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A SUFFICIENT CONDITION FOR THE BOUNDEDNESS OF
OPERATOR-WEIGHTED MARTINGALE TRANSFORMS AND
HILBERT TRANSFORM

SANDRA POTT

ABSTRACT. Let W be an operator weight taking values almost everywhere in
the bounded positive invertible linear operators on a separable Hilbert space
‘H. We show that if W and its inverse W~1 both satisfy a matrix reverse
Holder property introduced in [2], then the weighted Hilbert transform H :
L%,V(R,H) — L%V (R,H) and also all weighted dyadic martingale transforms
Ty : L, (R, H) — L%, (R, ’H) are bounded.

We also show that this condition is not necessary for the boundedness of
the weighted Hilbert transform.

1. INTRODUCTION

The question of finding vector analogues to the celebrated Hunt-Muckenhoupt-
Wheeden Theorem [8] has been studied intensively in recent years. S. Treil and
A. Volberg showed in [12] that a weight function W taking values almost everywhere
in the positive invertible d x d matrices satisfies the vector As condition

(1) sup (W) PP < c
ICR,I interval

if and only if the Hilbert transform H defines a bounded linear operator on the
operator-weighted L2-space

e = {1 R = [ W00, fe)ir < oo
R
or equivalently, if and only if the weighted Hilbert transform
My PHM? - LA(R,CY) — L*(R,CY)

defines a bounded linear operator. Here, M% ? denotes the densely defined multi-
plication operator with the matrix function W1/2.

There exists also a dyadic version of this theorem [12]: Let D denote the collection
of all dyadic intervals in R. For each o € {—1,1}P, let T, denote the dyadic
martingale transform on L?(R,H) given by

fr=Y oDhifr.
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Then a matrix weight function W taking values almost everywhere in the positive
invertible d x d matrices satisfies the vector A3 condition

2) sup [[();* (W=l < ¢,

if and only if all weighted dyadic martingale transforms
My T, M7 - L2(R,CY) — L2(R,CY)

are uniformly bounded.

Characterisations for the boundedness of matrix-weighted Hilbert transforms on
LP(R,C%) for 1 < p < oo were found in [9], [13].

A different approach via a matrix-weighted Hardy-Littlewood maximal function
was suggested more recently by M. Christ and Goldstein in [2]. They introduce the
matriz reverse Holder property

(3) / W 2(@) (W2 rdz < )] (I € R interval)
I

and show that this implies the boundedness of a matrix-weighted maximal function
on LP(R,H) for p < r even in the infinite-dimensional situation, namely when
replacing C¢ by a separable Hilbert space H, and considering a weight W : R —
L(H) taking values almost everywhere in the bounded positive invertible linear
operators on H. It was shown in [7] that in the finite-dimensional situation, the
boundedness of the weighted maximal function in turn implies the boundedness of
the weighted Hilbert transform.

In the finite-dimensional situation, the vector As condition implies the matrix
reverse Holder property for some r > 2 [2], so that this approach provides a new
proof of the above mentioned result in [12].

The characterisation of the boundedness of weighted Hilbert transform and mar-
tingale transforms in the infinite-dimensional setting has proved very difficult, even
in the case p = 2. It was shown in [3], [4] and [5] that the operator versions of (1)
and (2) are not sufficient for the boundedness of the weighted Hilbert transform and
the weighted dyadic martingale transforms, respectively ((1) and (2) were shown
to be necessary in [12]).

In this paper, we show that also in the infinite-dimensional situation, the matrix
reverse Holder condition (3) for an operator weight W and its inverse W~! for
some r > 2 implies the uniform boundedness of all weighted dyadic martingale
transforms and the boundedness of the weighted Hilbert transform on L?(R,H).
We use a slightly different route from [2], [7]. Instead of using the weighted maximal
function, we show first that the weighted square function operator is bounded and
bounded below by means of a stopping time argument from [10]. This gives us the
uniform boundedness of the weighted dyadic martingale transforms. The case of
the Hilbert transform then follows from a result in [11].

Using the theory of vector BMO functions, we also show that the reverse Holder
property is not necessary in the infinite-dimensional case, even with r = 2.
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2. WEIGHTS WITH REVERSE HOLDER PROPERTY AND DECAYING STOPPING TIME
Definition 2.1. [2] We say that an operator weight W : R — L(H) has the matrix
reverse Holder property, if there exist constants C > 0 and r > 2 such that
Jiwe@mhyris < el
I

for all intervals I C R.
Definition 2.2. We say that an operator weight W : R — L(H) has the dyadic
matrix reverse Holder property, if there exist constants C > 0 and r > 2 such that

/I|\W1/2(x)<w—1>}/2||rdx < C|I|

for all dyadic intervals I € D.

