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A simplified model is proposed to evaluate the thermal
neutron spectrum tn a fuel element, which contains
some moderating materials. Although this problem is
a complex one, it can be solved at least in first approxi-
mation by simple methods, provided the hardening of
the spectrum due to the selective absorption in the
fuel and the rethermalization due to the interaction

with the moderating materials are treated separately.
The methods used to evaluate separately these effects
are presented, and a way to bring their results together
s proposed.

An application of the model to a cell, for which hot
loop experiments were performed at Chalk Raiver,
ts presented and discussed.

A simplified model for the determination

of the thermal neutron spectrum

in a fuel element

1. INTRODUCTION

A typical phenomenon occurring in fuel elements
containing moderating materials, such as for
instance the coolant, is the neutron rethermalization.
The neutrons which have been slowed down in the
main moderator to an energy distribution determined
essentially by the temperature of this medium,
when entering the fuel element undergo collisions
with the light nuclei of the moderating material
at high temperature. By this interaction they are
partly transferred to a new energy distribution
characterized by a higher « temperature». At the
same time, due to the selective absorption in the
fuel, their energy spectrum is progressively hardened
through the fuel element.

A complete and rigorous description of the thermal
neutron spectrum in a fuel element can be in
principle obtained by means of elaborated methods
such as, for instance, the Monte Carlo method or
«numerical » resolutions of the space-energy Boltz-
mann equation. This, under the condition that the
scattering kernel describing the interaction of the
neutrons with the nuclei bounded in the coolant
molecules is known.
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This generally leads to heavy numerical calculations
with the necessity of using big electronic computers.
It seems therefore useful, in view of design analyses,
to dispose of a simple method which, although
reproducing correctly the essential physical situa-
tion, does not imply the use of heavy numerical
calculations.

A possibility in this line seems to be given by the
assumption that the two effects, the hardening due
to the selective absorption, and the rethermalization
due to interaction with the coolant nuclei, are
independent from one another. In this case, these
effects can be treated separately, each by the use
of simple methods.

A simple method to treat the retherinalization is the
two overlapping thermal group approximation?
used by disregarding every distortion of the spectrum
due to the absorption, i.e. by choosing for the
energy distributions related to the two thermal
groups the maxwellian ones at the physical tempera-
tures of the moderator and of the coolant.

With regard to the hardening, the simplification
may consist in disregarding, in the framework of a
multigroup diffusion model 2, the transfer of neutrons
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from one energy group to the other due to the
interaction with the moderating materials.

The independence hypothesis regarding the two
phenomena taking place in the fuel element can
in a general way be justified only by the considera-
tion that the interference between two effects which
can be treated as perturbations, may be considered
as small. It is not easy to fix on this basis the limits
of applicability of this approximation. One can in
principle say that this approximation is all the
more justified as the rethermalization effect in the
fuel element is smaller. On the other hand, it must
be pointed out that, in the framework of the gas
model, the quantity describing the transfer of
neutrons from the «cold» to the «hot» group
(rethermalization cross section) comes out to be in
good approximation independent from the shape
of the « incoming » spectrum. Therefore, the influence
of the hardening on the rethermalization effect can
be considered as small, also by strong absorption.
In the following, the proposed method is described
together with the results which have been obtained
by its application to a D,0 moderated and cooled
cell for which spectrum measurements have been
performed at Chalk River.

2. THE TWO THERMAL GROUP APPROXIMATION

In the original Selengut formulation of the method:
the thernial neutron flux in a cell with a temperature
discontinuity, is written:

¢ (1, E) = 3. (E) (1) + 2. (E) ¢ (r)  (2.])

where y; (E) represents the «equilibrium» energy
distribution of the neutrons in the medium (z);
&1 (r), ¢.(r) are solutions of equations the formula-
tion of which is based on elementary balance consid-
erations (1 refers to the main moderator, 2 to
the region containing the moderating nuclei at
higher temperature).

