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ABSTRACT

Urban rail crew scheduling problem is to allocate train 
services to crews based on a given train timetable while sat-
isfying all the operational and contractual requirements. In 
this paper, we present a new mathematical programming 
model with the aim of minimizing both the related costs of 
crew duty and the variance of duty time spreads. In addition 
to iincorporating the commonly encountered crew sched-
uling constraints, it also takes into consideration the con-
straint of arranging crews having a meal in the specific meal 
period of one day rather than after a minimum continual ser-
vice time. The proposed model is solved by an ant colony al-
gorithm which is built based on the construction of ant travel 
network and the design of ant travel path choosing strategy. 
The performances of the model and the algorithm are evalu-
ated by conducting case study on Changsha urban rail. The 
results indicate that the proposed method can obtain a sat-
isfactory crew schedule for urban rails with a relatively small 
computational time.
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1. INTRODUCTION

Urban rail crew schedule optimization problem 
(URCSOP) aims to find the lowest cost crew schedule 
covering all trips of trains specified in a train timetable 
subject to various constraints such as crew rest and 
meal time requirements. It is difficult to solve URCSOP 
with a large number of train trips and complicated op-
erational and contractual requirements. Fischetti et al. 
[1] have pointed out that the URCSOP is an NP-hard 
problem. Nevertheless, the URCSOP has still become 
one of the most important topics in urban rail trans-
port because crew cost is the main variable operation 

expenses, and a small improvement to the crew sched-
ule essentially leads to accumulated savings produc-
ing large annual cost savings for urban rail enterprise.

Both the solving difficulty and the remarkable 
practical significance of URCSOP have attracted a 
lot of interest from many researchers. Morgado and 
Martins [2] attempted to generate multiple alternative 
crew schedules based on different scheduling criteria 
for the Portuguese rail. However, URCSOP was more 
frequently formulated as either set covering problem 
or set partitioning problem with binary integral deci-
sion variables, and each decision variable represents 
whether or not a duty is chosen as the service for a 
crew. Both problems were solved by either an exact 
or a heuristic method, or their combination. For exam-
ple, Kroon and Fischetti [3] built a set covering model 
of crew scheduling for the Dutch railway, and solved it 
using dynamic column generation techniques, Lagran-
gean relaxation and powerful heuristics respectively. 
Alfieri et al. [4] also proposed a set covering problem 
based on an implicit column generation solution ap-
proach for scheduling train crews on a rail network. 
Nishi et al. [5] proposed a column generation with dual 
inequality for rail crew scheduling, and Jütte et al. [6] 
adopted a column generation based decomposition 
algorithm to solve URCSOP which was decomposed 
into overlapping regions and optimized in parallel in 
this method. Column-generation-based methods have 
higher solving efficiency than other exact approaches, 
and they are widely used to solve the allocation prob-
lems, but as stated in study [7], they are not efficient 
for solving URCSOP whose decision variables are only 
determined as 0 or 1, rather than any real number.

As enormous train trips should be serviced by 
crews in URCSOP, the solving efficiencies of exact 
methods are not satisfactory. They usually suit to  
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handle small to medium size problems. Therefore, 
some researchers tried to apply other types of ap-
proaches to solve the large-scale real-word URCSOP 
with a large number of train trips and many types of 
constraints. For instance, Freling et al. [8] tried to use 
a decision support system to solve rail and airline crew 
planning problems. Vaidyanathan et al. [9] proposed a 
network flow-based approach to solve the URCSOP, in 
which crew duties satisfied the first-in-first-out rule on 
the network. And Jütte and Thonemann [10] proposed 
a graph partitioning strategy for the large-scale crew 
scheduling problems.

In addition, meta-heuristics has nowadays become 
a popular method because of its good performance in 
solving the complicated, large-scale real-world prob-
lems although they usually only find the near-optimal 
solutions. Regarding their application in crew schedul-
ing problems, Emden-Weinert et al. [11] used a sim-
ulated annealing approach to solve the airline crew 
scheduling problem, and Dias et al. [12] proposed a 
genetic algorithm for bus driver scheduling problem. 
Moreover, Elizondo et al. [13] presented a constructive 
hybrid method to address the URCSOP, and provided 
better results with regard to idle time than both the 
hybrid and greedy methods. Hanafi and Kozan [14] 
applied a hybrid constructive heuristic with the simu-
lated annealing search algorithm to solve the rail crew 
scheduling problem.

Ant colony optimization (ACO) algorithm proved by 
Dorigo [15, 16] to have higher efficiency in solving com-
binatorial optimization problems. Comparing with oth-
er heuristic methods, it has some nice features such 
as parallel computing, high robustness and simplici-
ty of operation. However, very few works in literature 
applied the ACO algorithm to solve the crew sched-
uling problems. The aim of this paper is to apply an 
ACO algorithm to solve the URCSOP considering both 
crew cost and duty time difference. Compared with the 
existing studies, our research has the following three 
main improvements.
1) Aim to minimize not only the related costs of crew 

duties, but also the variance of duty time spreads, 
which contributes to make crews of different duties 
have nearly equal service time, and improves the 
equity of crew service.

