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On the Genus of a Random Graph

Vojtéch Rodi*
Department of Mathematics and Computer Science, Emory University, Atlanta,
GA 30322

Robin Thomas'
School of Mathematics, Georgia Institute of Technology, Atlanta,
GA 30332-0160

ABSTRACT
Let p=p(n) be a function of n with 0 <p <1. We consider the random graph model
4(n. p); that is, the probability space of simple graphs with vertex-set {1,2, ..., n}, where

two distinct vertices are adjacent with probability p, and for distinct pairs these events are
mutually independent. Archdeacon and Grable have shown that if p*(1— p‘) = 8(logn)'/
n, then the (orientable) genus of a random graph in %(n, p) is (1 + o(1))pn’/12. We prove
that for every integer i =1, itn HUtD ¢ p < pn” 7D then the genus of a random graph in
%(n, p)is (1 + o(1)5=5 TR pni. lfp=cn Y7V where c 1s a constant, then the genus Df a
random graph in %(n, p) is (1+o(1))g(i, ¢, n)pn for some function g(i, ¢, n) with 5 =
g(i,c,n)=1, but for i >1 we were unable to compute this function. © 1995 John Wiley &
Sons, Inc.

6/34



ARRANGEABILITY AND CLIQUE SUBDIVISIONS

Vojtéch Rodl*
Department of Mathematics and Computer Science
Emory University
Atlanta, GA 30322

and

Robin Thomas**
School of Mathematics
Georgia Institute of Technology
Atlanta, GA 30332-0160

ABSTRACT
Let k be an integer. A graph G is k-arrangeable (concept introduced by Chen and Schelp)
if the vertices of G' can be numbered vy, va, .. ., v, in such a way that for every integer i with
1 <i < n, at most k vertices among {vy,vs,. .., v;} have aneighbor v € {vis1, Viga, ..., v}
that is adjacent to v;. We prove that for every integer p > 1, if a graph G is not p-
arrangeable, then it contains a K ,-subdivision. By a result of Chen and Schelp this implies
that graphs with no K-subdivision have “linearly bounded Ramsey numbers,” and by a
result of Kierstead and Trotter it implies that such graphs have bounded “game chromatic

number.”
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Thomassen’s Conjecture
Tt 6 case
Gr vith large degree gap

An old question of Erdos and Hajnal

Is it true that for every k and g there exists x = x(k, g) such that
any graph G with x(G) > x contains a subgraph H C G
with x(H) > k and girth(H) > g7

8/34



Graphs

An old question of Erdos and Hajnal

Is it true that for every k and g there exists x = x(k, g) such that
any graph G with x(G) > x contains a subgraph H C G
with x(H) > k and girth(H) > g7

R (1977): True for g = 4, i.e., triangle-free subgraph H with
large x(H).
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Thomassen’s Conjecture
The e
Graphs with large

Math

Thomassen's conjecture

Let d(G) = 2Ve(((;G)) denote the average degree of G.

Conjecture (1983)

For every k and g there exists D = D(k, g) such that any graph G
with d(G) > D contains a subgraph H C G with d(H) > k and
girth(H) > g.
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Thomassen's conjecture

Let d(G) = 2Ve(((;G)) denote the average degree of G.

Conjecture (1983)

For every k and g there exists D = D(k, g) such that any graph G
with d(G) > D contains a subgraph H C G with d(H) > k and
girth(H) > g.

Note: trivial to get rid of odd cycles by taking a bipartite
subgraph H.
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Thomassen’s Conjecture
The 6 case
Grapl arge degree gap

Known results

e Pyber, R, and Szemerédi (1995): true for all graphs G
satisfying A(G) < e“ks9(C),
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o Dellamonica, R. (2011): true for all Cs-free graphs G
satisfying A(G) < ee e (this talk).
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Known results

@ Pyber, R, and Szemerédi (1995): true for all graphs G
satisfying A(G) < e“ks9(C),

e Kiihn and Osthus (2004): true for g < 6, i.e., can obtain
bipartite subgraph H which is Cy-free;

@ Dellamonica, Koubek, Martin, R. (2011): an alternative proof
of the above result (next slides).