In region (1), which contains the main moderator
and the cold structural materials, the equations, in
the diffusion approximation, are the following:

(1) (1) 1) (1) (1)

— D, V? & +zu1 ¢, =2§1¢a +a

1) (1) (1) ) (1) (2.2)

'—Da V"ba +En ‘ba + E¢z =0
2>1
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In region (2), which contains fuel, coolant and
hot structural materials, they are:

() (a) (2)  (2) (2)

_'Dl V’d’l +Eal d)l +1§2¢1 =0

(2.3)
(3) (2) (2)  (2) (3)

— D, V? ¢ +Ea3 N =1_§2¢1 +q:

The upper label (i) indicates the region, the lower

one j the energy distribution over which the quan-

tity is averaged; g, 1s the slowing down source

(supposed to be constant in each region) and ’Ei
1

the transfer cross-section from the yx;(E) to the
%3 (B) distribution.

The calculations are particularly simple and the
method is suitable for current design evaluations,
provided the distributions x,(E) are supposed to
be maxwellian;
w(B)=M(ET) nE=MET) @4
By fixing the temperatures T, and 7', of the max-
wellian distributions as functions of the physical
temperatures 7', , T, of moderator and coolant, the
fluxes ¢;(r) can be determined and, according to
the Westcott formalism, the reaction rates for
thermal neutrons in the fuel element get the form:

<R(Tw, To, 1) >, =[g(T) < 4 (r) >, +
+9(T) < &) >1% (25)

(where the symbol < >, indicates the space
average over the fuel element and X, is the macro-
scopic cross-section for a suitable fixed test event). A
neutron equivalent «temperature» averaged over
the fuel rod < T, >, can be defined by the relation:

<R(Tn, T, 7)>,=g(T) S < 6(r)>, (2.6)

where 2’ = 3’1 + 3. .

In the case of no absorption, the correct solution
for ¢ (r, E) would be obtained by putting T, = T,
and 7, =T, and by solving the equations (2.2)
and (2.3): the results have been found to be in
good agreement with those of more sophisticated
methods s, On the contrary, in a fuel element, a
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correct spectrum determination by means of a two
overlapping thermal group approximation would
be possible, only recurring to a rather complex
variational procedure ¢.

However, in the framework of our model, the
spectral distortions due to the absorptions are
introduced separately and, in the above-described
formalism, the « temperatures » of the maxwellians
have to be taken equal to the physical temperatures
of the moderating materials.

Following this line, the quantity (variation

c

of the neutron temperature in the fuel element
following a unit variation of the coolant tempera-
ture), which is of primary interest for the knowledge
of the coolant temperature coefficient, can be
calculated — at least in first approximation — in
a simple and suggestive manner.

The materials of the cell have been homogenized
to get a hot and a cold region. The constants of
equations (2.2) and (2.3) are obtained by averaging
over the neutron energy distribution and over the
volumes and fluxes, following the usual one group
flux fine structure calculation. The solutions of
equations (2.2) and (2.3) are linear combinations of
modified Bessel functions of the first and second
kind; the arbitrary constants are determined by
solving a linear algebric equation system, which
describes the boundary conditions.

From the physical point of view, the fundamental
problem is the determination of the probability that
a neutron belonging to one of the two groups is
transferred to the other, i.e. the determination of
the rethermalization cross-sections. These are defined
as 1t is usually done in the multigroup models, by
means of the average energy change < AE >
of a neutron belonging to the M (E, T',) distribution,
following a collision in a medium at the temperature
T, . In terms of the scattering kernel o, (E — E*, T)
for the neutrons at the energy E colliding in a me-
dium at the temperature T, it.is given by:

<AE>, = |[[(E—E)o,(E~»ET)-
' - M(E,T)dE dE (2.7)

This quantity is dependent on the model adopted
to describe the neutron scattering by the coolant
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nuclei. Although very refined evaluations are
possible, we have adopted the free gas model, with
an effective mass value to take into account the
chemical bound.

