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ABSTRACT

The contribution of the localized vibrations of hydrogen atoms in a vanadium
lattice to the inelastic neutron scattering is calculated on the basis of Fine’s
model for the interaction within the lattice. A new method is used for the
determination of the frequencies of the localized modes which avoids the
solution of a secular determinant.
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" 1. INTRODUCTION (*¥)

The problem of the vibration of iﬁfihpupity atom harmonically coupled to a
crystal lattice has heen,sélve& in principle by the methods of Green's function
due to LIFSHITZ 1’ and MONTROLL and POTTS (?). Since the publication of these
papers numerous applications of the method have been made to simple systems
and more realistic ones. A detailed list of references fo this work are given
_in two recent revue articles by MARADUDIN (®), LIFSHITZ and xosEvich *) and
LUDWIG (5) to which we refer the reader. One notable problem which has not
received so much attention is the case of an interstitial impurity (WAGNER (5)).
To this problem we devote the present work. We consider specifically the case
of a hydrogen impurity, located in a tetrahetral interstitial site of the bee
lattice of vanadium. We ‘assume for the vanadium lattice a model with central
harmonic forces between first and second neighbours that reproduces well the
frequency spectrum obtained experimentally by INS ’, on pure vanadium (7).
Experimental results have been obtained (8)

which could be compared with ou theoretical calculations. We restrict our-

on the hydrogen-vanadium system

selves to the harmonic approximation; thus we are not concerned with the
line width of the localized levels (KLEMENS (g)’ VISSCHER (10), KRIVOGLAZ (11)).
Our theoretical approach will be based on the formalism of the method of
double-time Green's functions (ZUBAREV (12)
treatment of a substitutional (isotopic) impurity in a simple cubic lattice
by ELLIOT and TAYLOR (1%)

in such a way that we can avoid the resolution of a secular equation which

) which was already used for the
. We shall, however, introduce our Green's functions

is necessary for interstitial systems in the approach of WAGNER (loc. cit.)

In Part I we have developed the general formalism for the case of an harmonic
oscillator coupled to a system of harmonic oscillators. We calculate the
incoherent neutron scattering cross section and the position correlation
function < xa(t) xB(O) > of the impurity atom using the time-dependent Green's
function. We write the equation giving the frequencies of the local oscillation
of the interstitial.

In Part II we apply these results to the case of interstitial hydrogen in

the vanadium lattice and compare the theoretical values of the localized mode
frequencies with the experimental data.

. .
INS means Inelastic Neutron Scattering; it would be convenient to use such

analbreviation to describe a method of measurement like NMR, EPR and so.
%% Manuscript received on April 26, 1968,



In Appendix A we rederive some results of Part I by a special matrix partition

technique.
In Appendix B and C we derive some formulae used in the text. In Appendix D
we show that our partition method can be conveniently used also in the case

of substitution impurities.

PART I  Theory of Incoherent Neutron Scattering by Interstitial Atoms in-a
Regular Lattice

1.1 The Scattering Cross Section of the Interstitial Atom

The scattering cross due to a single atom is given by the well known

. (14)
expression

(1)

where a is the incoherent scattering cross section of the interstitial atom,
S(x,w) the scattering law for momentum transfer ir x and energy transfer i w,

and k,k' are the wave numbers of the incident and the scattered neutron. The

scattering law S(x,w) is given by (15)
40
(2) S(kyw) = %; J dt x(x,t)exp(iwt)

involving the "intermediate scattering function"
3) x(x,t) = < exp(-ik R(t))exp(ixR(0)>

where R(t) is the position operator of the scattering atom at time t (in the
Heisenberg picture). In the case we consider here the interstitial atoms are
coupled to the rest of the lattice by harmonic forces. If we also neglect the
interaction of the modes of the host lattice due to anharmonic terms (i.e. we
adopt the so-called "linear approximation" of Re. (16))

the expression for x(x,t) becomes (18)

(4) x(x,t) = exp(-H)exp{ I okKow < qu(t)qn,(o) >}

a,a’

where q, is the a-component (a = 1,2,3) of the displacement of the interstitial



with respect to its equilibrium position g; ,ie R(t) = gI+q(t). W is the
Debye-Waller exponent:

(5) W= . 2' Ky < qu(O)qu'(O) >

(12)

The expression < qu(t)qa,(O) > can be written as (c.f. ZUBAREV )

oo .
h‘J dw exp(-iut) A (w)

(6) < q (t)q_,(0) > =
%% - exp(ftw) - 1

aa’

where B = Elf-and where the function Aaa,(w) (which is related to the spectral
density of ghe oscillations of the interstitial atom in the host lattice) is

given by

(7) Aaa'(m) = i[G(qu,qa,;wﬁé) - G(qu,qa.;w-is )]

G(qa,qu.;w) is the Fourier transform of the retarded Green's function of the
displacement coordinate q, with respect to the displacement coordinate a'.

Egs. (6) and (7) are a form of the "fluctuation-dissipation theorem" of
CALLEN and WELTON (17),

1.2 The Hamiltonian of the System

In order to be able to calculate the Green's functions in eq. (9) we have to
consider the Hamiltonian of the whole system, since these functions contain
the interaction of the interstitial atom with the oscillations of the host
lattice. The Hamiltonian of the system can be written as the sum of three

terms

+ H,

(10) H = Ho + HI int

where H° is the Hamiltonian of the host lattice, HI the Hamiltonian of the

oscillations of the interstitial atom in a "frozen' host lattice, and Hint

the term which describes the coupling between the lattice modes and the oscilla-
tions of the interstitial atom. Psing the notations of MARADUDIN (13) Ho has

the form
p:(ll() 1 1t 1t
(11) Ho = I TR ] L °uB (2x38'x )ua(zx)ue(l k')
a R x a L«
g L'«!

M is the mass of the lattice atoms.



The Hamiltonian HI we write in terms of the normal modes of oscillation

(s = 1,2,3) of the interstitial in the "frozen" lattice. Then it takes a
particularly simple form

) p2 u2q2
- ’s 88
(12) HI = E [2m + 5 )
s=1

Hint has the general form, for a harmonic (bilinear) interaction between the
interstitial and the atoms of the host lattice.