2) Consider the requirement of crews being arranged 
to have a meal in the specific meal periods of one 
day rather than after a minimum continuous ser-
vice time. Obviously, the former is more in accor-
dance with the crews’ healthy eating habits.

3) Design an ACO algorithm to solve our proposed 
model for obtaining a higher solving efficiency 
based on the construction of ant travel network 
with the aim of minimizing the number of directed 
arcs, and the design of a strategy of ant choosing 
travel path.

The rest of this paper is organized as follows. First, 
a brief description of URCSOP is presented, and then 
the costs related to crew duty are analysed in Section 
2. Next, URCSOP is modelled as a set partitioning 
problem minimizing both crew costs and duty time dif-
ferences in Section 3. After that, a solving algorithm 
based on the ACO algorithm is given in Section 4. Com-
putational results of the Changsha urban railway on 
this proposed approach are introduced in Section 5. 
Finally, the conclusion and recommendations for fur-
ther studies are provided in Section 6.

2. PROBLEM DESCRIPTION AND CREW 
DUTY COST ANALYSIS

The urban rail consists of a set of crew home sta-
tions, a set of meal stations, a set of rest stations and 
a set of transition stations, which are denoted by Sh, 
Sm, Sr  and St respectively. Each crew has to start and 
end their duty at a home station, have a meal at a meal 
station, and have a rest at a rest station. Moreover, 
each crew is only allowed to switch to another train for 
continuing their duty at a transition station after they 
complete the current duty for one train. Generally, a 
station can simultaneously belong to multiple different 
types of stations. For example, generally a meal or rest 
station is also a transition station. As crews are only 
allowed to start and end their duties or change their 
service trains at the above four types of stations, we 
uniformly call them duty-division stations for descrip-
tion purposes in this paper.

The whole trip of each train predetermined by the 
train timetable must be serviced by either a group of 
crews or multiple groups of crews. A train trip can be 
divided into a sequence of trip segments by the duty-di-
vision stations, and each trip segment can be serviced 
by different groups of crews. As illustrated in Figure 1 
in which seven types of lines are used to display trips 
of different trains, the whole trip of the train represent-
ed by dotted lines is divided into two trip segments 
numbered 2 and 3 by the meal station. Each train trip 
segment has to correspond to a crew duty segment 
which is the basic composition unit of crew duty and 
can be viewed as crew minimum continuous service 
unit. Therefore, crews only start and stop or change 
their duties at both ends of each duty segment.

Generally, the URCSOP is to specify the service se-
quence of train trip segments to form a duty for each 
group of crews with the aim of minimizing the related 
costs of crew duty while satisfying urban rail operation-
al and contractual requirements. The set of train trip 
segments is denoted by P. For trip segment p, its corre-
sponding train is denoted by h(p), its starting and end-
ing times are expressed by ts(p), tt(p), respectively, and 
its starting and ending stations are denoted by ss(p), 
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st(p), respectively. Define N as the number of crew du-
ties, and for the i-th crew duty, denote Pi as its service 
sequence of train trip segments, and Ki as the number 
of trip segments in sequence Pi. The crew schedule is 
defined as Ω={Pi|i=1,2,…,N}.

For guaranteeing crew service safety and high-ef-
ficiency, a crew is required to have a rest when their 
total continuous service time reaches its lower limit, 
and must finish the rest before reaching its upper limit. 
For example, a crew signs on at 8:00 AM and the lower 
and upper limits of their continuous service time are 3 
hours and 4 hours, respectively, and then they have to 
have a rest at the earliest time of 11:00 AM and at the 
latest time of 12:00 AM. Crew lower and upper limits 
of continuous service times are denoted by min

sx , max
sx , 

respectively. Moreover, if crew duty enters a specified 
meal period, then crew should be arranged to have a 
meal in that meal period. For instance, a crew signs on 
at 8:00 AM and signs off at 3:00 PM, and crew lunch 
period ranges from 11:30 AM to 1:00 PM, then they 
must be arranged to have a lunch during this lunch 
period. Suppose that crew breakfast period is from 
time tbs  to time tbt , lunch period is from time… tls  to 
time tlt , and dinner period is from time tds  to time tdt . In 
addition, crew time lengths for meal and rest are also 
restricted to be between their minimum and maximum 
values. Denote min

mx  and max
mx  as crew minimum and 

maximum time lengths, respectively for having a meal, 
and min

rx , max
rx  as these for having a rest. It should be 

noticed that crew minimum time lengths for meal and 
rest cover the necessary time for transiting a new ser-
vice train after having a rest and having a meal.

As illustrated in Figure 2, there are four crew du-
ties displayed with different colour lines. Regarding 
the duty shown with blue colour lines, crews sign on 

at 7:15 AM and sign off at 8:45 AM, and have service 
four trip segments. The first one is from home station 
3 at 7:15 AM to the meal station (home station 2) at 
7:30 AM, and then they have a meal there, and after 
that transit to another train for continuing duty service. 
When they come back to home station 3 which is also 
a transition station, they transit to another train again 
and finally finish their duty at home station 1 at 8:45 
AM. It should be noticed that the duty parts from home 
station 3 to home station 1 cover two trip segments, 
which are just serviced by the same group of crews.

