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Inverse estimation of terminal connections in
the cardiac conduction system

Fernando Barber ? *, Miguel Lozano ?, Ignacio Garcia-Fernandez 2,
Rafael Sebastian ?

Modeling the cardiac conduction system is a challenging problem in the context of computational cardiac electrophysiology.
Its ventricular section, the Purkinje system, is responsible for triggering tissue electrical activation at discrete terminal
locations, which subsequently spreads throughout the ventricles. In this paper we present an algorithm that is capable of
estimating the location of the Purkinje system triggering points from a set of random measurements on tissue. We present
the properties and the performance of the algorithm under controlled synthetic scenarios. Results show that the method is
capable of locating most of the triggering points in scenarios with a fair ratio between terminals and measurements. When
the ratio is low, the method can locate the terminals with major impact in the overall activation map. Mean absolute errors
obtained indicate that solutions provided by the algorithm are useful to accurately simulate a complete patient ventricular
activation map.
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1. Introduction

Computational modelling of the heart aims at helping to understand the complex structure and function of the heart in health
and disease. The construction of realistic computational cardiac models that can be personalized to a patient is challenging and
requires the fusion of disparate medical and biological data [1, 2]. On the one hand, clinical images from computed tomography
(CT) or magnetic resonance imaging (MRI) can be acquired and segmented to build patient-specific 3D heart geometries. Those
segmented hearts would be meshed to create a fine computational domain in which finite element methods can be applied. On
the other hand, to model heart function ex-vivo measurements from cell and tissue samples are needed to feed models, which
are commonly represented by sets of differential equations that describe its coupled nonlinear behaviour. However, the heart is
highly complex and inhomogeneous, and not all the cardiac structures and tissue properties can be personalized due to imaging
resolution limits. Among these structures it is the cardiac conduction system (CCS) or Purkinje tree (in the ventricles), which is
responsible for the synchronized activation of the cardiac muscle that triggers the heart contraction. In a healthy human heart,
the CCS functions as a 'highway' placed in the inner cardiac surface, where the electrical signals travel fast up to the Purkinje-
myocardial junctions (PMJs). At each PMJ the impulse enters the 'working' contractile myocardium, which slowly propagates

the electrical signal as a wavefront activating the heart tissue. Once a given cell has been activated, it cannot be activated again
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during a certain period (refractory period) by a second electrical wavefront. As a result, not all PMJs are effective, in the sense
that some might try to trigger cardiac tissue that has been already activated. Therefore, they have no practical effect, or their
contribution is masked by other surrounding PMJs.

The structure of the Purkinje tree and the location of the PMJs cannot be directly segmented from any in-vivo imaging
technique. This fact has led researchers to the construction of generic population-based computational models of the CCS in
the ventricles [3, 4]. Ex-vivo images has also been used to build reference models [5, 6]. The reader is referred to [4] for a review
on different techniques commonly used to build computer models of the CCS. Recently, some techniques have been developed
to infer the location of PMJs and structure of a Purkinje tree from electro-anatomical maps (EAMs) acquired in-vivo in the
clinic [7, 8, 9] during radio frequency ablation (RFA) interventions. In an EAM procedure, the local activation time (LAT) at
different tissue locations can be measured using catheters on the inner surface of the ventricles. EAMs are one of the few in
vivo clinical sources of information that can be directly used to obtain the electrical function of the heart.

In the works by [8] and [9], a mathematical method to optimize positions of randomly placed PMJs is presented that reduces
simulated activation errors given a precomputed generic Purkinje tree structure. In [7], the location of PMJs is determined
from singularity points on highly dense activation maps obtained from simulations. None of those techniques try to estimate
the real location of PMJs, but a distribution of them that is coherent with tissue global activation sequences. Estimating the
real location of heart electrical triggers, i.e. PMJs or ectopic foci in pathological tissue, is highly relevant for both constructing
realistic models of the heart and providing substrate data to planning interventions. For instance the CCS is known to interact
retrogradely with the electrical impulse triggered by pacing leads of cardiac resynchronization therapy devices [10, 11]. In addition,
it is still unknown how ablation lines carried out in ventricular tissue to interrupt ventricular tachycardia can affect CCS and in
particular PMJs, and therefore a better knowledge in their localization might help in planning interventions.