Such weights satisfies in particular the (dyadic) vector Ay condition (1), (2).
Furthermore, for each operator-valued weight and each interval I C R, one has the
elementary inequality

(4) Wy 2w H 2 <1

(see [12], [2]).

For each I € D, let D(I) denote the collection of all J € D with J C I.

Given I € D and A > 1, let Jx1(I) denote the collection of all maximal dyadic
subintervals I of I such that

(5) Iy [ OV W)W ] > A
A

or

(6) mh| (W)W ) (W) *da| >

We write Txo(I) = {I}, Taed) = Ujeq, vy J(J) for k = 1, F(I) =

Faa() = D)\ (U.]e . j(J))7 and Fan(D) = Ujes, o F(J) for k> 1.
Note that D(I) = U2, Fa k() for each I € D with this notation. Somewhat
loosely, we will write UJ (I) for the set U ¢ 7(r)JJ € I and |T(I)| for | U ez (r) J|.

Lemma 2.3. If W and W~ both have the dyadic matriz reverse Holder property,
then for sufficiently large X\, there exists a constant ¢, 0 < ¢ < 1, such that

| Ta k(D] < F|1] for all I € D, k € N.
(i.e. In(I) is a decaying stopping time in the sense of [10], Section 3.3.)

Proof. The proof is an adaption of the proof of the Weight Lemma 3.17 for scalar
weights in [10].

We first introduce an auxiliary stopping time G. For I € D, let G(I) denote the
collection of all maximal dyadic subintervals J of I such that (5) holds. We show
that G is a decaying stopping time for sufficiently large A.

Note that

(W=H12W (@) (W% < Ay
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in the sense of an operator inequality almost everywhere on G = I\ UG(I). There-
fore,

/vvax=<w~51“2(/av*ﬁ“w«mav*ﬁ“¢ﬁ<w~wf”
G G
SAGIWH T < AGKW)s.

by (4).
It is enough to show that there exists a constant « > 0 (independent of I) such

that |G| > «|I|. Assume towards a contradiction that this is false. Then there
1]

exists an interval I € D such that |G| < 5, and
1
/ W()dz < S (W],
G 2
Let Q(I) = {Ik,j}]V Then
1
®) S [ weds = Hw)ys - [ Wids = S,
j I>\1j G
However, one also has
(9)
3, Wiada = v Z/ W) e | v
Ix J Iy, ¥

< 2ANW § Tl < 20W) 1 > -
J
and therefore

(10) Sl 2 Sl

J

By the dyadic matrix reverse Holder property, we have for some p > 1

(11
<m>ﬂ| W24 () (W 1@%>2[ 23 () (W 2 P
A
1 _1\1/2 1/2 »
> ; W (/Im (W) "W () (W da:) 2 Z x5 AP
Thus

S il < ol

J

Choosing A > (4C)'/P~! we obtain a contradiction to (10). This proves that for

A > (4C)'/P~1 there exists a constant 0 < ¢/ < 1 such that |G(J)| < ¢/|J| for all

J € D. It then follows by induction that |G¥(J)| < ¢*|J| for k € N and J € D.
Notice that for each interval K € Goy2(J), there exists K € G3(J) with K C K.

To see this, let L C J be the unique dyadic interval in Gy(J) such that K C L.
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Writing
| vy w @ e -
W [ e e g A,

K

we obtain

222 < (WHY 2wy (w2

< WA o [ v A v Y |
K] i
< WYY o [ YA w ) (W |
K]
<

1 _ _
2l /K (WYY () (W) Y 2|
by (4), which yields
1 _ _
I /K (W YY2T0 (@) (W) Y 2| > A

Consequently, there exists K O K such that K € J\(L) C Jxa(J). Therefore
|Gaxz(J)] < |G3(J)| < ¢’’|J|. By iteration, it follows that by choosing A sufficiently
large, we can assume that |G\ (J)| < :|J| for J € D.

We now define a second auxiliary stopping time G. For J € D, let G(J) be the
collection of all maximal dyadic subintervals of J such that (6) holds.

