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Abstract

This paper considers tests for a unit root in a flow variable when the span of data and/or
the sampling frequency are allowed to vary. The limiting distributions of the statistics are
obtained under both the null and alternative hypotheses, thereby enabling an analysis of
the consistency properties of the tests to be conducted. Contrary to the situation with a
stock variable, it is found that it is possible to consistently test for a unit root in a flow
variable even when the span of the data is fixed, and, furthermore, that increasing the span
of the data is not in itself sufficient for consistent testing. Some new simulation results are
provided while the theoretical results obtained help to explain recent simulation findings by
other authors involving unit root tests with flow variables.
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1. Introduction

Although there is an enormous literature on testing for a unit root in a time series,
only a relatively small amount of this research has been concerned with the differing ways
in which the variable itself can be observed. By far the most intensively researched topic in
this category is testing for unit roots in processes observed at seasonal frequencies, giving
rise to the possibility of seasonal unit roots in addition to the more common zero frequency
unit root. But there are also more fundamental differences in the ways in which variables are
recorded that arise due to their very nature. Some variables, such as prices, interest rates,
and the capital stock, can in principle be observed at any given point in time, while others,
such as consumption expenditures, income and dividends, are observed as the accumulation
of an underlying rate of flow over a given time interval. While the effects of such temporal
aggregation are well known in the estimation of (at least asymptotically) stationary systems,
such effects have received rather less attention in the unit root literature. This paper aims

to fill at least part of that gap.

The issue of unit root test consistency when the sampling frequency is allowed to vary
was analysed by Perron (1991). He dealt with a stock variable generated by an Ornstein-
Uhlenbeck process and considered the effects of allowing data span and/or sampling fre-
quency to vary. One of his main findings was that a test for a unit root is only consistent if
the span of data is allowed to increase. This implies that it is not sufficient merely to rely on
more frequent observations for a given span (and hence a larger sample) in order for a test
to be consistent. So far, however, there appear to be no theoretical results for the case in
which the variable is a flow and is observed as the accumulation of the underlying rate over
the sampling interval, although two simulation studies have been published on this topic,
by Choi (1992) and by Ng (1995). These simulation studies are discussed in more detail
later in this paper in the light of the theoretical results obtained. One might be tempted
to conjecture that the way in which a variable is sampled (as a stock or a flow) will have
no bearing on the properties of unit root tests. But, as will be seen, this is not so. The
temporal aggregation inherent in observing a flow variable acts not only to induce a moving
average disturbance but also to change the order of magnitude of the variance (in terms of
sampling frequency) as compared to a stock. If h denotes the sampling interval, e.g. a year
or a quarter, then the variance of a flow is O(h3) as h | 0, compared with O(h) for a stock.
As a consequence, the orders of magnitude of various sample moments involving flow data
are different to the stock case, and the predictions of Perron (1991) in the case of a stock

variable no longer hold. In particular, it is possible to obtain a consistent test of a unit root



with a flow variable even when the span of data is fixed, and, furthermore, increasing the

span is not in itself sufficient for a consistent test to exist.

The paper is organised as follows. Section 2 defines the model and derives the behaviour
of the observed flow variable under both the null and alternative hypotheses. Sections 3 and
4 derive the limiting distributions of the ordinary least squares (OLS) and instrumental vari-
ables (IV) estimators under the null and alternative hypotheses, respectively, while section 5
analyses the consistency properties of the unit root tests. Section 6 reports some simulation
results and also discusses the simulation results of Choi (1992) and Ng (1995) in the context
of the theoretical results obtained here. Section 7 concludes, while the Appendix contains

the proofs of all lemmas, theorems and propositions contained in the paper.

2. The model

The variable of interest, y, is assumed to satisfy the Ornstein-Uhlenbeck process

dy(t) = yy(t)dt + odw(t), t >0, (1)

where w(t) denotes a standard Wiener process, 0 < o < oo, and the initial value y(0) is
assumed to be fixed. Observations on y(¢) are made at intervals of length h > 0 over the
interval 0 < t < N, where N denotes the span of the data. The number of observations is
therefore given by 7" = N/h. Note that h denotes the sampling interval while 1/h denotes
the sampling frequency. Thus if the unit of time denotes a year and the data are observed
quarterly, then the sampling interval is h = 1/4 and the sampling frequency is 1/h = 4
(observations per year). When y is a flow variable the observations take the form of integrals

of y(t) over each observation interval of length h, denoted

th
Yth = y(r)ydr, t=1,...,T. (2)
th—h
The observed sequence is therefore yp, yop, - - -, YTh-

The null hypothesis of interest corresponds to v = 0 in (1), in which case y(¢) evolves as a
random walk in continuous time. The two-sided alternative is that v # 0. When v > 0, y(¢)
is explosive, while if v < 0, y(¢) is stable. Tests of the null hypothesis are conducted using
the observed discrete time data, whose law of motion, under both the null and alternative

hypotheses, is given in Theorem 1.