(13) H, _ = z q

int ' (§I,zx)ua(2r)
s,a,a'g

sesa'Ha'a
e is the vector of polarization of the normal modes. The interaction matrix
Ha.a(gI,EK) is defined in such a way that Ha,a(gI,zx)ua(Lx) gives the a'-
component of the force at the interstitial (position gI) if the atom {2k}

is displaced by M, in the a-direction. This matrix obviously depends only

on the geometry of the host lattice, the equilibrium position of the inter-
stitial with respect to the host lattice and the interaction constants between
the interstitial and the lattice atoms. For a particular problem the equilibrium
position of the interstitial within the host lattices is a constant, and we

can drop it as argument of the matrix. Carrying out the summation over a' we

write the interaction term in the form

(13*) Hint = I qusa(lx)ua(zx)
S,G?g

with

(14) usa(zx) = :' €y Ha,a (gI,zx)

1.3 Calculation of the Green's Function

Our problem is now the calculation of the Green's function for a system Y1
of three oscillators coupled by a bilinear term to a second system Y2 of a
large number of harmonic oscillators. This problem can be solved exactly,

(18) . by
(12)

for instance by the calculation of KUBO's relaxation operator
using the equations-of-motion method for the Green's functions
Tn this way we determine the Green's functions G(qs,qs,;u) of the normal
coordinate q with respect to the normal coordinate Qg+ As the displacements
q, of the interstitial in terms of its normal modes are given by qa=2‘.esaqs

s

we have also the relation




(15) G(qu,qu,;u) 2 I e e
oo R 8

gt S0 s'a’ G(qa’qs'; w)

Thus it is sufficient for the solution of our problem to determine G(qs,qs,;w).
The Green's function G(qsgqs,;w) is the Fourier transform of G(r)(qs.qs,;t)
which is given by ‘ : '

(16) 6(q ,q,,5t) = - & () <[oﬂ(t)'&'s<t),'€s,(o)] >

where < > denotes an average computed with a time-dependent density matrix
corresponding to the system Yl; 0(t) represents the Heavyside step function
and ':is(t) is given by

M ey = exp (E i,
(17) qs(t) = exp (h'HI t)q8 exp ( ¥ By t)

The relaxation operator OH(t) is given by a time ordered exponential (exp(_T)
means that the time ordering is such that the larger times are written to
the right)

t'

t
(18) @H(t) = exp(_T){Jo dt’ J dt" < QH(t")QH(t') >2}

<...>2 denotes the average over the system Y2 and the operator QH(t) is defined
by

o]

i
(19) g (t) ... =4 [nm(t), ]
with
(20) Hint(t) = z qs(t) Hsa(!.r)uu(zr,t)
S,a,LK
where
~ _ i i
(21) M (2x,t) = exp(f H, t)u (2x)exp(- & B t)

In writing eq. (18) we made use of the fact that < QH(t) >, vanishes since
< ua(zr,t) > vanishes for all aftx and t. The expression (18) for the relaxation
operator is exact in our case: in fact, a system of oscillators with some

(18), i.e. to

bilinear coupling terms leads to a Gaussian relaxation operator
eq. (18).

Since we want to apply @H(t) on'Es(t) we have to calculate the effect of



operating with < Q (t")Q (") >, on q (t).
Since higher commutators of the type [q w(t"), [q (! ),q (t)]‘_\vam.sh (because
the commutator [9 (¢! ),q (t)] is a pure number) we obtain

" ] -i 1 1,1y,
(22) < R ("R (') >, = 2 IT M, (M . (27K )GI(‘O)(ua(LK),ua,(L K')yt) x
x [a5(t)ag () ]a u(t")
where
(r)

(23) (ng(1),u, (276")58) = = £ 0(t) < [T (e, )8, (1'%7,00] >
is the retarded Green's function of the perfect lattice of ua(lx) with respect

to ua'(l'x'). Henceforth we shall write it simply Gaa,(lx 2'x"3t):

(r)

(24) 21 G (26,2'x",) = Grg

(ua(lx),ua,(l'x'); t)

The factor 2m has been introduced in such a way that the Fourier transform of
Gaa,(zx;z'x',t) is identical with the Green's function as defined by MONTROLL
and POTTS (2).

Writing out explicitly the expression that defines the exponential in ¢ (t)a;(t)

while noting that (t),q ,(t') | vanishes for s # s' and that - igizl— ﬁ'(t),ﬁf(o)
qs (r)
(0)
(since [q (1),q (O)] is a pure number it is

is simply the retarded Green's function G (q »qg ,3t) of the normal coordinate

g for the isolated system Yl
equal to < [q (t),q (Oi] > ) we get a series Whlch is the Neumann series
corresponding to the 1ntegral equation (which is essentially the same as

DYSON's equation in field theory)

(25) a{™) i) = 5__,6l)( o+ 1 | sk (eene® t!
9g29g13 (0) Ag>9g1 3 =1 Jo ss' Q941 3
with the kernel
(26) K _(t-t') = ¢ I 2n ' dt" (r)( 3t=t")M_ (&x)M (2'x') x
ss fot (0) Ag29gn sa ' Kgrgrtt X
alx a'f'k o

x G ,(2x 2'c'3t"-t")
aa

From eq. (25) we obtain the corresponding equations for G(qsqs,;w)



3
(27) G(qsqs. 3w) = ass'(G(O)(qS'qS';m) + s'z'=1 KssnG(qsu ’qsl;w)
with
(28) Kssn(w) = 2% {ai.( a'i'.‘ Msa("")ns"a"(z"')G(""”v""3“’)}6(0)(qs’qs;w
These equations yield
(29) G . =
(9 594, 30) = R__,(w)
where Rss,(w) is the reciprocal matrix of
- as" - ' 1,1,
(30) Usgn = g, ;?ﬁ ) 2n I Hsa(LK)Ms"a(l't )G (2 2'c"50)

The couple of equations (29) and (30) are also derived by an other method in

Appendix A. G(o)(qs,qs;w) has the simple form

) = L1
(31) €(0)(%2%3®) = 55 53
S

0 -w
while the function Gaa(LK,L'K';w) has to be found from the analysis of the
vibrations of the perfect crystal. If it is known the function (which we shall
call the "interaction function")

‘ - T! 1.,
(32) Fss,(m) = I Msa(Lr)Ms,a,(l K )Gaa,(zx,L k';sw)
can be calculated in a straight-forward manner and we obtain for

(33) Ass,(w) =i [;(qs,qs,;w+ie) - G(qs,qs,;w-ie)

the expression



-10 -

- 1 -1 1 _
(34) Ass,(w) z - E o Im Fss"(w)Qs"s(w) + § LT 8(w wi)
8 i i
where the matrix Q.1 is the reciprocal of
(35) Q () = £ )] m(e®-w?)a__,-ReF (w)] m(w2-w2,)3_,,_,-ReF (m9+
ss' on s’ ss" ss" s' #"s' s's!

+ Im Fss"(w) - Im ans,(w{}

The real and imaginary parts of Fss,(m) are determined by the corresponding
parts of Gau(zx,z'n';w).
Since the imaginary part of Gaa,(lK,l'K';m) is equal to its spectral function

Aaa,(lK,l'K';w) where
(36) Aaa,(zx,l'x';w) = i,[?aa,(zn,l'n';m+i€ ) - Gaa,(lx,l'x‘;m—ie):]

it vanishes outside the frequencies region of oscillations of the perfect
lattice (the region of band modes).

Outside that region ASS,(w) will only be different from zero of the points
wy for which the determinant of st,(m) vanishes. This implies the vanishing

of the determinant
(37) AMw) = |m 3 (w2-02) - Re F (w)]
ss' s ss'

Eq. (37) is a necessary condition for the existence of (localized) oscillation
modes of the interstitial outside of the region of band modes. These modes can
be thought of as corresponding to the proper oscillations of the interstitial
which are shifted in frequency by the term Re FSS,(m) due to the interaction
with the lattice. As an example of this method we shall calculate in the

following the localized modes of interstitial hydrogen in vanadium.