Generally, crew service work in one day is divided 
into three shifts, i.e., morning shift, day shift and night 
shift in the urban rail. The earliest and latest times 
of morning shift are denoted by Tme , Tml , respective-
ly, these of day shift are separately expressed by Tde , 
Tdl , and these of night shift are described with Tne , 
Tnl , respectively. A crew duty in the morning shift 
should sign on after this shift’s earliest time Tme  and 
sign off before its latest time Tml . This requirement is 
also adopted in day and night shifts.

A crew schedule should reduce the number of 
crew duties as far as possible because each duty cor-
responds to a large number of costs, and the more 
duties the crew schedule contains, the more costs the 
enterprise has to undertake. 

The costs related to crew duty mainly consist of the 
following three parts.
1) Duty basic cost

Duty basic cost includes the fixed payment of 
crews and the expense related to the consumption of 
some required materials for crew duty organization. 
It is not affected by the time spread and transition 
count of duty etc., and thus it is set as a fixed value.  
Denote c0 as the basic cost for a crew duty, and then 

Home station 1
(transition station)

Home station 3
(transition station)

Home station 2
(meal station)

7:00 8:00 9:00

Figure 1 – An example of the division of train trip
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the total basic costs C0 of crew schedule can be given 
by

C0=N · c0 (1)

2) Duty spread time
Duty time spread is the time elapsed from the crew 

sign-on to the crew sign-off in a crew duty. It covers 
crew service time, rest time, meal time and transition 
time, in which the latter three parts usually should be 
compressed for improving the duty efficiency. For the 
i-th crew duty, its time spread csi  is calculated by

( ) ( )c t p t ps
i

t i
K

s i
1i= -  (2)

where pik  (k=1,2,…,Ki) represents the k-th trip seg-
ment in sequence Pi.
Then the total duty time spread Cs of crew schedule 
can be given by

C cs
i

s
i

N

1
=
=
/  (3)

3) Transition additional cost
Duty transition among trains not only leads to the 

increase of duty spread time, but also brings more in-
convenience to crews. Therefore, an additional cost 
with regard to transition is defined to measure crew 
inconvenience brought by duty transition. Denote ca as 
the additional cost per transition, and then the transi-
tion additional costs cai  of the i-th crew duty is given by 

c M ca i a
i $=  (4)

And the total transition additional cost Ca of crew 
schedule is calculated by

C ca a
i

N
i

1
=
=
/

 (5)

where Mi is the number of transitions in the i-th crew 
duty. Note that transitions caused by having a rest and 
meal should be excluded as they are necessary.

3. OPTIMIZATION MODEL

The URCSOP is more frequently modelled as ei-
ther set partitioning problem or set covering problem. 
Please see for example Kroon and Fischetti [3], Alfieri 
et al. [4], Freling et al. [8] and Hanafi et al. [14]. Their 
main difference is that each trip segment is covered 
exactly by only one duty in the former while the lat-
ter allows it to be included into more than one duty. 
In other words, the set covering problem allows crews 
to take a trip to another station for starting their du-
ties. Considering this case will lead to more duty time 
spread and reduce crew service efficiency, this paper 
also models the URCSOP as the set partitioning prob-
lem.

Before detailing the model, we first introduce some 
assumptions as follows.
1) Crews must continue their duties at the stations 

where they pause their duties because they finish 
servicing a train trip segment, or have a rest or 
meal there. That is, they are not allowed to travel 
to another station for continuing their duties when 
they pause their duties at a station.

2) All rest (meal) stations have enough supporting fa-
cilities to simultaneously satisfy the rest (meal) re-
quirement of crews staying there at the same time.

3.1 Optimization objectives

Minimizing crew total duty cost is usually taken 
as the objective for optimizing crew schedule in most 
of the existing literature such as Freling et al. [8]  

Home station 1
(transition station)

Home station 3
(transition station)

Home station 2
(meal station)

7:00 8:00 9:00

Figure 2 – An example of crew duties in the morning shift
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and Hanafi et al. [14]. This paper also takes it as one 
optimization objective, namely,

min C=C0+ρ · Cs+Ca (6)

where ρ is the average time value of crews.
Furthermore, in order to make crew duties in 

the same shift to have nearly equal time spread for  
improving the equity of crew service work, another op-
timization objective of crew schedule is to minimize 
the variance D of duty time spreads. That is,
minD D D D

N c N c
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where Dm, Dd and Dn are the variances of duty time 
spreads in the morning shift, day shift and night shift, 
respectively, and Nm, Nd and Nn are separately the 
numbers of crew duties in these three shifts.

In summary, the objective function can be ex-
pressed as the weighted summation of crew duty 
costs and the variances of duty time spreads in the 
three shifts. That is

min Z=C+α · D (8)

where α is the weight of duty costs compared to the 
variance of duty time spreads.