Our goal is to perform an inverse estimation of the location and activation time of PMJs on the inner surface of the heart,
given a set of randomly distributed measurements, similar to those obtained in EAMs. In this work, we present an estimation
method, and evaluate it on several synthetic scenarios. To represent the complex Purkinje network patterns described in the
literature [12], we build synthetic tree structures recursively. Basically, we create two perpendicular child branches at the end
of each branch with decreasing length and locating the PMJs at the leaf nodes of the tree. We build several scenarios by
constructing Purkinje trees with an increasing number of branches and PMJ density, to assess the potential of the algorithm to

estimate PMJs. The estimation of the underlying Purkinje system branching structure is out of the scope of this study.

2. PMJ estimation method

To test the methodology we take the following assumptions: the cardiac tissue is represented by a 2D, euclidean domain, Q C R?;
the signal propagation is considered isotropic, and the propagation velocity is constant. According to the previous description of
a Purkinje tree, we assume that the signal enters cardiac tissue through a set S of n PMJs, with locations sy € Q, k=1, ..., n.
The activation time of PMJ k will be denoted as 7, € R.

Given a point x € €, its local activation time (from now on LAT) will be the earliest arrival time of the signal from the source

nodes, i.e. PMJs, and is given by
o lIx — s«ll
t(x) = min (‘rk +— , (1)

where v is the propagation velocity of the signal through the cardiac tissue. Figure 1 (a) shows a simple scenario with two PMJs
represented with solid circles, and several points with measurements (LATS) represented with crosses. Three of the measurement
points displayed with LATs tj1, ti» and tj3, were activated by the same PMJ (indicated with arrows).

Since the Purkinje tree cannot be observed, PMJs will be considered as unknown, both in their number and location. Our
goal is to estimate the location of the set of effective PMJs that produces the observed measurements, which are the activation

times at m given locations. Thus, we state our problem as
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Figure 1. The relationship between PMJs and measurement points. Spatial representation in a 2D plane with spatial location of PMJs and measurement points
(left) and a space-time representation (right). If a location is activated by a certain PMJ, s;, then its space-time coordinates (p;, t;) belong to a cone with
vertex in the PMJ and with slope defined by the propagation velocity.

Problem 2.1 (PMJ estimation) Given a set P of tuples (pi,t)) € Q xR,/ =1,...,m, where t; is the known activation time
at py, find a set F of estimated PMJs and associated activation times (8;, %), i =1,...,r, that minimises the error function
1 m
E=—= —1)?
p- > (1) (2)
=1
where 1) is the estimated activation time defined by (1), for x = p; and the min function ranging in (8;, %), i=1,...,r.

This problem admits a trivial solution consisting on taking F = P. If we apply a general unconstrained optimization method
using (2) as cost function we shall find that many of the estimated points are located at positions belonging to P. Moreover,
the existence of this alternative solution shows that the problem is not convex, since it has several local minima. Thus we need
a method to build F that avoids this solution.

Let us consider a PMJ with spatial coordinates s € 2 and activation time 7. And let us consider a point p that is activated

by the propagation of the signal from s. The activation time t of point p must meet the equation
lp—sl=v(t—7). (3)

Equation (3) defines the positive half of a cone (see Figure 1, right, for a two dimensional representation of this idea) with
its vertex in (s, T); thus, for any point activated by s, the point (p, t) € R® belongs to that cone. Given three points activated
by the same PMJ, if a cone can be found in R® containing their coordinates in the form (p, t;), then PMJ coordinates (s, T)
must be located at the cone’s vertex. Moreover, since the activation of the point p is the result of a signal propagation, then its
activation time t will always be greater than the activation of the PMJ that caused it, 7 < t (it would be equal only if p =s).

To construct a set of candidate PMJs, we are going to use these properties. As a first step in our method we build a Delaunay
triangulation for the set of measured points, considering their spatial coordinates. Such a triangulation is the construction of
an irregular mesh that takes the points as vertexes and in which all the faces are triangles [13]. Figure 2 shows the Delaunay
triangulations for the smallest and largest sizes of P, considered in our experiments.

Let's call

T = {{ki, k2, ks} : The triangle formed by px,, P, Pk, belongs to the Delaunay triangulation.},
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Figure 2. Two different measurement point sets, P, and their corresponding Delaunay triangulations. (Left: |P| = 100, right: |P| = 1000).