Part II Determination of the Localized Modes of Interstitial Hydrogen in Vanadium

2.1 The Function Gaa,(ln,l'x';w) in Vanadium

We shall use the following notations and conventions: the origin of our
Cartesian system of coordinates we put in the center of the elementary cube;
the atom in this site (V has a bece-lattice) will be labeled (000); the directions

of the coordinates axes are along the edges of the cube. We shall measure



=1l

all coordinates in units of %-uhare a is the lattice constant. The interstitial
hydrogen is supposed (8) to occupy so-called tetraedric positions; we thus choose
for the H-atom one of these sites, say g, © (o, %3 1). We consider a coupling
between hydrogen and its nearest neighbours of the V-lattice only. These are

the atoms (000), (002), (111) and (111). We therefore have to kmow the function
Gaa,(zr,z'x';u) when 2x and 2'k' take values corresponding to these atoms.

This function is calculated in the Appendix B. We take out a -factor - 52_ for

convenience. The resulting function is given in table I. 1
. 8“1 : '
Table I : The function G&a,(zr;z'x';u) z - —5—-Gaa,(£r,z'x';w)
! an) (111) (000) | (002)
K
(111) gl(u) §2(m) gs(u) g“(w)
110l
(111) g2(u) gl(m) gs(m) gs(w)
1
(000) ga(w) gs(w) gl(w) g2(w)
T oot
(002) gu(”) gs(m) g2(m) gl(w)
The gi(w) in Table I are matrices in (d,a'). One finds
G2 0 0 G3 0 0
(38) gl(u)m, = Gl(m)aaa, g2(w) =10 G, 0 gé(m) =l0 G2 0
0 0 GS o] o] G2
The other matrices involve also non-diagonal elements. They are
Gu G5 G5 - Gu G5 -G5
ga(w) =16, G, G g, =\ 65 6, -G
G5 G5 Gl+ G5 -Gs Gl&
(39) - -
Gl& G -GS Gll» G G5
gs(w) -6, 6, G g =|~6; 6, 6
-G5 G Gu G5 -G Gu
(7)

The functions Gi(u), (i = 1,2,3,4,5) are given by (using a FINE's model

for vanadium):



-12 =

2n
.1 N
Gl(m) T I cle1 J d02 J d63 5
3w o o o
2n 2n 21 H
1 11 2_
G2(w) =3 J del J de2 J d03 ) (2C3 1)
m o o o
2n 2n 2n H
1 33 2_
(40) Gy(w) = =5 I de, J de, I de, —— (2€5-1)
n o o o
1 2n 2n 2n N
Gu(w) = —3 [ del f de2 J d03 —D-ClCQC3
3n o o o
1 2 2w 2w H
Gs(w) = ;5 I del J de2 J d03 D ( S S C )
o o o
with
C. = cos 0. S. = sin 6,
i i i i
and
_ 2
N—3(1C1CC n)+3s(1clcc39)(s ot )+
2
2B 2.2 2 2 2 2 2 2 2,22
+ (2 ) (8182+S2 3 ) (C 3 1C2 3 SlS C3)
2
_ 2 38 2 .2 .2 38
(41) D = (S S S ) [QCl 2 3”5 (C1+C2+C3) + [2 ] ]+
2 2 2 2
+ (1-c ce, n)\i(—e)(s1 SOCERS )
2 2.2.2 .2.2.2
- (C 3 + S1C2S3+8182C3)] + (1- C1C2C3 Q )

x

3 2 2 .2 2.3
(3-8) (Sl+82+83) + (1 Clc2c3 Q%)

These expressions involve the dimensionless constants

2 a
(42) 92 - 3Mw ) 2
8a a

1 1

where ay is the force constant for the interaction between nearest neighbours

in the V-lattice, and a, is the corresponding constant for the next-nearest-

2
neighbour interaction.

2.2 The Coupling Matrix M_G(QK) for Interstitial Hydrogen in Vanadium

For the derivation of the coupling matrix Maa,(lx) vwe remember that it is the

negative of the coefficient of ua(lx) in the expression for the component a'
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of the force acting on the hydrogen atom. The equations for the forces acting

on hydrogen are (y = force constant for the H-V interaction)

£ = - %1 [gql-zul(lll)-2u1(i11)-u2(111)+u2(i11)]

£, = - %-[:4q2-2u1(111)+2u1(111)—u2(111)-u2(i11) -1, (000)
“2) - 1,(002)-2y,(000)+2u,(002) ]

£, = - %1-[uqa-u2(ooo)+u2(ooz)-2u3(000)-2u3(002)]

From these equations we can draw the following conclusions:

- (1) the free oscillations of the hydrogen atom in a frozen vandium lattice

(i.e. for all ua(zx) = 0) have the following frequencies and polarizations:

2 _ 8y -
W, =5 - e = (1,0,0)
2 _ 4y -
wy = Ty e, = (0,1,0)
2 8
W, =-ﬁ% e, = (0,0,1)

- (ii) the coupling matrixes Msa(zx) are the same as Haa,(zr) due to the
fact, noted in (i), that the polarization directions of the hydrogen modes
are along the coordinate axes. The matrices Msa(zx) = Ma,a(zx) can be read

off eq. (43) as follows:

4 2 0
M (111)=-Xj2 1 o
sa )
0 0 0
4 -2 0
I = - X
M (I11) = - Tl2 1 o
(45) © 00
0 0 0
= _X
M_ (000) = - T (o 1 2
0 2 u
0 0 O
- - -
M (002) = - Ljo 1-2
0 -2 4
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2.3 The Interaction Function Fss,(m) for the Hydrogen Atom in the Vanadium Lattice

Now we can use equation (32) to determine Fss,(m). The calculation; simplify
considerably because of the explicit from of the matrices Hsa(zr). For instance,
for Fll(w) the terms with {2x} = (000) and = (002) do not contribute and we
obtain

801 8¥2
5 Fll(m) = 5% (5G1—G2+uc3)

Because of the symmetry of Hsa(lx) and Gua,(zr,zx') one immediately sees that
(w) = F (w). For F (m) the calculations are somewhat lenghtier but can

be 31mp11f1ed by the use gf symmetry relations as shown in Appendix C.

