict if F/ = 0 for all j > 2.

If an A, morphism induces an isomorphism on the level of cohomology, then it is
said to be a quasi-isomorphism. In fact, when our A, algebras are minimal, there is

an easier notion, that of formal diffeomorphism (see [11, Section 1c]).
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Definition 2.2.3.16. If R is a G-graded C-algebra, and A and B are G-graded R-

modules, then a G-graded formal diffeomorphism from A to B is an element
F e TCCL(A, B)
such that
Fl:A- B
is an isomorphism of R-modules.

Lemma 2.2.3.17. If (A, u) is a minimal G-graded A, algebra over R, and F €
TCCL(A, B) is a formal diffeomorphism from A to B, then there exists a unique G-
graded minimal Ay, structure Fypu on B, such that F' defines an Ao morphism from

(A, p) to (B, Fyp).

Proof. Briefly, F,yu is determined inductively in the length filtration: if Fip is determined

to length < s — 1, then at order s we have (schematically):

(Fup)* (FMas), FMas1)y - FHa)) = S (Bup)” (F(.), F( ) FC)HD w0 F(L), ),
J

§'<s-1

and since F! is an isomorphism, this determines F** uniquely. One can quickly check

that F,u satisfies the A, equations. a

Lemma 2.2.3.18. Formal diffeomorphisms can be composed using o: If F' is a G-graded
formal diffeomorphism from A to B and G is a G-graded formal diffeomorphism from
B to C, then G o F is a G-graded formal diffeomorphism from A to C. Furthermore, if
wis a G-graded A, structure on A, then

(G o F)ap=Gu(Fups).

Furthermore, © s associative.
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Lemma 2.2.3.19. G-graded formal diffeomorphisms can be strictly inverted: if F is
a G-graded formal diffeomorphism from A to B, then there exists a unique G-graded
formal diffeomorphism G from B to A such that G o F = id (where id denotes the for-
mal diffeomorphism whose length-1 component is the identity, and all other components

vanish).

Proof. The construction of G is by induction on length, as in the proof of Lemma 2.2.3.17.
O

Definition 2.2.3.20. If A is a G-graded vector space over C, then there is a group
B(A) :={F € TCCL(A) : F* =id},

called G-graded formal diffeomorphisms from A to itself. It follows from Lemmata
2.2.3.17, 2.2.3.18 and 2.2.3.19 that &(A) is a group, and that it acts on the space of
minimal G-graded A, structures on A. Note that this action preserves the underlying

algebra (A, u?), and that F' defines an A, quasi-isomorphism from u to F,u.

Definition 2.2.3.21. If we are given a G-graded associative algebra A over C, we define
A(A), the set of G-graded minimal A, algebras A = (A, u) over C, with u? coinciding
with the product on A.

Definition 2.2.3.22. Suppose that A = (A4, p) € A(A), and p* = 0 for 2 < s < d.
Then the A, associativity relations u o y = 0 imply that u¢ is a Hochschild cocycle for
A. The class

(1Y) € HH} o(A)*™

is called the order-d deforming class of A.

Remark 2.2.3.23. In [9] and [1], the class [u9] is called an order-d deformation class.
However a large part of this paper is devoted to studying different objects (see Definition

2.2.4.8), also elements of Hochschild cohomology, and also called deformation classes in

181



[9]. That is why, to avoid confusing the reader, and only for the purposes of the current

paper, we use the terminology ‘deforming class’ to distinguish this object.

We recall a versality result from [11], appropriately modified to take into account

G-grading:

Proposition 2.2.3.24. Suppose that A is a G-graded associative algebra over C, and

there exists d > 2 such that

C fors=d

HH (A =
0 foralls>0,s#d.

Suppose that Ay = (A, u1) and Az = (A, ) both lie in A(A), satisfy p§ = p3 = 0 for all
2 < s < d, and have non-trivial order-d deforming class in HH? ;(A)*>~¢. Then A; and

Ay are quasi-isomorphic.

Proof. The proof is by a straightforward order-by-order construction of a formal diffeo-
morphism F' such that F,u; = pg, showing that all obstructions to the existence of F’

vanish (see also [9, Lemma 3.2]). O

Now we define Hochschild cohomology of an A, algebra:

Definition 2.2.3.25. Suppose that A = (A, p) is a G-graded A, algebra. We define
the Hochschild differential

§:CC*A) — CC*(A),

5(r) = [w,7].

It follows from the fact that po u = 0 that § is a differential, i.e., 6> = 0. We define the
Hochschild cohomology of A to be the cohomology,

HH*(A) := H*(CC*(A), ).
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The Hochschild differential has pure degree f(1), so HH*(A) is G-graded. However,
note that the Hochschild differential is no longer pure with respect to the length, so
we can not define the Y ® Z-graded compactly-supported version, as we could for an
associative algebra. However, § does always increase (or preserve) the length; therefore,

we do still have the length filtration on the Hochschild cochain complex.

Definition 2.2.3.26. Similarly, we can define the G-graded Hochschild cohomology,
HHE(A) = H*(CCE(A), ).

It is Z-graded and admits a length filtration.

Definition 2.2.3.27. If 4 = (A4,u) is a G-graded minimal A, algebra (i.e., u €
TCC%(A)), then the Hochschild differential preserves the truncated Hochschild cochains.
Thus it makes sense to define the truncated Hochschild complex (TCCg(A),d), and
call its cohomology the truncated Hochschild cohomology THHE(A).

Remark 2.2.3.28. Suppose that A is a G-graded associative algebra and A € A(A).
The length filtration on the Hochschild cochain complex C'C*(A) yields a ‘G-graded
spectral sequence’ (E}*,87"). The E, page is Y @ Z graded, and &, has degree (f(1), d).
We have

E; = HH}(A).

When we need to prove that it converges to HH*(A), we will apply the ‘complete
convergence theorem’ [61, Theorem 5.5.10]. The length filtration is clearly bounded
above, because all Hochschild cochains have length s > 0, and hence it is also exhaustive.
It is also complete in the category of G-graded R-bimodules (because the Hochschild
cochain complex is defined to be a direct product). Therefore, to prove that the spectral
sequence converges to H H*(.A), we must show that it is regular: for each (y,s) € Y@Z,
the differentials

6d : E((iyas) — E((iy+f(l)vs+d)
vanish for sufficiently large d. When we need to prove that the spectral sequence con-
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verges, we will in fact show that the differentials §; vanish whenever d is sufficiently large

(independent of y, s).

Similarly, the length filtration on CC&(A) induces a cohomological spectral sequence

(E}*,67") with the standard grading convention, and
By = HHZ(AY,

Remark 2.2.3.29. Suppose that A is a G-graded associative algebra over C, and A €
(A) has p* = 0 for 2 < s < d, and order-d deforming class (%], Then the first non-zero

differential in the spectral sequence is d4_1, and it is given by

a1 : HH®I(A) — HHWYHWst=1(4),
sa-1(8) = [[v7].9],

where we observe that the Gerstenhaber bracket [—, —] descends to the cohomology.

Now we will define the appropriate notions of G-graded A, categories and their

Hochschild cohomology.

Definition 2.2.3.30. Let G = {Z — Y} be a grading datum, and R a G-graded
algebra. A G-graded pre-category C over R is a set of objects Ob(C), together with

morphism spaces

Homc(K, L)

which are G-graded R-bimodules, and an action of ¥ on Ob(C) by ‘shifts’ [y], together

with (compatible) isomorphisms
Home (K [y1], L{y2]) & Home (K, L)[y2 — v1]-

We can think of this as equipping C with an R[Y]-bimodule structure. We define the
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group CC*(C), and the G-graded version CC%(C), by analogy with Definitions 2.2.3.1
and 2.2.3.2, restricting to the parts that respect the above isomorphisms. We can think
of this strict equivariance requirement as taking CC*(C|R[Y]), where C acquires an R[Y]-
linear structure from the Y-action. Explicitly, it means that for ¢ € CC*(C), and any

Yo, ---,Ys € Y, the following diagram commutes:

Hom(Ls-1,L,) ® ... ® Hom(Ly, L) ¢ Hom(Lg, L;)

| l

Hom(Ly_1[ys—1], Ly[ys]) ® - . . ® Hom(Lo[yo), L1[v1])[vs — o] = Hom(Lo[yo], Lslys])[ys — vo-

Definition 2.2.3.31. We define a G-graded A, category C over R to be a G-graded
pre-category together with
e CCs(C)

satisfying ® = 0 and pou = 0. An A, category is said to be cohomologically unital
if its cohomological category is unital. We define the Hochschild cohomology HH*(C)
and HHE(C) by analogy with Definition 2.2.3.25. We define G-graded A, functors by
analogy with G-graded A,, morphisms. We also consider the case where u° # 0; in this

case we say that C is a curved A, category.

Definition 2.2.3.32. A G-graded A, category is said to be minimal if p lies in
TCC%(C).

Remark 2.2.3.33. The notions of unitality and equivalence for minimal A, categories
are simpler than for non-minimal categories. Because there is no differential ! on the
morphisms spaces, u? is strictly associative and therefore defines a category. Thus, if
(C, i) is minimal and cohomologically unital, then (C, u?) is a category, in particular is
unital. We say that two objects of C are quasi-isomorphic if they are quasi-isomorphic
as objects of (C,u?). We say that an A, functor F : (C,u) — (D, n) between minimal
A categories is a quasi-equivalence if the functor F' : (C,4?) — (D,7?) is a quasi-

equivalence.

Lemma 2.2.3.34. If F: (C,u) — (D,n) is an Ay quasi-equivalence between minimal
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A, categories, then there exists an Ax functor §: (D,n) — (C, ) such that F* and G!

are mutually inverse quasi-equivalences.

Proof. Follows from Lemma 2.2.3.19. O

Definition 2.2.3.35. If A is a G-graded A, algebra, then we denote by A the smallest
G-graded A, category with an object whose endomorphism algebra is A. Namely, A
has objects K[y] indexed by Y, and morphism spaces

Hom(K [y1], K[1o]) := Aly2 — w1].
By definition, there are isomorphisms
CCr(A)=CC* (A)
and

CC% (A) = CCy (A).

We define the A, structure maps pu* on A to be the image of those on A under the

latter isomorphism.

Now we explain how G-graded A, categories can be ‘pulled back’ along injective

morphisms of grading data, and how this operation affects the Hochschild cohomology.

Definition 2.2.3.36. Let p : G; — G> be an injective morphism of grading data, R
a G1-graded algebra, and C a Ga-graded pre-category over p.R. We define p*C, a G-
graded pre-category over R, to have the same objects as C, but G;-graded morphism
spaces

Homp+¢(K, L) := p*Home(K, L)

(thus it is a faithful but not full sub-pre-category). We note that p*C still has an action
of Y5 by shifts, so the subgroup Y} C Y, acts, equipping p*C with the structure of a
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G1-graded pre-category over R.

Because Y; acts on p*C by‘shifts (shifting all objects simultaneously by the same
y € Ys), it acts on CC*(p*C). However the action of the subgroup Y, is trivial by
definition, since we restrict to Hochschild cochains that respect the shifts by Y;. So
there is an action of the group I' := Y2/Y7 on CC*(p*C). It is not hard to see that the
['-fixed part is isomorphic to p*CC*(C). Thus, we have

p*CC*(C) = CC*(p*C)F,
and it follows that
CCg,(C) = CCg, (pO)F c CCg, (p*C).
Thus we can make the following:

Definition 2.2.3.37. If C is a G-graded A, category over R, with structure maps p*,
then we define p*C, a G;-graded A, category over R, whose A, structure maps are

given by the image of u* under the inclusion
CC%,(€) = CC, (p"C) € CC, (p°C).
Remark 2.2.3.38. It follows that there are isomorphisms
p*HH*(C) = HH*(p*C)"

and

HHE,(C) = HHE, (p*C)" c HHE, (p*C).

Now we explain how a G-graded A, category can be ‘pushed forward’ along a sur-

jective morphism of grading data.
Definition 2.2.3.39. Let p: Gy — G be a surjective morphism of grading data, and C
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a Gi-graded Ao, category over a Gi-graded algebra R. We now define a G>-graded pre-
category p.C over p,R, as follows: First, observe that there are canonical isomorphisms

of Go-graded vector spaces
p*HOmC(K[y]a L) = p*HOmC(Ka L)

for any y € I'. We define the set of objects of p.C to be the quotient of the set of objects
of C by the action of I' C Y;. We define the G-graded morphism spaces to be

Homy, ¢ (K, L) := p.Home (K, L).

This is well-defined by our previous remarks. Furthermore, because p is surjective, there
is an obvious action of Y5 on p,C by shifts, so p.C is a G,-graded pre-category. In some

sense we have

p*c = C ®R[Y1] R[Y'Q]

Now it is not hard to see that CC¥(p,C) is just the completion of (p,CC*(C))Y with
respect to the length filtration, for all y € Y2 (observe that the completion is only needed

when p has an infinite kernel). It follows that there is an inclusion
CC%,(€) = CC,(p.C).

Definition 2.2.3.40. If C is a G;-graded A, category over R, with structure maps
p*, and p : Gy — Gy a surjective morphism of grading data, then we define p.C, a
Go-graded A, category over p, R, whose A, structure maps are given by the image of
w* under the inclusion

CCg, (C) = CCE,(p.C).

Remark 2.2.3.41. It follows that HHY(p,C) is the completion of (p.HH*(C))" with
respect to the length filtration, for all y € Y,. Observe that the completion is only needed
when p has infinite kernel and H H*(C) has infinite rank.
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2.2.4 Deformations of A, algebras

For the purposes of this section, let us fix a grading datum G, and a power series ring
R= C[[Tl,.. . ,’I'k”
with a G-grading.

We also equip R with its natural filtration by order. We denote the order-;j part of
R by RI. There is a natural projection R — R° = C, given by setting all r; = 0, and we
denote the kernel of this projection by m C R.

We also denote by Ry the part of R of degree 0 € Y.

Definition 2.2.4.1. Given 9 € R, there is a G-graded algebra homomorphism

fs:R = R,

fo() == 9777, where 1/ € R/ has order j.
We now define a group, which by abuse of notation we call Aut(R), by setting

Aut(R)

Il

{¥ € Ry : (0) # 0},
¢ = fy(¥)g,

and an action of Aut(R) on R by G-graded algebra isomorphisms. Note that the condi-
tion 1(0) # 0 ensures that ¢ has a unique inverse in Aut(R), which can be constructed

order-by-order.
Definition 2.2.4.2. If A is a G-graded vector space, then A ® R is a G-graded R-
bimodule, and we have an isomorphism

CC*(A® R,A® R|R) = CC*(A,A® R|C).
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If we have

€ CC'(A,A®R),

¢
¢ = Z(bj, where

j20

¢ € CCYAAQ R,

then we call ¢; the order-j component of ¢.

Definition 2.2.4.3. Let A = (A, o) be a G-graded minimal A, algebra over C. A

G-graded deformation of A over R is an element
p € CCL(A® R|R) = CCA(A, A® R|C)

that makes A ® R into an A, algebra over R (i.e., uo pu = 0), and whose order-0
component is pg. If 4 € TCCL(A, A® R), then the deformation is said to be minimal.

Remark 2.2.4.4. Observe that CC%L(A, A® R) and TCC%(A, A® R) are Ro-modules

in the obvious way.

Definition 2.2.4.5. The group Aut(R) acts on the set of G-graded deformations of A

over R, via its action on R. We write - for the action of ¥ € Aut(R) on a deformation

.

Now suppose that (A, uo) and (B, 1) are G-graded Ay algebras over C, and (A4, p)
and (B,n) are G-graded Ay deformations of these over R. We recall (from Definition
2.2.3.15) that a G-graded A, morphism from (A4, ) to (B,n) over R is an element

FeTCCL(A® R,B® R|R) = TCCL(A, B® R|C)

such that
Fopu—noF=0.
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Once again, we write

F=>)"F,

720
where F} is the order-j component of F'. Observe that F is a G-graded A, morphism
from (A, po) to (B,no).

The notion of A,, morphisms over R is not very well-behaved (for example, it is not
clear that A, quasi-isomorphisms can be inverted over R). It turns out that it will be
sufficient for us to work with minimal A, algebras, and formal diffeomorphisms. We
recall the notion of G-graded formal diffeomorphisms from Definition 2.2.3.16, and make

appropriate modifications for the case of A, algebras defined over R:

Definition 2.2.4.6. If A and B are G-graded vector spaces over C, and R a G-graded
power series ring, then a G-graded formal diffeomorphism from A® Rto B® R is

an element

FeTCCL(A,B®R)

such that
Fl:A—> B

is an isomorphism of vector spaces (to clarify: this is the order-0 component of the

length-1 part of F).

As before (see Lemmata 2.2.3.17, 2.2.3.18, 2.2.3.19), formal diffeomorphisms can be
composed, used to push forward minimal G-graded A, structures over R, and they
can be strictly inverted. This last point is particularly important, because (as we stated

above), there is no reason for an arbitrary A, quasi-isomorphism over R to be invertible.

Now we introduce an analogue of Definition 2.2.3.20 for minimal deformations of A

algebras.

Definition 2.2.4.7. If A = (A, ) is a G-graded minimal A, algebra over C, we

consider the group of G-graded formal diffeomorphisms from A to itself, whose leading-
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order term is the identity:
Br(A) :={F € TCC;(A,A®R) : F' =id + m}.

By the analogues of Lemmata 2.2.3.17, 2.2.3.18 and 2.2.3.19, 8x(A) forms a group, and
this group acts on the set of G-graded minimal A, structures on A ® R. The action of
Fonpe€TCC%4(A, A® R) is denoted by F.u € TCC%(A, A® R), and it is the unique

element such that F defines an A, morphism from p to Fiu.

Definition 2.2.4.8. Suppose that u is a G-graded deformation of the A, algebra A =
(A, o) over R. The first-order component of the A, relation p o v = 0 tells us that

i € CC% (4 A® RY
is a Hochschild cochain. Thus, we obtain an element
[m] € HHZ(A, A® RY),

which we call the first-order deformation class of p.

Definition 2.2.4.9. If y is a G-graded minimal deformation of the minimal A, alge-
bra A over R, then the first-order component of y defines an element in the truncated
Hochschild cohomology,

1) € THHL(A, A® RY),

which we also call the first-order deformation class of the minimal deformation w.

We are now almost ready to prove our main classification result for deformations of
A algebras. It turns out that in our particular situation, we need to incorporate a finite

group action into the picture, so we now briefly explain how to do that.

Definition 2.2.4.10. Let H be a finite group. An action of H on a grading datum G
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is an action « of H on Y by group homomorphisms,
a: H — Homy(Y,Y),

which preserves Z. We will denote a(h) by ay.

Example 2.2.4.11. In the case of Example 2.2.1.13, there is an action of the symmetric
group H = S, on G,,, by permuting the generators of Z".

Definition 2.2.4.12. Suppose that H acts on the grading datum G, and V is a G-

graded vector space, and we have an action
p: H— Homye.(V, V).

We will denote p(h) by py. We say that the action p is G-graded if p(h) maps V, to
Vah(y)'

Definition 2.2.4.13. Suppose that we have compatible G-graded actions of H on the
G-graded algebra R, and on the G-graded R-bimodules A and B. Then H acts on the
Z-graded vector space CCg(A, B) (preserving the grading), via

(h-¢)(as,...,a1) :=h"t-¢*(h-as,...,h-a).
We denote the H-invariant part of CC§(A, B) by
CCL(A,B) .= {p € COL(A,B) : h-¢ = ¢ for all h € H}.

Definition 2.2.4.14. We say that a G-graded A, algebra A = (A, ) over R is strictly
H-equivariant if y lies in CC%(A)? ¢ CC%(A). Equivalently, we have

pF(h-ag, ... h-a1) =h-pFa, ... a1)

for all k and all h € H.
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Remark 2.2.4.15. We remark that TCC%(A, A® R)! is naturally a RY-module (com-
pare Remark 2.2.4.4).

Now we prove our main classification result for G-graded deformations of A, algebras

over R:

Proposition 2.2.4.16. Suppose that A = (A, i) is a G-graded minimal A algebra
over C, and furthermore is strictly H-equivariant with respect to the action of some finite
group H on A. Suppose that

THHL(A A® R)H

is generated, as an R -module, by its first-order part
THH%(A,A® RYH,

and this first-order part is one-dimensional as a C-vector space. Then any two strictly H -
equivariant G-graded minimal deformations of A, whose first-order deformation classes
are non-zero in

THHE(A A® R,

are related by an element of Aut(R) composed with a G-graded formal diffeomorphism.

Proof. Suppose that (A, u) and (A, 7n) are two such deformations. We will construct,
order-by-order, elements ¢ € Aut(R)? and F € TCCL(A, A® R)H so that ¢ - pu = F.n.
The equation that ¥ and F’ must satisfy is

Vep=FEamn.

We call this the Ay, relation for the purposes of this proof.
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We denote

Y = Z%, where 1; € (RY){, and

Jj=0

F = ZFJ’ where F; € TCCL(A, A® R,

Jj=0

We start with Fy = id. The order-zero component of the A, equation says that ug = ng,

which is true by assumption.

Now suppose, inductively, that we have determined F; and ¢;_; for all j < k — 1,
H-invariant and G-graded, and that

(Y -u—Fmn);=0forall j <k-1
We show that it is possible to choose F} and 1,_; so that
(Y- p—Fn) =0.
The left hand side lies in TCC%(A, A ® RF)H.
First, we observe that
[ n—Fun,b-p+ Fuy] =0,

by expanding out the brackets: the cross-terms vanish by symmetry (¢ - u and F,n both
have degree 2), and the other terms vanish because 1 - u and F,n are A, structures.
Now note that

(¥ -+ Fin)o = po + no = 2puo,

195



so taking the order-k£ component of the previous equation gives us

W-p—Fampole = 0
=0 (Y- p—Fn) =0,

regardless of what F, and 1, are.

Now we pick out the terms in (¢ - p — F,n); that involve Fy and 9;—;. After a little

calculation along the lines of the proof of Lemma 2.2.3.17, we see that it has the form

(- p—Fm)k =vYg—1-p1+ Fr 0o po — o o Fi + Dy,

where D;, contains all the terms that do not involve 1;_; or Fj. We recall that ng = po,

and identify the Hochschild differential:

(Y- p— Fn)k = Yr—1 - 1 + 6(Fx) + Dy.

Note that if we set F, = 0 and 1;_; = 0, our previous argument shows that 6(Dy) = 0,
so D, defines a class

[Dy] € THHL(A, A® RF)H.

Thus, we need to choose 1x_1 so that ¥y_1 - 1] = —[Dx] in the truncated Hochschild
cohomology THHZ%(A, A® R*)¥. We can do this by our assumption that [1] is non-
zero, hence generates the one-dimensional first-order component THH%(A, A ® RY)H
which generates THHZ (A, A® R)¥ as a R¥-module. We then choose Fy to effect the
Hochschild coboundary between 1 - 4 and —Dy. We can make F), H-invariant by

averaging over H.

Finally, note that at first order, we have

Yo - ] = [m),
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from which it follows that 1)y # 0, because [y;] and [n;] are both non-zero, so indeed

¥ € Aut(R)H. 0

2.2.5 Computations

In this section, we introduce specific G-graded A, algebras and deformations, and use

the results of the previous sections to prove classification theorems for them.

Let us introduce some notation. We fix an integer n > 4 (we will be considering
hypersurfaces in CP"™!) and a > 1 (this will be the degree of the hypersurface in CP*"!
that we will consider). In our intended applications in the current paper, a will be either

1 or n.

Throughout this section, we will be using the grading datum G := G from Example

2.2.1.13. For an element y € Y, we will denote

[y = Y - v

We will denote by H the symmetric group on n elements, and recall that it acts on G

(see Example 2.2.4.11).

We recall the G-graded exterior algebra

of Definition 2.2.2.12. For each subset K C [n], we denote the corresponding element of

A by

oK = /\ 67,

JjEK

We equip the vector space U,, with an H-action, which up to sign is the obvious action
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by permuting basis elements. In other words,
h(uj) = £ung).
We will not need to specify the actual signs. There is an induced action of H on A.
We recall the G-graded ring
R, := R} :=Cl[ry,..., 7]
from Definition 2.2.2.13. We give a name to one important element of R,: we denote
T =pV0l =p; ... .7,

We equip R, with an H action, which up to sign is the obvious action by permuting

basis elements. We furthermore denote
R:=R,

because a = n is the most important case we will consider. Finally, we will denote by R’
the order-; part of R,. Note the change of notation from Definition 2.2.2.13, where the

superscript denoted the number of generators. We hope this does not cause confusion.

Definition 2.2.5.1. Suppose that A = A(U) is an exterior algebra over C, and R is
an arbitrary commutative ring. We define the R-algebra A ® R, and the Hochschild-

Kostant-Rosenberg map

®:CC*(A® R|IR) — R(U]]® A,
¢ = Y ¢(u,...,u),
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where

u = Z'U,jgj.

=1

It has the following properties:
o If R is a field, then ® induces an isomorphism on the level of cohomology (the
Hochschild-Kostant-Rosenberg isomorphism [47]);
e If S is an R-algebra, then there is a commutative diagram

CC*(A® RIR) ®r S 222 (R[[U]] ® 4) @ S

| l

CC*(A® S|S) —5— S[[U]] ® A.

We call the latter property ‘naturality’ of the HKR map.
Definition 2.2.5.2. Let us fix a = n. We say that a G-graded A, algebra A over R

has type A if it satisfies the following properties:

e Its underlying R-module and order-0 cohomology algebra is

(A, 15) = A® R;

e It is strictly H-equivariant;
e It satisfies

q)(’u23) =Ur... U, + Z rju;? + 0(7'2).

=1

Now we state the main result we will prove in this section:

Theorem 6. Suppose that A, = (A® R, u) and Ay = (A® R,n) are two G-graded Ay,
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algebras over R of type A. Then there exists € RY, of the form
'lp(’f‘l, . ,Tn) =1 -+ ZCJT‘]7
j=1
and a G-graded formal diffeomorphism F € Br(A), such that

w 'Al = F*.AQ.

We will now give a brief outline of the proof. The first step is to prove (in Corol-
lary 2.2.5.7, using Proposition 2.2.3.24) that the order-0 parts (A, po) and (A, 1) are
quasi-isomorphic. The classification of the order-0 part is governed by the Hochschild co-
homology HHE(A), which is determined via the Hochschild-Kostant-Rosenberg (HKR)
isomorphism. We thereafter denote by A = (A, po) this (unique up to formal diffeomor-
phism) order-0 part.

We then study deformations of A over R. The classification of such deformations
is governed by the Hochschild cohomology HH( (A, A ® R), which is also determined
from the HKR isomorphism, via a spectral sequence. We apply Proposition 2.2.4.16 to
show that such deformations are unique up to Ay, quasi-isomorphism and the action of

Aut(R)H.

Now let us begin. We first explain how to use the HKR isomorphism [47] to calculate
HHE(A), and more generally HHE(A, A ® R,). The HKR isomorphism show that, if
A = A(U) is a G-graded exterior algebra over C, then the map

®: (CCI(A),6) — (C[U] @ A(V),0),
is a quasi-isomorphism of Y @ Z-graded chain complexes. This allows us to determine
HH*(A) 2 C[[U]]® A(U)

200



by taking the completion with respect to the length filtration, and also HH%(A), where
now we equip A with its G-grading. We will make the G-grading of the right-hand side

explicit in Lemma 2.2.5.4.

More generally, it follows that there is an isomorphism of Y & Z-graded vector spaces,
®:HH (A, A® R,) = ClU]® A(U) ® R,.