Algorithm 1 PMJs estimation

1: Input — P {Set of measurement points with activation time}

2: F « (0 {PMJs}

3: T < delaunay(P) {Build a Delaunay triangle mesh}

4: for all tri € T do

5. fi < find_source(tri) {The solver finds out a local solution from the triangle tri }
6: if is_valid(f;) then

7: F +— FUf;

8. endif

9: end for

10: Output < F {Set of estimated PMJs }

given a triangle i = {i1, o, i3} € T, formed by the measurement points, p;,, p;, and p;;, with activation times, t;, t, and t;, we
look for a solution f; = (5, 7/) € R® of the system of nonlinear equations

Py, —8ill — v(ti, — ;) =0,
P, —8ill — v(t, — ;) =0,
”pla - §I” - V(tl3 - FT_/) =0. (4)

Moreover, since a valid PMJ will have an activation time earlier than the LAT of the three measurements points that generate
it, namely
<t j=123, (5)

the solution we find must meet this constraint.

2.1. Algorithm description

To extract a set F containing valid PMJs belonging to the hidden tree, we have designed Algorithm 1. For each triangle i included
in the Delaunay triangulation 7 we look for a valid tentative PMJ, f;. This step, corresponding to line 5 in the algorithm, consists
of the solution of the system (4). By means of a change in the reference system, and a transformation to polar coordinates, this
system can be solved analytically.

The previous step can lead to a false PMJ. This will happen when three points that form a triangle in the Delaunay triangulation
were not activated by the same real PMJ. Under this situation, a candidate point f; assumes that the three points were activated

from a single source, while they were actually activated by two or three sources. To reduce the number of spurious PMJs, f;
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needs to be validated. The validation function, called in line 6 of the algorithm, checks four conditions and only accepts the
candidate PMJ if all of them are met.

The first condition checked is the verification that the candidate PMJ is consistent with the three measurement points that
have generated it by verifying the conditions (5). The second condition checked is whether the estimated PMJ is inside the
Delaunay triangulation 7, otherwise it is considered to be outside the domain of the problem and is disregarded. The third
condition requires that the estimated PMJ is compatible with the backward eikonal problem associated to the triangle where
the estimated PMJ is located in. This criterion has already been used by other authors [9] and states that a measurement point
cannot activate later than the traveling wavefront produced by the closest PMJ. Thus, we request that the vertexes of triangle

k containing f; = (§;, 7) meet the condition

$i — Pk
te < 18 kaH
v

G =

+7+e j=1,...,3 (6)

where € is a tolerance parameter that accounts for possible numerical errors.
The last condition requires to find a new measurement point satisfying equation (4). Therefore, the total number of points

required to validate a PMJ candidate is 4 (3 points from the Delaunay triangle and an extra one).

2.2. Discussion of the method

The proposed method takes as an input a set of measurement points in Q with their associated activation times. The detection
of a given PMJ, s; € S, depends on the fact that at least one triangle of T is contained in the region

V(si) ={xeQ:|lsi—x||+ vri <|lsk — x|| + vTx, ¥(sk,Tk) € S}, (7)
which is the additively weighted Voronoi region associated to s; [13]. For the sake of brevity we shall denote it by V;. In the
absence of further assumptions about the data acquisition procedure, we will consider that the spatial locations of measurement
points are a random sample of a uniform distribution on Q. As a consequence, the probability that a point lies on a given region is
proportional to its area. The question that arises is whether the probability of not detecting a given PMJ can be made arbitrarily
small by increasing the number of measurement points.

Let s; be a PMJ with activation time ;. The area of V; depends on the relative position and activation time of s; respect to
the other PMJs. If there exists some s; with 7; < 7; such that ||s; — s;|| < 7; — 7;, then the signal from s; will arrive in s; before
it activates. As a consequence, V(s;) = () and no tissue will be activated from s;, making it undetectable. A similar condition
appears when there exists some PMJ s;, with 7; < 7;, such that ||s; — s;|| = 7; — 7;. In this case, the region activated by s; is
a line segment that starts at s; and it spans in the opposite direction from s;. Since the Voronoi region of s; has, in this case,
null measure, it is undetectable by our method. Anyway, this PMJ is indistinguishable from s; and, it has no effect on tissue
activation (if we remove it, the activation time at any location does not change due to s;).