Finally ———-F ,(w) = - 3L (56,4G,-4G,_+2(G,+8G,)). The F__,(u) for s¥s' turn

172
out to be zero. Thus the matrlx Fss,(m) becomes

10G. -2(G_.-4G..) 0 0 \
2 1273
= - 3y -
(46) F_gr(w) Soay | 0 5G,+3G,,~4G,+2(G,, +8G, ) o
0 0 10Gl-2(G2-4G3)

3.4 Localized mode Frequencies in Vanadium-hydride

Since in this case FSS,(m) is a diagonal matrix we obtain, instead of the
determinant eq. (37), immediately the following equations for the double-

degenerated mode and the single mode

2
2 52 __S p” 2,. 2 _3p
8 = 8, “ 0w 8171 %5 5]
(47) 9
2 _,2 _ 9 p° 2, . 2 _3 p
2, = Q2o 400 2(92)’ Q20 T 10 u

where we used the dimensionless frequencies definition eq. (42) and the

abbreviations
=n - X
L M o al
- gt
(48) g = 5G G, 4G

R - S x |
B, = 5G] + G, - 4Gy + 26, + 16G;
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A superficial look on eqs. (47) would lead to think that the first term would
decrease in importance with increasing M because of the factor u = m/M. This
is misleading since the terms in the breckets go asymptotically with 1/92,
i.e. with 1/M u2 while the first term goes as u2 m. So it is really the
second term which is smaller than the first by a ratio L

M

Since in our case %;‘3 %3 while the functions Gi are of order unity or smaller

and p is also of order unity, one can take as zero-th approximation

2 _ 2 02 = g2

(49) R = Yoo 2 = %20

and solve the eqs. (47) by iteration, i.e. take as first approximation

(50)

2 3p_ 9 p 2
N nt1) 5w 200 p 8100
(51) 9
2 _3 p_ 9 p° 2
2 (nt1) 10w - 500 u 52(%)
n=0,1,2...

The values of the Green's function relevant for our problem are tabulated for
arguments 92 = 10(10)100 in Table II - these values have been calculated on
the IBM 360 of CETIS at ISPRA.

The experimental data on the localized vibration frequencies of vanadium-hydrogen
and vanadium-deuterium have been obtained by I.N.S. at the Ispra I reactor

facility by Kley et al. and published in the references (8).

In fig. 1 and fig. 2 are reproduced the intensity of scattered neutrons as
function of time of flight and energy transfer. Since we know that observed
peaks are the superposition of two peaks at frequencies v, (doubly degenerate)
and v, (non~-degenerate) we analyse the data in assuming that the maximum of

intensity corresponds to the frequency vy- We read thus the experimental values

(52) hvl(ﬁ)’? 100 meV hv, (D) Y 77 meV
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To compare experimental and theoretical values we proceed as follows.
We assume, for the case of deuterium, that hvl = 77 meV. With u = 2/50.95
we solve for p the first eq. (47). We have:

hml = 77x10-3 meV ’
(53) v, = 1.862x107% sec™d; w = 1.170x10™" rad/sec
e = 22.38  g.(2%) = - 0.2338
1 1
which gives
(54) p = 1.427

We, then, solve the eq. (47) for hydrogen (p = 1/50.95) by iterations for the

values of Qi and Qg. Only two iterations are necessary to obtain the following
values:
2 _
Ql = L4y.17
w, = 1.6143x10ll+ rad/sec; v, = 2.615x1013 sec-l
hvl = 108 meV
(55) 2
Q. = 22.36
2 .
-1

w. = 1.169x10™" rad/sec; v. = 1.860x10°° sec

2

hv2 = 77 meV
The theoretical values of 108 meV for the doubly-degenerate frequencies and
77 meV for the non-degenerate mode are consistent with the experimental data
on polycrystalline VH system, since the second calculated frequency would
correspond to a peak with half the intensity of the first one and occcurs at
a position where scattered intensity is indeed observed. Basic to this inter-
pretation of the data is the assumption that the two peaks at 2 and v, are

not resolved in the conditions of the experiment on polycrystalline vanadium

hydrogen system. Very recent measurement (19)

on a monocrystal of a-niobium
hydride have shown indeed the existence of two separated peaks for the localized
mode of hydrogen. Due to the close similarity of VH and NbH systems we can

say that the above analysis for VH is essentially correct.
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One point worth mentioning is that the frequencies calculated for the H atom

moving a rigid vanadium lattice, as given by the first terms of eq. (47) are

Q7 = 43.62; = 107.4 meV
Q2 = 21.81; hw,.. = 75.9 meV
20 5 20

The coupling of this oscillator to the host lattice shift the frequency

upwards by a very small amount (< 1,5%). This is due to the large mass difference
between the interstitial and the host lattice and the closeness of the force
constant of the vanadium-hydrogen and vanadium-vanadium interaction (p = 1.427).
Experiments of the type analyzed here are therefore essentially measurements

of the V-H interaction and are rather independent of the oscillation properties
of the host lattice.

3

Table II : Numerical values of the functions Gl,...,G5 in units of 10

6, | 6, 1 6, 6, 6,

10 |- 120.7| 1.536 {1.598 | 1.682 |- 1.960

20 |- 54.57| 0.3159/0.3221|0.3593|- 0.3852
30 |- 35.29 | 0.1325/0.1342|0.1522}- 0.1592
40 |- 26.08!| 0.0725]/0.0732|0.0836|- 0.0864
50 |- 20.68| 0.0457{0.0460|0.0528 |- 0.0542
60 |- 17.14| 0.0313/0.0315]/0.0363 |- 0.0371
70 |- 14.63 | 0.0229]0.0230|0.0265 |- 0.0270
80 |- 12.76| 0.0174]0.0175[0.0202 |- 0.0205
90 |- 11.32]| 0.0136/0.0137|0.0159 |- 0.0161
100 |- 10.17| 0.0111{0.0111{0.0128 |~ 0.0130
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AREendix A

Eqs (29) and (30) can also be derived on the basis of the identification of

the Green's function Gus(zx)z'x';w) with the Montroll-Potts Green's function (20)
For this we use a matrix partition technique analogous to the one used by
Lehman and De Wames (21) and Wagner (6). That the interstitial case can be
treated in this way has been remarked also by Maradudin (3) in two comprehensive
articles. We refer the reader to these articles for the earlier references

on the subject. We follow as closely as possible the notations of these articles.

Though analogous to the method of Wagner our patition is different, leading

to specific advantages. In the method of Wagner one has to find the eigenvalues
of a 3s x 3s matrix 3I+a'ya'r where s is the number if atoms touched by the
introduction of the impurity atom. This is done in decomposing the representation
of dimension 3sinto the irreducible representations of the point group of the
impurity by the well known group-theoretical methods. In our method one has:

to find the eigenvalues of a 3 x 3 matrix, irrespective to the number s, and

which in most cases is already diagonal.

We denote by ua(zx) the displacements of the crystal atoms and by , those

of the interstitial. We decompose the vector space E of the displacements of
all the atoms into the direct sum of the 3-dimensional space E3 of the
displacement u_ and the 3rN-dimensional space of the displacements ua(lx)s Erne

Any matrix operating in E is partitional accordingly.