@ Dellamonica, R. (2011): true for all C4-free graphs G
satisfying A(G) < gee (this talk).
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Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

Alternative proof for g < 6

Definition (Intersection Pattern)

For k-partite k-graph H on V = Vi U --- U Vi, the intersection
pattern of distinct e, f € H is

{ielk] : enVi=fnV}.

Let P(H) denote the set of intersection patterns of all e # f € H.

J ={2,3} is an intersection pattern
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&
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Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

Alternative proof for g < 6

Definition (Intersection Pattern)

For k-partite k-graph H on V = Vi U --- U Vi, the intersection
pattern of distinct e, f € H is

{ielk] : enVi=fnV}.

Let P(H) denote the set of intersection patterns of all e # f € H.

Definition (Star, Kernel)

A hypergraph S is a star with kernel K if for all distinct e, f € S,
enf =K.
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Alternative proof for g < 6

Definition (Strong)

A k-partite k-graph H* is called t-strong if for every J € P(H*)
and e € H* there is a star S C H*, containing e, with kernel e,
and |S| = t.
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Math Graphs with large degree gap

Alternative proof for g < 6

Definition (Strong)

A k-partite k-graph H* is called t-strong if for every J € P(H*)
and e € H* there is a star S C H*, containing e, with kernel e,
and |S| = t.

J ={2,3} is an intersection pattern

L 32,3y e P(HY)
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Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

Alternative proof for g < 6

Definition (Strong)

A k-partite k-graph H* is called t-strong if for every J € P(H*)
and e € H* there is a star S C H*, containing e, with kernel e,
and |S| = t.

ej ={w, v}

el, L 32,3y e P(HY)
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Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

Alternative proof for g < 6

Definition (Strong)

A k-partite k-graph H* is called t-strong if for every J € P(H*)
and e € H* there is a star S C H*, containing e, with kernel e,
and |S| = t.

A t-starfor t =3

el L 2.3 e P
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Alternative proof for g < 6

Lemma (Fiiredi, 1983)

For every k, t, there exists ¢ = c(k, t) such that any k-graph H
contains a t-strong subhypergraph H* with |[H*| > c|H|.
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Thomassen’s Conjecture
The g < 6 casi

Math Graphs with large degree gap

A common trick: take a bipartite subgraph

From arbitrary Gy with d(Gp) > D > k, get G C Gp with
§d=06(G) >d(Gy)/2.
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A common trick: take a bipartite subgraph

From arbitrary Gy with d(Gp) > D > k, get G C Gp with
§d=06(G) >d(Gy)/2.
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Repeat until no more edge between vertices of degree > §.

G

/
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=0

>0

First case: at least half of the edges are red = Gyeq is almost
regular, i.e. A(Greq) < 0 = O(d(Greq))-
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Thomassen
The g < 6 case

Math Graphs with large deg gap

A common trick: take a bipartite subgraph

=0
>0

First case: at least half of the edges are red = Gyeq is almost
regular, i.e. A(Greq) < 0 = O(d(Greq))-

Pyber-R-Szemerédi: Geq contains subgraph H with d(H) > k and
girth(H) > g.
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's Conjecture
Math

< 6 case
Graphs with large degree gap

A common trick: take a bipartite subgraph

3 =
>0

Second case: at least half of the edges are purple (crossing). Then
set A = red set, B = blue set and G = (A, B; E) = Gpurple.

15/34



omassen’s Conjecture
< 6 case

h
Math Graphs with large degree gap

Applying Firedi's Lemma

A little more work yields a bipartite graph G = (A, B; E) where
o degi(v) =d > k for all v € A and,
e Ng(v) # Ng(w) for all v # w € A.
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Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

Applying Firedi's Lemma

A little more work yields a bipartite graph G = (A, B; E) where
o degi(v) =d > k for all v € A and,
e Ng(v) # Ng(w) for all v # w € A.