These layouts are not relevant to our goal, since the activation map is not affected at all by PMJs that fulfill any of these
conditions. They are not effective, in the sense that they do not change the activation time at any location of the heart tissue.
In what remains, we will call effective PMJ to any signal source point that is not in any of the two cases described above. That
is, a PMJ with location s; and activation time 7; is said to be effective if there is no other PMJ, s; with 7; < 7;, such that
Isi — sj|| < 7i — 7;. In this work we focus only on the estimation of effective PMJs.

Let s; be an effective PMJ. For s; not to be detected, it is necessary that there is no triangle of the Voronoi triangulation V
with its three vertexes in V. This would happen either if there is less than three measurement points in v; or if, having three or
more points in V;, they would not form a triangle in V.

Let us first consider the probability that no three points fall in V;. Let A; be the area of V; and A the area of the whole problem
domain €2, the probability that a single point is in V; will be p; = A;/A. If a set P C 2 with m > 3 random points is generated, we
can consider the random variable X; = |{(p,t) € P : p € V;}

, where | - | denotes cardinal, which follows a Binomial distribution

Xi ~ B(m, p;). The probability that less than 3 points are in V; is, then,

P(XI S 2) = (1 - p/)m + P/(l - p/)m_1 + piQ(l - pl)m_Zr (8)
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Figure 3. A situation with a Voronoi region, V;, containing three measurement points, p}, p5 and pj, which do not form a triangle of the Delaunay triangulation.

which tends to 0 as m — oo.

Next, we focus in the case when we have three or more points inside V; and they do not form a triangle in V. An example of
a set of measurement points that leads to this situation with three points is shown in Figure 3. Let pi, pb, ... , P, be a set of
k > 3 measurement points which are inside V; but do not generate any triangle in V, and let H be the area of the convex hull
formed by them. If any new measurement point is added which is contained in H, then the new set of points in V; will form two
or more new triangles in V [13]. Since H is nonzero with probability 1, following the previous reasoning, we can see that the
probability of this not happening tends to 0 as m grows.

From previous analysis, it is derived that the probability of not detecting a given PMJ tends to zero if we are capable of
increasing the number of measurement points. An additional property that arises from this discussion is that, the bigger the
area a given PMJ activates, the higher the probability of being detected by the algorithm. Since in many clinical situations the
interest is in knowing the origin of the activation of a given tissue region, this indicates that our method will detect the most
relevant PMJs first with higher probability.

Another possible source of error in the algorithm is the estimation of a PMJ that actually is not in S. This can happen if
we estimate a PMJ from a triangle with vertexes belonging to different Voronoi regions. However, as discussed in Section 2.1,

before a tentative PMJ is accepted several validations tests are performed, which reduce the number of spurious estimations.

3. Performance Evaluation

To evaluate our approach, we have generated several scenarios consisting of a simulated Purkinje tree structure along with a
set of measurement points uniformly distributed. In this section we describe the experimental methodology used and discuss
the results. We provide several performance measurements for our method, together with a comparison with the methodology
proposed by Cardenes et al. [7].

3.1. Methodology

The test trees representing the cardiac conduction system are built procedurally. We use a recursive algorithm that, at every
level, creates two new branches at the end of each branch that was built in the previous level. Every new branch is perpendicular
to the parent branch. The leaf nodes of the tree are the PMJs, which represent sources of electrical signal in the myocardium.
The density of PMJs is indirectly controlled by the depth of the branch recursion. Branch lengths are generated following a
normal distribution with parameters obtained from [4]. Figure 4 shows two examples of trees used in our experiments.

We generate two types of scenarios: i) trees with a single main branch, and ii) trees with three main branches connected as
depicted in Figure 4. For each scenario type, we consider 3 different recursion depths for generating tree subbranches: depth 2,

depth 4 and depth 6. We will label every configuration with letter B followed by the number of branches plus letter D followed

E Copyright (© 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 00 1-12
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Figure 4. Example of generated trees. A) 1 main branch with depth 6 (B1D6), B) 3 main branches with depth 2 (B3D2)

by the depth used to generate it. E.g., a tree with 3 branches and depth 4 will be named B3D4. Figure 4 (A) shows a tree with
one branch and recursion depth of 6 (B1D6). Figure 4 (B) shows a tree with three branches and a recursion depth of 2 (B3D2).