By introducing in equation (2.7) the scattering
kernel of the heavy gas model, the very simple
result is obtained:

T =3 2.8)
i 4

It has been shown ® that a generalization of (2.8)
to scattering nuclei of any mass number is given by:

24
=— A3, (2.8%)
iri (4+1)y

where 4, is the first eigenvalue == 0 of the free gas
scattering operator for a nucleus of mass 4 (for
4 = 31t 1s practically 4, = 1) and Z, is the «free
atom » cross section.

As regards the effective mass to be attributed to
the bound proton and deuteron, some valuable
indications can be found in the literature: as regards
the proton, we believe that a consistent procedure
is given by the systematic adoption of the phenom-
enological model of Drozdov et al. ¢, while for the
deuteron bound in D,0 molecule, the model proposed
by Brown and St-John? can be regarded as suf-
ficiently accurate.

The rethermalizing effect of the hot structural
materials and of the nuclei possibly bound to the
uranium in the fuel cannot be neglected: this has
been recently pointed out by the Canadian exper-
iments.

By considering the hot materials in the fuel element
as a homogeneous mixture of heavy free nuclel,
it is possible to introduce in the formalism a tem-
perature T, defined as follows:

T _ (‘5 zaV)cTc + (‘:E zaV)uTu + (‘:E qu)!T! (2 9)
T LV A ED) HED ),

where T, ; T,, T, are the, physical temperatures of
coolant, canning and fuel respectively.-

energia nucleare, vol.9/n. 11 / novembre 1962



3. THE SPECTRUM HARDENING IN THE FUEL
ELEMENT

In order to treat, according to our model, the
hardening of the neutron spectrum through the fuel
element, the effects of capture and scattering on
this spectrum have to be determined by excluding
every energy transfer.

Among various possibilities, the way we chose was
that of a multigroup diffusion calculation by
which every transfer term between different groups
is taken equal to zero. _
In the assumption that the sources are space
independent in the moderator as well as in the fuel
element, the equations which describe the space
distribution of the thermal neutrons belonging to
the energy interval (E, E + AE) are:

— D (E)V* $m (1, E) + Zam (E) $ (v, B) =
=Q.(E) (3.1)

—D/ (E) v:! d)/ (77 E) + Eal (E) ¢/ (Ta E) =
= Qs (B) (3.2)

With regard to the sources themselves, we make
the two further assumptions: first, their intensities
are proportional to the quantities & 2, V. Due to the
fact that in the cases in which we are interested the
(62, V),
(¢ 2 V)
neglect at this point the source in the fuel element.
Secondly, we assume that the source in the moder-
ator 1s a maxwellian at the moderator temper-
ature:

ratio is much smaller than unity, we

Qm (E) = Qmo M (E; Tm) (3.3)

From equation (3.2) one gets:
zal (E) "
D, (E)
(3.4)

s (1, B) = A (E) L, [% (E) 7] |# (E) =

We put furthermore D, (E) = const(F) and
Zim (E) =0, so that the energy distribution of
the neutrons in the moderator comes out to be at
any point a maxwellian at the moderator temper-
ature:

¢m (r, B) = M (B, Tw) du (r) (3.5)
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and the solution of the problem is given by the
determination of 4 (E) and ¢, (r).

The boundary conditions between moderator and
fuel element have to be fixed. The most adequate
scheme to do this seems to be the one proposed
by E. U. Vaughan 2 which consists in the assumption
that, while the continuity for the incoming current
1s requested for every energy group, for the outgoing
current only an integral continuity condition over
the whole energy range is imposed.

The boundary conditions are then the following:

1
TA(E)Ia[x,(E)a]—l—

! D,(EYA(E 0 I E I =
+ D (B) A )%E e M?.—

1
:TM(E,TM)¢M(a)+

¢ | |
+ D M (B, Ta) [ 40 0] (3.6)

a g % A (E) L,[% (E) a] —

lD(EAE[aI( E ] -
——Di (B) ()a_r""’(”),%_f_.