Define H as a d-graph with V(#) = B and edge set

{Ng(v) : veA}

Apply Fiiredi's Lemma with some large t: H* C H is d-partite and
t-strong. Note H* <> A* C A.
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Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

The hypergraph from Furedi's Lemma
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Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

Dichotomy

Recall P(H*) C 29 is the family of all intersection patterns
of H*. Let I be the shadow graph of P(H*):

r— ([d], {{i.j} : 3 eP(H),J2 {ivj}})'

18/34



Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

Dichotomy

Recall P(H*) C 29 is the family of all intersection patterns
of H*. Let I be the shadow graph of P(H*):

r— ([d], {{i.j} : 3 eP(H),J2 {ivj}})'

Either
O [ has a large independent set /, or

18/34



Thomassen’s Conjecture
The g < 6 case

Math Graphs with large degree gap

Dichotomy

Recall P(H*) C 29 is the family of all intersection patterns
of H*. Let I be the shadow graph of P(H*):

r— ([d], {{i.j} : 3 eP(H),J2 {ivj}})'

Either
O [ has a large independent set /, or

@ A(lN), the max degree of T, is large.
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omassen’s Conjecture
< 6 case

h
Math Graphs with large degree gap

Alternative Proof for g =6

@ [ has a large independent set | = the desired subgraph H
(d(H) > |l| > k and girth(H) > 6).
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Thomassen’s Conjecture
The g < 6 casi

Math Graphs with large degree gap

Alternative Proof for g =6

@ [ has a large independent set | = the desired subgraph H
(d(H) > |l| > k and girth(H) > 6).

Claim. If B= By U---U By are the classes of H*, then
H = G[A*,U;c, Bi] is Cs-free.

Proof. If not... ai as

A*
The intersection pattern J of
e; N e contains {i,is} C .

Hence {i,is} € T, a contradic- e1
tion! €2
Bi, Bi, Bi, Bi,

Here | = {il, i2, i3, I4}
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Alternative Proof for g =6

@ A() is large = vertex b € B, X, C Ng(b), Y» C B\ {b}
such that G[Xp, Y}] has large degrees.
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Alternative Proof for g =6

@ A() is large = vertex b € B, X, C Ng(b), Y» C B\ {b}
such that G[Xp, Y}] has large degrees.

Proof of @:
Xp = Ng(b) N A*

A*
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Alternative Proof for g =6

@ A() is large = vertex b € B, X, C Ng(b), Y» C B\ {b}
such that G[Xp, Y}] has large degrees.

Proof of @:
Xp

A*

r e o o €P(HY)
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rge degree gap

Alternative Proof for g =6

Proof of Theorem.
If @ holds for G, we are done! Otherwise @ holds...
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Alternative Proof for g =6

Proof of Theorem.
If @ holds for G, we are done! Otherwise @ holds...

Xb

0

}z3\>k

0
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omassen’s Conjecture
< 6 case

h
Math Graphs with large degree gap

Alternative Proof for g =6

Proof of Theorem.
If @ holds for G[Xp,, Yb,], we are done! Otherwise @ holds...

Xb

0

}z3\>k

0
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Alternative Proof for g =6

Proof of Theorem.
If @ holds for G[Xp,, Yp,|, we are done! Otherwise @ holds...

Xb,
. Ax
—e ° —— B
bo by Y,
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Alternative Proof for g =6

Proof of Theorem.
If @ holds for G[Xp,, Y5,], we are done! Otherwise @ holds...

Xs,
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Alternative Proof for g =6

Proof of Theorem.

/{!\ *
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Alternative Proof for g =6

Proof of Theorem.

/{!\ *

bo bi---b

m
Yb,,
Found a complete bipartite subgraph G[{bo, ..., bm}, Xp, |- O
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Thomassen’s Conjecture
The g < 6 case
Graphs with large degree gap

Question

Is there a hypergraph lemma similar to Fiiredi's that could be used
to prove the general case of the conjecture?