Using now the reverse Holder property of W1, we find that also G is a decaying
stopping time for sufficiently large A. Again, by choosing A large enough, we can
assume that |Gy (J)| < 1|J| for J € D.

This means that for A\ large enough,

T 1G] +[Ga ()] < 1/21J]  (J € D).
Thus J» is a decaying stopping time.

3. THE WEIGHTED SQUARE FUNCTION

Theorem 3.1. Let W : R — L(H) be an operator weight such that W and W~}
both have the dyadic matriz reverse Holder property. Then the weighted square
function operator

Sw: L*(RH) — LARK),  fr Y (W 2(WY2f) 1y ()
1D

is bounded and invertible.
Proof. We will first show that the operator

T:LARH) — L*RH), [ > W) W) P frh(x)
IeD

is bounded, following the steps of the proof of Th. 6.1. in [10].
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We choose A > 1 such that J,(I) is a decaying stopping time, and write just
J(I). First note that for almost every z € J\ |J J(J),

WHYPW (@) (WY < a1y

and
(WY 2W @) (W) Y% < ALy,
therefore
1
(12) Tl < (WO W (@) (W) % < ALy

by (4). Let f € L?*(R,’H) have finite Haar expansion. We can assume without
loss of generality that f is supported in [0,1] and has mean 0. We write Jj for
Ji([0,1]), and Fj, for Fi([0,1]). For j € N, write

Af = ZhKfK— Z Z fihy = Z Arf,

KeF; 1€Jj1 JeF(I 1€J; -
Mif =3 W) P hshy= 32 30 W) b= 30 Mif
JEF; IeJ;j—1 JeF(I) IeJj—

and

Tif =TAf =WY@)Mif = S WY@ S W), 2 fsn,
I€J;-1 JeF(I)

= > W'Y(x)M;f.
I1€Jj-1
Then >37°  Ajf = fand 3272, Tjf = Tf. We will show that the Tj satisfy the
conditions of Cotlar’s Lemma.

Each M f has support in I, so Tj f has support on the disjoint intervals in J;_;.
We write

I £ = / T £ 2de = / 1T £ |2 + / T, £1%de
UJi—-1 UJ;-1\UJ; UJ;

J J

and estimate the terms separately.
First note that

(13) /UJ o mfiraz = 3 / 1T |2 de

JET 1 Y INVT ()
= 3y IO
JeJ;— U
<y / e TRV O A
JEJ 1 U

29 / W1y Y2 M, f|2ds.
2 noaw)
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Note that for each J € J;_1,

(14) WM = 1w ST R frchiel P

KeF(J)

<0 S MYEW NP R? < oA fI13

KeF(J)

since for K € F(J), one has

WY = e [ W @) e < o

Using the disjointness of the J € J;_1, we obtain
(15) [ imipa <o
UJ;-1\UJ;

Now we consider the other part:

06) [ WrPa= S5 [ R e

JET -1 I€T(J) KeF(J)
-y ¥ / VY2 ST (W2 g P
JET 1 I€T(J) KeF(J)
1/2 1 2 1 2 —1/2
SO IR / 1Y S (W) b de
JeETj—11€T(J) KeF(J)
<22 3 AT = 202A, )
JeTj-1

Therefore, there exists a constant A > 0 such that |7} f||? < A[|A; f||?. We will
now show that there exist 0 < d < 1 and a constant A > 0 such that for any k > j,

(17) / 1T, 72dz < Ad¥3 A, 1]
UJk-1
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Note that M; f is contant on each J € J;_1. Thus

/ 1T, £1Pde
UJk-1

-y ¥ /||W1/2 )M, £(7)|2dx

JeTj 1€ Tp—j-1(J)

-y 3 /n W20, £(7) P

JET; 1€T_j1(

= S 3 wmPM )P

JeTj1€Tp—j-1(J)

_ Z< > |I|<W>1Mjf<J>,Mjf<J>>

JeT; \I€Tk—j—1(J)
< S S qwn X mwy | whY
JeT—1JeT(J) T€Tk—j-1(J)
W =42 W) 222wy 2 £ ()12
_ 2 —1\1
< Y ¥ S W Puwywh 2
jGJj-lJEJ(j) I€Tk—j-1(J)
1/2 —-1/2 1/2
||<W>/ (WY 2RI Y2 ()P
<oy ¥/ WA @)W [ e (W) M ()P
Jed,_1 seg () ” VIr-i-1())
1/p
SN (/ ||<W-1>3/2W1/2<x>||2pdw>
Jed,—1 seg(F) \* PTr-i-1())
i / — 2
I/ gV (W) Y2 A £ () |2
< ORI ST ST ) Y M ()2

JeJ—1 Jeg(J)

= oYyt Y / T Pde
je\yj—l LI
< CYPg3 (PRI A 12

by (16). Here, p=1r/2 > 1, and 1/p+ 1/p’ = 1. Choosing d = /7" we obtain the
statement.