We denote by G and L the matrices pertaining to the unperturbed crystal; by
y the '"molecular" Green's matrix corresponding to the interstitial atom
vibrating in a fixed host lattice; by’E andlz the matrices pertaining to the
total system. We write the § and L matrices as

i I
~ Gll i G12 » Lll \ L12
(A.l) G=‘..—-—-r~-a~ L:______‘_.___,
|
|

|
C1 | C22 Loy 1 Dog

where the index 1 refers the space E

3 and the index 2 to the space E3 . Since
~ el r

N

G =L ", we have

P11 G11 ¥ Lyp By 51
(£.2)

L..G ., +L,. G, =0

21 11 22 "21 ~
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A2

where I is the unit 3x3 matrix, and O the nul 3x3rN matrix.
Combining the two eq. (A2) we obtain

' -1 _ -1
(A.3) G171 = Lyg 7 Lyp Lpy Loy

But, since:

_ -1 _ .- _.T
(A.4) Y = Lll . G = L22 L21 = L12
we can write
~-1 _ -1 _ -1 _ T
(A.5) Y = G11 T Y L12 G L12

The eq. (A.5) gives the perturbed molecular Green's function ?’: G11 of the

interstitial as a function of the unperturbed one y and of the perturbation

L12 G LIQ due to the crystal, through the interaction L12 between the intersti-

tial and the rest of the lattice. Since the elements of the 3rNx3 matrix L12

are the expressions Mae(zz) of the text, we see that eq. (A.5) can be

explicittely written as:

-] - -1 - <ot 2 Tt
(v dog = (v Dag agzt Maa,(it)Ga,B,(lk,l ') x Moo, (2'x")
(A 6) B"-‘K'

which is precisely equivalent to the couple of equations (29) and (30) of the
text.

The perturbed frequencies are the poles of T, thus the zeros of ?Fl.
pe q

Let us suppose that the axes along which the interstitial displacements My
are measured have been choosen so that y is diagonal by symmetry. For example
in the case treated in Part II of the text, the symmetry of the interstitial
site is D = 42 m (22) and when the axes are choosen parallel to the edges

2d
of the cube, y is diagonal and has only two independent components:

A. = = = =

(A.7) ny sz Yzx © Yxx = Yzz 4 Yyy
The conditions (A.7) are imposed by the symmetry D2d' Since the interaction
L12 preserves the symmetry of the problem, the perturbed matrix ¥ should be
diagonal in these axes. In this case the equations for the perturbed frequencies

are the 3 scalar equations
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A3

~~1 2, _ -1 2.
(A.8) Yoo (W) = v (07) z MQB(QK)GBB,
Bk .
AN AN -

Thus there is no need to use advanced group-theoretical arguments to reduce

(2x; Z'K';m2) x MaB,(l'K') =0

the problem to scalar equations as in ref. (6) and (3).

The above argument has been put into use in the Part II of the text. Egqs (u46)
and (47) of the text exhibit the mere fact that ;Jis diagonal and has two

independent components, one for [kg] and (zz] (double degeneracy), the other
for [yy].

The above method does apply for substitutional impurities as well, with the

same simplifications. This is shown on an example in Appendix D.
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Appendix B

In this Appendix we derive all the independent components of the Green's
functions pertaining to any pair choosen among the 4 points A = (000), B = (002),
C = (111), D = (111).

The basis for that derivation is the fact that under any symmetry operation
(S/t) which send the crystal into itself the Green's function Gue(zx;z'x';MQ)

(Ay) AY)

behaves like a second rank tensor . Using the notations of Maradudin

we have that:

(B.1) GaB(LK;L'K') = I (2k32'c")

arg! Saav SBB' GalBl

First when {2x} and {2'«% are the same point, (S/0) can be choosen to be any
element of the point group, leaving thus the point {2k} invariant. We obtain

the well known result for the cubic symmetry:

') = G T etogt 1) = gty =
ny(lx,z k') Cyz(z k';2'c") sz(ZK,E k') =0
Lot = Lgt 1y = c gVt
(B.2) Gxx(lx,l k') ny(!.l(,!. k') Gzz(llc,l k')
-1 1 -
= R I Gl

kJ w2~w§(E) i
Second, when {2«x} and {2'x'} are distinct, (S/t) can be choosen to be any
symmetry element of the point group which leave the pair {2k}, {2'x'}
invariant (sub-group). In the following formulae the notation G(P,Q) denotes
the 3x3 matrix whose elements are GOLB (P,Q), a,8 = 1,2,3 and P,Q the lattice
points P = {2k}, Q = {2'«'}.

Pair (AB) Subgroup D

yh
ny(A,B) z Gyz(A,B) =6, (A,B) = 0 6,0 0
(B.3) G(a,B) ={ 0 G, 0
e (4,B) = ny(A,B) =6, #6,,(A,B) = G, o o0 @
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Pair (CD) Same subgroup with 4 fold axis along x direction
= = = t
ny(C.D) Gyz(C,D) sz(C,D) 0 G3 (o]
(B.4) G(¢c,D) =[O Gé
= = 1 = 1 ]
ny(C,D) Gzz(C,D) G2 7 Gxx(c’D) G3 0 0 G2

Pair (AC) Subgroup C3v the independent elements are found to be Gxx(AC) =G
and ny(A,C) =G

y
with the others given by

5
G!+ G5 G5
(B.5) G(A,C) =
G; G, Gs
G5 G5 Gu
Pair (AD) Subgroup C,, the independent elements are Gxx(A,D) = Gd and
ny(A,D) = Gé and the others are given by
G' G! G!
y 5 5
- 1 [} ?
(B.6) G(A,D) = Gy Gu G5
1 1 ]
G5 G5 Gu
Pair (BC) Subgroup C3v the independent elements are Gxx(B,C) = G:; ny(B,C) =z - Gg
the others being given by:
g - @' - g"
y 5 5
=l- @n n "
(B.7) G(B,C) Gy Gy Gy
" n "
G5 G5 Gu
3 - ] -
Pair (BD) Subgroup C,,. We have G  (B,D) = Gy', G, (B,D) = Gg' and
Glll G"' - G"l
y 5
- ne n "y
(B.8) G(B,D) = G5 G!+ G5
-3t " it
G5 G5 G!+

Third, (S/t) can be choosen as to exchange a pair among the four points A,B,C,D
with a different pair. For example the exchange of (AB) and (CD), by the four-
fold inversion axis S!+ yield

(B.9) G! =G and G! = G

In the same way the two reflections through the planes o, x= 0 and N 1

exchange the pairs (AC), (AD), (BC), (BD) in all possible fashion, yielding
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= ! = " = 1ne

(B.10) Gu Gu Gu Gu
- - ! = " = 1y

GS . Gs GS Gs

We are thus left with five independent Green's function, defined as:

()
"

Gxx(A,A) G2 Gxx(A,B) G3 = Gzz(A,B)

(B.11)

€y

G (A,C) G ny(A,C)

and the other Green's function are given by the 3x3 matrices:

6, 0 0
G(A,A) = ... = 6(@,0) ={0 @ o
o 0 G
G, 0 0 G, 0 0
G(A,B) ={0 6,0 | G(C,D) = (o G, 0
o o g, o o g
(B.12) €y G5 Gs €y "G5 G
6(a,0) = |6, 6, & | 6A,D) = (:Gs 6, 6
G5 G5 6, G5 G G
G, G5 g €, "G5 G
6(B,C) = [ 6, G, -G|6(B,D) = [-6, G, -G,
G, -G, 6, 6, -G, 6,