More modestly, is there a hypergraph lemma that would allow us
to prove the g = 8 case?
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Thomassen’s Conjecture
The g < 6 case
Math Graphs with large degree gap

Graphs with large degree gap

Lemma (Dellamonica-R, 2011)

For all k and g there exist ¢ and dy such that the following holds.
In any C4-free bipartite graph G = (A, B; E) satisfying

d > max{cloglog A(G),dp},

there exists H C G such that d(H) > k and girth(H) > g.
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Thomassen’s Conjecture
The g < 6 case
Graphs with large degree gap

Math

Graphs with large degree gap

Using the result of Kiihn—Osthus (the numerical bounds in DKMR
are inferior), yields:

For all k and g there exist a, 8, and dy such that for any graph G
with

d(G) > max{a(loglogA(G))’B,do}
there exists H C G such that d(H) > k and girth(H) > g.
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Conjecture
The g < 6 case
Graphs with large degree gap

Math

Graphs with large degree gap

Using the result of Kiihn—Osthus (the numerical bounds in DKMR
are inferior), yields:

For all k and g there exist a, 8, and dy such that for any graph G
with

d(G) > max{a(loglogA(G))’B,do}
there exists H C G such that d(H) > k and girth(H) > g.

Recall: Pyber-R-Szemerédi yields same conclusion under stronger

assumption
d > clog A(G).

24/34



en's Conjecture
case
large degree gap

6
Graphs with

Proof of our lemma

Assume wlog that G = (A, B; E) is such deg(v) = d forall v € A
and |B| < |A].

Take p = e®£9, ¢ > 0, and partition B = ByU By U- - -U By, where

Bo={veB : degg(v) <o}, and
Bi={veB: oMV <degg(v) < oMY, forj=1,...,¢
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Conjecture
The g < 6 case

Math Graphs with large degree gap

Proof of our lemma

Assume wlog that G = (A, B; E) is such deg(v) = d forall v € A
and |B| < |A].

Take p = e®£9, ¢ > 0, and partition B = ByU By U- - -U By, where
Bo={veB : degg(v) <o}, and
B = {v €B: Q(Hs)j_l < degg(v) < Q(Hs)j}, forj=1,...,t.

t = O(loglog A(G)).
For appropriate choice of ¢ = c(k,g), A(G) < e

e d
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ssen’'s Conjecture
< 6 case
Graphs with large degree gap

Proof of our lemma

e < A p1+e)
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ssen 's Conjecture

Grapl W|th Iarge degree gap

Proof of our lemma

Easy case: eg(A, By) > e(G) Take G* = G[AU By] and note
that A(G*) < o < e 9(C” )

Pyber—R-Szemerédi's result implies that G* contains the graph we
are looking for.

26/34



en's Conjecture
case
large degree gap

6
Graphs with

Proof of our lemma

Otherwise: by averaging, there exists j € [t] such that

>is1e6(ABi)  e(G) —ec(A Bo)

ec(A Bj) = t = F
> &) S AL 44
2t 28%
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Proof of our lemma

Otherwise: by averaging, there exists j € [t] such that

ec(A, B)) > max{4k\A\ oV B; y}
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ssen 's Conjecture

Grapl W|th Iarge degree gap

Proof of our lemma

Otherwise: by averaging, there exists j € [t] such that

ec(A, B)) > max{4k\A\ oV B; y}

@ Delete all vertices in B\ B;.

@ Sequentially delete vertices from A with degree < k and
vertices of B; with degree < D/4, where D = Q(HE)FI.
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s n‘< Cc ;megtunp

Graphs W|th Iarge degree gap

Proof of our lemma

Otherwise: by averaging, there exists j € [t] such that

ec(A, B)) > max{4k\A\ oV B; y}

@ Delete all vertices in B\ B;.
@ Sequentially delete vertices from A with degree < k and
vertices of B; with degree < D/4, where D = Q(HE)FI.

eg(A, Bj)

> edges.