3.2 Analysis of constraints

Firstly, each train trip segment should be allocated 
into exactly one duty for making it serviced by a group 
of crews, namely,

, p P1p
i

i

N

1
6 !d =

=
|

 
(9)

where p
id  is a 0-1 binary variable used to indicate 

whether or not trip segment p belongs to the i-th duty. 
If it is included in the i-th crew duty, then 1i

pd = ; oth-
erwise, 0p

id = .
Each crew duty must start and end at the same or 

two different home stations, so both the starting sta-
tion of the first trip segment and the ending station 
of the last one in a duty should be the home station. 
That is,

( ) , , , ,s p S i N1 2s i h
1 f! =  (10)

( ) , , , ,s p S i N1 2t i
K

h
i f! =  (11)

As crews are not allowed to travel to another sta-
tion for continuing to service the next trip segment af-
ter serving one trip segment, the ending station of a 
trip segment is just the starting station of its next trip 
segment in a duty, namely,

( ) ,
, , , ; , , ,

s p p
k K i N

s
1 2 1 1 2

t i
k

s i
k

i

1

f f

=
= - =

+^ h
 

(12)

Crews have to have a meal at the meal station and 
have a rest at the rest station once they satisfy the 
time requirement of meal and rest. Denote i

kf  as a 
0-1 binary variable indicating whether or not crews of 
the i-th duty have a meal after servicing the k-th trip 
segment. If yes, then its value is set as 1; otherwise, 
its value is 0. Similarly, the 0-1 binary variable i

kv  is 
defined to express whether or not crews of the i-th duty 
have a rest after servicing the k-th trip segment. If yes, 
then 1i

kv = ; otherwise, 0i
kv = . Based on these, the 

constraints related to stations for meal and rest are 
given by

( ) ,
| ( , , , ; ); , , ,
s p S
k k K i N1 2 1 1 1 2
t i
k

m

i i
kf f

!

f= - = =
 (13)

( ) ,
| ( , , , ; ); , , ,
s p S
k k K i N1 2 1 1 1 2
t i
k

r

i i
kf f

!

v= - = =  
(14)

Obviously, if a crew has a meal and rest at the 
same station, then it should satisfy

( ) ,
| ( , , , ; ; );
, , ,

s p S S
k k K
i N

1 2 1 1 1
1 2

t i
k

m r

i i
k

i
k

+

f

f

!

f v= - = =
=  

(15)

Moreover, each duty no matter which shift it be-
longs to should be located in the time range of its cor-
responding shift. For example, a duty in the morning 
shift has to be located in the time period of the morn-
ing shift. Thus, its starting and ending times should 
satisfy

( ) ( ) , , , ,T t p t p T i N1 2<m
e

s i t i
K

m
l

m
1 i f# # =  (16)

And for the duty in the day shift and night shift, this 
constraint also has to be satisfied. That is,

( ) ( ) , , , ,T t p t p T i N1 2<d
e

s i t i
K

d
l

d
1 i f# # =  (17)

( ) ( ) , , , ,T t p t p T i N1 2<n
e

s i t i
K

n
l

n
1 i f# # =  (18)

In addition, most studies related to rail crew sched-
uling such as Alfieri [4] and Hanafi [14] arranged 
crews to have a meal after the completion of a few 
continuous service hours relative to the start of their 
duties. However, considering that crews usually have 
the same regular time periods for meals, for instance, 
the breakfast time is generally from 7:30 AM to 8:30 
AM, our research requires that crew meal times must 
be arranged in the corresponding meal period. Thus, 
crew meal starting time meets

( ) ,
| ( , , , ; ); , , ,
t p t

k k K i N
t

1 2 1 1 1 2
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Regarding the crew rest, its starting time must be 
after the minimum of continuous duty service time 
and before its maximum value. That is

( ) ( ) ,
| ( , , , ; ); , , ,

t p t p
k k K i N1 2 1 1 1 2
min max
s

t i
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s i

i i
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f f
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(22)

Finally, the interval from the end time of one trip 
segment to the start time of its next trip segment in a 
duty should be sufficient for crews to finish the corre-
sponding task during it, such as having meal, having 
rest or transition. That is
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(23)

where ω is the minimum transition time between two 
neighbouring trip segments in a duty.

Based on the above analysis, the optimization 
model of urban rail crew scheduling consists of the ob-
jective function 8 and all constraints of 9 through 14 
and 16 through 23. Due to the great number of deci-
sion variables and constraints of the proposed model, 
it is difficult to solve this model using exact methods, 
especially for large-sized urban rail network. Hence, 
we propose a heuristic algorithm based on the ACO 
algorithm for solving the problem in the next section.

4. ACO-BASED OPTIMIZATION ALGORITHM
The ACO algorithm proposed by Dorigo inspired 

by ant colony behaviours is a distributed intelligent 
simulation algorithm. Its main idea is to simulate the 
mutual cooperation of ants relying on the pheromone 
of path which makes ants originally distributed on 
multiple paths gradually gather on the shortest path 
with a higher density of pheromone. As to its advan-
tages such as parallel computing, high robustness 
and simple operation in solving combinatorial optimi-
zation problems, this section applies it to optimize the 
sequence of train trip segments which corresponds 
to ant travel path, and then a crew schedule can be 
determined based on the sequence of train trip seg-
ments.