Given a simulated Purkinje tree, we firstly place a set of measurement points in the domain, uniformly distributed, with a
number of points varying from 100 to 1000 in steps of 100. Secondly, the LAT at each measurement point is computed, by
propagating the electrical signal along the tree. This propagation is done first from the tree root up to the PMJs and then
from the PMJs to each sensor through the shortest path, using Equation (1). The signal propagates within the tree around
three times faster than on the myocardial tissue domain. The experimental process can be summarized as follows: i) Generate
an artificial tree with a set of PMJs as source points, S; ii) Generate a set P of measurement points uniformly distributed;
iii) Propagate the signal from S to P and set the corresponding activation times for every point in P; iv) Run the algorithm
proposed in Section 2.1 and obtain an estimation F; v) Compare the solution S with the estimation F and evaluate its quality.

In Figure 5, the results of the algorithm can be observed for two dense scenarios (B3D4 and B3D6), with two different
measurement points densities. In the figure, measurement points are represented by crosses. The blue dots represent the PMJs
that have been found, while the red dots represent PMJs that have not been found in the solution by our algorithm. The set of
all measurement points which are activated by a common PMJs is represented by a polygon enclosing them.

To evaluate these results we consider two approaches. First, we compare the generated PMJs S (considered as the true
unknown cardiac conduction system) and the estimation F provided by our algorithm. This will give us information about the
ability of the algorithm to find the actual PMJs in the simulated scenarios. This quality measurement is only available because we
have the actual (generated) PMJs of the CCS. When the method is applied to clinical data, real PMJs will not be available for
comparison. Then, as a second error measure we compare the activation map generated by F to the activation times measured
in the locations of P. Following previous works [8, 9], we use the maximum absolute error and the mean absolute error.

To be able to understand the quality of the results, it is important to define what is an acceptable error in our problem. The
physiological signal propagation process that motivates this work starts when the electrical signal enters the CCS and ends when
the whole cardiac tissue has been activated. In our synthetic cardiac tissue, this process cannot last more than 134ms, which
corresponds to the diameter of the domain divided by the propagation velocity of the signal in the tissue. It is also important to

know that in the literature an error below 5ms is considered a highly accurate LAT [14, 15].
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Figure 5. Solutions provided for scenario B3D4 (top) and B3D6 (bottom) with (a,c) 500 measurement points and (b,d) 1000 measurement points.

3.2. Results and discussion

The results of the simulation study, including all the scenarios, are summarized in Figure 6. The number of sources, i.e. PMJs,
estimated for the scenario with a single main branch is displayed in Figure 6 (a,c,e), while Figure 6 (b,d,f) shows the PMJs
estimated using three main branches. Every row represents a different recursion depth, for depths 2, 4 and 6. Each plot shows
the number of PMJs in the scenario (F_REAL), the number of PMJs that can be truly estimated (F_DET) or effective sources,
the total number of PMJs estimated by the algorithm (F_EST) and finally, the number of PMJs correctly estimated (F_OK).

In Figure 6, there is a small difference between the values of the estimated (F_EST) and correctly estimated (F-OK) number of
PMJs which indicates that some false positives are obtained (estimated PMJs in F that were not in §). In configurations where
measurement points are not activated by the same PMJ, but produce a feasible candidate we obtained false positives. Although
several validation tests are performed during the algorithm, as discussed in Section 2, the results show that the validation function
does not detect all of them. In scenarios B1D2, B1D4 and B3D2 the algorithm obtains nearly all PMJs when it has enough
measurement points. However, when the density of PMJs increases the problem becomes more complex, since these points tend
to be clustered, as Figure 5 shows.

Figure 7 (a) shows the number of PMJs estimated versus the number of real PMJs for a fixed number of 1000 measurement
points. Notice that each point in the plot corresponds to one scenario (B1D2, B3D2, B1D4, B3D4, B1D6 and B3D6) with it
corresponding number of PMJs. In the first four scenarios, the number of estimated PMJs increases with the total number of

PMJs. However, this does not occur in the last two scenarios (B1D6, B3D6) where the number of found PMJs decreases. This
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Figure 6. Results for (a,c,e) a single main branch, and (b,d,f) for three main branches. Every row corresponds to a different recursion depth. The used recursion
depths are (from top to bottom) 2, 4 and 6. The results are averaged for the different instances of each scenario, and plotted with its standard deviation.
Figures are not at the same scale, since the number of PMJs varies for the different scenarios. See the text for details on the figure contents.

behaviour is also amplified because we have set a fixed number of measurement points. As a consequence, the ratio between

measurement points and PMJs decreases, making it more difficult to build a complete estimate.