D
Note: deleted at most k |A| + Z|Bj\ <

27/34



ssen’'s Conjecture
< 6 case
Graphs with large degree gap

Proof of our lemma

Result: non-empty graph G with classes A and B = B; such that
@ degrees in A are between k and d,;
o degrees in B are between D/4 and D(1+e) = p(1+<),

A
€ [k;d]

€D/
B;
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en's Conjecture
case
large degree gap

6
Graphs with

Back to hypergraphs

Let H be a hypergraph with vertex set B and edges
{Ng(v) : v €A}

Obs. 1: G is Cy-free = |eNnf| <1foralle,f € H (i.e., His a
linear hypergraph).
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en's Conjecture
case
large degree gap

6
Graphs with

Back to hypergraphs

Let H be a hypergraph with vertex set B and edges
{Ng(v) : v €A}

Obs. 1: G is Cy-free = |eNnf| <1foralle,f € H (i.e., His a
linear hypergraph).

Obs. 2: a cycle of length 2¢ in G corresponds to a cycle of length ¢
in H: i.e., cycle (v, vi,..., vor_1) corresponds to
(eo,€1,...,€—1), where e = Ng(v;) € H.
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ssen’'s Conjecture
6 case

Math Graphs with Iarée degree gap

Cycles in linear hypergraphs

Recall: §(#) > D/4 and A(H) < DY*¢. Let’s count cycles of
length 2.
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Graphs with

Cycles in linear hypergraphs

Recall: §(#) > D/4 and A(H) < DY*¢. Let’s count cycles of
length 2.

@ Pick an edge ey € H...
Q@ and wp # wy € g... %

© and e; > wy...

# < |H| x d? x D= x
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Graphs with

Cycles in linear hypergraphs

Recall: §(#) > D/4 and A(H) < DY*¢. Let’s count cycles of
length 2.

@ Pick an edge ey € H...
Q@ and wp # wy € g... %
Q and e; > wy...
Q@ and wp € ¢1...

# < |H| x d®> x D¢ x d x
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Math

Cycles in linear hypergraphs
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Cycles in linear hypergraphs

Recall: §(#) > D/4 and A(H) < DY*¢. Let’s count cycles of
length 2.

© Pick an edge eg € H...
and wp # wy € g...
and e; > wy...

(2]
o
Q and wp € 6.
o
(6

and wy_1 € e_»...
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Math

Cycles in linear hypergraphs

Recall: §(#) > D/4 and A(H) < DY*¢. Let’s count cycles of
length 2.

© Pick an edge eg € H...
and wp # wy € g...
and e; > wy...

(2]

o

Q and wp € 6.
o

Q and wy_1 € e/_5...
o

at most one possible
edge e/_1 > Vo, Vor_1.

# < |H| x d* x DOF(E2) 5 1,
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Cycles in linear hypergraphs

Result: Number of cycles of length ¢ is
Ny < |H| x d* x DO+EE=2),

Randomly select edges of H with probability p. How many cycles
survive? In expectation, at most

peNg < (P |/H|) « pé—leD(1+s)(Z—2) )

<1 for small p

Linearity of expectation: p= D!, ¢ = i = # of surviving
edges is much larger than # of surviving cycles of length ¢ < g/2.

Delete an edge for each cycle and destroy them all!
Resulting hypergraph H* has Q(D? |V(H)|) edges and no cycles
of length < g/2.
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Back to graphs

Recall: edges of H* correspond to vertices in A* C A
(e H* < veA, e= Ng(v)).
Let H be the induced subgraph G[A* U V/(#*)].

e girth(H) > g because girth(H*) > g/2;

@ by construction, degy(v) > k for all v € A*, thus

_2e(H) _ _ 2k|A"] 2k [H*|

=) = AT VR~ V)]

OJ

Hence, H is the desired subgraph!
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Open questions

@ The conjectures of Thomassen and Erdés—Hajnal remain open.

@ Is there a hypergraph lemma similar to Furedi's that can be
used to prove Thomassen's conjecture for, say, g = 87

@ Can one extend the gap between d(G) and A(G) for which
we can establish that the conjecture is true?

@ Hypergraph version of Thomassen's conjecture: any
“degree-gap” result in hypergraphs extends to graphs from our
proof. Here the degree gap is polynomial A(H) < 6(H)'*=.

33/34



Happy Birthday, Robin!!
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