ClUl ® A(U) ® R, is generated by terms u®0%r¢, where b,c € Y5 (recall Y = Z", so
we define Y>o := Z3,) and K C [n]. If b= 37 bje;, then this is the image under ® of a

Hochschild cochain which sends

X (@)% s reo.

J
We start by examining what the various gradings on a Hochschild cochain tell us.

Lemma 2.2.5.3. If a generator 7 € CCH (A, A® RI)* sends

3
® 6% regfo,

i=1

then we have

i = | (2.2.5.1)

ac -+ Yk, — Z Yk, = QY@ inY, for someq (2.2.5.2)
=1

t = (n—2)g+(2-a)j. (2.2.5.3)

Proof. Equation (2.2.5.1) follows by definition. To prove Equations (2.2.5.2) and (2.2.5.3),
we recall that the grading of 6; is (—1,y;) (Example 2.2.2.9) and the grading of r; is
(2 = 2a,ay;) (Example 2.2.2.10). We alter the grading datum G by an automorphism
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sending

This is equivalent to considering the pseudo-grading datum with the same exact sequence
as H,, but
c=2n—=1)~Ym Yn =n-—2.

Then 6, has grading (0, y;) and r; has grading (2 — a, ay;).

If the grading of 7 is f(t) = (t,0) € (Z®Y)/Z, then
(0,yx,) + ((2 = a)le|,ac) — Z(O Yk,;) = (t,0) modulo Z.
Recalling that the image of Z in Z @Y is given by

((2 - n)qa qy[n])

(in the altered grading datum), we have

S

(0,yx0) + (2 = a)lel,ae) = > (0, yx;) = (£,0) + q(2 = 7, Yjm),
7=1

from which the result follows. |

Now recalling the Hochschild-Kostant-Rosenberg isomorphism, a generator of H H; ¢ (A, A®
R,)" has the form u®0%r¢, where b and ¢ are elements of Y5, and K C [n]. We examine

what the gradings tell us about such a generator of the Hochschild cohomology.

Lemma 2.2.5.4. If ub60%r¢ is a generator of HH;’Jg (A A® Rg)t, then the following

202



equations hold:

i = e (2.2.5.4)

s = |b (2.2.5.5)

Yk +tac~b = qyp inY, for some q (2.2.5.6)
t = (n—2)¢+(2-a)j (2.2.5.7)

K| = s+t+2(qg—7). (2.2.5.8)
(n=2)|K| = (n—2)s+nt+2(a—n)j (2.2.5.9)

Proof. Equations (2.2.5.4) and (2.2.5.5) hold by definition. Equation (2.2.5.6) follows
from Equation (2.2.5.2). Equation (2.2.5.7) follows from Equation (2.2.5.3). The first
step in proving Equations (2.2.5.8) and (2.2.5.9) is to take the dot product of Equation
(2.2.5.6) with yp:

Yl - (Y +ac —b) = QY - Ypn)
= |K| = |b]—alc|+ng

= s—aj-+ng.
To prove equation (2.2.5.8), we use equation (2.2.5.7) to substitute for ng:

K| = s—aj+t+(a—2)j+2q

= s+t+2(qg—3j).

We use the same equation to prove equation (2.2.5.9), but this time we first multiply by
n then substitute in equation (2.2.5.7):

(n=2)|K| = (n-2)(s—aj+ng)
= (n-2)s—(n—2)aj+n(t+ (a—2)j)

= (n-2)s+nt+2(a-n)j.
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We now set about determining the order-0 part of an A, algebra of type A. We
identify the possible G-graded A, algebras A = (A, yo) over C with underlying vector
space and 3 given by A.

Lemma 2.2.5.5. We have
CC;G(A)t >

unless t is divisible by (n — 2).

Proof. Follows from Equation (2.2.5.7) with j = 0. O
Lemma 2.2.5.6. The Hochschild cohomology of A satisfies, for d > 0,

C-u¥n ifd=mn,
HH (AP = fi=n

0 otherwise,

where uYnl = uy ... Uy,.

Proof. Let uP6% be a generator of HH?(A)*~*. Equation (2.2.5.7), with j = 0, yields
d=2-—(n-2)q.

We want d > 0, so we have ¢ < 0. Now equation (2.2.5.8), with j = 0, yields
2+2¢=|K|>0.

Thus, -1 < ¢< 0,80 ¢=—-1and |K|=0,s0 K = ¢.

Equation (2.2.5.6) now yields b = y,;. Therefore ub0* = u¥inl, as required. O
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Corollary 2.2.5.7. There is an A, quasi-isomorphism between the Oth-order parts of
.Al and AQ.’
(A, ko) = (A, m0).

Proof. First, we observe that CCZ?5(A)' = 0 by Equation (2.2.5.3) (with j = 0, and
assuming n > 4), so the A, algebras are minimal. Furthermore, ué = 0 for 2 < d < n
because CC’E,G(A)%d = 0 by Lemma 2.2.5.5. The result now follows from Proposition

2.2.3.24, because the deforming class of an algebra of type A is
(I)O(MO) =Uy... U, = uYnl

by definition. O

Henceforth, we will denote by A any G-graded minimal A, algebra over C with
cohomology algebra given by A, and whose order-n deforming class is a non-zero multiple

of w¥nl. The previous lemma says that A is well-defined up to quasi-isomorphism.

We will consider deformations of A over R,, which are controlled by the Hochschild

cohomology with coefficients in R,,
HHG(A,AQ R,).
Recall from Remark 2.2.3.28 that the filtration by length on the Hochschild complex
CC(A) yields a spectral sequence for the Hochschild cohomology, with
E}* = HH:(A,A).

Lemma 2.2.5.8. The spectral sequence induced by the length filtration on the Hochschild
cochain complex CC*(A) converges to the Hochschild cohomology HH*(A).
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Proof. By Remark 2.2.3.28, it suffices to prove that the spectral sequence is regular.

A generator uP0X of HH}(A) changes the Y-degree by
(=|K|+[bl, =b+yx) € ZDY/(2,ym),
and its length is s = |b|. Therefore, its grading is
(=K + 2[b], =b + yx)

(recalling the conventions for grading Hochschild cochains). Using a suitably altered

pseudo-grading datum as in the proof of Lemma 2.2.5.3, this is equivalent to a grading
(1K, =b+yk)

(note: ¢ = 2 in this altered pseudo-grading datum).

Now recall that the differential on page d of the spectral sequence maps
54 Ec(ly,S) N E§y+f(1),6+d)'

If both domain and codomain of the differential are to be non-zero, then we must have

generators u? X! and ub26%2 such that
(K] + 1, =by + yk,) = ([Kal, —b2 + yxs) + a(2, Ym)

and

|bz| = |b1] + d.

Because 0 < | K1, |Ka| < n, and |K;| + 1 = |Ka| + 2¢, we must have ¢ < (n +1)/2. We
also have

b2 = bl + Yk, — YK + qY[n]»
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and hence that
|ba] = [b1| + | K| — |Ky| +ng = |bi] + 1+ (n — 2)q.

Therefore, for the differential §; to be non-zero, we must have

(n+1)(n—2)

d= ool = b1] = (n - 2)g+ 1 < ==

+ 1.

Hence, for d sufficiently large, the differential vanishes, so the spectral sequence is regular.

O

Now, if we are to apply the deformation theory of Section 2.2.4, we need to know

that our deformations are minimal.

Lemma 2.2.5.9. Ifa =n, and n > 5, then any G-graded deformation of A over R is

manimal.

Proof. Equation (2.2.5.3) with a = n shows that
C’C’ZG(A, ARR)'=0

unless ¢ is divisible by (n — 2). The u® and p! terms live in the spaces with ¢ = 2 and
t = 1, respectively. So when n > 5, any deformation of A over R satisfies 1° = 0 and

p! = 0, hence is minimal. O

Remark 2.2.5.10. Lemma 2.2.5.9 is the only place where we need the assumption n > 5,
as opposed to n > 4. If n = 4, then CC?4(A,A® R)° is one-dimensional, generated
by the element T8, These deformations can be ruled out in our situation with some
additional input (namely, by building a strictly unital model for our category), but we

prefer to avoid this additional complication. See [9].

The next step is to determine the first-order deformation space.
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Lemma 2.2.5.11. Ifn > 4, then the vector space
HHXL(A,A® R!)

is generated by the elements

forj=1,...,n.

Proof. We apply Lemma 2.2.5.4 with s + ¢ = 2 and j = 1. Equation (2.2.5.8) yields
|K|=2¢20.
Furthermore, Equation (2.2.5.7) gives
2—-s = (n—2)g+2-a

=a-s = (n—2)q.

Furthermore, we have ¢ = y;, for some k. Taking the dot product of y; with Equation

(2.2.5.6) gives us

Yk (yx +ac—b) = qyk - Yp
= (0orl) = —a+y-b+g
< —a+s+gq

= (3—n)g.

If n > 4, then 3—n < 0 and g > 0, so we must have ¢ = 0. Thus, we have |K| = 2¢q = 0,

so K = ¢. From Equation (2.2.5.6), we obtain b = ay;, so the generator has the form
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Having determined the first-order deformation space, we now seek to understand the

higher-order parts of the deformation. The following lemma will be useful:

Lemma 2.2.5.12. If r°ub0X is a generator of THH%(A, A® R,), and j = |c| > 2, then

€ 2 Y-

Proof. We apply Lemma 2.2.5.4, with s + ¢t = 2. Equation (2.2.5.8) yields
0<|K]=2(1+¢—1)

It follows that ¢ > j — 1. Now we split into two cases, depending on whether g = j — 1

org>j—1.

Case 1: ¢ = j — 1. In this case, we have |K| = 0 so K = ¢. Thus Equation (2.2.5.6)
gives

ac = qYm + b.

Taking the dot product with y; yields
ack =q+by2q=35—-1>0,
since j > 2. Hence ¢; > 1 for all k, and the result is proved.

Case 2: ¢ > j — 1. In this case, we have ¢ > j — 1 > 1, so ¢ > 2. Thus, taking the
dot product of Equation (2.2.5.6) with y; gives

ack =q+by —yr-yx 2 q—1>0.

Hence ¢, > 1 for all k£, and the result is proved. O
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Now if @ = n, then the grading of T = r¥" € Ry is 0 in Z, and furthermore T is
clearly H-invariant. Thus C[[T]] C R¥ (in fact one can show they are equal). It follows
that THHZ(A, A® R)H is a C[[T]-module.

Lemma 2.2.5.13. Suppose that a = n, and n > 4. Then the H-invariant part of the
truncated Hochschild cohomology group

THH%(A, A® R)H
is generated, as a C[[T]]-module, by its first-order part

THHZ%(A,A® RH.
Proof. We prove the result by induction on the order j, and using the spectral sequence
induced by the length filtration.

When j = 0, we must show that THH%(A) = 0. Let ub6X be a generator of
THHZ(A). By equation (2.2.5.7) with j =0, we have

t=(n-2)g<0

(since we are considering the truncated Hochschild cohomology). By equation (2.2.5.8)
with j = 0, we have

|K| =2(1+¢q)>0.

Thus we have —1 < g < 0. We have two cases:
Case 1: ¢ = 0. In this case, |K| =2, t =0, so s = 2. Equation (2.2.5.6) yields
Yk = Q,

so our generator has the form w;u 8 A 6%. But now, if o, € H denotes the transposition
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of elements ¢ and k, we have
aik(uiukei AN Bk) = ukuiﬁk A6 = —uiukei A 6F.

Hence, the coefficient of this term in any H-invariant element of the truncated Hochschild

cohomology must be 0.

Remark 2.2.5.14. Recall that H may differ from the obvious action by permutation of
basis elements, by some signs. However, each sign appears twice (once for u;, once for

6%), so they do not affect this computation.

Case 2: ¢ = —1. In this case, |[K| =0, so K = ¢. Equation (2.2.5.6) yields

Y] = b.

Thus, the generator is u¥l, the deforming class identified in Lemma 2.2.5.6. However,
this generator gets killed by the first non-trivial differential of the spectral sequence.
To see this, observe that, because u¢ = 0 for 2 < d < n by Lemma 2.2.5.5, the first

non-trivial differential is d,,_, and is given by

on-1(9) = [[Mn]7¢] = [uy["]a ¢]

(see Remark 2.2.3.29). The Gerstenhaber bracket on CC*(A) gets carried to the Schouten
bracket on polyvector fields C[[U]] @ A(U). It follows quickly from the explicit form of
the Schouten bracket (see [20, Equation (3.7)]) that for any W € C[[U]],

W.n] = taw(n),

and therefore that the cohomology of [W, —] is the cohomology of the Koszul complex
associated to dW. In particular, the class W itself gets killed by taking the cohomology

of this differential. In our case, this means that u¥nl is killed by 6,,_;.
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This completes the proof that THHE(A) = 0.

When j = 1, the statement is simply that the first-order part is generated by the
first-order part. So it remains to prove that, for j > 2, the order-j part is generated by

the first-order part.

Suppose, inductively, that
THHZ(A, A® R*) c C[[T]]- THH&(A, A® R')
for all k < j — 1, for some j > 2. We prove that the same holds for k = j. Let
reub9¥ e THHA(A,A® RY)
be a generator. Because j > 2, it follows from Lemma 2.2.5.12 that r¢ = T - r<, where
cd=c—ym =20
Because T' € Ry, we have

r¢ub9X € THH%(A,A® RT™).

It follows that
THH%L(A,A® R)) =T -THH%(A,AQ ™",

and hence, from the spectral sequence induced by the length filtration, that
THH%(A,A® R)) =T -THHL(A, A® RF™).
The result now follows by taking H-invariant parts of this equation.

This completes the inductive step, and hence the proof. O
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Corollary 2.2.5.15. There erists a v € C[[T]], with ¢¥(0) = 1, and an G-graded formal
diffeomorphism F, such that
WAL = Fufs.

Proof. By Corollary 2.2.5.7, there is a formal diffeomorphism F, from (A4, 7o) to (A, uo).
Therefore we can push forward n by Fj, and reduce to the case where yuy = 1y. The

result then follows from Proposition 2.2.4.16 and Lemma 2.2.5.13. O

This completes the proof of Theorem 6.

We now make one final computation of Hochschild cohomology. For this computa-
tion, we will be interested in an extra structure on Hochschild cohomology: the Yoneda
product, which makes it into an associative algebra. In fact, together with the Gersten-
haber bracket, this makes the Hochschild cohomology into a Gerstenhaber algebra
(see [62]).

Definition 2.2.5.16. The Hochschild cohomology HH*(.A) of a G-graded A, algebra

A carries the G-graded, associative Yoneda product, which has the form
(d) g 71’)”(%, s aml) =

Z (—1)Tﬂ“m+k+i+2(1‘i+j+k+l+m> s ,¢l(xi+j+k+l) . ')7 Litjtky wj($i+j7 e ')7 Tgy - - ')’
i+j+k+l+m=n

where { is some sign.

Remark 2.2.5.17. We record the following useful information about the Yoneda prod-

uct:

e If k is a field, and U a k-vector space, then the HKR isomorphism

®: HH*(A(U)) = K[[U]] @ A(U),
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is an isomorphism of k-algebras, where the product on HH*(A(U)) is the Yoneda
product, and the product on polyvector fields is the wedge product (see [63, Section

8]);

e The spectral sequence E;' = HH*(A) induced by the length filtration (Remark
2.2.3.28) respects the multiplicative structure of the Yoneda product.

We now carry out our final Hochschild cohomology computation. Suppose that A is

an A, algebra of type A, and A its extension to a G7-graded category. We denote

~

A = plA,

where g and p; are the morphisms of grading data defined in Lemma 2.2.1.14. Note
that ql*ﬁ is a Gz-graded (or equivalently, Z-graded) A category, over the Z-graded
coefficient ring q1.p}R = R, which has degree 0 € Z, by Remark 2.2.2.11. Therefore,

the homomorphism

R — A

r; +— rforally
respects the Z-grading, and we can form the Gz-graded A-linear A category
/Tnov = (hw‘Nl ®r A.
Our aim now is to compute a certain part of

HH* (ﬁm‘ A) .

We observe that Y7 acts on A by shifts, hence also acts on ﬂnov, hence also acts on

cer (ﬁnw) The action of ker(Y* — Z) C Y;* is trivial, because shifts in this subgroup
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become trivial when we take g;. of our category. The action of Z is also trivial, because
we consider only Z-equivariant cochains, by definition. It follows that the action of the

image of Y7 in Y7" is trivial, so there is an action of
Tk n/yn

on CC*(Aney). Note that this is the same I* as in Definition 2.1.2.4.
Lemma 2.2.5.18. There is an isomorphism of Z-graded A-algebras,

*

HH* (Aop) " 2 Ala]/a",

where o has degree 2.

Proof. We consider the spectral sequence induced by the length filtration on

I

cc (flm,)

As we saw in Remark 2.2.3.28, the filtration is bounded above, hence exhaustive, and
is also complete. So if we can prove that it is regular, then it must converge to the

Hochschild cohomology.

We observe that there is an obvious morphism of chain complexes,
cer (‘h*PIﬂ) ®R A—CC” (ﬁnov) )

and indeed the A, structure maps on Aoy are the image of the A, structure maps of A
under this morphism. However, this is not necessarily a quasi-isomorphism, because the
Hochschild cochain complex is defined as a direct product over cochains of all lengths

s > 0, and arbitrary direct products do not commute with ®@gA.

On the other hand, finite direct products do commute with ®zA, so the above
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morphism of chain complexes does induce an isomorphism after we quotient by chains
of length greater than some fixed s. It follows that there is an isomorphism between the

spectral sequences induced by the length filtrations on
CC* (qu.piA) ®r A

and on
CC" (Ao

(it is just that the filtration on the former chain complex is not complete, so the associated

spectral sequence may not converge to its cohomology).

Now, applying Remarks 2.2.3.41 and 2.2.3.38, we have isomorphisms

cecr (ql*p’{.ﬂ)f;‘ = ¢, 0C" (p’{A)l;;‘ (up to completing with respect to the length filtration)
= qupiCC" (A)
~ q,p;CC*(A).

It follows from the preceding discussion that, if it is regular, then the spectral sequence

induced by the length filtration on
qu.piCC" (A) ®r A

converges to

fu-

n

HH* (ﬁnw)

Now, note that p* = 0 in A unless s — 2 is divisible by (n —2) (by Equation (2.2.5.3)
with @ = n and s +t = 2). In particular, A is minimal. Next, we show that there is an
algebra isomorphism (A, u2) 2 (A, u?). Le., the higher-order terms in the product u?

can be absorbed into the order-0 product p2, which we know to be the exterior product.
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This follows immediately from the calculation
THHL(A,A® R =,

which was carried out in the proof of Lemma 2.2.5.13 (as ‘Case 1’), together with a
deformation theory argument. Thus, we can replace A by a quasi-isomorphic A, algebra

A’, whose underlying algebra is the exterior algebra
(A4, 1%) = A® R.

Furthermore, A’ and A coincide to order n, because the higher-order terms in p? were
functions of T' = 71 ...7r,. So A’ is still of type A. Henceforth we’ll simply write A for

this replacement.

Now the E, page of the spectral sequence induced by the length filtration on
CC* (A)®r A

is the Hochschild cohomology of the associative algebra (A®grA, u2®1). By the preceding
arguments, this is exactly A ® A, the exterior algebra over the field A. Its Hochschild

cohomology is given by the HKR isomorphism (because A is a field), so we have

E; = qu.pi (A[[U]] ® 4).

Because p® = 0 for 2 < s < n, the first non-trivial differential is é,_;, which is given
by Gerstenhaber bracket with the order-n deformation class [¢"]. The Gerstenhaber
bracket gets carried to the Schouten bracket under the HKR isomorphism, and u" gets

carried to

Wnoy = @([un]) € A[[U” ® A7
where ® is the HKR isomorphism. By the ‘naturality’ property of the HKR map (see
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Definition 2.2.5.1), Wy i the image of the element
w®le (R[U]®A)QrA
under the natural map
(R[[U]] ® A) ®@r A = A[[U]] ® 4,
where w is the image of ("] in R[[U]] ® A under the HKR map.
Now, by the grading computations in the proof of Lemma 2.2.5.13, w has the form

w= fi(T)uy.. up+ fg(T)eru;‘ € R[[u1, ..., unl],
j=1

where fi, f» € C[[T]], and we recall that T := 7y ...7,. By the definition of ‘type A", we
have f1(0) =1 and f(0) = 1. It follows that

Wnow = (P -t + fo(r™) Y ru € Alfua, .. un]].
j=1

In particular, W, lies in A{[{U]], i.e., there are no non-trivial polyvector field terms

appearing. Therefore, as we saw in the proof of Lemma 2.2.5.13,

Sn1(=) = [@(W"), =] = tawnen (=)

gives the Koszul complex for the sequence

awno'[} 8w’nov
Ou, 7 Ouy,

e A[[U]].

Now we show that this sequence is regular. This follows because wn,, has an isolated
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singularity at the origin. To see this, observe that we have relations

Up...Up

L) ———= = —nrfo(r")u]™
Uj
o D lUn uJ Un  — Tf(r)u]"-'l,
in the ring
Allug, -+ un]]/ (O1Wnovy - - - » OnWnoy ),
where
_ () n
f(?") - nfl('rn) € C[[T ”7 f(O) 7£ 0.

Taking the product of these relations gives

(ug...up,

and hence that

because 1 + O(r) is invertible in A. Returning to the original relation, we have
(T'f(r)u;’)"‘1 = (uy...u)" 1 =0,

and hence sufficiently high powers of each generator u; vanish (recalling f # 0, so f € A*
is invertible). Therefore w,,, has an isolated singularity at 0, so the sequence is regular,

so the cohomology of the Koszul complex is the Jacobian ring.

Now we observe that

q1.piA[[U]]

is generated, as a A-algebra, by the elements

n

n
UL Un, Uy, Uny
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and each of these has degree 2 € Z. To see this, note that for u® to be in piA[[U]], its

degree must be in the image of ¥, in Y{*. From the definition, this means that
(|b|7 _b) = (t + 2(7’1, - 1)|m|7 _nm) - Q(2(1 - n)v y[n])
for some t,q € Z and m € Z", or in other words, setting s = |b| for the length,

s = t+2(n—1)m|+2(n-1)g,

b = nm+ qyp.

It is not hard to show that, since b > 0, we can arrange that m > 0 and ¢ > 0, so u® is

a product of the generators u; ... un,u?,...,uy, as claimed. Furthermore, one can show
that s+t = 2q + 2|m/|, where s = |b| is the length and t is the Z-grading. It follows that

the degree of each generator is 2, when regarded as an element of Hochschild cohomology.

It follows that the E, page of our spectral sequence is given by
Al[ur, -« wn)]/ (O Wnov, - - - » OnWnow) N A[[U1 .. Un, uT, ... up]]
From the relations in the Jacobian ring, we have

ug ... u, = rf(rju} where f(r) #0,

so we only need a single generator a := uy .. . u,, and furthermore this generator satisfies

as we showed above. It is easy to check (for example using Grobner bases) that o2

does not lie in the ideal generated by the partial derivatives 0jwnoy. It follows that the
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E,, page of the spectral sequence is given by
Ala] /o™t

Because « has degree 2 € Z, E,, is graded in even degrees so all subsequent differentials
in the spectral sequence vanish, so the spectral sequence is regular. Since the length
filtration is bounded above and complete, it follows by [61, Theorem 5.5.10] that the
spectral sequence converges to the Hochschild cohomology. Thus the E, page is iso-
morphic to the associated graded algebra of the Hochschild cohomology; but since it is
one-dimensional in each degree, it is in fact isomorphic to the Hochschild cohomology.

This completes the proof. O

Now we observe that the element

g’:‘ : € CC, (ﬁ)

T

is a Hochschild cochain (this follows by applying r,0/0r; to the Ay relation po p = 0).

Hence it defines an element in HH*(A). We denote by £ the element of H H*(A,,,) that

is the image of

<rjg‘7f;> @1 HH" (A) @n A

under the obvious map.

Lemma 2.2.5.19. The element 8 lies in the T%-equivariant part of HH*(ﬁnw), and

corresponds to g-a for some invertible g € A* under the isomorphism of Lemma 2.2.5.18.

Proof. The fact that g is f;‘l—equivariant follows immediately from the fact that u* is. We
recall from the proof of Lemma 2.2.5.18 that, firstly, we arrange that u? is independent
of r; and, secondly, the image of ;= under the HKR map to R[[U]] ® A has the form

w= fi(T)u...u,+ fo(T) Z Uy

j=1
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It follows that the image of r;0u*/dr; under the HKR map has the form

ow

rim= = THTur -+ oDy + Th(T) > gl
J j=1

It follows from naturality of the HKR map that the image of 8 = (r;0u*/0r;) ® 1 on the

E, page of the spectral sequence has the form

n
(™M, fo (P )ruy + " f3(r™) Z TUY.
j=1

We now recall from the proof of Lemma 2.2.5.18 that the E, page of the spectral
sequence is the Jacobian ring‘ Al[ur, - )/ (01Wnovs - - - OnWnow). We recall (from the

proof of Lemma 2.2.5.18) that, in the Jacobian ring, we have relations
fi(P™ur . oug = —nfo(r™)ruf,

and we set o := uj ... uy, S0 the image of 3 on the E, page of the spectral sequence is

equivalent to

(rnjz<r"> — A o

)a:wwm,

where g(r™) € C[[r"]] and g(0) # 0.

Recalling that the spectral sequence degenerates at the E, page, this completes the

proof. O

2.2.6 First-order deformations

In this section, we will consider a very specific situation. Let A = (A, yo) be a G-graded

minimal A algebra over C, and V a G-graded vector space. We consider the G-graded
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C-algebra
R = C[V]/m?,

where m C C[V] is the maximal ideal corresponding to 0. A G-graded first-order

deformation of A over V is an element
p€CCLA®R,A® R),
whose order-0 component agrees with 49, and such that popu = 0. Equivalently, we have

Mm= o + U1,

where

1 € CCLA,ARVY)

is a Hochschild cocycle. Its class in HHZ (A, A® VV) is called the deformation class
of the deformation. Two first-order deformations are A, quasi-isomorphic if and only if

their deformation classes coincide.

Let C be an A, category over C with two quasi-isomorphic objects, which we call
Ly and L;. We denote the A, endomorphism algebras of the two objects by A; :=
Hom(Lj, L;) for j = 0,1. It is standard that Ay and A, are A,, quasi-isomorphic.

Let C; be the full subcategory with a single object L;, for j = 0,1. Then the inclusions
Co S C« Cl

are quasi-equivalences. It follows by Morita invariance (see, for example, [11, Lemma

2.6]) that the restriction maps

HHZ;(CQ,C()) <~ HH&(C,C) — HH&(Cl,Cl)
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are isomorphisms.

Now suppose that we have a G-graded first-order deformation of C over V. As we
observed above, this is equivalent (up to quasi-isomorphism) to a choice of deformation

class

(] € HH(C,C @ VY).

The deformation classes of the induced first-order deformations of the endomorphism

algebras A; are given by the images of [u1] under the restriction maps
HHL(C,CoVY) - HHL(A;, A @ VY),
and hence they correspond under the isomorphism
HHZL(Ap, A @ VY) ¥ HHE(A;, A4 Q@ VY)

induced by the quasi-isomorphism of Ay with A;.

2.3 The affine Fukaya category

In this section, we introduce the affine Fukaya category F(M) of an exact symplectic
manifold, and explain its relationship with the exact Fukaya category as defined in [11],
which we will denote by F'(M). The difference is essentially that the affine Fukaya

category has less objects, but a richer grading structure.

2.3.1 Grading data from the Lagrangian Grassmannian

We recall some notions from [11, Chapters 11, 12]. Let M be a symplectic manifold. We
denote by GM the bundle of Lagrangian subspaces of TM. Observe that, because we
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have a fibration
GoM —> GM

there is an exact sequence
o= T(GM) = m(GM) = 1 (M) — .