= @ ——D, [i el (3.7)
4 2 dr a
0

(@ = fuel element radius; b = radius of the equiv-
alent cell),

From these conditions, 4 (E) and ¢, (r) are deter-
mined for Q,,, = 1.

One gets:
A (E)y=
*—a)———— M (E, T,
- (b*—a) 22l () (B, T'n) o9
"~ L[ (B)a] + 2D, (E) » (B)L,[% (E)a] =
ﬁvhere the qﬁantity I. (@) is defined as: |
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Fret,h (E) =
_ <$i(r)>, M(ET,) + <du(r)>, M(E,T,)
- < (r) >, < b (1) >,

(4.3)

In this way, a simple superposition of the different
effects i1s obtained.

To take into account the homogeneous effect, it is
necessary to substitute in (4.2) and (4.3) the tem-
perature 7", to T,,.

An application of the described model has been done
in the case of a Candu type cell for which a series
of hot loop measurements has been done at Chalk
River s,

The geometrical data of the cell considered are as
follows:

Fuel volume (19 UO, rodlets) V, =28.6 cm?
U effective volume Vv =13.7T cm?
Coolant volume (D,O) V. =194 cm?

Moderator volume (D,O at 23°C) V, =437 cm?®

The value of Ap,/As is about 1.4 at T = 250 °C,
so that this case can be considered as intermediate
between the two limits mentioned above.

The quantities @ and AT, have been calculated by
the same temperature definition as used for the
interpretation of the experimental data, i.e. by
assuming as test event the fission reaction rate
ratio Puz® /U,

The rethermalization effect due to the structural
materials and to the O nuclei bound in the UQ,
has been taken mto account through (2.8), and the
one due to the D nuclei through (2.8') (D effective
mass = 3.6).

The results are:

A<T, >,
¢ = — =019
AT,

AT, = 35°C

In fig. 1, together with the experimental points, two
theoretical curves are drawn: curve a) has been
obtained by the application of expression (4.1) or,
what practically comes to the same thing, through
the combination of (3.12) and (4.3); curve b) has
been obtained by the determination of the neutron
temperature from the spectrum expression (4.2).

The « homogeneous » hardening 7”,,— T, has been
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taken to be equal to the experimental value of the
Chalk River experiments (7', — I, =60°C). In
this way, a comparison between theory and experi-
ment is possible for the quantities which are typi-
cally described by the model.
For every T, value the two curves a) and d) fix
two limits between which the actual neutron tem-
perature should be found.
In fig. 2, together with the maxwellian at the mod-
erator temperature, the rethermalized spectrum for
T,=1250°C and the hardened one are given by
the curves a) and b) respectively. Fig. 3, again
together with the maxwellian at the moderator
temperature, shows for the two limit cases a) and b)
of fig. 1, the spectrum which comes out of the
combination of hardening and rethermalization at
T.=250°C. W
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riassunto

UN MODELLO SEMPLIFICATO PER LA DETERMINAZIONE DELLO
SPETTRO NEUTRONICO TERMICO IN UN ELEMENTO DI COM-
BUSTIBILE

In quest’articolo viene proposto un modello semplificato
per la valutazione dello spettro neutronieo termico in un
elemento di combustibile, contenente dei materiali mode-
ratori. Benché complesso, questo problema pud essere ri-
solto almeno in prima approssimazione con metodi sem-
plici, purché I'indurimento dello spettro dovuto all’assorbi-
mento selettivo nel combustibile e la ritermalizzazione
dovuta all'interazione con i materiali moderatori siano
trattati separatamente. Vengono quindi descritti i metodi
usati per valutare separatamente questi effetti ed & pro-
posto un sistema di correlazione dei risultati. E infine
presentata e discussa l’applicazione del modello ad una
cella, per la quale sono stati effettuati a Chalk River degli
esperimenti in circuito caldo.
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