We next turn to the problem of evaluating explicitely these elements in terms
of the dynamical model of Fine (Bl) as it was generalized by Montroll and
Peaslee (B2). We define first the two Fourier matrix’ﬁ'andﬁs belonging to a

certain vector k by the equations:

~ k -
HaB(rr') - Hr aaB axr'
(B.13)
¢a8(r53 = I ¢08(lr;on)exp [: ikx(2x) + igg(x')]

L

In terms of these matrices the Green's functions are given by:

(B.14) Gaa(zr;z'r') = %- [? wz—%]-lae exp‘:ikg(lx)-ikg(l'r')]

I
k
where[:rlue is the {aB} element of the inverse matrix [yw2-§}-1. We can write,

for a Bravais lattice, like the b.c.c. lattice
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G,(P>Q) = 5 : [ﬁm:’-i]'lae exp [i}_c.gg]

?8X) = i ¢GB(2)exp[}i§§(2)]
and the coefficient 338 are obtained in making the substitution
(B.16) uu(l) = u, exp [—iwt+i§§(2)

into the expression of the components Fa(l) of the force acting on the atom

x(2) expressed as a function of the displacements. Upon substitution, one gets:

(B.17) F(2) =-35 % (Xu.(2)
a 8 aB ' -""8B

This procedure, when applied to the model defined in refs (7), (23) gives the

following matrix elements:

3 - ] s 2

0= - { }{1ccc +3=s -0
(B.18) (8a

r~ - _ -1

12 %7 73 ) 31525

and circular permutations.

Where a, and a, are the central force constant for 1st and 2nd neighbours and:

1l 2
a, . 2
R = 2 92 = Mo (dimensionless)
a 8a
1 i
(B.19) 1 1
Ci = cos (5 kia) Si = sin (—2- kia) i=1,2,3
a is the edge of the cubic cell.
e 20N
We need the cofactors Hij of the matrix (Mw -¢).
We have
8a_4y2
_ 1 3B 02,02y, 4_ 02
Hll = [—5—} [(1.C10203 -Q ) + > (82+S3)(l ClC2C3 Q%)
2.2.2 38 2 2:]
- 018253 +A{2 J 3253
(B.20) Sal 2 2
H12 = [—E—J - 033182(1-0102C3-Q ) +

2 38
+ slszss(clc2 5 Cs):)
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BS
and circular permutations.
We also need the following expressions:
8a,4y-1
1} D
N = H ,+H, ,+H [ = ,
117127733 T (3 ) 4002
8al 2 2
(B.21) = tjfa 3(1-C C C -Q ) + 38(1-C C2C Q )(S 2 ) +
38 22,622 22y (026262,02:22 0222
+(——2J (855345557 +575,)-(C]S,554C,S,ST + €357 52)
~2~
D = det|Mw“-¢] =
8a.y3
. _ 11 _ 38 2 _
= [ 3 ) i}l C1C2C3 Q ) (S 2 )(l C1C2C3 Q ) +
_ a2y (38 2,62 -
+ (1 C1C2C3 Q )[‘[2 } (SlS2 2 )
2.2.2 2
- (Cy555; + 2S ] S x
2
38 w2402
x [[} [)(C 5 3)+2ch2C3]}

In the following the summation over k has been replaced by an integration

according to the equationms:

m m ﬂ 3
z+—lf deJ de J de =[-1-JJd3e
1 2 3 T
E_ L o) o) o)
\<1|’

R
ei =3 Ki a, 0 < ki

AN
w

(B.22)

The triple integral in eq. (B.22) can be replaced by any one in 6 space over
a connected domain of volume ﬂa for example over the 1st Brillonin zone.

With these notations, it is obtained:

3 3
11 3, N AR AN 11
Gl-3[")JdeD G2-(“)J (2c -1)
1 Haa 2 1 (1 3 N
(B.23) G, = [;] J 22 (21 ¢, =3 [}-] J % X ccc,
H
_[x 12
Gy = {ﬂ] f a%s =2 (-5,5,C,)

For numerical computations it is useful to consider only dimensionless

quantities. We shall denote them by symbols with an asterisk. We have:
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'B6

u =H’ 8(112 Ds - 8013D!
ij ij { 3 3,
(B.24) 8a.12 8a -1
N = |—2 N Gz - |=2| *=--2¢®
“ {3 i 3 i~ 8u1 i
So that

D

13
x_1 (23, ¥
Gl =3 [']jd ) : and SO ON sieeccecees

With these notations one obtainsthe formulae eq. (38) to eq. (42) in the text.
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Appendix C

In this Appendix we derive the matrix elements Hae(zx), and the interaction
function MeM™.

According to Appendix A, eq. (A.6) the M's are matrix elements of L., represent-

12
ing the interaction between the interstitial atom and the lattice. If we
denote by My the components of the displacements of impurity, the interaction

energy is given by:

(c.1) . .= I M ., () u (2x)
int aBLx af a B

and the a-component of the force acting on the impurity is given by:

a(bint
(c.2) - = - I M _(2x)u (2)
Bua BLx aB B
We assume the impurity atom to be located at the point 5 = %—(0, %5 1)

(tetrahedral site), and to interact with its nearest neighbours only A,B,C,D,
with a central force with a force constant y.

We can decompose the 3x12 matrix L., into 4 3x3 block matrices corresponding

12
to the interaction of the defect with each of its 4 neighbours. We thus obtain

the four matrices:

0 0 0 0 O
H(A)=':;-Ol2 H(B)=-%01-2

0 4 0 -2 +4

(c.3) ¥ 2 4 -2 0
M) = - 1 M) = -X|-2 1 o0

0 0 0 0 0

The interaction function is defined by

(C.u) F _ = (L ,.GL_.,)

R ) ? ]
aB 128851 (2k38'x )MBB (L'c")

I M ()G 8 <
aq K asy %" 1
A
Upon introducing the matrix T, t%e elements of which are the FaB’ we may write with

aB =

the above mentioned definitions:

(c.s) F= I MP)P,QM(Q); ¥t (Q) = M(Q)
or even: P,Q
(c.6) F= 1 F(P,Q)

P,Q
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using the short-hand notation:
(c.7) F(P,Q) = M(P}G(P,Q)M(Q)

(the notation F used in this Appendix should not be confused with the same
notation used for the force in Appendix B).

We can get some help for the explicit evaluation of I from group theory. Never-
theless the group theoretical results that we need are almost trivial compared
to the results needed on the method of Wagner, due to the fact that all the F
matrices defined in eq. (C.6) and (C.7) are 3x3 matrices.

It is easy to see that the F(P,Q) matrix transform like a second rank tensor,

as G and ¢, according to

(Cc.8) F (LK;L'K') = I S
a8 a'B!

(008,

aa'SBB’Fa'B'\gk’z k')

for any symmetry operation (5/0) which leaves R invariant and brings the crystal
into itself.