We recall that
T (QPM) = Z

Assumption 2.3.1.1. For the purposes of this paper, we will only consider manifolds
M such that 7, (M) is abelian. The reason for this assumption is that we will use 7, (M)
to define a grading datum G(M), and the affine Fukaya category will be G(M)-graded.
However we have only set up the theory of grading data (Section 2.2) for abelian groups.
One should be able to define a sensible theory of non-abelian grading data, and apply it to
study Fukaya categories of exact symplectic manifolds M with non-abelian fundamental
group. On the other hand, when one studies the the relative Fukaya category (Section
2.5), it becomes absolutely necessary to consider abelian grading data. In this case, one
should consider the universal abelian cover of GM, rather than the universal cover. Since

these issues do not concern us in this paper, we ignore them by making this assumption.

In particular, Assumption 2.3.1.1 implies that that 7 (M) & H;(M) and m(GM) =
Hy(GM).

Definition 2.3.1.2. We define a grading datum G(M):

7 —Is Y(M) -5 X(M) —> 0

Hl(gp )—>ngM — H,; M)%O
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To define the sign morphism o, we must specify a map
g Hl(QM) — Zo.

To do this, we consider the real vector bundle £ — GM, whose fibre over a point is
identified with the Lagrangian subspace at that point. The first Stiefel-Whitney class
defines an element

wi(L) € H (GM; Zs),

and ¢ is defined by pairing with this element.

We will see that it is natural to define the Fukaya category as a G(M)-graded cat-
egory. That is because of the relationship between G(M) and index theory of Cauchy-

Riemann operators in M, which we now explain.

We recall (from [40, Appendix C.3]) the definition of a bundle pair (X, E, F) over a
Riemann surface with boundary . It is a complex vector bundle E' — X together with a
totally real subbundle F' C E|sz. We recall that a bundle pair defines a Cauchy-Riemann

operator

D: Q%% E) = Q3 (S, B),

whose zeroes are holomorphic sections of E whose boundary values lie in F. We recall
also the boundary Maslov index of a bundle pair, which is an integer u(%, E, F')
such that the index of (an appropriate Sobolev-space version of) the Cauchy-Riemann

operator D associated to the bundle pair (X, E, F) is
ind(D) = nx(E) + u(S, E, F),
where n is the complex dimension of a fibre of E.

Now suppose we are given a map u : & — M, together with a Lagrangian subbundle
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F C uw*TM|gs. F defines a lift
GM

/)
o0y —> M,
ulox
which defines a class [p] € Hi(GM) = Y(M), which is a lift of
ulpy = 0u=0¢€ H(M) = X(M).
So by exactness of the sequence G(M), [p] lies in the image of Z.
Lemma 2.3.1.3. We have

ol = f(u(Z,w"TM, F)),

in Y (M), where f : Z — Y (M) comes from the grading datum.

Proof. Define a decomposition of bundle pairs,
(S, w'TM,F) = (31,u*TM,F)U (22,u*TM, F),

where ¥; is a small ball in the interior of £, 3 is its complement, and the totally real

subbundle of u*T'M sy, is defined by a lift
p 0%, — GM,
chosen in such a way that there is a trivialization
(E0,w"TM,F) =2 (X2, x C", 35 x R").

It follows quickly from the properties of the boundary Maslov index (see [40, Theorem
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C.3.5]) that
(82, ' TM, F) = 0,

Then, by the composition property of the boundary Maslov index,
w(E,w*TM,F) = u(E1,w*TM, F) + p(E0, w'TM, F) = p(Z4,w"TM, F).

By our definition of (X5, u*T M, F), there is a lift
GM

/|

Yo —u—? M,

and P defines a homology between the class [p] and the class [p']. If the ball ¥, is centred

on a point p, then there is an obvious isomorphism
uwTM|g, =X, xT,M,

so p’ defines a class in H,(G,M) = Z, which is exactly equal to p(3;,u*TM, F) (essen-
tially from the definition of the Maslov class). The result follows. O

2.3.2 Anchored branes

In this section, we will define the notion of an anchored Lagrangian brane in M.
These will be the objects of the affine Fukaya category F (M) (when M is exact). First
we recall the notion of a (non-anchored) graded Lagrangian brane from [11, Chapter 11],

which is an object of F'(M).

If 2¢;(M) = 0, and M is equipped with a quadratic complex volume form 7, then we
can construct a phase map

aM:QM—»Sl.
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Now if ¢ : L — M is a Lagrangian immersion, there is a canonical lift of

GM

Hence, given 7, there is a map

OéLiL — Sl,

Qp = Opf O by

A (non-anchored) graded Lagrangian brane in M is a compact embedded Lagrangian

L C M, together with a lift af of ar to R, and a Pin structure on L.

Now we introduce a new notion. Let
T:GM — GM

denote the universal cover of the manifold GM.

Definition 2.3.2.1. An anchored Lagrangian brane L# in M is a Lagrangian im-

mersion ¢ : L — M of a compact manifold L into M, together with a lift i# as follows:

GM

A

and a Pin structure. Note that we do not need a quadratic complex volume form to

define the notion of an anchored Lagrangian brane.

We observe that there is a natural action of the covering group m(GM) = Y(M) on
GM , and hence on anchored Lagrangian branes. We denote the action of y € Y (M) on
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L#* by y- L*.

Now we explain the relationship between anchored Lagrangian branes and (non-
anchored) graded Lagrangian branes. We observe that, given a quadratic complex vol-

ume form 7, there exists a lift of the squared phase map

oM 2SR

-

oM 25 8t

Definition 2.3.2.2. Given a quadratic volume form 7, a lift &, as above, and an
embedded anchored Lagrangian brane L# = (L,i#), we define a Lagrangian brane §(L#)
in M (f for ‘forgetting’ the anchored structure), with the same underlying Lagrangian L
and Pin structure, and

afszoi#.

2.3.3 The affine Fukaya category

Let M be an exact symplectic manifold with convex boundary, with 7 (M) abelian (see
Assumption 2.3.1.1). In this section, we define the affine Fukaya category, F(M).
It will be a G(M)-graded A, category. The definition is very closely related to the
definition of the affine Fukaya category F'(M), given in [11, Section 12], to which the
reader is referred for all technical details. We will see that F(M) is essentially a full
subcategory of F'(M) with a richer grading structure — in particular, the analytic details
of defining moduli spaces of pseudoholomorphic disks to define the A, structure maps

are completely analogous.

Objects of F(M) are embedded anchored Lagrangian branes. For each pair of ob-
jects, we choose a Floer datum on M, and for all moduli spaces of boundary-punctured

holomorphic disks with boundary components labelled by anchored Lagrangian branes,
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we make a consistent universal choice of perturbation data on M. We assume that the
action of Y (M) on anchored Lagrangian branes lifts to an action on Floer and per-
turbation data (i.e., if we change some of the boundary labels of a boundary-punctured

holomorphic disk by the action of Y/(M), then the perturbation datum does not change).

We now define the G(M)-graded morphism spaces in F(M). Now, given anchored
Lagrangian branes L, L¥, we define the morphism space CF *(L¥, L¥) to be generated
by paths p : [0,1] — M satisfying p(0) € Lo, p(1) € L(1), which are flowlines of the

Hamiltonian vector field associated with the corresponding Floer datum.

Given such a p, we define its grading y € Y (M) to be the unique element such that
p lifts to a path from Lf toy- Lf: in GM , which has Maslov index 0 € Z. To explain

what this means, we observe that there is a commutative diagram

§M—>M

|

GM — M,

where M — M is the universal cover of M. Thus, associated with any anchored La-
grangian brane L¥ is a lift, f, of L to M. The fact that p must lift to GM implies that
it must lift to M, this already defines y € Y (M) up to addition of an element in the
image of Z — Y (M). Now we observe that the fibres of the bundle

5M—>JT/.7

are the universal covers of the fibres of the Lagrangian Grassmannian GM. Thus, the
anchored brane structures L# , Lf& equip ZO, Zl with the structure of ‘abstract Lagrangian
branes’ (see [11, Section 12a]). Therefore, if the path p lifts to a path § from Lo to 4 L;
in M , then we can define the Maslov index i of any lift of § to GM , and it is equal to
the relative Maslov index of the abstract linear Lagrangian branes at either end of p. It

is this index that we require to be 0. Given p, it is clear that we can find ¢’ € Y (M)
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such that the path p lifts to a path p from Lo to y' - Ly, but the Maslov index i may not

be zero. However, we then necessarily have
y =y — f(i),
so the Y (M)-grading of p is well-defined.

We define the A, structure maps in F(M) by counting rigid pseudo-holomorphic
disks in M. That is, given objects

L¥, ... L*

8

and morphisms

py € CF (LY L) forj=1,....s

and

po € CF*(L¥, L),

we define the coefficient of pg in p*(ps, ...,p1) to be the count of rigid pseudolomorphic

disks in M with boundary conditions on L;, asymptotic to the generators p;.

We now explain why these structure maps are G(M )-graded. Firstly, observe that the
structure maps respect the action of Y’ (M) on objects, because we chose the perturbation
data to do so. From [11, Section 111}, we recall the definition of an orientation operator

D, corresponding to a generator p of C’F*(LS% , Lf). We lift p to a path
p:[0,1] = GM

connécting Lz‘f(p(O)) to y - L¥(p(1)), where y € Y(M) is the degree of p. Now define
a smooth, non-decreasing function ¢ : R — [0,1] such that ¥(s) = 0 for s < 0 and
Y(s) = 1 for s > 0. We consider the Hermitian vector bundle over the upper half plane
R x Rxo, with fibre over (s,t) given by Tp))M. We introduce Lagrangian boundary
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conditions along the real axis, given by p(1(s)). These Lagrangian boundary conditions
define a Cauchy-Riemann operator, which we denote by D,. D, is Fredholm, its index
is equal to the relative Maslov index of the abstract Lagrangian branes at either end of
p, which is 0 by the definition of y, and its determinant line is canonically isomorphic to

the orientation line o, of p.

Given a holomorphic disk u contributing to an A, product p®, we denote the lin-
earized operator of the perturbed holomorphic curve equation at u (with fixed domain
S) by Dg,. It is a Cauchy-Riemann operator on the trivial Hermitian vector bundle
u*TM over S. We can glue the orientation operators Dy, ..., D, and D]\)’( ,to Ds,,, along

the strip-like ends to obtain a new Cauchy-Riemann operator over the closed disk. We

denote this operator by D. The gluing formula then implies that

i(D)

i(DS,u) + i(pl) +o+ i(p.s) + (n - Z.(pO))

= ’L(Ds’u) +n,
and there is a canonical isomorphism
det(D) = det(Dy) ® 0p, ® ... ® 0, ® Oy .

Now the Cauchy-Riemann operator D is given by a bundle pair (D?, E, F), which is
equivalent to a bundle pair (D? u*T M, F), where u : D? — M is obtained from the
original disk u (which had strip-like ends converging to the generators p;) by gluing
the orientation operators onto the ends. The boundary conditions for D define a map

p: OD? — GM which lifts the boundary map Ou.

If we think of p as a map

p:[0,1] - gM
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such that p(0) = p(1) lies on Lo, then we have a lift

~

/ i
0,1 5 gM.

The boundary conditions L; lift to (y1 + ... + ;) - Lf, and finally p(1) lands on (y; +
e+ Ys — Yo) L#. It follows that

[P = —yo + Zyj-
j=1

Lemma 2.3.1.3 now implies that

f@@(D)—nx(D?) = —ypo+ Z Yj
= f(i(Dsy)) = —vyo+ Y y;inY(M).

=1

We now recall that, for the disk to be rigid, the extended linearized operator D, (in
which the modulus of the domain is allowed to vary, as well as the map) should have
index zero. The dimension of the moduli space of disks with s 4 1 marked boundary

points is s — 2, so this means that
yo=F2-9)+D y
j=1

in Y/(M). It follows that the affine Fukaya category is a G(M )-graded Ao, category (see
Remark 2.2.3.12). We observe that the A, associativity equations are satisfied, by the
same argument as for F'(M) ([11, Proposition 12.3}).

We will now explain how F(M) is related to the Z-graded exact Fukaya category
F'(M), as defined in [11]. We recall that, to define Z-gradings on F'(M), we require
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that 2¢; (M) = 0 and equip 1 with a quadratic volume form 7,;.

Recall from Definition 2.3.2.2 that, if we equip M with a quadratic volume form 7y,

then we obtain a squared phase map
Qpg ot QM — Sl,
and if we define a lift
Gar: GM = R,
then we obtain a forgetful map f from anchored Lagrangian branes to (non-anchored)

Lagrangian branes.

Now on the level of Hy, aps induces a map
Y(M)— Z.

This defines a morphism of grading data, p7 : G(M) — Gz. It follows that p!F (M) is
a Z-graded A, category. We have:

Lemma 2.3.3.1. The forgetful map § on objects extends to a fully faithful embedding of
Z-graded Ao categories,
frplF(M)— F(M).

Remark 2.3.3.2. The image of this embedding consists of all (non-anchored) La-
grangian branes L such that the image of Hy(L) in H;(M) is zero.

2.3.4 Covers

We explain how the affine Fukaya category behaves with respect to finite covers (essen-
tially following [9, Section 8b]). Suppose that M, N are exact symplectic manifolds with

convex boundary, with assumptions as in Section 2.3.3, and ¢ : N — M is an exact
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symplectic covering (i.e., a covering such that the Liouville one-form on N is pulled back

from that on M via ¢). Then we have an induced covering

GN — N

N

GM —> M,
and hence an injective morphism of grading data, p : G(N) — G(M), given by

H,(G,N) —> H{(GN) — H\(N) —>0

Jooe

Hl(g¢(p)M) — Hl(QM) — Hl(M) —> 0.

Proposition 2.3.4.1. There is a fully faithful embedding of G(N)-graded categories,

p’(F(M)) = F(N).

Proof. We remark that the universal covers of GN and GM are isomorphic, so there is
an obvious correspondence between anchored Lagrangian branes on N and on M. One
can similarly set up a correspondence between morphism spaces and moduli spaces of
pseudoholomorphic disks defining the A structure maps, and show that the gradings

correspond, so the categories are strictly equivalent. O

2.3.5 The relative case

Now we specialize to a particular type of exact symplectic manifold with corners.

Definition 2.3.5.1. A Kéhler pair (M, D) consists of:

e A smooth complex projective variety M, equipped with a positive holomorphic

line bundle £ with a Hermitian metric, so that the curvature of £ defines a Kahler
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form w, with [w] = ¢,(£);
e Atuple D = (Dy, D,, ..., Dy) of smooth irreducible divisors D; C M with normal

crossings, each corresponding to some positive power d; of the bundle L.

That is, for each j =1,2,...,k, we have a section
h_j € F(M, £®dj)

such that

We furthermore assume that

o m(M)=0;
e m (M \ D) is abelian;

e k > n+1, where k is the number of divisors and n is the complex dimension of M.

We define the affine part,
M\ D:=M\|JD;
J

We equip M \ D with a Kéhler potential

oo Shca B (A1)

k
Zj:l dJ'

so that & = —dh o Jp is a Liouville one-form (i.e., w = da), and « is convex at infinity

(h is exhausting and bounded below on M \ D).
Example 2.3.5.2. We consider the Fermat hypersurfaces,

n
M = {Zzg = 0} c cp,

j=1
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with the ample divisors

D; :={z; =0}

forj=1,...,n.

Now recall that there is a grading datum G(M \ D) associated to M \ D, with exact

sequence

Z — Hy(G(M \ D)) = H, (M \ D) = 0.

We will denote
G(M,D) :=G(M \ D)

in the relative case, and write the exact sequence as
Z — Y(M,D) - X(M, D) = 0.

We now introduce a pseudo-grading datum H (M, D), whose associated grading datum

is G(M, D). Compare [64, Section 5.

If we set U to be a neighbourhood of the union of the divisors D in M, and V to be

M\ D, then part of the Mayer-Vietoris long exact sequence for reduced homology gives

which becomes

HZ(M)"—)ZQJD7yk>—'>H1(M\D)—>Oa

since we are assuming H; (M) = 0. Here y; € H;(U NV) is the class of a meridian loop

around divisor Dj.

Definition 2.3.5.3. We define a pseudo-grading datum H (M, D), as follows: the exact

238



sequence is
Z(M,D) —%YM D) —%X(M D)——0

y | |

LM Z) 5 2y, .y S Hi(M\ D; Z) —> 0,

where we define
k
f(u) = Z(U : Di)yi, and
i=1
g(y;) = the class of a loop around D;.

We define the element ¢ € Hom(Z, Z) to be given by 2¢,(TM) € H*(M).
We now define a morphism of pseudo-grading data, p : H(M, D) — G(M, D). We

define pz : Hy(M) — Z to be given by 2¢,(T M), and px to be the identity. We define
the map d to be 0. To define the map

py 1 Z{yy, -, yx) = Hi(G(M \ D)),

it is sufficient to define the action on the generators y;. We denote the image of y; by ;.

To define g;, we consider a disk
u; : (D*, 0D*) — (M, M \ D)

such that u; - D; = 6;;. We trivialize the symplectic vector bundle u}T'M, and choose a

lift of Qu;:

M
Yi \[/
S —= M,

Bui

so that the boundary Maslov index

#(D*,u;TM, ;) = 0.
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This defines the element py (v;) := §; € H1(G(M \ D)).

Lemma 2.3.5.4. The diagram

Hy(M) —> Z{y1, ..., yx) —> Hi(M \ D) —> 0
ZCli—eHl(gIJ(YA%\D))»HI MH\D 0

commutes.

Proof. The only non-trivial thing to check is the commutativity of the left square. Sup-
pose that u : ¥ — M is a surface representing a homology class in Hy(M), and inter-

secting the divisors D; transversely. One side of the square maps

k

u Z(U - D)y,

=1

while the other maps

u = f(2¢1(u)).

We consider the bundle pair (3, E, ¢) with empty boundary, simply given by the complex
vector bundle E := u*(T'M). Its Maslov index is u(X, E, ¢) = 2¢1(u). We now define
a decomposition of this bundle pair: ¥ = ¥; U X, where X, is a union of small balls
around each of the intersection points of v with divisors D;, and X5 is the rest of £. We
define the Lagrangian boundary conditions along 9%; by requiring that the bundle pair
over each ball around a single intersection point has boundary Maslov index zero. Then

the composition property for bundle pairs (see [40, Appendix C.3]) says that
zcl(u) = #(23E7¢) = M(ElaEaF) + N(Z%E7F) = M(E%Ev F)

We note that the boundary conditions we have associated to a small ball around an
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intersection point of u with the divisor D; define a map
S' - G(M \ D)

representing the class g;, by definition. Because u maps ¥ into M \ D, it follows from

Lemma 2.3.1.3 and the previous argument that
k
f2er(w) = f(u(Ts, B, F)) =Y _(u- D),

i=1
which proves that the left square commutes. O
Corollary 2.3.5.5. The grading datum corresponding to the pseudo-grading datum H (M, D)
18

G(H(M, D)) = G(M, D).

Now suppose that we equip M with a meromorphic n-form 7 (i.e., an (n,0)-form),
whose zeroes and poles lie along the divisors D;. Then we obtain a quadratic complex
volume form 7% on M \ D, and recall that this defines a morphism p" : G(M, D) — Gy,

allowing us to equip our category with a Z-grading.

Lemma 2.3.5.6. The morphism of grading data p" is induced by the morphism of
pseudo-grading data defined by

Py Ly, uk) — Z,

py(y;) = 2pj,

where p; is the order of the pole of n along divisor Dj.

Proof. Follows essentially from the definition of the boundary Maslov index, see [40,

Theorem C.3.5, ‘Normalization’ property]. O
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Remark 2.3.5.7. If M is Calabi-Yau, then it admits a nowhere-vanishing holomorphic

volume form 7, so there is a canonical morphism of grading data
G(M,D) — Gy,

which is induced by the zero morphism of pseudo-grading data, in accordance with

Lemma 2.3.5.6.

Lemma 2.3.5.8. The pseudo-grading datum associated to the Fermat hypersurfaces with

coordinate divisors, (M?, D) (see Example 2.8.5.2) is
H(M;, D)= H,

where HY is the pseudo-grading datum of Example 2.2.1.13.

Proof. Follows from the fact that Hy(M?) = Z, generated by the class of a line [P], that

for all j, and that

g

Definition 2.3.5.9. Suppose that (N, E) and (M, D) are Kéahler pairs (each with &k
divisors), and a = (ay, . .., ax) is a tuple of positive integers. An a-branched cover of
Kéhler pairs,

¢: (N, E) — (M, D),

is a branched cover ¢ : N — M which maps divisor E; to D}, and has branching of order

a; along divisor E; (and no branching anywhere else).
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Example 2.3.5.10. There is an (a,...,a)-branched cover of Fermat hypersurfaces

¢a s (Mg, D) — (M}, D),

Ga([z1:- 1 2]) = [oF ... 20

Lemma 2.3.5.11. Let ¢ : (N, E) — (M, D) be an a-branched cover. The unbranched
cover

¢:N\E— M\ D

induces an injective morphism of grading data
p: G(N,E) - G(M, D),

as in Section 2.8.4. This morphism of grading data is induced by a morphism of pseudo-
grading data
p: H(N,E)— H(M, D),

where

py(y;) = ajy;, and
dly;) = 2(1—ay)

Proof. It suffices to prove that

pr(0@y;) = (2(1 - a;) ® a;y;).
This follows easily from the definition, and the local form
(2'1,2:2,- . :zn) — (ztllj,zZM . '3zn)

of ¢ near divisor Ej. U
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Corollary 2.3.5.12. If ¢, : (M, D) — (M}, D) is the (n,...,n)-branched cover of
Fermat hypersurfaces introduced in Ezample 2.8.5.10, then the induced morphism of
grading data

p: G(M],D)— G(M?, D)

Coincides with the morphism

p1: G, = GY

of Lemma 2.2.1.14 (recall also Lemma 2.3.5.8).

2.4 Moduli Spaces of Disks

In this section we introduce the various moduli spaces of pseudo-holomorphic disks that

we will need to define the versions of the Fukaya category that we will consider.

2.4.1 Moduli spaces of holomorphic spheres and disks

Definition 2.4.1.1. Given an unordered set E, with |[E| > 3, we define Ro(E), the
moduli space of holomorphic spheres with distinct marked points g, indexed by e € E,

up to biholomorphism preserving marked points.

Definition 2.4.1.2. Given an ordered tuple L = (Ly,..., Lg), a disk with boundary
labels L is a disk with d + 1 distinct boundary marked points, (o, 1, .., (g, With the
boundary component between (; and (;4; labelled L; (understood modulo d + 1).

We define three types of moduli spaces of disks:

Definition 2.4.1.3. Given a tuple L, and a set E, with |L| 4+ 2|E| > 3, we define
R(L, E) to be the moduli space of holomorphic disks S with boundary labels L, together
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with distinct internal marked points ¢, indexed by e € E. We consider these objects up

to biholomorphism preserving all marked points.

Definition 2.4.1.4. Given a tuple L, we define Ry(L) := R(L,{1}), the moduli space

of holomorphic disks S with boundary labels L and a single interior marked point q.

Definition 2.4.1.5. Given a tuple L, we define Ro(L) C R(L, {1,2}) to be the moduli
space of holomorphic disks S with Lagrangian labels L, together with interior marked
points g1, g2, such that there is a biholomorphism of S with the unit disk {jw| <1} c C

sending

Co — =1
@ = —t
G2 — 1t

for some ¢t € (0,1) C R (see Figure 2.4.1.1).

Given a point r in one of these moduli spaces, we denote by S, the corresponding

(marked) disk, with all boundary marked points removed.

2.4.2 Deligne-Mumford compactifications

We make a universal choice of strip-like and cylindrical ends for each of these moduli
spaces. We denote by Ro(E), R(L, E), Ri(L), Ry(L) the Deligne-Mumford compact-
ifications of these moduli spaces by stable spheres and disks. We now describe these

compactifications.

The Deligne-Mumford compactification of Ro(E) consists of stable trees of spheres.
Boundary strata are indexed by stable trees T', with semi-infinite edges indexed by E.

We denote by V(T') the set of vertices of T, and E(T') the set of edges of T. A tree is
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Figure 2.4.1.1: The moduli space Ro(L), where |L| = 6.
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called stable if each vertex has valence > 3. For each vertex v of T, we denote by E,

the set of edges of T incident to v. The boundary stratum indexed by T is
Re(E) =[] Ro(E,).

Points in this stratum correspond to trees of sphere bubbles, with semi-infinite edges
corresponding to marked points, and finite edges corresponding to nodes (see [40, Section
D.3, Figure 4]). The Deligne-Mumford (or Grothendieck-Knudsen) compactification, as
a set, is the union of all such strata. It is a smooth manifold (see [40, Section D.5]). The

codimension of the stratum indexed by T' is 2(|V(T)| — 1).

Definition 2.4.2.1. A directed d-leafed planar tree is a directed d-leafed tree T

embedded in R?. It consists of the following data:

a finite set of vertices V(T);

a set of d semi-infinite outgoing edges;

a single semi-infinite incoming edge, connected to a vertex v € V(T') called the

root of T;

a set E(T) of internal edges.

A vertex is allowed to have zero outgoing edges, but must always have exactly one
incoming edge. We say that a vertex v € V(T) is stable if it has > 2 outgoing edges,
and semi-stable if it has > 1 outgoing edges. Given a tuple L, we say that T has
labels L if the connected components of R? \ T are labeled by the elements of L, in
order. A labeling of T induces a labeling L, of the regions surrounding each vertex

v € V(T) (see Figure 2.4.2.1).

The Deligne-Mumford compactification of R(L, E) consists of stable trees of disk

and sphere bubbles with appropriate markings (see [39, Section 2.3]). It is a smooth
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Figure 2.4.2.1: If L is some tuple, then a k-leafed stable tree T is said to have labels L
if the connected components of R?\ 7" are labeled by the elements of L, in order. In
this figure, L = (Lo, Lo, Lo, L1, L2, L2, L1, Lo, L3). A labeling L of T induces a labeling
L, of the regions surrounding each vertex v. In this figure, the induced labeling of the
regions surrounding the uppermost vertex v is L, = (Lo, L1, L2, L2).
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manifold with corners. Each boundary stratum is indexed by a directed tree T, together
with a directed planar subtree 77, with labels L. We denote Tg := T \ T,. We require
that the semi-infinite edges of Tg are indexed by E. For each vertex v € T, we have a
labeling L, as above, and denote by F, the set of edges incident to v in Tg. For each
vertex v € Ty, we denote by E, the set of edges incident to v in Tg. We require that

the tree is stable, in the sense that for each vertex v € T},
\Ly| + 2| Ey| > 3,

while for each vertex v € T},

|E,| > 3.

The tree T corresponds to the stratum
RULE) 2 [[ REnE)x ] Re(E
veV(TyL) veV(TE)

Points in this stratum correspond to nodal disks, with semi-infinite edges of T} cor-
responding to boundary marked points, finite edges of T} corresponding to boundary
nodes, semi-infinite edges of Tr corresponding to internal marked points, and finite

edges of Ty corresponding to internal nodes. The codimension of this stratum is
[V (T)| + 2|V (Tg)| - 1.