4.1 The construction of ant travel network

Ant travel network consists of a set of nodes includ-
ing a virtual node and many non-virtual nodes and a set 
of directed arcs. The virtual node is not only the travel 
origin of all ants, but also their travel destination. Each 
non-virtual node corresponds to a trip segment, and is 

characterized by the train, start time, end time, start 
station and end station determined in its correspond-
ing trip segment. For reducing the difference of duty 
time spreads and improving the solving efficiency of 
the algorithm, the nodes whose start times are locat-
ed in the latter half of the shift period are not allowed 
to be the origin of a duty, and the nodes whose start 
times are located in the first half of the shift period are 
also forbidden to be duty destination.

Two nodes are linked by a directed arc only when 
they satisfy some specific requirements. For example, 
two nodes whose trains are the same and of which the 
former’s end station is the latter’s start station should 
be connected by a directed arc. Specifically, directed 
arcs are constructed as follows:

1) For virtual node u0, it is connected by directed arcs 
to the non-virtual nodes which satisfy that: i) their 
start stations are crew’s home station, which en-
sures all possible duties start from a home station; 
and ii) their start times are in the first half of the 
shift period.

2) For non-virtual node u, its corresponding train trip 
segment is denoted by p(u), and then it is linked to 
node v which has to satisfy at least one following 
requirement.

 a) Its train is the same as that of node u, namely, 
h(p(v))=h(p(u)), and its start station is also the end 
station of node u, that is, ss(p(v))=st(p(u)).

 b) Its train is different from that of node u, namely, 
h(p(v))≠h(p(u)), but its start station is the end sta-
tion of node u, that is, ss(p(v))=st(p(u)). And if its 
start station is a transition station, then its start 
time and the end time of node u have to satisfy the 
requirement of minimum transition time, namely,  
ts(p(v))-tt(p(u))≥ω; else, if it is a meal station, 
then they need to meet the requirements 
of meal time, that is ( ( ))t t p u tm

s
t m

t# #  and 
( ( )) ( ( )) [ , ];t p v t p u min maxs t

m m! x x-  else, if it is a 
rest station, then they should satisfy the re-
quirement of minimum rest time, namely, 
( ( )) ( ( )) , .t p v t p u min maxs t

r r! x x- 6 @
Moreover, if a non-virtual node u whose start time 

is in the latter half of one shift’s period and end station 
is a home station, it can still be connected to nodes 
satisfying that: i) their start stations are the home sta-
tion, and ii) their start times are within period’s first 
half of either the same shift with node u or its next 
shift. For instance, the day shift follows the morning 
shift, and the night shift follows the day shift. 

In addition, for non-virtual node u whose start time 
is in the latter half of the shift period and end station 
is a home station, it still has to be connected to the 
virtual node.
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Figure 4 – The travel network of ants corresponding to the 
sample crew schedule

A sample train schedule and its corresponding trav-
el network for ants are given in Figure 3 and Figure 4, 
respectively. Figure 3 shows a crew schedule consisting 
of 13 train trip segments, and the start times of seg-
ments 1 through 8 are located in the first half of the 
morning shift period, while the others are in the latter 
half. The trip segments shown with the same colour 
and type lines, e.g. segments 1, 4 and 10, constitute 
a crew duty. Crews can have breakfast during the pe-
riod from 7:30 AM to 8:50 AM. The corresponding ant  
travel network of this crew schedule shown in Figure 4 

has fourteen nodes of which the node numbered 0 
is the virtual node and the other nodes numbered 1 
through 13 correspond to the trip segments, respec-
tively. As the interval from node 4 to node 7 is not 
enough for a crew to have breakfast, node 4 is not 
connected to node 7, and it is also not linked to nodes 
12 and 13 because their duration times  exceed the 
maximum of breakfast time. Thus, it is only connected 
to nodes 6 and 10.

4.2 Ant choosing strategy of travel path

Firstly, all ants start their trip from the virtual node 
u0. For ant a, when it arrives at node u, its next travel 
node is determined as follows:

1) If node u is the virtual node and its travel node set 
denoted by La contains all non-virtual nodes, then 
it finishes its travel and stops.

2) If its travel node set La contains all non-virtual 
nodes, but node u is not the virtual node, then it 
chooses the virtual node as its final travel node.

3) If its travel node set La does not contain all non-vir-
tual nodes, it chooses node v from the connected 
node set Uu of node u as its next travel node based 
on the following choosing probability
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9:00

Home station 1
(transition station)

Home station 3
(transition station)

Home station 2
(meal station)

7:00 8:00

8:507:30
breakfast time period

The first half of 
morning shift period

The latter half of 
morning shift period

Figure 3 – A sample of crew schedule
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where au
vt  is the probability of ant a choosing node ν 

as its next travel node when it is at node u, εuν is the 
accumulated amount of pheromone on directed arc 
(u,ν), ηυν is the quantity of heuristic information on di-
rected arc (u,ν), and β,γ are two parameters controlling 
the weights of pheromone and heuristic information, 
respectively on the choosing probability of the node.