Let us call gr the smallest subgroup of the point group of R (around R) which
has the property that upon acting on the point A, it generates the four points

(A,B,C,D). In our case the point group of R is D, .. We use here the notations

2d
of Hamermesh (22) (denoted by H). The smallest subgroup is Su, the 4-fold

inversion axis being along the Ry direction. It is easily seen that the two

matrices
¥ =TI r(pe,pP)
5 p
(c.9)
Fy = I F(P,Q)
P#Q

where in the second summation P and Q are always different points, commute with
all the matrices of 3x3 representation I' of gr based on the vector x,y,z. If
we decompose T into its irreducible representations, then, in each of them,

we obtain a scalar matrix for Fs and F, (Shur's second lemma). The point is,

that the decomposition of T are triviai. They all given directly in the character
tables as shown in[;H. pl25-12ﬂ, for example. It is not necessary to have reccurs
to the orthogonality relationms.

For our case the group Su is abelian, i.e. it has only representations of
dimension one given by the Table (C1) [ﬁ. pP-126 Table 4-1%]. Since FS and Fd

are real they are completely diagonal in the (x,y,z) axes, according to the

Table (Cl). This result was already obtained by another reasoning mentioned
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C3

above, and is central to our method. In these circumstances it is only

necessary to evaluate the 2 diagonal elements of Fs and F, corresponding to

d
(a,B) = (1.1) and (a,B) = (2,2) since the element (3,3) is identical with

the element (1,1) according to the table (Cl) (conjugate, real representations).

Using the values given by eq. (C.3) and (B.12) we calculate explicitely the
product:

2

(c.10) F(A,A) = M(A)G(A,A) = lg

o O O

N = O

£ N O
[op]

Using the Table {C2) which exhibits how the points and the coordinates transform
in any operation of the group we obtain immediately, according to the eq. (C8)

the following values:

2 /u 2 o\ 2 o 0 o)\
2z 0 = 1 -
F(C,C) 5 2 1 016, F(B,B) =10 1-2]6
\o 0 0 0 -2 4
(C.11)
/ -2 0 8 0 0
Y Y2
{ h Al = X
F{D,D) = 5 1 ole, F, =|0 % of6,
G 0 0 0 8

\

The sum Fd can be split into two parts:

(Cc.12) Fd = Fdl + Ed2
with
(C.13) F = F{A,B)+F(B,A) + F(C,D) + F(D,C)

dl

which commute separately with the operations of Sq. Therefore each

separately is diagonal in the {(x,y.z) axes. We need calculate only diagonal

2lements. We have by direct evaluation:

2
- . -
Fll(A,E) = Q, F22(A,B) T3 (G2 4G3)

{C.14)
472
F33 = - (G uG )

Upon using Table (C2) we obtain:
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cy
13
Faal(CsD) = 0, F,o(C,D) = L= (6,-48,)
sy?
F,,(CD) = - =L (6,-46,)

By using the symmetry plans %, and o, defined in Appendix B (they do not

4
F(P,Q) = F(Q,P) thus giving

belong to S, and when adjoined to give the full point group D2d) one finds

. ~4(G,-4G,) 0 0
(C.15) Py = 2 0 2(6,46,) 0
0 o -4(G,~4G,)
A similar method gives
2
(C.16) F1,(A,C) = Fua(a,0) = 0 F,.(8,0) = X (G, +86,)

by direct calculation, and upon using table (C2) and the elements o ~(or o, )
we obtain 8 times the same contribution from other terms in F22 thus.

(Fd2)11

(Fio)z3 = ©

(C.17)

(F,,)

8y
42722 = 5 (6,+8Gg)

The final result for the interaction function is,therefore

Flog ®Fy T Fpg = gy = Fgy) =F15=0
2 2
= 8y -8 (o -
Fi; =75 6; ~ 35 (6,746y)
(C.18) 472 2 87
r22 = Gl + — (G uG ) + —— (G +8G )
Fa3 = F1y

In terms of dimensionless quantities needed for numerical computation, it can

be written as

F117F33 = - 50a [}OG 2(G 4G )]
(C.19)

F 3Y ‘ = = x = = l
29 = - *—50 5G1 + (G2'4G3)+2(G4+8G5)
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These are the expressions used in the text
Table (C1)

Character table of the group S“

2 3
S“ E Su Su S“

A 1 1 1 1

B;y 1 -1 -1

1 i -1 -1

E;x+iz
1 -1 -1 i
Table C2)

Transformation of the points A B C D, and tb coordinates

X,¥,2, for the group S“

Elements E Sq Si Sg
Al A C B D
B! B D A C
c! C B D A
D! D A C B
x! z -X -X
y' y -y y -y
z! z -X -2 X

The primed symbols represent the transformed values
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Appendix D

In this Appendix we show how to treat the classical problem of a substitutional
impurity in a bcc lattice by the method devised in Appendix A. It is reminded
that the usual treatment of this problem involves finding the eigenvalues of

a 27x27 matrix if the impurity "interacts" only with its first neighbours.

In our method we have to handle a 3x3 diagonal matrix whatever the number of

neighbours interacting with the defect.

We suppose that the impurity is located at the origin O, center of the cube
ABCDEFGH. The coordinates of the eight points from A to H are given in the
table D1. In the present Appendix we use for the points, notations differing
from the notations used in preceding Appendices. We assume that the atom at O
interacts with its eight neighbours through a central force, with a constant
y. Let P, with coordinates % (61, 62,
A to H. The interaction matrix M(P) has the following elements:

€3), ei =+ 1 one of the eight points

€ & € &
5% 5%
. T - c €
(D.1) M) = - L lee 1 e,
361 S99 v/

We consider now the following partition of an arbitrary matrix T with components
TaB(QK;R'K'):

Tll(a;B) = TaB(O’O) T12(a;8 Lk) = Tas(o;zK)
(D.2) 4
T21 = le TQQ(GEK;BQ'K') = TQB(EK;Z'K')

where the points P = {fx} and Q = {#'«x'} are different from O:
i

11 T12

(D.3) T L

With these notations we first establish a relation between the Green's function
N
G of the crystal with a vacancy at the point O and the Green's function G of

the unperturbed crystal. The L matrices for these crystals can be written as:
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(D.4) Loz fmmmmedeeeoao | g A R

AN 1~
where the O's are the appropriate null-matrices. Form LG=I and LG=I we obtain

the equations:

LygGyq + LBy = 0

(D.5) Ly Gy *+ LyBoy = 1
~ 7AN
LG = I

In the last equation we have taken into account that G, involving only N-1

N
points of the crystal, is a 3(N-1)x3 (N-1) matrix, while I is the 3(N-1) x 3 (N-1)
unit matrix. We can solve the first two eq. (D.5) for L,, and L., and obtain

22 21
finally:

/o _l

(D.6) G = L

Lyp 7 Gop 7 651613815

We can write eq. (D.6) in equivalent ways:

~ -1
.0t 1] - . 1 1 - N 1N 1
GaB(lK,l k') = GuB(EK,l ') b Gaa,(ZK,O)Gll(u 0;8'0) x

a'B!