The boundary strata of Ro(L) fall into three types (we have illustrated the codimension-

1 part of each stratum in Figure 2.4.2.2):

e strata indexed by directed planar trees T with boundary labels L, together with

a distinguished vertex vy, so that all vertices other than possibly v; have valence
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> 3; these correspond to codimension-(|V(T)| — 1) strata

RyT(L) = Ry(Lyy) x  [[  R(L)

veV(T)\{v1}

which consist of nodal disks glued together in the obvious way (see Figure 2-2(a));

another set of strata indexed by directed planar trees 7" with boundary labels L,
together with a distinguished vertex vy, so that all vertices other than possibly v,

have valence > 3; these correspond to codimension-|V (T")]| strata

Rg,T(L) = Rl(Lvl) X H R(Lv)
veV(T)\{v1}
which consist of nodal disks glued in the obvious way, together with a sphere with
three marked points, two of which are the marked points q;, g> and one of which

is a node, identified to the internal marked point ¢ in the disk coming from the

factor Ry(L,,) (see Figure 2-2(b));

strata indexed by directed planar trees T' with boundary labels L and two (differ-
ent) distinguished vertices vy, vq, so that all vertices other than possibly v; and v,
have valence > 3, and the branch of T" containing v lies strictly to the left of the

branch containing wve; these correspond to codimension-(|V (T")| — 2) strata

RYT(L) 2 Ry(Ly) xRa(Ly) x [ R@w)
veV(T)\{v1,v2}

consisting of nodal disks glued together in the obvious way, where the internal
marked point in the disk coming from the factor R1(L,,;) corresponds to the marked

point g;, for j = 1,2 (see Figure 2-2(c)).
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<o
(a) The codimension-1 part of ’Ré'T(L). (b) The codimension-1 part of RS (L).

¢

$o
(¢) The codimension-1 part of RE‘T(L).

Figure 2.4.2.2: The codimension-1 boundary components of Ry(L), where |L| = 6.
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2.4.3 Moduli spaces of pseudoholomorphic disks

Let (M, D) be a Kéahler pair (see Definition 2.3.5.1). Thus, M is a Kahler manifold, and
D = D;U...U Dy is a union of smooth ample divisors with normal crossings. In this

section we will define moduli spaces of pseudoholomorphic disks mapping into M.

Definition 2.4.3.1. Let F' be a finite set, and let
¢ F — [k]

be a function from F to the set [k] := {1,...,k} indexing the divisors Dy,...,D;. We
call such a function a labelling of F'. Recalling the definition of the pseudo-grading

datum H (M, D) from Definition 2.3.5.3, we denote

k
d() == Z |72 (5)y; € Yso

(where Ys0 = Zso(¥1,-.-,yk)). If @ = (a1,...,ax) is a tuple of positive integers, then

we define

k
da(€) == a;l67 (j)ly; € Yso.
i=1

We denote 1 = (1,...,1) (k copies), so that d = d;.

Definition 2.4.3.2. Let E and F be finite sets, |E| + |F| > 3. Let £ : F — [k] be a
labelling of F. We define
Ro(E, €) = Ro(E U F).

Definition 2.4.3.3. Given a tuple of objects L, finite sets E, F such that |L| + 2|E| +
2|F| > 3, and a labelling ¢ : F — [k], we define the moduli space

R(L,E,¢) := R(L,EUF).

For each pair of objects in the affine Fukaya category F(M \ D), we choose a Floer
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datum (see {11, Section 8¢]). We make a universal choice of perturbation data (in the
sense of [11, Section 9h]) on each of the moduli spaces Ro(E,¥), R(L, E,?), Ri(L)
and Ry(L). Note that the choice of perturbation data on the moduli spaces Rg, R
may be different for different labellings ¢, even though they have the same number of
boundary components and internal marked points. Also note that we are choosing Floer

and perturbation data which are defined on all of M, not just on M \ D.

We require that

e the Hamiltonian part of each perturbation datum is 0 on the moduli spaces Ro(E);

e the Hamiltonian part of each perturbation datum vanishes, with its first derivatives,

along each divisor Dj;

e the almost-complex structure part of each perturbation datum makes each divisor

D; an almost-complex manifold;

e on the strip-like ends, the perturbation datum agrees with the associated Floer

datum;

e the choices of perturbation data are consistent with respect to the Deligne-Mumford

compactifications outlined in Section 2.4.1, in the sense of [11, Section 9iJ;

e the choices of perturbation data are invariant under shifts of the anchored La-

grangian branes by the covering group action

m(G(M \ D)) =2Y(M, D),
as was the case for the affine Fukaya category (see Section 2.3.3).
We will use the shorthand
k
w-D:=Y (u-Dy)y; € Y(M,D)

j=1
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(see Definition 2.3.5.3 for the definition of Y'(M, D)), where u-D; denotes the topological
intersection number, for any class u € Ha(M) or Ho(M,M \ D). Note that with our
choice of perturbation data, any pseudoholomorphic curve u intersects the divisors D;
positively, so

if u is a pseudo-holomorphic disk or sphere that is not contained inside any of the divisors
D;.

Definition 2.4.3.4. We define an element of the moduli space My(E,¥) to be a pair

(r,u), where r is an element of Ro(E,¢) and u : S, — M is a smooth map, such that:

o 1y satisfies the perturbed holomorphic curve equation;
o u(qs) € Dy for each f € F;

e u-D=4d()

(see [11, Equations (8.9) and (9.17)] for the perturbed holomorphic curve equation).

There is an evaluation map

ev: My(E,f) - MFE.

If E is empty we may omit it from the notation, and we will also write M, (E, d) for

Mo(E, £) where d = d(¥).

Remark 2.4.3.5. Suppose that u € Co(E, ) is not contained in divisor D;. Then our
assumptions on the perturbation data ensure that u intersects D; in isolated points with
positive multiplicity. Since each marked point g5 with £(f) = j contributes at least 1 to
u- D;, our requirement that u- D = d({) ensures that u intersects D; only at the marked

points g; with £(f), and each intersection has multiplicity 1.

Definition 2.4.3.6. Given a tuple L = (L¥,..., L#) of anchored Lagrangian branes,
an associated set of generators is a tuple p = (po, . .., ps) where p; is a generator of

CF* (LY, Lf_l) for j > 1, and po is a generator of CF*(L¥, L¥).
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Definition 2.4.3.7. Given a tuple of objects L with associated generators p, finite sets
E, F such that |L|+2|E|+2|F| > 3, and a labelling £ : F — [k] as in Definition 2.4.3.1,
we define an element of the moduli space M(p, E,¢) to be a pair (r,u), where r is an

element of R(L, E,¢) and u : S, — M is a smooth map, such that:

e u satisfies the perturbed holomorphic curve equation, with Lagrangian boundary

conditions given by the labels L;

e v is asymptotic to the generators p along the corresponding strip-like ends;

u(qs) € Dy for each f € F;

e u-D=d().

(see [11, Equation (8.10)] for the definition of ‘asymptotic to the generators p’). There
is an evaluation map

ev: M(p,E, () — ME.

If E is empty, we may omit it from the notation, and we will also write M(p, E,d)

instead of M(p, E,{), where d = d(¢).

By the same reasoning as in Remark 2.4.3.5, every intersection point of an element
u € M(p, E, ) with a divisor D; is a marked point (and the intersection has multiplicity
1).
Definition 2.4.3.8. For a tuple of 2 Lagrangian labels L with associated generators
p, we define M(p,0), the set of holomorphic strips with boundary conditions on L,
interéection number 0 with the divisors D, translation-invariant perturbation coming

from the corresponding Floer datum, asymptotic to the generators p, modulo translation

by R (see [11, Equation (8.8)]).

Given a holomorphic curve with an internal marked point, we define the notion of

‘tangency to a divisor to order k' at the marked point, in accordance with [65]:
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Definition 2.4.3.9. Suppose we are given:

¢ a Riemann surface S with an internal marked point ¢ € S;

a perturbed holomorphic curve u : § = M;

a choice of divisor D; C M;

an integer k > 1.

We say that u is tangent to D; at ¢ to order k if

e u(q) € Dy;

e all partial derivatives of u at q of order < k lie inside the tangent space T'D;.

We remark that this does not depend on the choice of coordinates.

When k = 0, this is the same thing as a point constraint u(q) € D;. For k > 1,
one should think of the curve v having ‘ramification of order k + 1’ about the divisor
D,. We can find local holomorphic coordinates (z,...,2,) for M near u(g), such that
u(q) corresponds to the origin, and D; corresponds to {z; = 0}, and a local holomor-
phic coordinate z for S near g such that ¢ corresponds to the origin. If we assume
that the almost-complex structure part of the perturbation datum is equal to the stan-
dard complex structure along the cylindrical end associated to the marked point g,
and the Hamiltonian part of the perturbation datum vanishes, then u takes the form
(u1(2), ..., un(2)) in these coordinates, where u;(z) are holomorphic functions, and u,
has a zero of order > k + 1 at the origin. It follows that the point g contributes at least

k + 1 to the intersection number of v with D;.

Definition 2.4.3.10. Suppose that @ = (ay, ..., ax) is a tuple of k positive integers. We
define the moduli spaces Mo(E, ¢, a) and M(p, E, ¢, a) in exactly the same way as we
did My(E,¥) and M(p, E,¥¢), with the following exceptions:
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e For each f € F, we require u to be tangent to Dys) at g to order ags) — 1;

e We require that u- D = d,(¢).

In particular, we have isomorphisms

MO(Eae) = MO(Evea 1)

and

M(p,E¢) = M(p, E,{,1).

Note that, because each marked point gy contributes > ays) to u - Dy(s), elements
u € My(E, £, a) do not intersect any of the divisors D; anywhere other than at marked
points gy, where they intersect with multiplicity ass), and similarly for M(p, E, ¢, a).

Definition 2.4.3.11. Let L be a tuple of Lagrangians with associated generators p, a
a positive integer, and j € [k]. We define F to be a set with a single element, and £ a
labelling which assigns j to this element. We let a be any tuple such that a; = a. Then
we define

Ml(pajv a') = M(p,é,(l),

the moduli space of pseudoholomorphic disks with a single internal marked point, which
is tangent to divisor D; to order a — 1. Note that we’re not defining anything new; this

is just convenient notation for us to have.

Definition 2.4.3.12. Given a tuple of Lagrangians L with associated generators p, a
positive integer a, together with a choice of divisor D;, we define an element of the

moduli space My (p, j,a) to consist of the following data:

e a point r € Ry(L);

e asmooth mapu:S, - M,
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such that:

[

u satisfies the perturbed holomorphic curve equation;

u is asymptotic to the generators p along the strip-like ends;

o u-D=(a+1)ey

u is tangent to D; at ¢; to order a — 1, and to D; at ¢, to order 0.

Note that, as before, elements u € My(p, j,a) do not intersect the divisors D; for

i  j, and intersect D; only at ¢; (with multiplicity a) and g2 (with multiplicity 1).

2.4.4 Indices and orientations

Each of the moduli spaces of pseudoholomorphic curves we have defined can be defined
as the set of zeroes of a smooth section of a Banach bundle over a Banach manifold of
maps (more precisely, the moduli space can be covered by such). We follow [11, Chapters
8 and 9] in defining the functional analytic framework, with modifications following [65,
Section 6] to take into account the ‘orders of tangency’ restrictions. This just means we
have to use W*t1P maps rather than WP, so that we can make sense of ‘derivatives of

order < k.

The linearization of this smooth section defines a Fredholm operator. The moduli
spaces are said to be regular when the linearization is surjective everywhere. When
they are regular, the moduli spaces are smooth manifolds, with dimension given by the
index of the Fredholm operator. In this section, we will outline the calculation of this

dimension.

Lemma 2.4.4.1. Let L be a tuple of anchored Lagrangian branes with associated gen-

erators p, and u an element of M(p, E,£). Let §; € Y (M, D) be the degree of p;. Then
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the index of the extended linearized operator D, at u satisfies

fi(Du) = 2|E|+2 = s) = —fo + Y_ §; + pv(d(£)),

j=1

and there is a canonical identification of orientation lines

Op, = det(Dy) ® 0p, @ ... ® 0p,.

Proof. Each path p; lifts to a path from Lf_l to ;- Lf in G(M \ D), which we use to

define orientation operator D, whose index is 0.

We denote the linearized operator of the perturbed holomorphic curve equation at u
(with fixed domain S) by Dg,. We glue the orientation operators D,, to Dg,, along the
strip-like ends to obtain a bundle pair over the closed disk, and hence a Cauchy-Riemann

operator D. The gluing formula implies that

i(D) = i(Dsy)+i(Dp)+ ... +i(Dp,) + (n—i(Dpy))

= 'L(DS,U) +n,
and there is a canonical isomorphism

det(D) = det(Dsu) © 0p, ® ... @ 0p, ® 0y .

As in Section 2.3.3, this bundle pair defining D is equivalent to a bundle pair
(D?,u*TM, p), where p : 0D? — G(M \ D) which lifts the boundary map Ou, and
hence has index

i(D) =n+ u(D*u*TM,p).
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As in Section 2.3.3, we can compute the homology class
8
[p] = =90 + Zgj'
i=1

As in the proof of Lemma 2.3.5.4, we define a decomposition of the bundle pair (D?,u*TM, p)
into two bundle pairs: (Zi,u*TM, '), consisting of a union of small balls surround-
ing each of the points g; for f € F, with boundary conditions given by (), and
(S, u*TM,p U ¢') the complement of ¥;. Then the decomposition property of the
boundary Maslov index, together with Lemma 2.3.1.3, say that

w(D?,w*TM,p) = p(E1,u"TM,p)+ p(Ee,w'TM,pUp)
= (S, u'TM,pUp')
= f(u(D*w'TM,p)) = [l +Ip]

— o+ 34+ pr(d(0)).

j=1
The result now follows, as
i(Dy) = i(Dsy)+dim(R(L, E))

= i(D)—n+s—-2+2|E|
= u(D*,u*TM,p)+s—2+2|E|.

The isomorphism of orientation lines follows after we fix an orientation for R(L, E). O

Lemma 2.4.4.2. Suppose we have objects L with associated generators p, a k-tuple a =
(a1,...,ax) of positive integers, and an element u € M(p, E,{,a). Let j; € Y (M, D)
be the degree of pj. Then the index of the extended linearized operator Dy at u satisfies

FI(DY) +2— s —2|E| = 2|d(0) - da(O)]) = =fo + D _ 7 + py (da(0)).

j=1
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Proof. Follows from Lemma 2.4.4.1, where we observe that being tangent to Dy at
gy to order ayy) imposes an additional 2(agy) — 1)-dimensional constraint on the disk,

leading to the final term on the left-hand side, which is equal to

22 1-— Qg(fy-

feF

We can perform similar calculations for My, M; and M,. We obtain:

Lemma 2.4.4.3. If D, is the extended linearized operator at uw € My(E, ¥, a), then
f(i(Dy) = 2n+ 6 — 2| E| = 2]d(£) — da(0)]) = py(da(£)))-

Lemma 2.4.4.4. If D, is the extended linearized operator at uw € My(p, j,a), then

S
f(Dy) +2a+1=5)=—fo+ > i +py((a+ 1),
=1
and there is a canonical isomorphism of orientation lines as before. To clarify, recall

that g, € ?(M, D) is the degree of pi, but y; is the jth generator of Y (M, D).

One can prove that these moduli spaces are regular for generic choices of perturba-
tion data, by essentially the same arguments as in [65] and [11, Section 9k]. Namely, for
each map u in the Banach manifold of maps, one can choose the perturbation datum
essentially arbitrarily on an open subset of the domain, and this is enough to achieve
transversality. There are two exceptions: firstly, the moduli space of holomorphic strips
that do not intersect the boundary divisors is defined using a translation-invariant per-
turbation data (see Definition 2.4.3.8). It is shown in [36, 37] that these moduli spaces
are regular for generic choice of Floer data. The second exception is for moduli spaces of

holomorphic spheres contained entirely within one of the divisors D;: our assumptions
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on the perturbation data along the divisors make it impossible to guarantee regularity
in this situation. We will explain in Section 2.4.5 why this is not a problem for our

purposes.

2.4.5 Gromov compactness

We now describe Gromov compactifications of the moduli spaces we have defined. We
observe that each moduli space has bounded energy, and standard Gromov compactness
shows that any sequence in one of these moduli spaces has a subsequence which converges,
up to sphere and disk bubbling (see [40] for spheres and [39] for disks). We would like
to show that any sphere or disk that bubbles off must be stable, so that the Gromov
compactification of our moduli spaces is regular. First we discuss the case of sphere

bubbles.

Any non-constant sphere bubble u must have positive intersection with each divisor
D;. So unless it is contained inside one of the divisors, it has > k£ > 3 marked points
(where k is the number of divisors). In particular, all such sphere bubbles have stable

domain, so they are regular for generic choice of perturbation data.

The main difficulty occurs when there are sphere bubbles lying entirely inside one of
the divisors D;, because we restricted our perturbation data so that the Hamiltonian part
vanishes along D;, and the almost-complex structure component makes D; an almost-
complex submanifold. So we cannot guarantee regularity of these sphere bubbles, and

we need separate arguments to deal with this case.

Definition 2.4.5.1. Let E, F be finite sets, and £ : F' — [k] a labelling. A stratum of
My(E,£) is indexed by a tree T whose semi-infinite edges are indexed by E U F'. For
each vertex v, we denote by F, the set of semi-infinite edges incident to v with index in
F, and by ¢, : F, — [k] the induced labelling of F,. We denote by E, the set of the

remaining edges (finite or semi-infinite) incident to v. The tree is required to be stable,
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in the sense that for each vertex v € V(T') we have |E,| + |F,| > 3.

Definition 2.4.5.2. Given such a tree T, we define the corresponding stratum of the

Gromov compactification. For each vertex v € V(T'), we define
ML () := My(E,, &,).

We then define
(M) (B,0) == ] MI().

veV(T)

If Eine denotes the set of internal (finite) edges of T', then there is an evaluation map
ev” : (IM)T(E, £) — MPwr x pfBwc,

Note that each edge appears twice on the right-hand side, once for each of its endpoints.
We define
MG (E, €)= (ev") - (A7),

where

AT C MEiut X MEint
denotes the diagonal.

Definition 2.4.5.3. As a set, we define

Mo(B, ) .= [[MJ(E,¢).

T

We equip it with the Gromov topology.

Proposition 2.4.5.4. If |E| > 1, then the space My(E,¥) is compact.

Proof. Standard Gromov compactness (see [40]) says that any sequence in My(E, ¢) has

a subsequence which Gromov-converges to a tree of nodal spheres. The space M, (E, £),
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by definition, contains all stable nodal spheres. These are the nodal spheres such that
each sphere bubble has > 3 marked points. Thus, to prove the result, we must show

that, if a non-constant sphere bubbles off in our moduli space, it must be stable.

Suppose that « is a non-constant pseudoholomorphic sphere bubble appearing in
some nodal sphere which is the Gromov limit of a sequence in My(E, ¢). If u intersects
a divisor D; in an isolated point, then the point must be a marked point. This is because
the intersection point persists in a neighbourhood of the nodal sphere in the Gromov
topology, and any isolated intersection point of a sphere in Mo (F, ¢) with a divisor D;
is a marked point, by Remark 2.4.3.5. Now u has positive intersection with each of the
divisors D;. Hence, if u has isolated intersection points with the divisors, it has > 3

marked points where it intersects the divisors, and its domain is therefore stable.

If u does not have isolated intersection points with some divisor D;, it must be
contained in D; by analytic continuation (and our assumptions on the perturbation

data near the divisors).

Definition 2.4.5.5. If K C [k], we denote

JEK

Suppose that u C Dk, but has transverse intersections with all other divisors D;.
The dimension of D is 2n — 2| K| (by the normal crossings condition), so for the sphere
to be non-constant we require that |K| < n—1. Then, because there are > n+ 1 divisors
(by definition of a Kéhler pair, see Definition 2.3.5.1), there remain > 2 divisors D; with
which u has isolated intersections. The sphere u must intersect these divisors positively,
and the intersections must be marked points. So uw has > 2 marked points coming from
the corresponding intersections, as well as the marked point corresponding to the node

(or to the marked point ¢ € FE), hence its domain is stable. O
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The virtual codimension of the stratum M (E, £) in M(E, ¢) is 2(# vertices of Tg)~
1. If every stratum is regular, then standard gluing theorems show that My(E, ) has
the structure of a compact topological manifold with corners, and the actual codimension
of each stratum is equal to the virtual codimension. Regularity of the stratum indexed
by the tree T means that the moduli spaces MZ (v) are regular, and the evaluation map

ev” is transverse to the diagonal AT,

If all nodal spheres in the moduli spaces MZ (v) are transverse to the divisors D, then
the moduli space is regular for generic choice of perturbation data, as we can change
the perturbation arbitrarily away from D (compare [40, Section 6.3]). However, it is
possible that one of the holomorphic spheres appearing in this moduli space is contained
in some divisor D;. In that case, our assumptions on the perturbation data along the

divisor D; make it impossible to guarantee regularity of this moduli space in M.

However, with some additional assumptions on the perturbation data, one can show
that, if the virtual dimension of this stratum of M (E, £) is negative, then it is actually
empty, even if there are sphere bubbles contained inside some of the divisors D;. We
can also show that transversality can still be achieved with these additional assumptions
on the perturbation data. This suffices for our purposes of defining algebraic structures

out of these moduli spaces.

Remark 2.4.5.6. We remark that this is the point at which we need the assumption
(see Definition 2.3.5.1) that each divisor D; is ample.

We now describe these assumptions:

Let E, F be finite sets, and £ : F — [k] a labelling of F. Given a subset K C [k], let

FX={f e F:0(f) ¢ K},
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and

K. FEK 5K

the restriction of £. There is a forgetful map
K Ro(E, £) — Ro(E, £X).

Condition 2.4.5.7. For each K C [k], the perturbation data on Ro(F, £) coincides with
the pullback of the perturbation data on Ro(E,¢X) by f¥, when restricted to D

Observe that even in the presence of Condition 2.4.5.7, we can still perturb the
almost-complex structure arbitrarily away from the divisors D;, so our previous transver-
sality arguments for pseudoholomorphic spheres which are not contained in a divisor D;

are unaffected by this additional assumption.

Definition 2.4.5.8. Given a moduli space M cut out locally by a Fredholm section of

a Banach vector bundle, we denote by
v.d.(M)

the Fredholm index of the section, where ‘v.d.” stands for ‘virtual dimension’: this is the

expected dimension of the moduli space, and the actual dimension if it is regular.

Proposition 2.4.5.9. Suppose |E| > 1. For a generic choice of perturbation data
satisfying Condition 2.4.5.7, any stratum M (E, ) of Mo(E, £) whose virtual dimension

is negative, is actually empty.

Proof. For clarity, we will omit the (E, £) from the notation throughout the proof. Let
us consider a stratum indexed by a fixed tree T. For the purposes of this proof, we will
make T a directed tree (arbitrarily), and denote by h(e) € V(T') the head of the directed
edge e € E;y, and by t(e) € V(T') the tail.
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Recall that any holomorphic disk either intersects a divisor transversely, or is con-

tained in it. For each vertex v € V(T'), we define a stratification

Miw) = |J My

KClk]

where

MK () = {u, € ME(v) : u, C Dg,u, € D, for j ¢ K}

(recall Definition 2.4.5.5).

We now consider the manifold Dy, with divisors D; N Dk for j ¢ K (these are
divisors are normal crossings in D, because of the normal crossings condition in M).

We define the moduli space
HOT’K(v) = {uy € Mo (Ey,£5) 1 u, C Di}.
Assuming Condition 2.4.5.7 is satisfied, there is a forgetful map
P MR (0) = M (),

obtained by forgetting the marked points with label j € K. Furthermore, the evaluation
map

v, ! MZ’K(U) — MPEBv

factors as follows:

o~ =T K
My () &5 pE-
Lemma 2.4.5.10. For generic choice of perturbation data satisfying Condition 2.4.5.7,
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/\'715’1‘(@) is a smooth manifold of dimension

dim (MOTK(U)) < vdoy (M (v) - 2|K).

Proof. As we saw in the proof of Proposition 2.4.5.4, |FX| > 2 and |E,| > 1, so the
domain of u, is stable. Because we can perturb the restriction of the almost-complex
structure part of the perturbation data to Dk essentially arbitrarily away from the
divisors D; N Dk, the moduli space MVE’K(U) is regular in Dy for generic choice of
perturbation data (observe that this is not necessarily the same as being regular in M).

Its virtual dimension at u, (hence its actual dimension, when regular) in D is

v.d.p, (/\70”‘(@)) = 2(n — |K|) + 2|E,| + 2¢1(T Dy (wy) — 6.

Denoting the normal bundle of the divisor D; by ND;, we have

a(TM)w,) = o <TDK o P NDj) (o)
jeK
— (TDx)(w) + 3 (N D,)(w)
JjEK
= a(TDx)w)+ Yo (o lD,.) ()

= a(TDx)(u) + Y djw(uy)

jeK

v

c1(T'Die)(ww),

because the symplectic area of a pseudoholomorphic sphere is non-negative. It follows

that

v.d.r (MG (v) — 2|K]| 2n + 2| B,| + 2¢1(TM)(u,) — 6 — 2| K|

Y

2(n — |K|) + 2| Ey| + 21 (T Dk ) (uy,) — 6
= v.d.p, (M]”(v)) .
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The actual dimension of .//\\/lloT’K(v) near u, is generically the same as the virtual dimension

in D, since it is generically regular in Dg. O

Thus, we have a stratification of
(M) (E, 0) = [T M7 (v)

by smooth manifolds

(OM)g™ = T Mg ™ (v),

v

where K denotes the choice of a subset K, C [k] for each v € V(T'). We define

(i) ™ = T M5*)

veV(T)

and

Eint —
D™ = H DKh(e) X DKt(ew

e€EFEint

and observe that the evaluation map ev™* factors as follows:
HMS‘,K e”T; MEint  ppEint

-

E,BT,K

M ™ & DEm,
where {I¥ is a forgetful map.
Now, observe that the map
D — MBime x \fEine
is not necessarily transverse to AT, and in particular we cannot hope for the map

TIMy 5 — MBnt 5 pfBimi
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to be transverse to AT. However, we will explain that
ev™ ™ TIMp™ — D~
is generically transverse to the diagonal

ATE .= AT Df‘;""‘.

We have
T.K ~
AT = H Diepeyukie = H Dkuey % Driers

e€Ein ¢€Eint

where the inclusion is via the ‘diagonal map’ p — (p,p). The map ev"X is then
transverse to AT-X because, for any e € E;y;, sphere bubbles inside Dk, ,, are generically
regular, so we can perturb them to make the marked point move in any direction within

TDk,,,- Similarly for the sphere bubble in Dk, .

It follows that the manifold
-1
<a}T,K> (AT’K)
is generically smooth of dimension

dim ((E{;T’K)_l (A“‘)) — dim (H/\N/IOT’K) — codim (ATK)

= Y dim (M) = Y (20 = 2/Kne N Kuo))

e€Eint
< 3 (vd(MIW) —20K.)) = D 20— 2K N Ky

veV(T) e€Eint

= v.d. (HM?;) - anEint| -2 Z IKU] + 2 Z |Kh(e) M Kt(e)l
veV(T) e€ Eing

v.d. (M(j;) -2 Z | Khie)] = [ Knie) N Kio)|

e€Ein;

IN

IN

v.d. (M7),

270



where the second-last line follows as each v € V(T') is the head of at most one edge

e € E;,; (T) .

In particular, if the expected dimension of M is negative, then the manifold is

empty. It follows that the intersection of the subspace
~1 (AT T,K 1K\ [ (=T K\ (AT K
ev™! (AT) NTIMy™ = (F7K) (ev’) (ATF)
is empty, for each K.

This completes the proof. d

We have an analogous result for the moduli spaces My (E,¢,a). Now we describe

the Gromov compactification of the moduli spaces M(p, E, ¢, a).