Despite these apparent limitations, Figure 7 (b) shows how the mean of the absolute error associated to each scenario

decreases rapidly with the measurement points and from 500 measurement points and on, it stays below 2ms for all scenarios.
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Figure 7. (a) Number of PMJs detected with respect to the total number of PMJs with 1000 measurement points. (b) The mean of the absolute error (in
milliseconds) for the different scenarios considered.
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Figure 8. Estimation results for scenarios B1D2 (a) and B3D6 (b) using the gradient method.

This behavior of the error reveals that the correctly estimated PMJs are the most significant ones. As can be seen in Figure 5,
the PMJs which are properly detected are close to the border of the region occupied by the tree, while the inner PMJs are those
missed by the algorithm. The signal emitted by these inner points is quickly masked by the points at the border of the tree
and they are mainly non-effective PMJs. From these results, we conclude that our algorithm is capable of finding most of the
effective nodes of the Purkinje system.

To compare our method with previous approaches, we have implemented the method described in [7] based on the gradient
of the activation time considered as a differentiable function of the location. In Figure 8 we present the two extreme scenarios,
B1D2 and B3D6, solved with this method, in Figure 9 (a) we show the total number of estimated PMJs and the number
of correctly estimated PMJs and in Figure 9 (b) we can see the mean of the absolute error for the different scenarios. It is
remarkable that in the simplest scenario, B1D2, the method performs poorly, many PMJs are detected but only few are correct,
producing a high absolute error. Nevertheless, with the most complex scenario, B3D6, the number of correctly estimated PMJs
is similar to that obtained with our method.

In summary, our method has shown a higher accuracy at estimating PMJs and it performs well with low and high densities
of PMJs. On the other hand, the gradient method has obtained lower errors for scenarios with high densities of PMJs and low

density of measurement points.
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Figure 9. Results for the gradient method: (a) Number of PMJs detected with respect to the total number of PMJs with 1000 measurement points. (b) The
mean of the absolute error (in milliseconds) for the different scenarios considered.

4. Conclusions

We have presented a novel methodology to estimate, from electro-anatomical maps, the location and activation time of the
sources of electrical activation, known as PMJs, in a simplified model of cardiac tissue. Therefore, using the location and the
corresponding activation times of these estimated PMJs, we can obtain the activation map required (simulating a diffusion from
these PMJs to the tissue considered).

The following conclusions can be dragged from the numerical results shown in the previous section . The proposed method
can detect any PMJ if enough measurement points are available, that is, when the scenario has an appropriate ratio between
the number of PMJs and samples acquired. We have observed that in most scenarios, in order to detect all PMJs, we will need
to sample, at least, with a density three times higher than the highest density of PMJs. When clustered PMJs appear, many
of them are virtually impossible to be detected with the current setup. However, in those scenarios the method still shows a
good performance, since many clustered PMJs are non-effective or have a very local impact in the overall activation map. This
is confirmed by the mean absolute errors obtained when using estimated PMJs, which are low in all the scenarios (including
clustered) for EAMs with more than 600 samples acquired. With low density EAMs (< 250 samples) the method might perform
poorly in dense PMJ scenarios. Compared to previous methods [7], our method outperforms in all scenarios tested when the
number of measurement points is greater than 250.

The method presented does not address the recovery of the Purkinje tree structure, and therefore it cannot be used in
pathological scenarios in which PMJs are activated retrogradely, i.e. from tissue to the Purkinje tree. However, results of our
algorithm can be used as an input to Purkinje tree estimation methods.

The next step will be to take into account the anisotropic properties of the underlying tissue where the PMJs are placed,
and the Purkinje tree structure. Other main future research directions are: to build a robust version of the algorithm, capable of

estimating the PMJs from noisy LAT data, and to extend the domain to arbitrary geometries.
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