The pheromones on directed arcs represent ant 
search experience during the process in the past, and 
its accumulated amount partly influences the choos-
ing probability of this arc. The more pheromone one 
arc has, the greater chosen probability it has. The 
pheromones on directed arcs are initialized as

( )
,

,
A

A

A

u v

u v
0

1

0
uv

g

!
e =

^
^
h
h

Z

[

\

]]]]
]]]]  

(25)

where |A| is the number of directed arcs in set A.
After all ants finish their travel during iteration n, 

arc pheromones have to be updated uniformly. Denote 
L*as the best travel path of ants with the minimum 
value of objective Z. Then, the pheromones on arcs be-
longing to path L*must be strengthened, and those on 
other arcs should be volatilized. That is,
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where φ∈(0,1) is the recession coefficient of phero-
mone, and |L*| is the arc number of the best travel 
path L*.

The heuristic information on arcs represents a pri-
ori information for guiding ants choosing travel arcs. 
The number ηuν of heuristic information on arc (u,ν) de-
pends on the time interval from the end time of node 
u to the start time of node v, and the priority ratios 
for arranging crews having a meal and having a rest 
during the interval of nodes u and v. It can be given by

t 1uv
uv

uv uv
h

t n= +  (27)

where tuν is the time interval from the end time of node 
u to the start time of node v, if one of nodes u and v is 
the virtual node, then tuν=0; otherwise, tuν=tt (p(v)) - ts 
(p(u)). uvt  and μuν are the priority ratios for arranging 
crews having a meal and having a rest during the inter-
val of nodes u and v, respectively. Their values can be 
determined as follows:
1) If the end time of node u is in the meal period, its 

end station is a meal station, and the time interval 
from the end time of nodes u to the start time of 
node v satisfies the time requirement of meal, but 
the crew does not have a meal after finishing the 
service of trip segment corresponding to node u, 
then uvt  is set as a value more than 1, which is 1.2 
in this paper; otherwise, 1uvt = .

2) If crew continuous serving time has reached its 
maximum value, but they do not have a rest after 
finishing the service of trip segment corresponding 
to node u, and the end station of node u is a rest 
station, the time interval between nodes u and v 
satisfies the time requirement of rest, then μuν is 
set as a value more than 1, which is 1.3 in this 
paper; otherwise, μuν=1.
For a travel path of ant which is a sequence of 

nodes starting and ending with the virtual node, and 
covering all non-virtual nodes only once, we can ob-
tain a crew schedule by making each sub-sequence 
of nodes between two neighbouring virtual nodes in 
it form one crew duty. For example, the travel path of 
ant composed by the sequence of nodes {0, 2, 4, 7, 0, 
1, 5, 8, 0, 3, 6, 9, 0} in which node 0 is a virtual node 
and nodes 1 through 9 are the nodes of train trip seg-
ments, can determine a crew schedule of three duties 
which are 2-4-7, 1-5-8 and 3-6-9, respectively.

4.3 The general algorithm based on ACO

Based on the travel network and the initial phero-
mone on each arc, all ants start their travel from the 
virtual node, and then repeatedly choose their travel 
nodes until they go through all non-virtual nodes and 
return back to the virtual node. During the travel pro-
cess of ants, each non-virtual node is allowed to be 
passed only once, while the virtual node can be passed 
more than one time. After ants finished their trips, we 
determine the corresponding crew schedule according 
to each ant travel path, and then calculate the crew 
duty costs and the variance of duty time spreads. In 
addition, considering that some crew duties in some 
crew schedules may not satisfy the requirement of 
meal and rest, an additional penalty cost M is added 
into the objective value when a crew schedule has 
this case. Then the best travel path L*can be found 
by comparing the objective value; namely, the weight-
ed summation of the duty costs, variance of duty time 
spreads and penalty cost, and then according to it, the 
pheromones of directed arcs can be updated with For-
mula 26. Based on the updated pheromones, all ants 
search their travel paths again from the virtual node, 
and then determine crew schedules and calculate the 
objective values based on ant travel paths. This pro-
cess is repeatedly executed until one of the following 
termination conditions is satisfied.
1) The count of iterations reaches its maximum value 

G.
2) The count of the best travel path continually un-

changing reaches its maximum value Ψ.
In summary, the steps of the general algorithm for 

optimizing the crew schedule based on ACO are given 
in Table 1.
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5. EXAMPLE ANALYSIS

This section applies Changsha urban railway as 
an example to analyze the convergence and effective-
ness of our proposed optimization method of urban 
rail crew schedule. In terms of the plan of Changsha 
urban railway, it will consist of 6 backbone lines and 
6 supplement lines in the future. However, only Line 
2 with the total mileage of 22.2 km has been put into 
operation until today. It is made up of 19 stations in-
cluding 2 home stations, 2 transition stations, 4 meal 
stations and 3 rest stations which are shown in Table 2. 
For more information related to Line 2, please refer 
to http: //www.hncsmtr.com. In this example, we op-
timize the crew schedule of Line 2 with the proposed 
method and analyze its performance. As seen from 
Table 2, crews not only can have a meal and have a rest 
at Guangda station and Wangcheng station which are 
also the home stations of Line 2, but can also transit 
their service trains there.