Definition 2.4.5.11. Let L be a tuple of elements of the affine Fukaya category, p
an associated set of generators, E, F finite sets, £ : F — [k] a labelling, such that
|L| + 2|E| + 2|F| > 2, and a a k-tuple of positive integers. A stratum of M(p, E, ¢, a)

is indexed by an object T, where T consists of the following data:

e A tree T, together with a directed planar subtree Ty with labels L;
e An indexing of the semi-infinite edges of Ty := T\ Ty, by E U F;

e For each edge e of Ty, a choice of generator p € CF*(Ly(e), Li(e)), where Ly(ey, Ly
are the Lagrangian labels to the right and left of e respectively, such that the

generators are given by p for the external edges.

For each vertex v € V(T'), we denote by F,, the set of semi-infinite edges in Tx that are
incident to v and have index in F, and by ¢, : F, — [k] the labelling induced by ¢. We
denote by E, the remaining edges (finite or semi-infinite) in T that are incident to v.

For each vertex v € Ty, we denote by L, the tuple of Lagrangians labelling the regions
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surrounding v, and by p, the set of chosen generators for the edges adjacent to v. The
tree T is required to be semi-stable, in the sense that for each vertex v € V(Tr) we
have

|Lo| + 2| Ey| + 2| F,| > 2,

while for each vertex v € V(Tk),
|Eu| + |Fy| = 3.

Definition 2.4.5.12. Given such an object T, we define the corresponding stratum of

the Gromov compactification. For vertices v € T, we define
MT(v) := Mo(Ey, by, ).

For v € Ty, we define
MT(v) = M(py, Ey, Ly, a).

Now, letting E,,. denote the internal (finite) edges of T, we have an obvious evaluation

map
evT : H MT (v) — MEme x pfEne,
veV(T)
We define
MT(p,E,£,a) = (evT)_1 (AT),
where

AT  MEun x M Bint
denotes the diagonal.
Definition 2.4.5.13. As a set, we define
M(p, E,t,a) = [[M"(,E,{ a).
T
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We equip it with the Gromov topology.

Proposition 2.4.5.14. The space M(p, E,{,a), is compact.

Proof. Standard Gromov compactness (see [39]) says that any sequence in M(p, E, ¢, a)
has a subsequence which Gromov-converges to a nodal disk. The space M(p, E, ¢, a),
by definition, contains all semi-stable nodal disks. These are the nodal disks such that

each sphere bubble has > 3 marked points, and each disk bubble has
# boundary punctures + 2(# marked points) > 2.

Thus, to prove the result, we must show that, if a non-constant sphere or disk bubbles
off in our moduli space, it must be semi-stable. Sphere bubbling was dealt with in
Proposition 2.4.5.4. Any unstable disk has one boundary puncture and no internal
marked points; these are constant by exactness of the Lagrangians in M \ D. Thus there

can be no unstable sphere or disk bubbling. O

Lemma 2.4.5.15. Suppose that all strata MT (p, E,{,a) of M(p, E, ¢, a) which contain
a sphere bubble have negative virtual dimension. Then, for a generic choice of perturba-
tion data satisfying Condition 2.4.5.7, M(p, E,?,a) is a compact topological manifold

with corners, and each stratum has the exzpected dimension.

Proof. 1t follows as in Proposition 2.4.5.9 that any stratum whose virtual dimension is
negative is actually empty. Therefore, there are no sphere bubbles. Holomorphic disks
intersect the divisors transversely, and are therefore regular. Standard gluing theorems

then show that the moduli space is a topological manifold with corners. O

We are particularly interested in moduli spaces of dimension 0 and 1, since we use
those to define the Fukaya category. In particular, since sphere bubbles always have

codimension > 2, we have the following result:
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Corollary 2.4.5.16. Suppose we are given a set of Lagrangian boundary conditions L
with associated generators p, a labelling € : F — [k], and a tuple a. Then, for a generic

choice of perturbation data,

e If the virtual dimension of M(p,¢,a) is 0, then it is a compact zero-dimensional

manifold,

o If the virtual dimension of M(p,¢,a) is 1, then it is a compact one-dimensional
manifold, with boundary consisting of the 0-dimensional moduli spaces M™ (p, {,a),

where T has two vertices, both contained in T7,.

Now let L be a set of Lagrangian labels, p an associated set of generators, a be a
positive integer, and D, be one of the divisors. We define the three types of boundary
strata in the Gromov compactification of My(p,j,a) (compare Figure 2.4.2.2). We
observe that any spheres bubbling off from a sequence in Mj(p,j,a) are necessarily
constant, because they do not intersect the divisors D; for ¢ # j; thus we need only

consider strata consisting of disk bubbles.

Definition 2.4.5.17. Let T consist of the following data:

o A directed planar tree 7' with Lagrangian labels L, and a distinguished vertex vy;

e For cach edge e of T, a generator p. € CF*(Ly(e), Lie))s

such that all vertices are semi-stable with the possible exception of v;. We define

M (p, 5,K) == Ma(pu, 5ra) X [ M(Po, )

v#EUVL

(note that for v # vy, F, = ¢, so the £, is irrelevant but we include it in the notation for

consistency).
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The second stratum corresponds to t — 0, so the marked points 2; and z; come to-
gether and bubble off a pseudo-holomorphic sphere. This sphere has intersection number
0 with all the divisors other than D;, hence it must be constant. Thus, the holomorphic
disk attached to the sphere has intersection number (a + 1) with the divisor D;, and 0
with the other divisors, and only intersects D; at the nodal point z where it is attached
to the constant sphere. It follow that the disk is tangent to D; at z to order a + 1. In
other words, it is an element of M;(p, j,a+1) (i.e., we can choose our perturbation data

to make this so).

Definition 2.4.5.18. Let T consist of the following data:

e A directed planar tree T with Lagrangian labels L, and a distinguished vertex vy;

e For each edge e of T, a generator p. € CF*(Ly(e), Lie));

such that all vertices are semi-stable with the possible exception of v,. We define

MET(p,j,a) == M(pu,,jra+1) x [] M(py, ).
vFEUL

The third stratum corresponds to t — 1, so the marked points z; and 2, move to the
boundary and bubble off disks at the boundary.

Definition 2.4.5.19. Let T consist of the following data:

e A directed planar tree T with Lagrangian labels L, and two distinguished vertices

v, and vg;

e For each edge e of T', a generator pe € CF*(Ly(e), Li(e)),

such that all vertices are semi-stable with the possible exception of v; and v, and the
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branch of T' containing v, lies strictly to the left of the branch containing v,. We define

M3 (D, 4,a) = My(Py,,,0) X Mi(puy,5,1) X [ M(pw, 40)-

v#V1,V2

Definition 2.4.5.20. We define the moduli space

Ma(p,j,a) = (H Mé’T(p,j,a)> I (I_[ M3¥ (P, 4, a)) 11 (H M%’T(p,j,a))
T T T

as a set.

Lemma 2.4.5.21. For generic choice of perturbation data, My(p, j, a) has the structure
of a compact manifold with corners, of the expected dimension (see Lemma 2.4.4.4).

Furthermore,

e The stratum My (p, j,k) has codimension |V(T)| -1,
e The stratum M3 (p,j, k) has codimension |V(T)|, and

o The stratum M3T (p, j, k) has codimension |V (T)| — 2.

2.4.6 Branched covers

Let ¢ : (N, D) = (M, D) be an a-branched cover of Kéhler pairs (see Definition 2.3.5.9).

Let L be a tuple of anchored Lagrangian branes in N \ D', p an associated set of
generators, E a finite set, and £ a labelling. Denote by ¢(L) the image of these branes
in M\ D, and by ¢(p) the associated set of generators. We would like to related the
moduli space M(p, E,{) of disks in N and the moduli space M(¢(p), E, ¢, a) of disks
in M.

Let us choose perturbation data for the moduli space M(¢(p), E,£,a) in M.
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Condition 2.4.6.1. In a neighbourhood of the divisors D C M, the almost-complex
structure part of the perturbation datum is equal to the standard (integrable) complex

structure.

Under Condition 2.4.6.1, the pullback of the perturbation data in M by ¢ to N is a
valid choice of perturbation data in N. Note that this is not true for generic perturbation
data: the pullback of a generic almost-complex structure by ¢ may be singular along the

divisors D.

Lemma 2.4.6.2. If our perturbation data in M satisfy Condition 2.4.6.1, and we use
the pulled-back perturbation data to define the moduli space in N, then there is an iso-

morphism of moduli spaces:

M(p,E,0) = M(é(p),E ¢, a),

U = ¢ou.

Proof. 1t is clear that this map is well-defined and injective. It is also surjective: suppose
we are given u € M(¢(p), E,¢,a). 1t is clear that, locally, u lifts to a pseudoholomorphic
curve in N \ D', away from the marked points g;. At a marked point gy, v is tangent
to the divisor Dyy) to order ayy) — 1, and it follows that a loop around g; gets mapped
to a loop going ay(s) times around divisor Dy(y). Therefore, a punctured neighbourhood
of g5 lifts to N\ D’. By the removable singularity theorem, the point g; also lifts, so
u lifts locally on a neighbourhood of the marked points gs. Therefore, since the disk is

contractible, u lifts to N, and the lift is clearly an element of M(p, E, ¢, a). d

We observe that it is possible to achieve regularity of the moduli spaces M(¢(p), E, ¢)
if we require our perturbation data to satisfy Condition 2.4.6.1, because we can still per-
turb the Hamiltonian part of the perturbation data essentially arbitrarily away from the

strip-like ends and marked points (the transversality argument follows [11, Section 9k]).
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However, it is not possible to achieve regularity of the moduli spaces My(E,£): in par-
ticular, on a sphere bubble contained inside one of the divisors, the perturbation datum
is required to be equal to the standard complex structure, which may not be regular.

Therefore we can in general not guarantee regularity of the Gromov compactification

M(o(p), E, 1),

since its strata involve sphere bubbles.

However, we recall that spheres can not bubble off from the moduli spaces M (p, j,a)
and My(p, j,a), because a non-constant sphere bubble must intersect all of the divisors.

Therefore, we can achieve regularity of the Gromov compactifications

_M—l((ﬁ(p)m?, a) and TA—Z? (¢(p)a ja a)

with perturbation data satisfying Condition 2.4.6.1. This allows us to prove:

Lemma 2.4.6.3. There exist choices of perturbation data in M and N such that Lemma
2.4.5.15 remains true in both M and N, and Lemma 2.4.5.21 remains true in M, and

such that there are furthermore isomorphisms of moduli spaces

Mi(p,j,1) = Mi(¢(p),j,a;)
— ¢ou

u
for all p,j.

Proof. First, we choose perturbation data on the moduli spaces M1 (é(p), j, a;) satisfying
Condition 2.4.6.1. We define the perturbation data on Mj(p,j,1) to be the pullback of
this perturbation data under ¢. We can then extend these choices to consistent choices
of perturbation data for all of the moduli spaces Mg, M, M;, My, separately in M and

N, such that the moduli spaces and their Gromov compactifications are regular. 0
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2.5 The relative Fukaya category

In this section, we give our definition of the relative Fukaya category of a Kéahler
pair (M, D), which we denote F(M, D). It is a (possibly curved) G(M, D)-graded
deformation of the affine Fukaya category, in the sense of Definition 2.2.4.3. We also
define an orbifold version of the relative Fukaya category. In Section 2.5.2, we describe

the behaviour of the relative Fukaya category with respect to branched covers.

2.5.1 The definition

Suppose that (M, D) is a Kahler pair, and @ = (a1, ..., ax) a tuple of k positive integers

(where k is the number of divisors in D).

Definition 2.5.1.1. We define the ring
Ry :=Cl[r1,...,7k]];
and equip it with the G(M, D)-grading, where 7; has gfading
(2(1 - aj),a;y;) € (Z&®Y)/Z

(see Corollary 2.3.5.5).

Example 2.5.1.2. Suppose that (M, D) = (M}, D) as in Example 2.3.5.2, and a =
(a,...,a). Then we have

R, = Ry,

where R is the G(M, D)-graded ring introduced in Definition 2.2.2.13.

We give a definition of the smooth orbifold relative Fukaya category F(M, D, a),
based on the definition of the relative Fukaya category given in [57]. It is a (possibly

279



curved) G(M, D)-graded deformation of the affine Fukaya category over R,. We denote
F(M,D) :=F(M,D,1),

and call it the relative Fukaya category.

The objects of F(M, D, a) are the same as in the affine Fukaya category: anchored
Lagrangian branes in M \ D. Given a tuple of anchored Lagrangian branes L with
associated generators p, and an element d € ng we choose a labelling ¢ such that

d(¢) = d, and define the coefficient of rpy in p®(ps, ..., p1) to be

# (M(p, £, a))
d! ’
where we denote
d' = dl'dg' o .dk!,

and # denotes a signed count of the zero-dimensional part of the moduli space, with signs
defined according to the canonical isomorphism of orientation spaces given by Lemma
2.4.4.2. We observe that this is a finite sum, by Corollary 2.4.5.16. Note that, while the
affine Fukaya category is not curved (any pseudoholomorphic disk with boundary on an
exact Lagrangian is constant, since it has zero energy), the relative Fukaya category may

be curved.

It follows from the index computation in Lemma 2.4.4.2 that the structure maps
u® define a G(M, D)-graded Ao, deformation of the affine Fukaya category over R,.
Observe that the order-0 component of 4 counts disks that completely avoid the divisors
D, and therefore coincides with the definition of the structure maps in the affine Fukaya

category.

The fact that pou = 0 follows also from Corollary 2.4.5.16, since the signed count of

boundary points of a compact 1-dimensional manifold with boundary is 0. The sign com-
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putation follows directly from that of [L1, Section 12g], essentially because the fibres of
the forgetful maps R(L, E) — R(L, ¢) have a complex structure, hence are canonically

oriented.

Observe that we needed the factor (d!)~! in the definition of the structure coefficients
p®. This is because, if d = d; + ds, then given a labelling ¢ : F' — [k] with d(¢) = d,
there are d!/(d!d,!) ways of choosing a partition F = F; Ui F5 such that the restricted
labellings ¢1, ¢; on F and F; satisfy d(¢;) = d; and d(¢2) = dp. So, in the boundary
of the one-dimensional component of the moduli space M(p, £), which consists of nodal
disks with two components, there are d!/(d,!d,!) ways for the marked points gy to be

distributed between the two components.

It is important to consider in what sense the smooth orbifold relative Fukaya category
is dependent on the choices (of Floer and perturbation data) involved in its construction.
We recall the argument of [11, Section 10al: Let I denote a set of possible choices of Floer
and perturbation data. For each i € I, we denote by F(M, D, a)’ the smooth orbifold
relative Fukaya category defined using those choices. We define a new A, category, the
total category F(M, D, a)*", as follows:

e Objects are pairs (L,7) where L is an object of F(M, D,a) and ¢ € I;

e For each pair of objects we choose a Floer datum, and for each set of labels of

objects we choose a perturbation datum;
e We require that, for a pair (Lo, ), (L1, 1), the Floer datum is that given by i;

e We require that, for a set of labels (Ly,?),..., (L, 1), the perturbation data are
those given by the index i;

e The rest of the Floer and perturbation data we choose arbitrarily.

The rest of the construction (of morphism spaces and composition maps) follows that of
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the smooth orbifold relative Fukaya category. It follows that for each ¢ € I, there is a
full embedding
F(M,D,a) = F(M,D,a)"

which is given, on the level of objects, by
L (L,17).

When restricting to the affine Fukaya category (r; = 0), it follows from the PSS isomor-
phism that these embeddings are quasi-equivalences, and hence invertible, and therefore
that the affine Fukaya category does not depend on the choice of data i € I, up to

quasi-equivalence (see [11, Section 10a].

This need no longer be the case for the relative Fukaya category (these embeddings
need not be quasi-equivalences nor invertible), and in general the relative Fukaya may
depend on the data used to define it (compare [9, Section 8f]). However, in this paper
we are only interested in a certain full subcategory of the relative Fukaya category which
is necessarily minimal (for grading reasons). Therefore, rather than quasi-equivalence
(which we recall is not necessarily a well-behaved notion over the power series ring R),

we can use the simpler notion of formal diffeomorphism.

Let £ be a set of objects of F(M, D,a), and I be some set of possible choices of
Floer and perturbation data for the full subcategory C C F(M, D,a) with objects L.

Let us form the total category C**, as above.

Lemma 2.5.1.3. Suppose that we can choose Floer data and perturbation data for C***
so that it is minimal. Then, for any i,7 € I, there is a G-graded quasi-equivalence of

minimal A, categories over R,
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Proof. First, note that we have A,, embeddings of minimal A, categories
Ct s C% ¢ (7,

as above. Now note that, because the objects (L,7) and (L, j) are quasi-isomorphic
when restricted to the affine Fukaya category, and C'** is minimal, these objects are
quasi-isomorphic in C**. It follows that the above embeddings are quasi-equivalences.
By Lemma 2.2.3.34, quasi-equivalences of minimal A, categories can be inverted over

R. It follows that there is a quasi-equivalence C* = C7, as required. O

In other words, if we can choose the category C'*°* to be minimal (e.g., for grading
reasons), then C is independent of the choice of perturbation data ¢ € I made in its

construction, up to formal diffeomorphism.

Remark 2.5.1.4. If M is Calabi-Yau, then by Remark 2.3.5.7, there is a canonical
morphism of grading data

p: G(M,D) - Gy,

Thus, we obtain a canonical Z-grading on the category

}-(M’D) gp*f(M7D)7

such that the Z-grading of R is zero.

2.5.2 Behaviour with respect to ramified covers

Suppose that ¢ : (N,D’) — (M,D) is an a-branched cover of Kahler pairs, where
a = (ay,...,a). In this section, we will examine the relationship between the following

three categories:

F(M,D), F(M,D,a), and F(N,D").
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We first recall the behaviour of the affine Fukaya category under covers. Note that
¢: N\D' — M\D is a finite (unramified) cover. Thus, it induces an injective morphism
of grading data,

p: G(N,D') - G(M, D).

We recall from Proposition 2.3.4.1 that there is a fully faithful embedding

p*F(M\ D)— F(N\ D).

We observe that, if it were possible to choose perturbation data in M such that
Condition 2.4.6.1 were satisfied, then Lemma 2.4.6.2 would imply, by a similar argument,

that there is a fully faithful embedding
p*F(M,D,a) — F(N,D").

Remark 2.5.2.1. We observe that p*R, is exactly the G(N, D’)-graded coefficient
ring over which F(N, D’) is defined; this follows immediately from the definition of R,
(Definition 2.5.1.1) and Lemma 2.3.5.11.

However, we recall (see discussion in Section 2.4.6) that it is not possible to guarantee
sufficient regularity of all of our moduli spaces under Condition 2.4.6.1, so we can not
quite make this statement. Ideally, we would find a better version of Condition 2.4.6.1
that would allow us to guarantee lifting and regularity. However, we have been unable
to do this, and instead circumvent this problem by a rather ugly and ad-hoc method,

which we now describe.

We recall, from the discussion at the end of Section 2.4.6, that it is possible to obtain
regularity for moduli spaces with only a single marked point, under Condition 2.4.6.1.
Therefore, we can make sure that the result is true ‘to first order’ (see Section 2.2.6).

Recall (Section 2.2.6) that we denote by m C R the maximal ideal. If F is an R-linear

284



A, category, then F/m? is an R/m? linear category, which retains only the information

about the first-order part of F. Now we prove the result:

Proposition 2.5.2.2. Given an a-branched cover of Kihler pairs ¢ : (N, D'y — (M, D),
there exists a G(M, D)-graded A, category F(¢) over R,, such that there exist As

functors

S1:p"F(¢) = F(N,D'),

and

Gy : F(¢)/m®> = F(M,D,a)/m?,

and both G1/m and Ga/m are quasi-equivalences of the zeroth-order categories.

Proof. We would like to choose perturbation data in N which are invariant with respect
to the action of Y(M, D), but this will be problematic, because the geometric action
of Y(M, D) on N is non-trivial, so we need to employ a trick to bypass this problem
(compare [9, Section 8b)).

The covering map ¢ induces an injective homomorphism
p:Y(N,D')— Y(M,D).

We denote
r:=Y(M,D)/Y(N,D").

As part of the construction of F(¢), we choose a function

¢:T = Y(M,D)

(not necessarily a group homomorphism) that splits the map Y (M, D) — I

Objects of F(¢) are pairs (L, ), where L is an anchored Lagrangian brane in M \ D
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and v € ['. We define Y(M, D) to act on our objects by

y-(L,y) = ((y —qw)) - L,y +v),
and I" to act by
v (L) =L,y +9").

On the level of objects, the A, morphisms are given by

(L,y) = q(y)- L

(recall that there is a correspondence between anchored Lagrangian branes in M \ D

and anchored Lagrangian branes in N \ D).

We now choose Floer data for our anchored Lagrangian branes in M, satisfying
Condition 2.4.6.1, invariant under the action of Y (M, D) @ I'. This is possible because
the action of this group on the underlying geometric Lagrangians is trivial. We define

the morphism spaces as usual, with grading defined so that

CFr(s)((Lo, 1), (L1,m)) = CFznpy(@(v0) - Lo, a() - La)
as G-graded vector spaces.

This makes F(¢) into a G(M, D)-graded pre-category. For labellings £ with |d(£)| <
1, we choose perturbation data in M for the moduli spaces M(p, ¢, a), also satisfying
Condition 2.4.6.1 and invariant under the action of Y (M, D) @ I'. This allows us to
define F(¢) to first order, by counting holomorphic disks in M intersecting only a single

divisor, exactly by analogy with F(M, D, a)/m?. Thus, we in fact have an isomorphism

of G(M, D)-graded categories

F(¢)/m* = F(M,D,a)/m* ® C[L],
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where v € T has degree ¢(7). In particular, the categories are quasi-equivalent.

Furthermore, we observe that the above-defined map on the level of objects,

p'F(¢) — F(N,D')

(Lyy) = qv)-L,

defines an equivalence of G(N, D’)-graded pre-categories. Le., a generator p of CF*((Lo,Y), (L1,71))
only lifts to a generator of CF*(q(vo)- Lo, q(71)-L1) if its degree y+q(vo—m1) € Y (M, D)
lies in the image of Y(N, D’).

Now we extend the definition of F(¢) to higher-order terms. Given objects L :=
((Lo,Y0), - - -, (Lsy7s)), with associated generators p = (po, ...,ps) of degrees (yo,- .., Ys)
in Y(M, D), and ¢ a labelling, such that

Yo = f(2— s —2/d(£) — da(0)]) + Py (da(0)) + Y _y;

=1

(recall that this condition must be satisfied if the coefficient of r¥®p, in p®(ps,...,p1)
is to be non-zero), we define ¢*(L, p) to be the tuple of anchored Lagrangian branes in
N\ D',

(¢(v0) - Lo, (11 +q(n)) - Ly, + - +9s + (%)) - Ls),

with the associated generators which are the lifts of the p; (note that py does lift, by
the equation we imposed on the y;). We define perturbation data for the moduli spaces

M(¢*(L,p),€) in N, such that:

e They are given by the pullback under ¢ of the perturbation data on M(p, ¥4, a) in
M, for |d(¢)| <1 (recalling that these perturbation data satisfy Condition 2.4.6.1,
and hence can be pulled back under ¢);

e They are invariant with respect to the action of Y (M, D) on objects.
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Note that, we can still achieve transversality in the presence of this final assumption.
To see why, observe that the action of Y (M, D) may involve a non-trivial geometric

action of the covering group I'. However, under the action

y-(L,y) = ((y —q) - L,y +y),

the element in the first factor y — q(y) acts trivially on N. Thus, we can choose per-
turbation data by considering only the first factors of our objects, on which the action
of Y(M, D) is trivial, then push these perturbation data forward using the geometric

action of the second factors via q.

We now explain why the Gromov compactifications M(¢*(L, p), €) of zero- and one-
dimensional moduli spaces are generically regular. We recall the discussion of Section
2.4.6: the only obstruction to regularity is the appearance of sphere bubbles contained
entirely within one of the divisors D. If we imposed Condition 2.4.6.1 on all of our moduli
spaces, we could not guarantee this, because the almost-complex structure on each divisor
would be required to be the standard (integrable) complex structure, and hence not
necessarily regular. However, we have only imposed this condition on moduli spaces
M(¢*(L,p),£) where |d(¢)| < 1, and any sphere bubbling off from such a moduli space
is necessarily constant, because it does not intersect some divisor D;. Therefore, these
moduli spaces are generically regular. For the remaining moduli spaces with |d(£)| > 2,
we can perturb the almost-complex structure arbitrarily on the divisors, and therefore
we can apply the argument of Proposition 2.4.5.9 to prove regularity. Thus, our moduli

spaces satisfy the analogue of Corollary 2.4.5.16.

We now define the coefficient of 7¢u®(p,, . .., p1) to be the signed count of points in
the zero-dimensional part of the moduli space M(¢*(L, p), £), where d(¢) = d. It follows
as in the definition of the relative Fukaya category that p° define a G(M, D)-graded A
deformation of F(M \ D) over R,. It follows immediately from the definition that there
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is an A, quasi-equivalence

p'F(¢) = F(N,D"),
sending (L,7) + =y - L on the level of objects. This completes the proof. d

Remark 2.5.2.3. We recall that the notion of quasi-equivalence of A, categories over

R is not necessarily well-behaved; however, in the situation in which we will apply
Proposition 2.5.2.2, the parts of the categories F(¢), F(M,D,a) and F(N,D’) will

necessarily be minimal, so quasi-equivalences are well-behaved by Lemma 2.2.3.34.

Now we would like to relate F(M, D) to F(M,D,a). Again, we will only relate
the first-order part of the deformations. We recall from Section 2.2.6 that a first-order
deformation of the A, category F := F(M \ D) over R consists of Ay, structure maps

wh = g+ p,
where p gives the structure maps of F, and the A, relations say that uj defines a class

(1] € HH*(F,F ® R}).

Theorem 7. Let F := F(M\ D), G := G(M,D), and let
k
] = rje; € HHE(F,F ® RY)
j=1

be the first-order deformation class of F(M,D,1) = F(M,D). Then the first-order
deformation class of F(M, D, a) is given by

k
[t10] = Y _rjo’ € HHE(F,F ® R}),
j=1

where the power is taken with respect to the Yoneda product on HH*(F).
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Proof. We define elements
Bi(b) € CC*(F),

for b > 1, as follows: Let L be a tuple of anchored Lagrangian branes in M \ D, with
associated generators p. Then the coefficient of py in B;(b)*(ps,...,p1) is given by the
count of rigid elements in the moduli space M;(p, 7,b). It follows from the fact that the
signed count of points in the boundary of the one-dimensional component of the moduli
space M (p, j,b) is 0, that each j3;(b) is a Hochschild cocycle. Furthermore, by definition

we have

[8;(1)] = a;

and

k
pa = 7iB(a;).
j=1

We also define elements

H;(b) € CC*(F)
by counting rigid elements in M(p, J, b).

Lemma 2.5.2.4. We have
Bi(b+1) = B;(b) @ B;(1) & 0(H;(b))

in CC*(F), where o denotes the Yoneda product and 0 denotes the Hochschild differen-

tial.