Boundedness of T' now follows from Cotlar’s Lemma (see e. g. [10], 2.4), since
Ty f is supported on UJy_1, and the T}’ have orthogonal ranges.

It remains to be shown that Sy is bounded. Let M%Q be the densely defined
multiplication operator with the operator function W'/2 on L?(R,H), let Dy be
the densely defined operator on L?(R,H) which is given by Dyeh; = <W>}/26h]
for each I € D and e € H, let D‘jvl be the densely defined operator on L?(R,H)
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given by Dyjteh; = (W), /?eh; for I € D, e € H, and let Dyy-1, Dy, be defined
correspondingly.

With this notation, we have shown that T = M%zDﬁ,l extends to a bounded lin-
ear operator on L?(R,H). Since W ~! satisfies the vector Ay condition, D;V1_1DW71
defines a bounded invertible linear operator on L?(R,H). It follows that Sy =
Dyy—1 My Y2 is a bounded linear operator on L2(R, H) and has a bounded inverse
Syt = M2 Dyt = St DytDyt L. O

4. BOUNDEDNESS OF THE WEIGHTED DYADIC MARTINGALE TRANSFORMS AND
OF THE WEIGHTED HILBERT TRANSFORM

We can now prove our main result.

Theorem 4.1. Let W : R — L(H) be an operator weight..

(1) Suppose that W and W1 both have the dyadic matriz reverse Hélder prop-
erty. Then for each o € {—1,1}P, the weighted martingale transform
MV}I/2TUM%2 defines a bounded invertible linear operator on L*(R,H),
and the norms of these operators are uniformly bounded.

(2) Suppose that W and W= both have the matriz reverse Hélder property.

Then the weighted Hilbert transform MV_Vl/QHM‘}V/2 defines a bounded in-
vertible linear operator on L*(R,H).

Proof. Tt suffices to show (1), since the case of the Hilbert transform then follows
from [11] together with the fact that the matrix reverse Holder property 2.1 implies
the dyadic matrix reverse Holder property 2.2 for all translations and dilations of
W and W1,

By Theorem 3.1,

My T, MY = My Dyt T, Dy My = SpA T, Sw

extends to a bounded invertible operator on L?(R,H) for each o € {—1,1}P. O

5. A COUNTEREXAMPLE TO THE NECESSITY OF THE REVERSE HOLDER
PROPERTY

Theorem 5.1. There exist an infinite-dimensional Hilbert space K and an operator
weight W : R — L(K) such that the weighted Hilbert transform M‘%2HM‘;,1/2 :
L?(R,K) — L*(R,K) is bounded, but the matriz reverse Hélder condition 2.1 does
not hold for W.

Proof. Let H be an infinite-dimensional separable Hilbert space, and consider an
operator weight of the form

Wi R—LHOH), W) =V({E)V(t), where V(1) = (151 ]‘ig?) ,
where B is a weakly integrable £(H)-valued function.
An easy calculation (see [6], [3]) shows that then the Hilbert tranform defines
a bounded linear operator L%, (R, H & H) — L (R, H & H), if and only if the
commutator [H, B] defines a bounded linear operator L?(R, H) — L?(R,H).
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Now notice that for each interval I C R and each x € I,
(18) (W12 W (@) (W) 2 = p(W 1) W (2)) = p((V V1),V (2)V (2))
= p(V(@)(VT'V* )V (@) = [V (@)(V VTV ()
and

(19) V@)V V) ve(a)

5 2 2
(e @y ).

In particular, ||(W=1)/*W (@) (W=1);%|| > | B(x) — (B)].
This means, the matrix reverse Holder condition 2.1, even with r = 2, implies
the norm BMO condition

1
(20) sup T /1 |B(z) — (B)]ldz < co.

ICR interval

However, it is known that boundedness of the commutator [H, B] on L?(R,H) does
not imply that the norm BMO condition (20) for B holds, since £(H) is not a UMD
space (see [1]). O
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