The crew scheduling is to generate a crew schedule 
consisting of a set of crew duties to cover 156 train 
trips determined by the implemented train schedule. 
All train trips can be divided into 724 trip segments by 
the duty-division stations shown in Table 2. The num-
bers of trip segments in the morning shift, day shift 
and night shift are 174, 406 and 273, respectively. Ob-
viously, their summation is more than the total num-
ber of trip segments because the time periods of three 

shifts shown in Table 3 partially overlap. For example, 
the time period from 9:30 AM to 10:00 AM is the over-
lap between the morning shift and the day shift. Thus, 
some trip segments belong to two shifts at the same 
time.
Table 3 – The service time periods and meal time periods 
of shifts

Shift Service time range Meal time range

Morning shift 6:30-10:00 7:30-8:30
Day shift 9:30-17:30 11:30-13:00

Night shift 17:00-23:00 18:30-19:30

The meal time periods in the morning shift, day 
shift and night shift are 7:30-8:30, 11:30-13:00 and 
18:30-19:30, respectively. Crews have to be arranged 
to have a meal when they have to continue their duty 
after the meal time period. Meanwhile, crews have to 
have a rest when their continuous service time is be-
tween 4 and 5 hours. Other parameter values in our 
proposed model and algorithm are given in Table 4.

The proposed algorithm shown in Table 1 is devel-
oped with computer language C# on the platform of 
Microsoft Visual Studio.net, and runs on the computer 
with the system of Microsoft Windows XP(Home Edi-
tion) operating system, Pentium(R) Dual-Core CPU 
E5800, 3.19GHz, Processor with 2.96GB of RAM.

First, some observations on the convergence pro-
cess of the algorithm are made based on the change 

Table 1 – The general algorithm for optimizing the crew schedule based on ACO

Input an urban rail network, its train schedule, and all parameter values.
Construct ant travel network N=(U,A), initialize the pheromone uve (0) of all directed arcs, and set ant number as S.
Set G as the maximum iteration count, g=0  as the current iteration count, Ψ as the maximum count of the best travel 
   path continually unchanging, and φ=0 as the current unchanged count of the best path.
While g≤G and φ≤Ψ
   For each ant a=1,2,...,S
       Set L(a)= 4 , its initial node u=u0.
   While true
          Move to node v(v∉La and v∈Uu) with probability of ,auvt  and set L(a)=L(a), {v}, u=v.
          If V⊆L(a) and u=u0, then, break.
   Endwhile
    Determine the crew schedule by path L(a), and calculate its objective value Z(L(a)).
Endfor
Compare Z(L(a)) among all ant travel paths, and find ant a* with the minimum of objective value.
   If Z(L(a*))≤Z(L*), Set L*=L(a*) and φ=1; else set φ=φ+1.
   Update the pheromone uve (n) of each arc in set A by formula 26, and set g=g+1.
Endwhile
Determine crew schedule Ω* according to the best path L*, and calculate its objective function Z(L*).
Output the optimized crew schedule Ω*, and its duty costs and variance of duty time spreads.

Table 2 – All types of stations on Line 2

Type Stations

Home station Guangda station, Wangcheng station
Transition station Guangda station, Wangcheng station
Meal station Guangda station, Wuyi square station, Jingtai square station, Wangcheng station
Rest station Guangda station, Changsha rail station, Wangcheng station
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relations between the objective values and the total 
computing times of algorithm shown in Figure 5. The 
black and red tracks respectively express the change 
relations of the maximum and minimum of objective 
value among all ant travel paths with the total comput-
ing time, while the blue track shows the relationship 
between their average and the total computing time. 
As seen from it, the objective values decline sharply 
with the computing time in the first four minutes or so, 
and then drop slowly until about eight minutes. More-
over, the gap between the minimum and maximum of 
the objective value becomes smaller with the increase 
of iteration. And after 6 minutes, the minimum value 
nearly does not change, although the maximum and 
average values have little fluctuations.
Table 4 – Parameter values of model and algorithm

Symbol Value Unit

min
mx 20 min

max
mx 30 min

min
rx 40 min

max
rx 60 min

min
sx 4 hour

max
sx 5 hour

ω 8 min/transition
c0 2,200 ¥/duty
ca 200 ¥/transition
ρ 100 ¥
α 750 -
β 2.0 -
γ 1.5 -
φ 0.3 -
uvt 1.2 -

μuv 1.3 -
M 10,000 ¥
G 100 -
ψ 20 -
S 1,000 -

In order to analyze the optimization quality and ef-
ficiency of the ACO-based algorithm proposed in this 

paper, we optimize the crew schedule with the ACO-
based algorithm and the hybrid constructive simulated 
annealing (HCSA) algorithm proposed by Hanafi and 
Kozan [14], respectively. Table 5 gives the numbers of 
duties in each shift, objective values and computing 
times obtained by the HCSA algorithm and the ACO-
based algorithm.
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Figure 5 – The convergence process of the algorithm

As seen from Table 5, the duty numbers of morning 
shift, day shift and night shift obtained by ACO-based 
algorithm are 25, 26 and 24, respectively, which are 
almost the same with these obtained by HCSA algo-
rithm except the one of morning shift which has a little 
decrement. The objective value (715.5×103¥) of ACO-
based algorithm is also very close to that (716.8×103¥) 
of HCSA algorithm. However, the computing time of 
ACO-based algorithm is decreased by 12.9% from 9.3 
min to 8.1 min comparing to HCSA algorithm. There-
fore, the ACO-based algorithm has a relatively higher 
solving efficiency comparing with the HCSA algorithm 
regarding the computing time.