Proof. The result follows from the fact that the signed count of points in the boundary of
the one-dimensional component of the moduli space Moy(p, 7,b) is 0. See Lemma 2.4.5.21
for the description of the boundary components. The boundary points MYT(p, j,b)
contribute the term 9 H;(b) to the sum, the boundary points M7 (p, j,b) contribute the
term f3;(b-+1), and the boundary points M>T(p, j, b) contribute the term j3;(b)e5;(1). O

290



It follows that, on the level of Hochschild cohomology,

[B;(b+1)] = [8;(b)] ® o,

and hence, by induction, that

18,(6)) = o,

The result follows immediately. d

2.6 Morse-Bott computations in the Fukaya cate-

gory

In this section, we consider the Kéhler pair (M, D) = (M}, D) of Example 2.3.5.2, and
the tuple

(n copies) associated to the branched cover of Kéhler pairs
¢ (M, D) = (M7, D)

(see Example 2.3.5.10). We consider the grading datum G := G(M, D). We define the
G-graded rings
R =R =2 C[[r,...,m]]

and
R, =R} 2Cllr,...,m]]
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from Definition 2.2.2.13, and recall that they are the coefficient rings of F(M, D) and
F(M, D, a) respectively (see Example 2.5.1.2). Throughout this section, we denote by

Y = Z{y1,--.,Yn)
the abelian group appearing in the pseudo-grading datum H (M, D).

We recall that

M = {sz = 0} c CP™,
J

with the divisors D; := {z; = 0}. Thus M = CP"2, and D consists of n hyperplanes

with normal crossings. M \ D is called the (generalized) pair of pants.

We construct an immersed Lagrangian sphere L™ : S*~2 — M \ D in the pair of
pants (summarising the construction in [1]). The main result of this section (Corollary
©2.6.5.6) is that the endomorphism algebra C'F *(L", L"), computed in F(M, D, a), is of
type A (see Definition 2.2.5.2).

To do this, we first give a Morse-Bott description of the endomorphism algebra
CF*(L™, L") in the relative Fukaya category, F(M, D), to first order. Structure coefli-
cients in this description are given by counts of ‘holomorphic flipping pearly trees’ rather
than holomorphic disks. A holomorphic flipping pearly tree is a Morse-Bott version of
a holomorphic disk, made out of holomorphic disks and Morse flowlines. We introduce
them because it is often possible to explicitly identify moduli spaces of flipping pearly
trees, and therefore to make explicit computations of the structure coefficients in the

Fukaya category.

The construction is based on [1] (note that the original idea comes from [27]). The
extra content here is that, whereas [1] describes the endomorphism algebra in the affine
Fukaya category only, we will describe the endomorphism algebra in the first-order rel-

ative Fukaya category.
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There are some transversality issues in the definition of moduli spaces of flipping
pearly trees, involving the possibility of unstable disk and sphere bubbles. In the mod-
uli spaces of holomorphic disks that we used to define the relative Fukaya category, we
avoided this problem by introducing extra internal marked points where they intersected
the divisors D. This approach is no longer possible for flipping pearly trees: they can
intersect the div@sors on their boundary. For this reason, we can not guarantee transver-
sality and therefore can not give a complete Morse-Bott description of CF*(L™, L") in

the relative Fukaya category.

However, for moduli spaces with very few intersections with the divisors (in partic-
ular, those which intersect only a single divisor), we can rule out any unstable disk or
sphere bubbles in an ad hoc way. Thus, we are able to give a Morse-Bott description of
CF*(L™, L") to first order, and in particular to identify the first-order deformation class
in F(M, D). This allows us, via Theorem 7, to determine the first-order deformation
class in F(M, D,a). The first-order deformation class is all we need to determine that
the algebra is of type A, so the failure of transversality in our Morse-Bott model at
higher order does not concern us (to clarify: C'F*(L™, L™) is perfectly well-defined at all

orders, but our Morse-Bott model for it is well-defined only to first order).

After describing the construction of the Lagrangian L™ in Section 2.6.1, the struc-
ture of this section follows that of Section 2.4: first we introduce the moduli space of
pearly trees (possible domains for a flipping pearly tree), then we describe our choice
of perturbation data, then we describe the moduli space of flipping pearly trees (pseu-
doholomorphic maps into M), explain why transversality holds, then describe Gromov

compactness.
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2.6.1 The Lagrangian immersion L": 5" 2 — M \ D

In [1], we introduced a one-parameter family of Lagrangian immersions
LTS ? - M\ D,

for € > 0 sufficiently small (actually we called these L"~?; apologies for the change in

notation, but it makes many formulae cleaner). We briefly recall the construction of L".

We consider the Lagrangian immersion L’ : S~ — M which is the double cover of

the real locus RP* 2 of M. If we think of

Sh? = {iazj = O,ixg = 1} C R%,
j=1

j=1

then the immersion is given by
(@1, Tp) P [T 0 Ty

We construct the immersion L™ by perturbing the immersion L',

Namely, by the Weinstein Lagrangian neighbourhood theorem, L’ can be extended

to an immersion of the radius-n cotangent disk bundle
D!S" 5 M,

which is Jo-holomorphic along the zero section, and such that complex conjugation acts

by —1 on the covector.

We construct a function f: S"2 — R by setting

n

Flan,. . m) =3 glwy),

j=1
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where g : R — R has the properties

1. ¢'(x) > 0

2. g(=z) = —g(x);

3. g(z) =z for |z| < 6;

4. ¢'(z) is a strictly decreasing function of |z| for |z] > ;

5. ¢'(z) < ¢ for |x| > 26,

for some small § > 0.

We then define L? : S"2 — M to be the image of the graph of the exact one-form
edf in D,‘;S”‘Q, under the immersion into M, so that L' = Lg.b The fact that Vf is
transverse to the hypersurfaces {z; = 0} implies that the image L? avoids the divisors
{z; = 0} for € > 0, so we obtain a Lagrangian immersion L? : $S""2 — M \ D. It has
self-intersections at the critical points of f (where it intersects the other branch of the
double cover). We observe that, for n > 4, L™ automatically lifts to G(M \ D), because
m1(S"?) = 0. We choose such a lift, and hence define an anchored brane structure on

the Lagrangian L™.

The flowlines of Vf are illustrated in Figure 2.6.1.1, in the case n = 4. The hyper-
surfaces {z; = 0} split S"~? into 2" — 2 regions, indexed by the proper non-empty sets
K C [n]. Namely, K corresponds to the region where coordinates z; are negative for

J € K and positive for z; ¢ K. Each region contains a unique critical point px of f.

The Floer endomorphism algebra CF*(L™, L™) can be defined, despite L™ being im-
mersed (see [1, Section 3.1]), and is generated by the self-intersection points of L™ (which
are the points px indexed by proper non-empty sets K C [n]), together with the Morse

cohomology of S™ (which we choose to have generators py and pj), corresponding to the
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~ - -

Figure 2.6.1.1: The case n = 4. The dashed circles represent the hypersurfaces D}Q =
D;NRP? as labeled. Each region is labeled with the list of coordinates that are negative
in that region (e.g., the label ‘124’ means that z; < 0,7, < 0,23 > 0,24 < 0 in that
region). The arrows represent the index-1 Morse flow lines of V f. The dots represent

critical points of f. The picture really lives on a sphere, and the three points labeled ‘4’
should be identified (at infinity).
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identity and top class respectively). Thus, CF*(L", L") has generators px indexed by
subsets K C [n].

It follows from [1, Proposition 3.3] and [1, Proposition 3.7] that there is an isomor-
phism
CF* (L™, L") = A

as G-graded vector spaces, where A & A, is the G-graded exterior algebra of Definition

2.2.2.12.

We now observe that we can define the endomorphism algebra CF*(L", L") in F (M, D) /m?.
Most of the rest of this section is concerned with computing CF*(L", L") in (M, D) /m?,

using ‘flipping pearly trees’.

Remark 2.6.1.1. Note that, in [1, Section 3.1], well-definedness of CF*(L", L") in the
affine Fukaya category was proved by passing to the cover M™\ D of M \ D, to bypass
proving Gromov compactness for immersed Lagrangians. One may worry that this will
no longer be valid when we consider disks passing through the divisors D, about which
the cover M™ — M has some branching. However, as we saw in the proof of Proposition
2.5.2.2, for the first-order relative Fukaya category it is possible to choose perturbation
data that lift to the branched cover; and therefore we can apply the same trick to

rigorously define CF*(L", L") in F(M, D)/m?.

The main result we will prove is:

Proposition 2.6.1.2. There erists a G-graded Ao, category F' over R/m?, such that;

e F' has two objects: L and L';
e L and L' are quasi-isomorphic in the zeroth-order category F'/m;

e The endomorphism algebra of L in F' coincides with the endomorphism algebra of

L™ in F(M, D)/m?;
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Furthermore, the endomorphism algebra of L' in F' satisfies:
CF.;"(LI7 L/) = (Av u*)’
where:

o A is the G-graded vector space of Definition 2.2.2.12;
o (A, u2) coincides with the exterior algebra multiplication on A;

o We have .
B(p') =ur...up + Y _rju; € HHG(A, A® R/m?)

i=1

where ® is the HKR map (see Definition 2.2.5.1).

Remark 2.6.1.3. The main result of [1] was the zeroth-order part of Proposition 2.6.1.2.
It remains to prove that flipping pearly trees can be made to work to first order, and

that the first-order deformation classes are as claimed.

2.6.2 Flipping Pearly trees

For the purposes of this section, L will denote a tuple of objects of ' (i.e., it consists
only of two types of entries: L (representing the Lagrangian immersion L : S s M

for some € > 0) or L' (representing the Lagrangian immersion L' : S*72 — M).

Definition 2.6.2.1. If T is a semi-stable directed planar tree with labels L, we introduce

the following notation:

e V(T) is the set of vertices of T}
e FE(T) is the set of edges of T,
e E'(T) C E(T) is the subset of edges with both sides labeled L';
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e F'(T) is the set of flags (v, e) of T such that e € E'(T);

e C(T) is the set of ‘segments’ between consecutive edges around a vertex (these are

indexed by pairs of consecutive flags around a vertex);
e If C € C(T), then L¢ € L is the label associated to C.

Definition 2.6.2.2. Let L be a tuple. We denote by R3(L) the moduli space of flipping
pearly trees, where a flipping pearly tree 7 € R3(L) consists of the following data:

A semi-stable directed planar tree T, with labels L, such that all internal edges

have both sides labeled L’ (i.e., all internal edges are contained in E'(T}.));

A designation of each edge e € E'(T}) as either flipping or non-flipping;

For each stable vertex v € V(T,), a point 7, € R(L,, ¢);

For each internal edge e, a length parameter [, € [0, 00).

See Figure 2.6.2.1 for a picture of a flipping pearly tree. We also allow one special case:
if L =(L',L'), then we permit T, to have no vertices, just a single edge with both sides
labeled L'.

Now, given a flipping pearly tree r € R3(L), we define an associated topological

space S,. There are a few special cases first:

Definition 2.6.2.3. If L = (L', L’), and T, is the tree with a single edge, then we define
S,:=R. If |L| =2but L # (L',L'), then S, := R x [0,1].

Now we define S, in the remaining cases:

Definition 2.6.2.4. Given a flipping pearly tree r € R3(L), we define a topological

space S, as follows:
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Figure 2.6.2.1: A flipping pearly tree S. Observe that all edges have label L’ on either
side.
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e For each semi-stable vertex v € V(T,) with both sides labeled L', we define S, to
be a disk with two boundary marked points, corresponding to the edges incident

to v.

e For each stable vertex v € V(T,), we define S, to be the boundary-marked disk
with modulus r,, with all marked points punctured except for those corresponding

to edges in E’(T},) (they remain as marked points). These are the ‘pearls’.

e We define

e For each internal edge e, we define S, := [0, [.]. For each external edge e in E'(T}),

we define S, := R*, with the + or — depending on the orientation of the edge.

o We define

S¢ = ]_[ S..

ecE(r)

e For each flag f = (v,e) € F'(T}), there is a corresponding marked boundary point
m(f) € S, and boundary point b(f) € S,.

o We define
Sy = (SPUS®)/ ~

where

m(f) ~ b(f) for all f € F/(T,).

Definition 2.6.2.5. Given r € R3(L), we also define a ‘boundary’ (95), and a contin-

uous map

(0S), = S,
as follows:
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e For each segment C' € C(T,) adjacent to vertex v € V(T;), we define (35)c to be
the corresponding component of the boundary of S,. Thus, (0S)c is an interval,
and its two ends correspond to consecutive marked points on the disk with modulus
r,. If the marked point is punctured in S, (i.e., if its sides are not both labeled
L), then that end of the interval (0S)¢ is open, and if the marked point remains

in S, (i.e., if its sides are both labeled L’), then that end of the interval (8S)c is

closed.
e We define
08y = H (8S)c, with the obvious map
CeC(Tr)
@Sy — SP.

e For each edge e, we define (85) := S, x {0,1} (two copies of S¢).

e We define
(05)¢ = H (0S)¢, with the obvious map
GEE(TT)
(85) — S5°

e For each flag f = (v,e) € F'(T,), there are points m;(f) € (95), for j = 0,1, from
the boundary components to the right and left of m(f) respectively, and points
b;(f) = (b(£), ) € (8S)e, for j =0, 1.

e We define
(8S)r = ((0S)P L (95)°)/ ~,

where

7 (f) ~ b(f) for all f € F'(r), and j = 0,1
(see Figure 2.6.2.2).
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Figure 2.6.2.2: Defining the boundary 9S — S of a flipping pearly tree S, and attaching
a strip (shaded in grey) along it.

e It is clear that there is a continuous map

(3S), = S,

Definition 2.6.2.6. An automorphism of a flipping pearly tree is a map S, — S,
such that each pearl gets sent to itself by a biholomorphism which preserves the marked
points, and each edge gets sent to itself by a translation preserving marked points (in

particular, edges are fixed by any automorphism, unless they are infinite).

In particular, the possible non-trivial automorphisms of a flipping pearly tree are:

e If L = (L' L) and S, = R, then automorphisms are translations of R;
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o If|L| =2but L # (L',L'), then S, = Rx[0,1] and automorphisms are translations

in the R-direction;

e If v is a semi-stable vertex of T'(r), then S, is a disk with two marked boundary
points, and there is an R family of automorphisms (translations) of S, preserving

the marked boundary points.

Definition 2.6.2.7. From our universal choice of strip-like ends for the moduli spaces
R(L, @), we can define a subset
Sthin € 57

called the thin region, which consists of the images of strip-like ends under gluing maps
(see [11, Remark 9.1]). To clarify: the thin region includes a neighbourhood of each
boundary marked point of a pearl, and also all of any semi-stable pearl S, (see Figure
2.6.2.3). We define the corresponding thick region

thick = SP\SP

thin®

Definition 2.6.2.8. We define the region
fhin c Se

to be the set of points on edges which are distance > 1 from the boundary of the edge,

and
e -— (4 €
thick °= S\ Sthin

(see Figure 2.6.2.3).

As in [1, Section 4.1], we can define a topology on the moduli space R3(L). The
important point is that thin regions with opposite sides labelled L' can stretch until
they ‘break’, then become an internal edge (see Figure 2.6.2.4). The difference from [1]

is that we now allow semi-stable vertices, and this means that R3(L) no longer has the
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Figure 2.6.2.3: The thick and thin regions of the same flipping pearly tree S illustrated
in Figure 2.6.2.2. The thick regions are shown in light grey, and the thin regions in dark
grey. Note that the unstable disk (with two marked points) is entirely thin, and also
that it is possible for an internal edge to be entirely thick (when it has length < 2).
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Figure 2.6.2.4: A thin region with both sides labelled L' (upper left) can stretch until it
becomes a thin region (upper right), then break, becoming a thick internal edge (lower
right), which then stretches until it has a thin region in its interior (lower left).

structure of a manifold with boundary. All we can say is that it is stratified by manifolds
_ however we will see later that the space of holomorphic maps of pearly trees into our
manifold is a manifold with boundary, which is what we need to define our algebraic

structures.

The strata of R3(L) are indexed by semi-stable directed planar trees 7" with labels
L. Note there is no requirement that internal edges have opposite sides labeled L' here.

The tree T corresponds to the codimension-(|V/(T")| — 1) stratum
RIL) = ] Ra(Ly).
veV(T)

Points in this stratum correspond to flipping pearly trees, where the pearls are allowed

to be nodal and the edges are allowed to have infinite length.

Remark 2.6.2.9. The moduli space Rs(L) is not compact, because our flipping pearly
trees can have arbitrarily many semi-stable vertices. In practice (see the proof of Propo-

sition 2.6.4.1), we have an a priori upper bound N on the number of semi-stable vertices
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that we need consider. We consider the subspace
_ﬁg(L, N) C 733(.[/),
consisting of stable flipping pearly trees with < N semi-stable vertices. This subspace

is compact.

2.6.3 Floer and perturbation data

Definition 2.6.3.1. We define
HE = C*(S™,R)
(think of this as the space of Morse functions on S"), and
HP .= {H € C*°(M,R) : H vanishes, with its first derivatives, along each divisor D,}

(think of this as the space of Hamiltonians on M), and J, the space of smooth almost-
complex structures on M which are compatible with w, and make the divisors D; almost-

complex submanifolds.

Definition 2.6.3.2. Let L = (Lo, L,) be a 2-element tuple. For each such tuple, we

choose a Floer datum (Hp, Jy) consisting of
Hp € C=([0,1],HP) and J;, € C*=([0,1],T)
such that:
e Hy, =0unless L = (L, L);

e the time-1 Hamiltonian flow of H(, ;) makes L™ transverse to itself;
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o Ji,1ry = Jo is constant, equal to the standard integrable complex structure.

Now, if (Lo, L1) # (L',L'), then we define a generator of CF} (Lo, L1) to be a path
p : [0,1] = M which is a flowline of the Hamiltonian vector field of Hy, such that
p(0) € Ly and p(1) € L;. One defines CF% (Lo, L1) to be the R/m*-module generated
by its generators. It is G-graded.

Remark 2.6.3.3. The G-grading is defined exactly as in the affine Fukaya category
(Section 2.3.3). One might worry that L’ intersects the divisors D;, hence doesn’t lie
in M\ D. However, we simply push L’ off itself using Vf (as in the definition of L),
and use the pushed-off version of L’ for all grading (and index) computations — see [1,
Proof of Proposition 5.3]. The point is that the grading of the relative Fukaya category
arises from index computations of the relevant Fredholm operators, which are computed

purely topologically.

Definition 2.6.3.4. If (Ly, L) = (L', L’), then we define the Floer datum to contain

additional information, namely:

e the Morse function f:S™ = R;

e another Morse function h : S™ — R, with exactly two critical points.

One defines a generator of CF% (L', L’) to be a critical point of one of the Morse
functions f or h, and CF% (L', L) to be the R/m*module generated by these critical
points. We identify the critical points of f as px for K C [n] proper and non-empty, and
the critical points of h as ps and pj,). Then CF (L', L') is G-graded, where py has the
same grading as the corresponding generator 8% of A, where A is the G-graded algebra

of Definition 2.2.2.12.
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Lemma 2.6.3.5. The G-graded morphism spaces in F' are as follows:

CFi(L,L) = CFu(L',L)

R

A® R/m?
@ R/m? - py,

Kc[n]

IR

and

CFr(L,L') = CFu(L,L)
A® R/m*® CM*(f) ® R/m?
GB R/m? px & @ R/m® . g,

KCln KC[n],K#e,[n]

IR

iR

where CM*(f) is the Morse complex of the function f. The G-grading of generators
labelled by px € A is as in Definition 2.2.2.12. The G-grading of generators labelled by
gk is (|K| —1,0) (where |K| —1 is the Morse index of qx ).

Proof. See [1, Proof of Proposition 5.5]. g

Definition 2.6.3.6. In each morphism space, we call the generators labelled py, where
K C [n] is not equal to ¢ or [n], the flipping generators, and the others (labelled g,
Pg OF ppn)) the non-flipping generators. The terminology comes from the definition
of L™ as a perturbation of the double cover S* — RP™ — CP". Flipping generators
correspond to paths p from one sheet of the cover to the opposite sheet; non-flipping

generators correspond to paths from one sheet to the same sheet.

Definition 2.6.3.7. A perturbation datum for a fixed flipping pearly tree r € R3(L)
consists of the data (K¢, K?,J), where:

o K€ C™(Se,He);
o K? € QISP HP);
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o JeC®(SPJ),

such that, for each boundary component C of a pearl in S with Lagrangian label Lc¢,

K?()|. =0 for all £ € TC C T(0S).

Definition 2.6.3.8. We say that a perturbation datum is compatible with the Floer
data if, on each component of the thin regions of S? and S°, the perturbation datum
agrees with the corresponding (translation-invariant) Floer datum. Explicitly, this means

that:

On each strip-like end of a pearl, (K?,J) is given by the translation-invariant

extension of the Floer datum (Hp, J.);

In a neighbourhood of each boundary marked point of a pearl, and also on all of

each semi-stable pearl with both sides labeled L', we have (K?,J) = (0, Jo);

On each thin region of a flipping edge, K¢ = f;

On each thin region of a non-flipping edge, K° = h.

Remark 2.6.3.9. Note that, if our perturbation datum is compatible with the Floer
data, then it is preserved by any automorphism of the flipping pearly tree.

Definition 2.6.3.10. We define the notion of a compatible universal choice of

perturbation data for the moduli spaces R(L), by analogy with [11, Section 9i].

Definition 2.6.3.11. Let L be a tuple of objects of F’, and p an associated set of
generators. A holomorphic flipping pearly tree u with ends on p consists of the

following data:

e A flipping pearly tree r € Rs(L);
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e For each vertex v € V(T(r)), a smooth map u, : S, = M;
e For each edge e € E(r) with both sides labeled L', a smooth map u, : S, — S™;

e A continuous map @ : 9S, — S™.

We impose the following requirements on these maps:

e v is asymptotic to the genefators p along the strip-like ends and external edges;

e For each semi-stable vertex v, the map u, satisfies the perturbed holomorphic curve
equation

(Du, — V)" =0,
where, for £ € T'S, Y (£) is the Hamiltonian vector field of the function K?(§);

e The maps u, satisfy the Morse flow equation

Du.,—VK® = 0

e For each boundary component C' of a pearl S,,

L¢ o @)o = uy|c;

e For each edge e with both sides labeled L/,

Ul x {0} = Ue,

and

i u. if e is non-flipping
Ul x{1} =
aou, if eis flipping

where we recall that a : S™ — S™ is the antipodal map.

311



o If v € V(T'(r)) is semi-stable, then the map u, is non-constant.

Definition 2.6.3.12. Two holomorphic flipping pearly trees are equivalent if they
are related by an automorphism of the domain (recall from Remark 2.6.3.9 that any
automorphism of the domain preserves the perturbation datum and hence acts on the

space of holomorphic flipping pearly trees).

Definition 2.6.3.13. Given a flipping holomorphic pearly tree u as defined above, one
obtains a well-defined homology class [u] € Hy(M, L™) as follows (see Figure 2.6.2.2):

e Start with the continuous map u : S — CP" associated with the flipping holomor-

phic pearly tree.
e Glue a thin strip along the boundary 0S5 of the flipping pearly tree;

e If the boundary component or edge has label L, then it already gets mapped to
L™, so we map the strip into CP" by making it constant along its width.

e If the boundary component or edge has label L', then by construction, there is a

continuous lift @ of the boundary of the strip to S™.

e Thus, we can map the strip into CP" by letting it interpolate between the zero
section and the graph of edf in the Weinstein neighbourhood D;S™ used in the
construction of L™. Thus, boundary components of the strip with label L' now lie

on L™,

We now define the intersection number u - D; to be the topological intersection number

of this class [u] € Ho(CP", L™) with D; € Hyp—o(CP"), and
u-D:= Z([u]-Dj)yj €Y.
J

Definition 2.6.3.14. Let u be a holomorphic flipping pearly tree. For each v € V(T'(r)),
the map u, defines a homology class in Hy(CP",RP") = Z, because its boundary gets
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mapped to a Weinstein neighbourhood of RP". We denote this homology class by d, €
Z (it is non-negative because holomorphic disks have non-negative area). We denote

the sum of all homology classes d, by dy, € Zxo.

Now we explain how to compute these intersection numbers in a simple way. It helps

if the holomorphic flipping pearly trees are in general position, in the following sense:

Definition 2.6.3.15. We say that a holomorphic flipping pearly tree u is in general

position if:

e Each boundary component C' with label L' is transverse to the real hypersurfaces

D} c 5™
¢ No flipping marked points lie on the hypersurfaces Dg.*.

Lemma 2.6.3.16. Given a holomorphic flipping pearly tree w, we can perturb the defin-

ing equations of the divisors D; so that

e The intersection numbers u - D; do not change;

o u s in general position with respect to the perturbed divisors.

Proof. See the proof of [1, Proposition 5.1]. O

If v is in general position, then we can split the surface defining our homology class
[u] into regions [u,] corresponding to the pearls v, and [u,] corresponding to the edges e
of the pearly tree, in such a way that the boundary of each such region does not intersect
the divisors D;. We cut the pearls off from the strips in the obvious way — since they are

R

joined at boundary marked points, which don’t lie on the hypersurfaces Dy, the cuts we

introduce do not intersect the divisors D;.
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Thus, each region defines a class in Hy(M, M \ D), and [u] - D is equal to the sum
of [uy] - D and [u.] - D over all pearls v and edges e of the pearly tree.

Lemma 2.6.3.17. Let u be a holomorphic flipping pearly tree in general position. Then

we have:

e For each non-flipping edge e, [uc] - D; = 0;

e For each flipping edge e, [uc| - D; is equal to the topological intersection number of
the edge u. : [0,l] — S™ with the hypersurface DI]R (this is non-negative because

the gradient of the function f crosses all hypersurfaces DJR positively);

e For each pearlv, [u,)]-D; is equal to the sum of the number of internal intersections
of u, with D; (these are counted positively by positivity of intersections), together
with +1 for each time a boundary lift i|c with label L' crosses DY in the negative

direction (and O if the lift crosses in the positive direction).

Proof. See [1, Proposition 5.1]. O

Corollary 2.6.3.18. If u is a flipping holomorphic pearly tree, then the intersection

numbers w - D; are non-negative.

Definition 2.6.3.19. Let L be a tuple, p an associated set of generators, and d € Y>,.
We define M3(p, d) to be the moduli space of holomorphic flipping pearly trees u with
labels L and ends on p, and such that

u-D=d,

modulo equivalence.

Proposition 2.6.3.20. Let L be a tuple, p an associated set of generators. Suppose
that (px,,---,Pk,) s the tuple obtained from p by keeping only the flipping generators
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(see Definition 2.6.3.6). Then we have

k
[u] D =qym + Y vk,
Jj=1
for some q¢ € Z, and the homology class of [u] € Ho(CP",RP") = Z is given by the
formula

[u] =2¢+ k.

Proof. Follows from [1, Lemma 5.8], and a slight modification of [1, Proposition 5.10]. O

Definition 2.6.3.21. Let u be a holomorphic flipping pearly tree in general position,
all of whose boundary components are labelled L’. For each flag f corresponding to a
flipping edge of the tree, we have corresponding marked points in the boundary (95),,

namely

iig(f) ~ bo(f) and my(f) ~ bi(f).

The boundary map % sends these points to antipodal regions S%,S% respectively, for
some K C [n] (recall that S% is defined to be the region where z; < 0 for j € K and
z; > 0 for j ¢ K). We attach the labels K and K to the marked points rig(f) and
m1(f), respectively. Figure 2.6.3.1 shows a possible labeling of a flipping holomorphic

pearly tree.