(0.7) X Ggig(0sL'x")
3(P,Q) = G(P,Q) - 6(P,0)6;16(0,Q)

Eqs (D.6) and (D.7) could be used to evaluate the frequencies of a crystal
with a vacancy, but we shall not pause here to do this.

We consider the case when the vacancy is occupied by a different atom of mass
m interacting with the rest of the crystal with the matrix eq. (D.1). The
problem is’' then identical with the problem of interstitial impurity except

that everywhere G should be replaced by1§. We note that the symmetry properties
of‘@'being the same as those of G regarding the transformations (8/9) which
leave 0 invariant we can apply the same methods as above.

We note alsc that the 3x3 matrix G is diagonal for cubic symmetry and is

11
given by
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(D.8) Gll = G(OQO) = G(A,A) =

o O @
o ® O
@ O O

1

where Gl is the function defined in eqs (B.11) and (B.23). Therefore eq. (D.7)

is simply:

(0.8)  G(P,Q) = G(P,Q) - &= 6(0,P)G(0,Q).
1

Fa)
The interaction function F is defined by (cf. eq.C5):

(0.10) F= & M(P)E(P,QM(Q) = F-J
P,Q )

where

(D.11) F= & MP)G(P,QIM(Q)
P,Q

and

(D.12) J = l_ I M(P)G(0,P)G(0,QM(Q) = K2/G
G 1

1l P,Q
with
(D.13) K = I M(P)G(0,P) (diagonal)

P

I G(O,P)M(P)

P

To evaluate the interaction function F (defined in eq. D.1l) we use the same
method as in Appendix C. We write F as a sum of expressions invariant with
respect to small subgroups of the point group of 0. For each invariant expressi
we calculate the first term, then, by symmetry operations we obtain all the

other terms. The sum is then diagonal by the arguments already presented. We

write:
F=Fp 4Pyt Pyt Py
Fy = I M(P)G(P,P)M(P)
P
(D.14)
FII = T M(P)G(P,Q)M(Q)
PQ=(100)
FIII = L M(P)G(P,Q)M(Q)

PQ = (110)
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by
(D.11) Fry = z M(P)G(P,Q)M(Q)
PQ=(111)
where b means a summation over all the points P and Q such that the
PQ = (hk%)

vector PQ is crystallographically equivalent to the lattice vector (hk%), P
and Q being choosen amongst the eight points A to H.

We obtain the following values:

, [l 11
(D.15) F(a,A) = L= (1 1 16,
11 1

and using the subgroup D2h:

1 0
8 2
(D.16) FI =3 0 1 Gl
0O O
Next is:
9 1 -1 -1
= Y -1 - -
(D.17) F(A,B) =5 |1 -1 -1 (G3 2G2)
1 -1 -1
and using the'subgroup Th:
1 0 0
8Y2
(D.18) FII = -5 0 1 0 (G3-2G2)
0 01

To calculate F and FI

111 we need introduce new Green's functions. They are:

v

Gg G, O C9 S0 G0
(D.19) 6(A,C) ={ 6, 6 O |, G(AG) =[ 60 Gy Gy | .
° Gg 610 €10 ©qg

where Gi’ i=6,7,8,9,10 are defined by:

(2]
n

G, (A,C) G, = G, (A,C) Gg = G,_(A,C)

(D.20)

G
"

Gxx(A,G) G10 = ny(A,G)

and are calculated according to the formulae:
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EY

- JPRUT J
d%s —= (2¢]-1)(2¢3-1)

S22 (-4, 8
ave (-4C,C 8.5 ,))

o=

{87
feed

(D.21) Gg =

(]
~J
1}
o~ ——n, r~——
| =
————e_—s®
w

5
(113 H "
c. = |X a%e 2L (2c%-1)(202-1)(2¢2-1)
9 m D 1 2 3
s Heo |
_ 1) 3, 12 | _ ]
G0 [ﬂ} 170 L_“Cl 2sls2(2c -1)
We have:
Y2 1 1 |
(D.22) F(A,0) = ¢— |1 1 (26,+2G,-G,)
g o1 -1/

and using the subgrcup 0, :

.
00
8M2 (\
= =L (26, +2G, -G
(D.23) PIII 3 0 1 92 |( C6+zG7 Le)
0 0 1
And finally:
/ 1
Y2 /1 !
- £ n
(D.2%) F(A,G) = 5 1 1 1 \Gq+20103
11 1/
\
and using the subgroup D?h
. 2 1 0 0
yoo ! ‘
2 = - ' 3 P4C)
(D.25) EIV 3 O &L 0 (!94 LLC)
NN iy

The interaction matrix F is thus diagonal and spherical, having thres cgual
diagonal elements., as required by cubic symmetry. The non zero elements are;

2
. sy " T i apn )
T8 2 = r -1 L : -G _+7 3,—G, +36, +605
(D.26) Frx = Tyy = Fup ® g7 [361704¥26,426, 426, -0, +3G, 465, |}
We turn to the evaluation of K and J. For this we write the ewpression of the
matrix G(O,P):
G € €06 & c G

b 17275 1
(D.27) G(0,P) =l& € G G e? G

25165 Y 3°5
. A
3€%s €365 Gy
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By direct multiplication we obtain
€ € € €
1 13

12
= -Ylee y
(D.28) M(P)G(0,P) 319 1 &263 (Gu+2G5)
61 e3€2 1
and
1 G O
= . 8y .
X = 3 0 1 O (Gu+265)
(D.29) © 01
'l 0 O
_ buy . 2
J = 5 0O 1 0 (Gu+2G5) /G1
0 0 1

The a-component of the force acting on the impurity when displaced by the

vector u from its equilibrium position, all the other atoms in the lattice

being held at their equilibrium position has the value:
8
(D.30) I T3 My b a =1,2,3

The frequencies W of oscillations of the impurity atom in the rigid lattice
are triply degenerated and given by mwi = 8y/3. The molecular Green's function

matrix and inverse are:

i} 2 -1
Yag = aaB {(mw -8y/3)
(D.31)

-1 _ 2_
(y )aB = 3aB(mw 8v/3)

where m is the mass of the impurity atom.

The eq. {A.8) for the frequencies of the localized modes (and also resonances,

by taking appropriate real part) are thus three times the same equation:

2
2 _ 8 8 - -
mw = - + 9 (3G1 G3+2G2+2G6+2G7 G8+3G

o

+6Glo)

[9%)

9

2
. _ Guy” 2
(D.32) 3 (Gu+265) /G1

(triply degenerate root)
Eq. (D.32) has been obtained rather easily. It is not too difficult to generalize

it to the case when one takes into account the relaxation of the eight atoms

A to H which does not change the symmetry of the site O, or when one takes into



- 40 -

account the interaction of 0 with its next nearest neighbours.
Table D.1

Coordinates of the cube vertices in unit %

A B C D E F G

1 -1 -1 1 -1 -1
vyl 1 1 -1 -1 1 1 -1 -1
z | 1 1 1 1 -1 -1 -1 -1

D7
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