Table 6 and Table 7 give the optimization results 
about crew duty costs and the variance of duty time 
spreads respectively obtained by both the HCSA algo-
rithm and the ACO-based algorithm. The service time 
rate in Table 6 is used to measure crew productivity 
rate whose value is the ratio between the total service 
time and the total time spread of duties.

Table 5 – Computational results of HCSA and ACO-based algorithms

Algorithm HCSA ACO-based

Duty number
Morning shift 26 25

Day shift 26 26
Night shift 24 24

Objective value (·103 ¥) 716.8 715.5
Computing time (min) 9.3 8.1

Improvement of objective value (%) 12.9
Improvement of computing time (%) 0.18
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As seen from Table 6, the averages of crew cost, 
transition count, time spread and service time rate 
of ACO-based algorithm are all very close to these 
of HCSA algorithm. Hence, it is hard to say that the 
ACO-based algorithm has improvements regarding the 
crew’s duty costs comparing with the HCSA algorithm. 
However, the variances of duty time spreads of the for-
mer are observably smaller than these of the latter as 
seen from Table 7. Obviously, the minimum duty time 
spreads of three shifts obtained by HCSA algorithm 
are all under these obtained by ACO-based algorithm, 
which means that the former has larger difference 
than the latter one.

6. CONCLUSIONS

In this paper, we proposed an urban rail crew 
schedule optimization model after analyzing its opti-
mization objectives and all types of constraints. It has 
the following improvements based on the existing lit-
erature.

1) It aimed to reduce the variance of duty time spreads 
for ensuring the equity among crew services in ad-
dition to minimizing the total crew cost which was 
widely used in the existing studies.

2) It accommandated crews to have a meal in some 
specified meal periods of one day in accordance 
with their healthy eating habits.

This model was solved using an ACO-based algo-
rithm whose design had to deal with the construction 
of ant travel network and choosing strategy of ant 
paths. The numerical results on Changsha urban rail 
indicated this ACO-based algorithm had better conver-
gence, and took only seven minutes around to find a 
satisfactory crew schedule for a problem with about 
724 train trip segments. Moreover, it took less comput-

ing time comparing with the HCSA algorithm proposed 
by Hanafi and Kozan [14].

Our proposed model and algorithm are mainly for 
solving the crew scheduling problem in urban rail sys-
tem. However, we still have to adjust their parameter 
values in order to better fit specific practical circum-
stances before applying them to solve the real cases. 
In addition, the proposed model and solving algorithm 
can also be applied in the intercity and high-speed rail 
systems which have great similarities with urban rail 
system by making some minor adjustments.
1) The crew’s start and end stations of their service 

duty should be the same or in the same city which 
contributes to making crews return back to their 
resident city after finishing their service work.

2) The formulation of crew schedule must be based 
on the whole intercity or high-speed rail network 
rather than a rail line every time, because crews 
can service trains of  any rail line in intercity and 
high-speed rail systems.
Therefore, adding these above requirements and 

proposing the detailed scheduling methods of crews 
for intercity and high-speed rail systems are going to 
be done in the near future. In addition, the capacity 
restriction of meal and rest stations and other special 
requirements to crew schedule in urban rail system 
should further be considered in further research.
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Table 7 – Computation results related to the variance of duty time spreads

Items
HCSA ACO-based

Morning shift Day shift Night shift Morning shift Day shift Night shift

Maximum time spread (min) 194 447 319 193 434 325
Minimum time spread (min) 135 378 264 158 398 296
Average time spread (min) 173 420 301 178 416 305
Variance of spread time 198 165 175 168 146 153

Table 6 – Computation results about crew duty costs

Items
HCSA ACO-based

Morning shift Day shift Night shift Morning shift Day shift Night shift

Average crew cost (¥) 3,751 5,862 4,768 3,743 5,868 4,762
Average transition count 5.9 14.2 11.2 6.2 14.8 10.3
Average time spread (min) 173 420 301 178 416 305
Service time rate (%) 90.3 90.2 89.4 91.1 89.3 90.6
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考虑乘务均衡性的城市轨道交通乘务计划优化

摘要
城市轨道交通乘务计划的编制是在给定列车运行时
刻表的基础上，合理安排各列车在线路各区间的乘
务人员，使其满足城市轨道交通运营与乘务人员服
务相关规定。本文以最小化乘务总费用与乘务人员
服务时间方差为目标构建城市轨道交通乘务计划优
化的数学规划模型。该模型不仅考虑乘务一般约束
条件外，如交接班时间与地点要求、最大连续服务
时间限制，还将乘务人员用餐时间约束在更符合日
常饮食规律的时间范围。通过基于列车时刻表设计
蚂蚁爬行网络与爬行路径选择策略，构建蚁群算法
对模型进行求解。最后，以长沙地铁为例验证本模
型与算法的有效性，算例结果分析表明该方法能够
以相对较少计算时间获得满意的乘务计划。

关键词
城市轨道交通；乘务计划；蚁群算法；乘务均衡
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