Lemma 2.6.3.22. Let u be a holomorphic flipping pearly tree with all sides labelled L',
in general position, and equipped with labels as above. We decompose [u] into regions

[ue], corresponding to edges, and [w,], corresponding to pearls, as before. Then we have:

e For each flipping edge e, the label K, at the start of the edge contains the label K,
at the end of the edge, and

[ue] -D = YKy — YKo
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11 7 7

Figure 2.6.3.1: An example of a legal labeling of a flipping holomorphic pearly tree,
which might contribute to the coefficient of py in the Ao, product W (pgays - pery)- We
have illustrated a simple case, in which all external flowlines are constant because the
points py;; are maxima of the Morse function f. The external label ‘1" means the set
{1}, while ‘T’ means the complement {2,3,4,5,6,7}. The big label ‘1’ in the middle of
a pearl means that the pearl has degree 1.

e For each pearl v such that:

— The homology class is d, € Hy(CP",RP") = Z;

— The points immediately after the flipping marked points of u, have labels
Ki,...,Ky,, if we traverse the boundary in positive direction (in other words,

the points my(f) for all outgoing flags, and mo(f) for the incoming flag);
then we have:

— For some g, € Z,
ky

[u] - D = quypm) + Z YK,

J=1

— The homology class d, satisfies

dv = QQU + kw
We recall that non-flipping edges u. do not contribute to the intersection numbers.

Proof. For edges, the statement follows from the fact that Vf only crosses divisors

positively, and [u.] picks up an intersection point with D; each time wu, crosses D,
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positively (compare [1, Figure 9(b)]). For pearls, the statement follows from Proposition

2.6.3.20. g

2.6.4 Transversality and compactness

Proposition 2.6.4.1. For generic choice of Floer and perturbation data, the components
of Ms(p,d) with |d| <1 are regular, and have the structure of topological manifolds of

the expected dimension.

Proof. The moduli spaces Mj(p,d) are constructed by gluing together pieces corre-
sponding to the different possible underlying trees (see [1, Section 4.4]). If we are to
obtain a topological manifold, we need each piece to be cut out transversely, and also
for the ‘seams’ along which the pieces are glued (corresponding to holomorphic flipping
pearly trees with nodal pearls, where a Morse flowline is about to form as in Figure

2.6.2.4) to be regular.

This amounts to checking the following:

e The Cauchy-Riemann operator (Du? — Y)%! on each stable pearl is surjective;

e For the semi-stable pearls, we require that the moduli space of Jy-holomorphic

disks with two boundary marked points, modulo translation, is regular;
e The Morse flow operator (Duf — VK*¢) on each edge is surjective;

e For moduli spaces consisting of a single Morse edge, we require that the moduli

space of Morse flowlines of f or h is regular;

e The restriction that marked points on pearls coincide with ends of edges is cut out

transversely;
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e The restriction that marked points on pearls coincide at a node (with both sides
labelled L') is cut out transversely (this is the requirement that the ‘seams’ are

regular).

The Cauchy-Riemann operators on pearls corresponding to stable vertices are generically
surjective, by perturbing K? (as in [11, Section 9k]). The moduli spaces of semi-stable
pearls with sides labelled anything other than (L', L") are regular for generic choice of
Floer data, by the arguments of [36, 37]. The semi-stable pearls with opposite sides
labelled L' are different — we have required that K? = 0 and J = Jy on these pearls,
which is not a generic condition. However, the moduli space of such pearls is regular
by the ‘automatic regularity’ result of [40, Proposition 7.4.3] (the automatic regularity
result deals with holomorphic spheres in CP" = M, and our moduli space of holomorphic

disks is the real locus of this moduli space, hence also regular).

The Morse flow operators are surjective for generic choice of Floer and perturbation

data.

The intersections of marked points on pearls with the endpoints of edges are generi-

cally transverse, by perturbing K¢ near the end of the edge.

Now we deal with intersections of marked points at a node connecting two pearls,
which are necessary to make the ‘seams’ along which we glue different parts of our moduli
space. If one of the pearls involved is stable, then the intersection is transverse, because
we can perturb K? on the stable pear] (see [1, Section 4.6]) to move the marked point
in any direction we please. A problem arises if both pearls are semi-stable (with both
sides labelled L'). However, this situation does not arise in the moduli spaces Mj;(p, d)
with |d| < 1: any semi-stable pear] must contribute at least 1 to one of the intersection

numbers u - D;.

This follows from Lemma 2.6.3.22: if [u] - D = 0 for a pearl with two boundary
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marked points with labels Ky and K, then

QY + Yk, + Y, = 0.

If Ky = ¢ or [n], then Lemma 2.6.3.22 shows that d, = 0 so the unstable pearl u, has zero
energy and must be constant, which is not allowed. If Ky # ¢ or [n], then necessarily

g = —1, and Lemma 2.6.3.22 shows that
dv:2qv+kv:0a

so again u, is constant. O

Proposition 2.6.4.2. For generic choice of Floer and perturbation data, the components
of Ms(p,d) of virtual dimension < 1, and with |d| < 1, have the structure of compact
topological manifolds with boundary, of the expected dimension. The boundary strata of
the one-dimensional moduli spaces correspond to nodal holomorphic flipping pearly trees

(see [1, Definition 4.33, 4.34]).

Proof. This essentially follows from Gromov compactness, as outlined in [1, Proposition
4.6]. However, we must do a bit more work in this case: we must check that the number
of semi-stable pearls is bounded, so that we are only gluing together finitely many pieces
to make our moduli space (see Remark 2.6.2.9). This is true because the homology class
d, of any u € Mj(p,d) is fixed, by Proposition 2.6.3.20, and any semi-stable pearl v

contributes at least 1 to d,, because it is required to be non-constant.

Furthermore, we must rule out the possibility of sphere and disk bubbling in our
moduli spaces. Sphere bubbling is easy to rule out: any non-constant sphere bubble
must intersect each divisor D; at least once, hence contribute at least n to d. So sphere

bubbling does not happen in moduli spaces with |d| < 1.

Disk bubbling needs a little more work. Suppose a holomorphic disk bubbles off some
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pearl in a holomorphic flipping pearly tree. Let us denote by u; the disk, and by u, the
rest of the holomorphic flipping pearly tree. We will assume that u; has boundary on L'
(the case with boundary on L™ is not very different). We can regard this configuration
as a holomorphic flipping pearly tree with a vertex v of valence 1, connected by a Morse
edge of length 0 to the rest of the holomorphic flipping pearly tree. We will show that, if
u; is non-constant, then its virtual dimension (by which we mean the virtual dimension
of the moduli space in which it lies) is > n + 1. This is the same as showing that its
Maslov index is at least 3. This will show that disk bubbling generically does not happen,

because the rest of the holomorphic flipping pearly tree has virtual dimension < 0.

Firstly, by Lemma 2.6.3.22 (which works exactly the same if there are pearls of valence

1), if the edge is non-flipping then the disk has zero energy, and hence is constant.

So let us assume that the edge is flipping, and the label attached to it is K C [n] (as
in Definition 2.6.3.21). By Lemma 2.6.3.22, we have

[u1] - D = qypm) + Yk-

Because |d| < 1, it must be that [u;] - D =y;, ¢ =0, and K = {j} for some j € [n]. It
follows, by Lemma, 2.6.3.22, that the homology class of u is d; = 1. Thus, the virtual

dimension of u; is (by the real analogue of Lemma 2.4.4.3)
vd(y)=n+di(n+1)-3+1=2n—-12n+1

(because n > 2).

The connect sum formula now says that the virtual dimension of w is

vd.(u) = v.d.(ug) +v.d(ug) +1-n <1
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(since we are considering moduli spaces of virtual dimension < 1), and hence
vd.(ug) <n—vd.(u) < -1

We saw in Proposition 2.6.4.1 that moduli spaces of holomorphic flipping pearly trees
are generically regular, hence a moduli space of virtual dimension < 0 is generically
empty. So we may conclude that no disk bubbling occurs for generic choices of Floer

and perturbation data. O

2.6.5 Morse-Bott model for the first-order Fukaya category

This section contains the proof of Proposition 2.6.1.2.

We define a G-graded A, category F' over R/m?, with two objects, L and L.
The G-graded morphism spaces CF*(Log, L) are the R/m?-module freely generated by
their generators, and are described explicitly in Lemma 2.6.3.5. Given a tuple L with
associated generators p = (po,p1,...,Ps), the coefficient of r%p, in the A, product
1 (ps, .., p1) is given by the signed count of holomorphic flipping pearly trees in the
zero-dimensional component of the moduli space Mj3(p,d) (by analogy with the usual
definition of the Fukaya category). By the standard argument, the composition maps u®

satisfy the A, relations.

Furthermore, they are G-graded, by the same argument as for the relative Fukaya
category (keeping in mind Remark 2.6.3.3). To see why, recall that the grading de-
pended on the index theory of a Cauchy-Riemann operator coming from a bundle pair
(D?,w*TM, F), where u : D> - M\ D was some smooth map, and F a lift of du to
G(M \ D). Given a holomorphic flipping pearly tree u, we can construct (by a modi-
fication of the construction of the smooth surface representing the homology class [u])

a smooth boundary-punctured disk @ mapping to M \ D, with boundary on L®, such
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that the index of the associated Cauchy-Riemann operator is equal to the index of the
Fredholm operator defining the moduli space of holomorphic flipping pearly trees near
u. Note that @ will not be holomorphic itself: we are simply using it to compute the

index topologically.

Lemma 2.6.5.1. For small enough € > 0, the objects L™ and L' are quasi-isomorphic

in F'/m.

Proof. See [1, Proposition 5.5]. O

Lemma 2.6.5.2. For appropriate choices of perturbation data, there is a strict isomor-
phism
CF3(u,pyme (L™, L") = CF (L, L).

Proof. Suppose that L is a tuple, all of whose entries are L", |L| > 3, and £ is a labelling
such that d(¢) = y; for some j. Then there is a forgetful map R(L,¢) — Rs(L),
obtained by simply forgetting the internal marked point. Suppose that we choose Floer
and perturbation data on the moduli space R(L,¥) by pulling back the corresponding
data from R3(L).

With these assumptions, if p is a set of generators associated with the tuple L, then
there is a forgetful map M(p,£) — Ms(p,e;). This map is clearly bijective: given a
holomorphic disk with topological intersection number 1 with the divisor D;, there exists
a unique internal point which gets mapped to D; (uniqueness follows from positivity of

intersections).

If |L| = 2, we choose the perturbation data on the moduli space R(L,£) to be
translation-invariant, like for R3(L, ¢). The definitions of the two moduli spaces now are
different: M3 (p, e;) is a quotient of a moduli space of holomorphic strips by translation,
whereas M(p, £) is a moduli space of holomorphic strips with an internal marked point

getting mapped to D;. However, this map is still bijective: given a strip with topological
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intersection number 1 with divisor D;, there is a unique internal point which gets mapped
to D;. Introducing this as a marked point defines a class in M(p,¢), and the result is

independent of translation of the domain in the original strip.

Observe that, because the moduli spaces Ms(p, e;) are regular, the moduli spaces
M(p, £) are regular, even though we have made a non-generic choice of perturbation
data. So it is legitimate to compute coefficients in the relative Fukaya category using

the moduli spaces M(p, ¢) defined using these Floer and perturbation data. g

Now we recall (Lemma 2.6.3.5) that the underlying G-graded vector space of CF3, (L', L")
is A. So CF%, (L', L') has the form (A, u*).

Lemma 2.6.5.3. As a G-graded algebra, we have
(A7/’Lg) g (A7/\)7

where ‘A’ denotes the usual product on the exterior algebra.
Proof. See [1, Theorem 5.12]. O

Now recall from Section 2.2.5 that there is a map
®:CCLA,A®R) - p" (C[[U)]]® A®R).
Lemma 2.6.5.4. We have

n
D (1*) :ul...un+eruj+m2
j=1

(up to some signs).
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Proof. See [1, Proposition 5.15] for the proof that
D(py) = LUy ... Up.

Our aim now is to calculate the first-order terms in ®(u*). By Lemma 2.2.5.11, we know

that the degree-2 part of
HHL(A, A® RY) = p* (C[[U]]® A® R')

is generated by the elements r;u;. Thus, the first-order part of ®(u*) can be written as

n
E :CjTjUj
j=1

for some numbers ¢; € C.

The number c; is given by the count of holomorphic flipping pearly trees w in the
moduli space Mz((pg, Pj}), €;)- Such a holomorphic flipping pearly tree must be a chain
of semi-stable Jo-holomorphic pearls (see Definition 2.6.3.8).

By Proposition 2.6.3.20, the homology class of such u is 1. Because semi-stable pearls
are not allowed to be constant, this means there can only be a single semi-stable pearl.

This pearl is a Jo-holomorphic disk with boundary on RP",
u, : (D,0D) — (CP",RP"),

together with two marked boundary points, considered up to translation. The homology
class [u,] € Hy(CP",RP") is 1. Thus, u, is one half of a Jo-holomorphic sphere of degree
1in CP™. That is, it is one half of a complex line in CP", and its boundary is a real line

in RP".
The Morse index of the input py;; is n (see [1, Corollary 2.11]), so the corresponding
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Morse edge must be constant: this means we just have a point constraint that our real
line must pass through the point L'(p(;y). Similarly, the Morse index of py is 0, so the
corresponding Morse edge must be constant: this means we have a point constraint that
our real line must pass through the point L’(py). There is a unique real line through the
points L'(p;;) and L'(pg), so the pearl must be one half of the corresponding complex

line.

Furthermore, the pearl must admit a lift %, of the boundary to S™, which changes
sheets at p;;; but not at pg. Since u, is one half of a complex line, this lift %, must be
one half of a great circle, from py;; to its antipode PG and passing through the point
pg. Clearly, there is exactly one such half-great circle. Furthermore, the orientation of
this half-great circle determines uniquely which half of the complex line we must take.

Thus, we have uniquely determined our holomorphic flipping pearly tree w.
It follows from Proposition 2.6.3.20 that [u] - D = y;.

We have shown that the moduli space M((p¢;},P4), €;) contains a unique element u.

Thus, each coefficient ¢; must be *1. O

Remark 2.6.5.5. We could also have calculated [u] - D using Lemma 2.6.3.17, and the
exercise helps us to get a picture of u: the edges u, are constant, hence do not contribute
to [u] - D. The pearl u, does not intersect any divisor D; in its interior (it is half of
a complex line, hence intersects the divisor D; exactly once, and that intersection is on
the real locus RP"). So we get no contributions to [u] - D from interior intersection
points. The boundary lift %, moves along a great circle from py;; to PG hence crosses
the divisors D; positively for ¢ # j, and the divisor D; once negatively. Therefore, we

have [u] - D = y;. See Figure 2-3(b) for the picture in the one-dimensional case.

This completes the proof of Proposition 2.6.1.2.

325



Corollary 2.6.5.6. Let us denote’

where F(¢) is the category of Proposition 2.5.2.2 and ¢ : (M™, D) — (M, D) is the
branched cover of Example 2.3.5.10. Then A satisfies all of the conditions required to be
of type A, in the sense of Definition 2.2.5.2, except it may not be strictly H-equivariant.

Remark 2.6.5.7. If one is willing to accept that CFx s p o) (L™, L™) can be defined to all
orders, despite L™ being immersed (compare Remark 2.6.1.1), then we could substitute
it for CFy 4 (L", L™) in the statement of Corollary 2.6.5.6. We prefer to work with F(¢)
because it does not require us to assume a general statement of Gromov compactness

for immersed Lagrangians.

Proof. It follows from Proposition 2.6.1.2 and Proposition 2.5.2.2 that there is a quasi-

isomorphism

Afm = CF} (L, L),

because

F(M,D,a)/m=F(M,D)/m.

It follows that the underlying G-graded vector space of A is A, and the product pa is
the exterior product. Furthermore, if A = (A, u*), it follows that

S(u*)=uy... up+m

(see Definition 2.2.5.1).

Now let A := A/m. We recall from Lemma 2.2.5.8 that the spectral sequence induced
by the length filtration on CC*(A) has E, page

Byt = HH(A),
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and converges to HH*(A). It follows from Proposition 2.6.1.2 that the first-order defor-
mation class of

CFr,py(L" L")

is given by

n
(1] = Z r;u; + (higher-order in length filtration).
J=1

It follows from Theorem 7, and the fact that the spectral sequence induced by the length
filtration respects the multiplication given by the Yoneda product, that the first-order
deformation class of

CFim,pa) (L™ L")

is given by

[M1,a] = Z rju; + (higher-order in length filtration).

j=1
It follows that
mn
S(pu)=ur...up + eru;-‘ +m?,
j=1

from which the result follows, by Proposition 2.5.2.2. a

We now have to deal with the fact that A may not be strictly H-equivariant. It is
clear that H acts on (M, D), preserving the anchored Lagrangian brane L™, because all
of our constructions of (M, D) and L™ have been symmetric with respect to permuting
the coordinates. However, it may not be possible to choose our perturbation data H-
equivariantly and still achieve transversality, so we may only have H-equivariance ‘up
to homotopy’. We can fix this using the arguments of Appendix B, which says that we
can replace A by a quasi-equivalent algebra which is strictly H-equivariant: essentially,

we just apply the proof of Theorem 6 to this strictly H-equivariant replacement.

Corollary 2.6.5.8. Suppose that B is a G-graded Ay, algebra over R of type A. Then
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there erists ¥ € Aut(R), and an As quasi-isomorphism

By A

Proof. First, observe that Corollary 2.2.5.7 does not require strict H-equivariance, so
there is a quasi-isomorphism

A/m=B/m=: A

Now, by a version of Proposition B.0.2.7 the subcategory of F(¢) with object L™
embeds, H-equivariantly, into a strictly H-equivariant A, category, in such a way that
the order-0 component of the embedding is a quasi-equivalence. Now recall that A is nec-
essarily minimal (by Lemma 2.2.5.9), and it follows easily from the proof of Proposition
B.0.2.7 that this strictly H-equivariant A., category can be chosen to be minimal too.
Any A, functor between minimal A, categories, whose order-0 component is a quasi-
equivalence, is necessarily a quasi-equivalence. Using the fact that quasi-equivalences of
minimal A, categories can be inverted (Lemma 2.2.3.34), we can apply [9, Lemma 4.3]
to prove that A is quasi-equivalent to a strictly H-equivariant A, algebra of type A.

The result now follows from Theorem 6. |
Definition 2.6.5.9. We denote

A C F(M™, D)
the full G?-graded subcategory whose objects are the lifts of L™.

Corollary 2.6.5.10. If B is any A algebra of type A, then there exists Y[[T)] € Aut(R)

and an As quasi-isomorphism of G7-graded R-linear Ao categories,

A=y piB.
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Proof. Consider the branched cover
¢: (Mz, D) — (M, D)

of Example 2.3.5.10. By Proposition 2.5.2.2, there is a fully faithful embedding
piF(¢) = F(M", D),

and in particular we have a quasi-equivalence

A.

R

pia

The result now follows from Corollary 2.6.5.8. a

2.7 The B-model

The aim of this section is to prove Theorem 5.

2.7.1 Homological perturbation lemma

We will use a version of the homological perturbation lemma which is not quite the usual
one (for which see, for example, [66], [67]), but rather the slightly modified version used

in [20], so we feel it is as well to state it.

Suppose we are given:

e An A, algebra (B, u*) (over a C-algebra R);

e A map d: B — B that is a Maurer-Cartan element for (B, u*), in the sense that
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= (u' +0,p%,...) is an A structure on B;
e A chain complex (C,dc¢);

e Chain maps

(C,dc) = (B, u');

e A map
h:B — B,

such that

e pi=id;

e h defines a homotopy between ip and the identity, which just means that

ip=id — [u', h;
e the side conditions

R = 0,

hi = 0, and

ph = 0.

are satisfied;

e there exists some integer N such that (0h)N = 0.

Then we construct:

e An A, structure v* on C;
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e An A, morphism I* from (B, i*) to (C,v*);

e An A, morphism P* from (C,v*) to (B, ii*),

such that I* and P* are mutually inverse A,, quasi-isomorphisms. In fact, we can show

that P! o I' = id, and we can construct an A, homotopy H* such that

I*o P* =id — [@*, H"].

This result is proved in the case & = 0 in [66]. The operations v*, I*, P*, H* are
defined by certain counts over stable directed planar trees (we use the opposite orien-
tation convention from Definition 2.4.2.1, so trees have s incoming edges and a single
outgoing edge). We attach the operation u* to each vertex of arity k (arity = number of
incoming edges). If @ # 0, then we make exactly the same construction, but sum instead
over semistable directed planar trees, and attach the operation O to each vertex of
arity 1. The assumption that (0h)Y = 0 ensures that we need only sum over a finite
number of trees, because a tree with a sufficiently long chain of vertices of arity 1 does

not contribute to the sum.

For example, to define v*, we sum over semistable directed planar trees with s in-
coming edges. We attach operations to each vertex and edge of such a tree, as follows

(omitting signs):

to each vertex of arity 1, attach 3,

to each vertex of arity k > 2, attach u*;

to each internal edge, attach h;

to each incoming edge, attach i;

to each outgoing edge, attach p.
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Composing the operations as prescribed by the tree determines a map C®* — C. Sum-

ming these maps, over all such trees, defines v°.

The modifications in the definitions of I*, P*, H*, and the proofs that v* is an Ay
structure, that I* and P* are A, morphisms, and that H* defines an A, homotopy
from I* o P* to id, should all be clear from [66]. The fact that P! o I' = id follows easily

from the side conditions.

2.7.2 Matrix factorization computations

Let k be a field of characteristic 0, and R a commutative k-algebra. Consider the
polynomial R-algebra S := R[zy,...,z,]|. Suppose we are given w € S. We consider the
differential Z,-graded category of matrix factorizations M F(S,w). Objects are finitely-
generated free Zo-graded S-modules K, equipped with a ‘differential’ dx : K — K of
odd degree such that 6% = w - id. Morphisms are S-module homomorphisms, with the

standard differential and compositions.

By [68, Theorem 3.9], there is an exact equivalence between Ho(M F(S,w)) (where
‘Ho’ denotes the homotopy category) and Orlov’s ‘derived category of singularities’
D (w™'(0)). We consider a matrix factorization (B,dp) which corresponds to the
ideal

Op = (T1,...2Zp)

under this equivalence. Following the method described in [25, Section 2.3], we take B
to be the free finitely-generated Zs-graded algebra generated by odd supercommuting
variables 6y, ...,0, (with S in even degree). That is,

B := S[Gl, ,Qn]
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We define the differential on B to be
6= 50 + 61,
where
- 0
b= 2 g
Jj=1
n
51 = Z ijj,
j=1
where w; € S are elements chosen such that
Jj=1

Observe that

2 = o,
62 = 0,and
[50,51] = w.

It follows that 62 = w - id as required.

Now consider the differential Zs-graded algebra
B = Hom}kuF(S’w)(B, B).

Again following [25, Section 2.3], we take the underlying vector space to be the algebra

of differential operators
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acting on B in the obvious way, with the natural multiplication and the differential
d = do + dy, where d; := [6;, —]. B is freely generated, as an R-module, by generators

%079, where b = (by,...,b,) is a multi-index, J C [n], K C [n]. We will use the

shorthand 0; for 0/06;.

Now we use the homological perturbation lemma to construct a minimal A., model

for B.

To put ourselves in the situation of Section 2.7.1, let us consider B with the A,
(in fact, differential graded) structure given by the differential u' = dy and standard
multiplication 2, and let 9 := d;. Then (B, i*) = B. Furthermore, let

C := RI[dy,...,0),
de = 0,
i:(C,de) — (B,dp) the obvious inclusion,
p: (B,dy) — (C,dc) the projection defined by

(0 35) = 0¥ ifb=0and J = ¢,
0 otherwise,

so that pi = id. We define
h:B — B,
h(f676%) = ( ﬁ@) 07 9x.
= 8xj

One can check that

(do, 7] (679 = ([b] + |7]) (%6°9%) .
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Therefore, if we define

0 ifb=0and J = ¢,

IblilJIh (z2670%) otherwise,

h (z°679%) :=

then we have

ip = id — [dy, hl.

Furthermore, we can check that the side conditions are satisfied:

h* = 0 (for the same reason the exterior derivative squares to 0),
hi = 0, and
ph = 0.

Finally, observe that hd decreases the grading |z°679¥| := |K| by 1, so (hd)"*! = 0.

Thus, we can apply Section 2.7.1 to construct an A., structure v* on C, which is
quasi-isomorphic to B. If w has degree > 3, then the differential ! = 0 and the product
v? is the standard (exterior algebra) product on C. Thus, v23 defines a Maurer-Cartan

element in the Hochschild cochain complex CC*(C).

Now we recall, from Definition 2.2.5.1, the Hochschild-Kostant-Rosenberg map from
the Hochschild cohain complex to the space of polyvector fields,

& : CC*(C) — S|on, ..., 84,

given by

O(a) := Z of(x,...,x),

820

where we denote

n
T = E z;0;.
=1
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Figure 2.7.2.1: The only trees contributing to the homological perturbation lemma com-
putation.

Proposition 2.7.2.1. (see [21, Proposition 7.1]) The image of the Maurer-Cartan ele-

ment 123 under ® is exactly the superpotential w.

Proof. We recall the construction of the maps v* from Section 2.7.1, by summing over
trees. The only trees that give a non-zero contribution to a product v*(8;,,...,d;,) are

those depicted in Figure 2.7.2.1.

Given such a tree, with inputs d;,, .. ., 8;,, one easily determines the output: it is the
constant term of

8ilc “e 8,‘2’(1)2'1,

divided by (k —1)! (coming from the terms in the denominator of »). Given a monomial

2? in wj, there are |b|!/b! ways of choosing the order of the inputs 9;,, we take from the
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term

V()
of ®(v23), in such a way that j = i; comes first, and the constant term of

8ik N 81'211)]‘

is non-zero. Thus, each monomial a? of wj contributes a term

1Pl

b b\.b_ .. .b
xj|b|! B (8°2%) 2 =z

to ®(v2%), and the result follows. O

2.7.3 G-Graded matrix factorizations

For the purposes of this section, let G be a grading datum:
725y 5 x 5o,

with sign morphism o.

Let S be a G-graded algebra such that .S is concentrated in degree 0 € Z,, and let
w € S be an element of degree f(2) € Y.

Definition 2.7.3.1. A G-graded matrix factorization of w € S is a G-graded

finitely-generated free S-module K, together with a homomorphism
0k € Homg(K, K)

of degree f(1) € Y, such that

8% = w - id.
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Definition 2.7.3.2. We define the differential G-graded category of matrix fac-
torizations, M FC(S,w):

Objects are G-graded matrix factorizations of w;

Morphisms are S-module homomorphisms:

Hom((K,6x), (L,81)) := Homg (K, L);

Differential on morphism spaces is as usual:

A(F):=06,0F — (=1)"FVF o dy;

Composition is composition of S-module homomorphisms.

We note that the morphism spaces are naturally G-graded S-modules, the differential
and composition maps have degrees f(1) and f(0) € Y respectively, and they satisfy the
Leibniz rule. It follows that M FE(S,w) is a G-graded A, category over S (see Remark
2.2.3.12). In fact it is a differential G-graded category, since all u=3 are zero.

We observe that ordinary matrix factorizations are nothing more than G,-graded

matrix factorizations. It follows that there is a fully faithful embedding

o MFCG(S,w) - MF(S,w).

Now let us introduce our main example. We will introduce graded matrix factoriza-
tions mirror to the smooth orbifold relative Fukaya category (compare Section 2.6.1).

Let G := G7} be the grading datum introduced in Example 2.2.1.13. Let

R:= R}~ C[[r,...,7)]
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be the G-graded power series ring introduced in Definition 2.2.2.13.

Let U be the G-graded vector space of Example 2.2.2.9. We consider the G-graded
algebra
S = R[U] =2 C|[r,...,rn)][t1,.-.,un).

We consider the element

n
w=u...U, + _S_ rju;.’GS,
=1

which has degree f(2) € Y, hence we can define the G-graded category of matrix fac-
torizations M FC (S, w).

We consider the G-graded S-module
K :=RU @ AUY) = Cl[r1,...,ma)][u1, .., un}[01,...,64],
where the variables §; anti-commute. We introduce the differential

5K:K - K
= 0
5}( = Zujé—ef+wj€j,
j=1 7
where

U ... Uy
’I’L’LL]'

n—1
+rjui

We observe that §x has degree f(1) € Y, and that
62 = w-id.

Thus, (K, d) is a G-graded matrix factorization of w. We denote it by Op. Finally, we
observe that 6y is H-invariant, where H is the symmetric group acting in the obvious

way.
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Corollary 2.7.3.3. Let us define the G-graded A, algebra over R:
B := Homysre (5,0)(Oo, Oo).

Then B is of type A, in the sense of Definition 2.2.5.2.

Proof. Follows from Proposition 2.7.2.1. We observe that it is necessary to check that the
G-grading and H-equivariance interact appropriately with the homological perturbation

lemma construction, but this is clear. O

Corollary 2.7.3.4. Let

where F(¢) is the category of Proposition 2.5.2.2 and ¢ : (M™,D) — (M, D) is the
branched cover of Example 2.8.5.10. Let

B := Homspc(s,w)(Oo, Oo)

as above. Both A and B are G-graded Ay algebras over R, and there exists a power

series 1 € C[[T]], with ¢(0) =1 (recalling T =ry...1,), and an Ay quasi-isomorphism

IR

A=y B.

Proof. Follows from Corollary 2.7.3.3 and Corollary 2.6.5.8. O

2.7.4 Equivariant matrix factorizations

Suppose that p : G’ — G is an injective morphism of grading data. Then we consider
the G’-graded category
p*MFC(S,w).
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Remark 2.7.4.1. Objects of p* MF@(S,w) are again G-graded matrix factorizations,
but the morphism spaces are just the parts whose Y-grading lies in the image of p : Y/ —
Y. Thus p* M FE(S,w) embeds, fully faithfully, in the category of coker(p)*-equivariant

matrix factorizations.

For example, let p; : G — G7 be the morphism defined in Lemma 2.2.1.14.

Definition 2.7.4.2. We denote
B :=piB C p{MFC(S, w).

It is the full subcategory whose objects are Oy and its shifts by elements y € Y.

We obtain the following:

Corollary 2.7.4.3. There exists a power series ¢ € C[[T]], ¢(0) = 1, and an Ay

quasi-isomorphism of G?-graded R-linear A, categories,

Proof. Follows from Corollary 2.7.3.3 and Corollary 2.6.5.10. |

2.7.5 Coherent sheaves

In this section, we will explain how to relate equivariant categories of coherent sheaves on
a projective variety to equivariant categories of graded matrix factorizations. We state a
result closely related to [59, Proposition 1.2.2] (see also [60, Section 2]), in the language
of G-graded matrix factorizations. First, we recall Orlov’s category of graded matrix

factorizations (see [58, Section 3.1]).
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Let S be a Z-graded ring, and w € .S homogeneous of degree d. Recall from Example
2.2.1.11 the grading datum Gpq). We define

q:7Z — Z&Z/2,—d),
q(j) = (0,5),
so we can equip S 2 ¢.S with a Gyr(g)-grading. Then w has degree (0,d) ~ (2,0) =

f(2) € Y, so we can define the category of G p@)-graded matrix factorizations. Now

there is a unique injective morphism of grading data, p : Gz = Guyr(). We define
GrMF(S,w) := p" M FEMr@ (S, w).

It is not hard to see that this definition coincides with Orlov’s category of graded ma-
trix factorizations of w (actually Orlov defines graded matrix factorizations to be the

homotopy category of this differential graded category). Namely, if we denote
T LOZL—ZDL/(2,—d),

then given a Gurr(g)-graded S-module K, 7*K is a quasi-periodic complex of graded

S-modules, as in the usual definition of the category of graded matrix factorizations.

We recall the relationship of GrMF to coherent sheaves. Suppose that k is a field,
S = klui, ..., uy,) is the Z-graded polynomial ring, and w € S is homogeneous of degree
n. Suppose that the variety
X ={w=0}cP}!

is smooth. Then, because X is Calabi-Yau, [58, Theorem 3.11] says that there is an

equivalence of triangulated categories,

DPCoh (X) = Ho(GrMF (S, w)).
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Remark 2.7.5.1. We observe that the matrix factorization Oy is always G arp(n)-graded.
If Op[j] denotes the shift of Oy by the integer j (i.e., by f(j)), then we can arrange that
the object

n—1

€D Ouli] € Ob(GIMF (S, w))

7=0
corresponds, under Orlov’s equivalence, to the restriction of the Beilinson exceptional

collection
n—1
P iy ),
7=0

where ¢ : X < P} denotes the inclusion. See [69, Remark 5.20], also [70, Section

IV.AJ.

Now let us consider the situation of Section 2.7.4. Recall the commutative square of

grading data of Lemma 2.2.1.14. We have
R:=Cl[[r1,...,m]]
and
S = Ruy, ..., up)

are GT-graded rings, and w € S has degree f(2) € Y. Recall that the Novikov field A is

an R-algebra, via the map

R — A,

T = T
We define
Snov =S Qr A Aluyg, ..., Uy,

with the object
Wpow =W R L E Sy
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Equip S,op with the standard Z-grading (where A is concentrated in degree 0, and each

u; has degree 1). Consider the variety
Nﬁw := {Wnow = 0} C Proj(Spe) X P31
Define the group I';, to be the kernel of the map

and equip ]\7,'}0“ with the action of the character group I'}, acting by multiplying the

coordinates u; by nth roots of unity. We denote

NI, = NZ,/Ts.

ov

We observe that these definitions coincide with those given in the Introduction.

Lemma 2.7.5.2. There is a fully faithful embedding of triangulated categories,

Ho (q1.p; MF®(S,w)) @ A = D’Coh (N},,) .

nov

Proof. First, observe that qa.S is a G arp(n)-graded ring. Furthermore, it is easy to check
that g.. R is concentrated in degree 0, and u; has degree (0,1). This coincides with the
G r(n)-grading of S induced by the standard Z-grading.

There is a fully faithful embedding

qg*MFG?(S,w) — MFCMrm (g,,S,w),

which sends

(K7 6K) — (Q2*K75K)~
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Therefore, there is a fully faithful embedding
P3q2. MFG (S, w) — GrMF(S,w).

Now note that pig..R = R is concentrated in degree 0 € Z, so the morphism R — A
respects the Z-grading, and we obtain a fully faithful embedding of A-linear differential

graded categories

(P32 MFC(S,w)) ®r A = GrMF(S,w) ®g A.

There is a fully faithful embedding of A-linear differential graded categories
GrMF(S,w) @ g A = GrMF(Sy00, Wnow),

which sends

K— K®gpA

on the level of objects (recall that X is by definition a free S-module). By Orlov’s

theorem [58, Theorem 3.11], there is an equivalence of A-linear triangulated categories,

Ho (GIMF (Spop, tnov)) = D*Coh (N,,)

It follows that there is an equivalence of triangulated categories
Ho (GIMF (Spop, Wnev) ™) & DPCoh™ (ﬁ:ov) .
Hence, by the argument above, there is a fully faithful embedding

Ho (p}qe. MFC(S,w)™ ®g A) — D*Coh" (1\730,,) ~ DPCoh(N™ ).
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Now we recall Lemma 2.2.2.14. It shows that there is an isomorphism
Py @2 MFC (S, w)™ = q.piMFE (S, w),

where

[, = ker(qe,x)/im(p1,x).

In this case, an examination of Lemma 2.2.1.14 shows that I',, is indeed the kernel of the
map

given by summing the coordinates, and the I'p,-gradings of morphism spaces correspond

under Orlov’s equivalence. The result follows. O

Corollary 2.7.5.3. There is an equivalence of A-linear triangulated categories,
(ql*%) ®r A & D°Coh (N7,) .

Proof. Tt follows from Lemma 2.7.5.2 that there is a fully faithful embedding of the left-
hand side into the right-hand side. In fact, the embedding is essentially surjective. This
follows from Remark 2.7.5.1, together with (the T'}-equivariant version of) [9, Lemma

5.4], together with (the I'-equivariant version of) Beilinson’s generation result [71]. [

Definition 2.7.5.4. We denote
ﬁnov = CI1*-/I QR A.

It is a full subcategory of g1, F(M", D) ®grA.

Corollary 2.7.5.5. There exists ¢ € C[[r"]], and an equivalence of A-linear triangulated
categories,

W - DYCoh(N™,) = Ho (Tw (Fnon) )
where Tw’ denotes forming the category of twisted complezes.
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Proof. Follows from Corollary 2.7.5.3 and Corollary 2.7.4.3. a

2.8 The full Fukaya category

In this Section, we consider the full Fukaya category F(M™). We explain why there is
an embedding

F(M*, D) ®r A = F(M"),

and prove that the full subcategory
A®r A C F(M™)

(see Definition 2.6.5.9) split-generates, using the criterion of [54]. This allows us to

complete the proof of Theorem 4.

2.8.1 Relating the full and relative Fukaya categories

Let (M,w) be a compact symplectic manifold, satisfying ¢;(M) = 0. The Fukaya cate-
gory F(M) is defined in [54]. It depends on the choice of a bulk class b € H®*"(M; Ay),
and a background class st € H%(M;Z;). We choose both of these to be 0. The ob-
jects of F(M) are (L,b), where L C M is a graded spin Lagrangian submanifold, and
b€ HY(L;A) is a weak bounding cochain. Composition maps are defined by counting

holomorphic disks. F(M) is a Z-graded A, category.

We would like to relate F(M, D) to F(M). First, we observe that there is a canonical

morphism of grading data,
q: G(M,D) — Gg,
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by Remark 2.3.5.7. Thus we can define a Gz-graded (i.e., Z-graded) A, category

q.F (M, D).

F(M, D) is defined over the coefficient ring R = C[[ry,...,7%]]. It is a simple task to

show that the coefficient ring q,R has degree 0 € Z. Therefore, the ring homomorphism

R — A,

d.
Tj r,

respects the Z-grading, because both have degree 0 € Z. This makes A into an R-module,

and means that we can define the Z-graded, A-linear A, category

We remark that, up until this point, we have given a complete definition of the rela-
tive Fukaya category F(M, D) of a Kahler pair (satisfying assumptions as in Definition
2.3.5.1), using explicit domain-dependent perturbations of the holomorphic curve equa-
tion. To define the full Fukaya category F(M) however, we need virtual perturbations

as in [24, 54]. These two categories should be related as follows:

Assumption 2.8.1.1. There is a fully faithful embedding

@.F(M,D)Qr A — F(M)

of Z-graded, A-linear A, categories.

To prove this, we would have to relate the two different perturbation schemes (explicit
domain-dependent perturbations versus perturbations of Kuranishi structures), which

would take us beyond the scope of this paper. So we leave it as an assumption. We do,
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however, provide the following justification:

Remark 2.8.1.2. We observe that there is an obvious map on the level of unobstructed

objects (Lagrangians with u° = 0):

0b(q.F (M, D))unoy — Ob(F(M)),
L — (L,0),

and anchored Lagrangian branes automatically come with a grading (recall that taking
q. of a category involves identifying certain objects; in this case, this exactly means that
we identify all anchored Lagrangian branes which have the same grading). However,
there is no map in the other direction: objects of F(M) may intersect the divisors D.

Suppose now that:

e L is a tuple of exact, transversely-intersecting anchored Lagrangian branes in M \
D;

e p is an associated set of generators (intersection points) of L;

e the moduli space of rigid, boundary-punctured holomorphic disks in M with bound-

ary on L, asymptotic to p, is regular.

We show that a rigid holomorphic disk in this moduli space contributes the same term

to an Ay, structure map p® in F(M, D) ®r A and in F(M). We have
w(u) = —a(po) + Y _ a(p;) + [u- D]
j=1

by Stokes’ theorem, where c(p) denotes the symplectic action of generator p. In partic-

ular, if we define the map

CFrarpyerallo, L1) = CFzyy (Lo, Ln),

p = r®p,
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then the holomorphic disk u contributes the same term £r“® to pu® in both categories.
Note that, in F(M, D), we have (u - D)! choices for the labelling of the marked points
mapping to the divisors D, so this disk in fact contributes (u - D)! identical terms to
1®, each of which is £7“®) /(u - D)! (see the definition in Section 2.5.1). Thus its total

contribution is exactly <),

2.8.2 Split-generation

We recall the subcategory

Anow C quF(M™, D) ®p A

from Definition 2.7.5.4. By abuse of notation, we will identify this category with its
image under the embedding of Assumption 2.8.1.1. Our aim in this section is to prove

that A, split-generates D™ F(M™).

Definition 2.8.2.1. We define the closed-open string map from the (small) quantum
cohomology ring of M (with coefficients in A) to the Hochschild cohomology of F (M),

CO : QH*(M) — HH*(F(M)),

as follows: let o € H7(M;C) be Poincaré dual to a smooth cycle A C M. Let L be a
tuple of objects with associated generators p. We consider the moduli space My(p, A),
whose objects consist of pairs (r,u), where r € Ry(L) and v : S, = M is a smooth map,

such that

e u satisfies the (perturbed) holomorphic curve equation, with Lagrangian boundary

conditions given by the labels L;

e u is asymptotic to the generators p at the boundary punctures;

350



e u(q) € A, where g € S, is the internal marked point.

Then each rigid disk u € My(p, A) contributes a term £r*®p, to

CO(a)(psy---,P1)-

We remark that

e When we say ‘perturbed’ holomorphic curve equation, it really means we must de-
fine a Kuranishi structure on M,(p, A) and introduce virtual perturbations thereof

(see [54]);

e The map CO is a homomorphism of Z-graded A-algebras, where the product on
QH*(M) is quantum cup product *, and the product on HH*(F(M)) is the Yoneda

product, and the Z-gradings are the standard ones.

We now aim to apply the following result, which is due to [54]:

Theorem 8. If (M,w) is a compact 2d-dimensional Calabi-Yau symplectic manifold, £
a full subcategory of F(M) with some finite set of objects, and the map

CO™ ;. QHX (M) — HH>(L)

is mon-zero, then L split-generates F(M).

We consider the subcategory Ane C F(M™) (actually this is not a finite collection of
Lagrangians, because we include all shifts, but it will suffice to choose one representative

of each geometric lift of L™ to M™). We aim to understand the map

cO¥n=2 . QH ™A (M™) - HH*™?) (ﬁnw)
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by first understanding the degree-2 part of the map, CO?, then using the fact that CO is
a A-algebra homomorphism. It is expected that the image of the class of the symplectic

form,

CO(lw) € HH*(F(M)),

should be the class corresponding to the deformation of F(M) given by scaling the
Novikov parameter r. In fact, in our relative setting, we can make a statement with a

cleaner proof:

Lemma 2.8.2.2. Let (M, D) be a Kdhler pair. Consider the full subcategory
q.F(M,D)®r A C F(M)

of Assumption 2.8.1.1. Then CO([w]) is the image of the class

1 (rj%) ®1€ HH*(F(M,D))®g A

in HH*(F(M, D) ®g A), for any j.

To clarify: u* € CC*(F(M, D)) is the A, structure map, and

O ¢ cor(F(M, D))

7‘4_—
J
67‘j

is a Hochschild cochain, as can be seen by applying r;0/0r; to the A, associativity
equation p* o pu* = 0. Thus, it defines a class in HH*(F(M, D), and we consider the

image of this class under the map

HH*(F(M, D)) ®g A — HH*(F(M, D) ®r A).

Proof. Given Lagrangian branes L with associated generators p, each rigid holomorphic
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disk u with boundary on L, asymptotic to p, contributes a term

v D rZ'D’“
to the coefficient of pg in p*(ps,...,p1), and hence a term

+(u- D;)rPr. D
to the corresponding coefficient of r;0u®/0r;, and hence a term
+(u - Dy)re®
to the corresponding coefficient of (r;0u®/0r;) ®r 1 (see Remark 2.8.1.2).

On the other hand, recall that D; is Poincaré dual to d;w by definition of a Kahler
pair. So, by definition of the map CO, each such holomorphic disk u together with an
internal marked point ¢ mapping to D;, contributes a term +7¢() to the corresponding
coefficient of CO(d;w). There are u - D; choices for the internal marked point ¢, so the

total contribution of each such holomorphic disk w is (u - D;)r*®,

Therefore,

a *
CO(djw) = (r@g—_) ®r 1
J

as required. O

Remark 2.8.2.3. Again, Lemma 2.8.2.2 should perhaps be thought of as an assumption,

for the same reason that we make Assumption 2.8.1.1.

Proposition 2.8.2.4. Let M™ be the Calabi- Yau Fermat hypersurface of Example 2.3.5.2,
and recall the full subcategory Aoy C F(M™). The map

Cog(n_z) . QHZ(n—2)(Mn) - HH2(n—2) (ﬁnw)
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1S NON-2ero.

Proof. We recall from Lemma 2.2.5.18 that there is an action of I on HH *(ﬁnav), and

the T*-invariant part is

P

HHg, () " = Ao}/
as a Z-graded A-algebra, where o has degree 2.

It follows from Lemma 2.8.2.2 and Lemma 2.2.5.19 that the image of CO([w]) under

this isomorphism is g - «, for some invertible ¢ € A*. Therefore, because CO is a A-

algebra homomorphism, the image of CO([w]"~?) under this isomorphism is g"~2a*~?

’

which does not vanish in A[e]/a™!. Because it has degree 2(n — 2), this completes the

proof. O

Corollary 2.8.2.5. The full subcategory
Aoy C F(M™)
split-generates the Fukaya category.

Proof. Follows from Proposition 2.8.2.4 and Theorem 8. O

Theorem 4 now follows from Corollary 2.7.5.5, Assumption 2.8.1.1, and Corollary
2.8.2.5.
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Appendix A

Signs

This Appendix contains the proof of the following, due to [34]:

Proposition A.0.2.6. (Proposition 1.8.4.2) Let X = (X,w,n) be an ezact symplectic
manifold with boundary with symplectic form w, and complex volume form n. Define

X := (X, —w, ). Then there is a quasi-isomorphism of A-categories
G : Fuk(X)? — Fuk(X)

(where the opposite category of an A category was defined in Definition 1.8.4.1).

Proof. We assume the conventions and notation of [11, Sections 8-11] - in particular, the
concepts of Lagrangian branes, determinant lines and perturbation data are used with

minimal explanation.

Recall that, to define the Fukaya category Fuk(X) as in {11], one must make a choice
of universal perturbation data (essentially, a consistent choice of domain-dependent
Hamiltonian perturbations and almost-complex structures). Having made such a choice

for X, it is clear that we obtain a ‘conjugate’ choice of universal perturbation data
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for X°P by reversing the sign of all almost-complex structures (because if w and J are
compatible then —w and —J are compatible). We will show that there is a strict iso-
morphism of A, categories from Fuk(X )%, defined with the given perturbation data,
to Fuk(X°P), defined using the conjugate perturbation data. The result then follows
from the independence of the Fukaya category of the choice of perturbation data, up to

quasi-isomorphism.

On the level of objects, a Lagrangian brane L# = (L,a#, P#) (where L is a La-
grangian in X, o a grading of L, and P# a Pin structure on L) gets sent to the brane
G(L#) = (L,—a™*, P*). Suppose we have a morphism

T € hom]:uk(x’w)op(LfE, L;ﬁ) = hom;uk(x,w)(Lf, L#)

We send it to the morphism & = G(z) corresponding to the same intersection point as
in

hom ruk(x,—w) (G (LY ), G(LF)).

We must also define an isomorphism of the orientation lines o, = 0z.

Recall the notion of an orientation operator for a morphism y € L; N Ly in the
Fukaya category: choose a path in the space Gr#(7,X) of abstract Lagrangian branes
at y, A: [0,1] = Gr#*(T,X) from (L}), to (L¥), (i.e., a path in the ordinary Lagrangian
Grassmannian Gr(7,X) that is compatible with the grading and Pin structures). Define
a Cauchy-Riemann operator D, on the complex vector bundle H x (T, X, J) over the
upper half plane H, with boundary values specified by A(s) along the real axis. D, is

called an orientation operator for y, and there is a canonical isomorphism

0y = det(Dy).

In our case, we choose the path A(s) from (L¥), to (L¥), and the orientation operator
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D, is on H x (T, X, J) with boundary conditions given by A(s). It is not hard to see that
the reverse path A(1—s) runs from (G(L¥))z to (G(L¥))s and gives boundary conditions
for the orientation operator Dz on the complex vector bundle H x (T X, —J). Our two
orientation operators are isomorphic, via reflection about the imaginary axis in H. We

define our isomorphism of orientation lines to be the composition of isomorphisms

or 2 det(D,) = det(D;) = 0;.

Now we must check that the composition maps u* agree. This amounts to proving

that
G () (@hy - 21)) = (=1) pix —ay (G(21), -+, G2k)) -

where * is the sign given in the statement of the Proposition. We prove this equality
by showing that the holomorphic disks contributing to each product are in bijective

correspondence.

Suppose we are given a disk S = D?\ {k + 1 boundary points}, equipped with a
choice of strip-like ends, a map u : S — X satisfying the perturbed J-holomorphic
curve equation (according to our perturbation data for X), sending the jth boundary
component to the Lagrangian L7, contributing a term zo to the product on the left hand
side. Then the disk S (S with the conjugate complex structure), equipped with the same
map u : S = X, satisfies the perturbed (—J)-holomorphic curve equation (according to
the conjugate perturbation data for X°7), and contributes to the product on the right
hand side. We define the conjugate boundary lift of any boundary component C' with
label L™ (see Section 1.3.1) by @¢ = a o U¢, where a : S* — S™ is the antipodal map

(recall that 7o L™ = L™ o a so this is a valid boundary lift).

We just need to show that these disks contribute with the appropriate relative sign.

We recall, briefly, how signs are calculated: The linearized J-holomorphic curve equation
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along u yields a linearized operator
Dg, : WHP(S,w*'TX,u*TL) — LP(S, Q%' ® w*'TX)

whose kernel is isomorphic to the tangent space at, u of the space of J-holomorphic curves

v: S — X with the same boundary conditions as u.

When defining the Fukaya category, we are concerned with families of J-holomorphic
curves whose modulus can vary. Let S¥*! — R¥*1 denote the universal family of disks
with k+1 boundary marked points, and suppose that the modulus of S is 7 € R. Then we
can also define an extended linearized operator (again by linearizing the J-holomorphic

curve equation)
Ds o : TR x WY (S, w*TX,w*'TLY) — LP(S, Q%' @ u*TX).

The kernel of D ,.,, is isomorphic to the tangent space at u of the space of J-holomorphic
curves with the same boundary conditions as u, and possibly varying modulus of the
domain. One says that u is regular if this operator is surjective, and rigid if it is regular

and has index 0. Observe that there is a canonical isomorphism
det(Ds ) =2 A*P(T,R¥*1) @ det(Ds,y,)

(obtained by deforming Dg,., to 0@ Dg, through Fredholm operators).

The structure coefficients of the A, maps u* are defined to be counts of rigid curves,

so we assume that u is rigid and therefore there is a canonical isomorphism
det(DS,m) = R.

We choose an orientation of the moduli space R**! by fixing the first three boundary

points and taking the induced orientation from the coordinates of the remaining ones.
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This defines an isomorphism

AP(TRM) =R,

and hence an isomorphism

det(DS,u) =~ R.

One now chooses orientation operators D, for each 1 < j < k. One then glues the
orientation operators Dy,,...,D,,, in that order, to the operator Dg, to obtain an

orientation operator D, for zo. This gives a canonical isomorphism
0z, = det(Dy,) = det(Dgy) @ det(Dg, ) ® ... @ det(Dy,) 2 0,, @ ... ® 0g,.
This, together with an auxiliary sign
i(xy) + 2i(z2) + . .. + ki(zk)

(necessary to realize the correct signs in the A, associativity equation, see [11, Equa-

tion (12.24)]) defines the sign with which u contributes a term z, to the product

lu’k(l‘kv s vxl)'

We need to explain how this sign changes under G. The determination of the sign
with which the conjugate disk contributes is almost completely isomorphic, except for

the following three changes:

e Complex conjugation of the domain of u acts on our chosen orientation of the space

RE+! with a sign
Kk — 1)

1
+ 5

e We glue the orientation operators D,,,...,D;, to Dg, in that order, whereas
for the complex conjugate our convention demands that we glue the orientation

operators Dg(y,), .., Dg(z;) to Dg, in that order. This difference in ordering

359



results in a Koszul sign difference

> ileg)i(a)

1<j<i
between the corresponding isomorphisms

0zy —  det(Dgy) ® 0z, ® ... 04

| l

0g(z0) — det(Dgy) ® 0g(z1) @ - - - 0G(ay)3

e The auxiliary signs differ by

i(21)+2i(22)+. . ki) —i(zr) =20 (2p—1) = . .~ ki(x1) = (k+1)(i(z1)+

Combining these three sign differences gives the desired result.
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Appendix B

Strict group actions on Fukaya

categories

This section is based on the argument of [9, Section 8b]. Suppose that we have a finite
group I', which acts on a Kahler pair (M, D), permuting the divisors D, and preserving
the Liouville one-form a. We consider the relative Fukaya category F(M, D) defined
in Section 2.5.1. There is an obvious action of I on the objects of the relative Fukaya
category. We would like to say that this action extends to an action on the relative

Fukaya category, in a suitable sense.

Recall the notion of a strictly I'-equivariant A, structure from Definition 2.2.4.14.
Naively, one might try to argue that I" acts on the moduli spaces of pseudoholomorphic
disks used to define the structure maps of the Fukaya category, and hence the structure
maps are strictly ['-equivariant. However, this does not work: for I" to act on the moduli
spaces of pseudoholomorphic disks, we would have to make a I'-equivariant choice of
perturbation data, which would destroy our chances of achieving transversality. Instead,

we have the following:

Proposition B.0.2.7. In the situation described above, there is a fully faithful embedding
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of F(M, D) into a strictly T'-equivariant A, category. The order-0 part of this embedding
is a quasi-equivalence, and respects the action of I' on objects, in the sense that F(vy- L)

is quasi-isomorphic to vy - F\(L).

Proof. We consider a category F (M, D) with objects (v, L), where L is an object of
F(M,D) and vy € . Think of (v, L) as representing the object v - L of F(M, D), but

we now have |I'| copies of each object.

We define an action of " on these objects, via

Y (v2, L) = (v 72, L).

Now for each pair of objects ((1, Lo), (y, L1)) of F(M, D), we choose a regular Floer
datum for the objects (Lo,7 - L1) of F(M, D). We then define Floer data for pairs of
objects ((7o, Lo), (71, L1)) by acting with -, on the Floer data for ((1, Lo), (75" - 1, L1))-

We thus define morphism spaces

CF*((v0, Lo), (71, L1))

for all pairs of objects. We define the Floer differential uj as before, and note that it is

now strictly I'-equivariant.

Now for each tuple of objects L := ((1, Lo), (71, L1), ..., (7, Lx)), with associated
generators y, we choose regular, consistent perturbation data on the moduli spaces
R(p,£). We then define perturbation data for tuples L = ((7o, Lo), - - -, (7, L)) by act-
ing with 7o on the perturbation data chosen for ((1, Lo), (%o "+ Y1, L1)s - - (%5 "+ Yi» L))
This allows us to define the rest of the Floer products u*. Note that they are strictly

I'-equivariant.

Observe now that the full subcategory with objects (1, L) is equivalent to F(M, D)
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(making the corresponding choice of perturbation data). Thus, we have an inclusion of
F(M,D) as a full subcategory of F (M, D). Furthermore, if we restrict to the affine
Fukaya category, then this inclusion is a quasi-equivalence, because each object (v, L)
is quasi-isomorphic to the element (1, - L) of the subcategory. This concludes the

proof. |
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