Theorem 1. (a) Under the alternative hypothesis v # 0, the discrete time flow data generated
by (1) satisfy the difference equation

Yth = ORYth—n + Uth, t=1,...,T, (3)

where oy, = ™ and gy, is defined by

g

Uy, = 5 [/Oh (e —1)dw(th — s) + /Oh (67h - 675> dw(th — h — s)] : (4)

The autocovariance properties of ug, are given by

1—eh| 2
76] = 30°0° + O,

2 o? 2vh
B (i) = 0(h) = % [Be" + 1) + =

1
E (wnuen—n) =m(h) = — - hewh] = gUQh?’ +O(hY),

2

o? lem ~1

while E (ugpugn—rn) = 0 for k > 2.
(b) Under the null hypothesis v = 0, the discrete time flow data generated by (1) satisfy the

difference equation
Yth = Yth—h + Uth, = 17"'7T7 (5)

where uy, 1is defined by
h h
Uth = O / sdw(th75)+/ (h—s)dw(th—h —s)|. (6)
0 0

The autocovariance properties of wg, are given by E (Uch) = %O’Qh?), E (ugpugp—pn) = %O’Qh?’,

while E (upuinh—gn) =0 for k > 2.

The discrete time flow data therefore satisfy an ARMA(1,1) process when v # 0 while the
first differences are MA(1) when v = 0. Note that the autoregressive parameter o > 1
when v > 0 and 0 < ap < 1 when v < 0. Note, too, that when h | 0 it follows that
ap — 1 regardless of whether ~ is positive or negative. Theorem 1 immediately highlights
a crucial difference between the models satisfied by flow data and stock data. With stock
data,! observations are of the form v, = y(th), rather than in the form of an integral, and

although the autoregressive coefficient is €’ in both cases, the disturbance is white noise in

'For results in the case of a stock variable, see Perron (1991) and section 6 of Phillips (1987a).



the case of a stock, whereas it is MA(1) for a flow. But there is also a more fundamental
difference. Theorem 1 shows that the variance and autocovariance of the disturbance are
O(Rh3) for a flow, but Perron (1991) has shown that for a stock the variance is O(h). This
difference in the order of magnitude of the variance of the process arises because of the
integrating filter that is applied to flow variables to yield the observations. Whether this has

an effect on estimation and testing is investigated below.

The asymptotic analysis that follows is concerned with the behaviour of certain estima-
tors and test statistics as h | 0 and/or N T oo. It is convenient to index h, N (and T') by
n, as in Phillips (1987a) and Perron (1991), so that T,, = N, /hy, and to allow n T co. It
will always be required that 7,, T oo as n T oo, which will be achieved if N,, T co and/or
hy | 0. It is then natural to consider the triangular array of random variables {{ym}tT;l }OO

n=1

generated by
Unt = QplYnt—1 + Upt, T = 17~-'7Tn7 (7)

where a,, = € y,0 = y(0) is fixed, and u,,; has variance vo(h,) and autocovariance 1 (hy,),

as defined in Theorem 1.

The estimators under consideration are the ordinary least squares (OLS) estimator of

ayp in (7) and an instrumental variable (IV) estimator defined by

Ty Tn
Z Ynt—1Ynt Z Ynt—2Ynt
an ==, and &, = -~ (8)
Z Ynt—1 Z Ynt—2Ynt—1
t=1 t=1

respectively. The OLS estimator has been shown by Phillips (1987a) to be a consistent
estimator of «,, under the null hypothesis of v = 0 but is perhaps not a natural estimator
under the alternative here in view of the MA disturbance. In fact, @, is inconsistent under
v < 0 because of the correlation between y,;—1 and wu,;. The IV estimator, in contrast,
is a consistent estimator of «, even when v < 0, and was suggested by Hall (1989) for
the purposes of testing for unit roots in ARMA models. The test statistics that will be

considered are the normalised estimators

~

Gn(Gp —1) and ¢p(an — 1), (9)

where qgn and Eﬁfn denote the appropriate normalisations. The consistency of these statistics

will be investigated by deriving the limiting distribution under the null hypothesis (v = 0)

4



and the alternative (v # 0) and then examining whether the power tends to unity as n — oo.

Three main cases will be considered. The first is where N,, = N is fixed and h,, | 0; the

second is where N,, T oo and h, | 0; the third is where NV,, T co and h,, = h is fixed. In

all cases T, T co. In cases where the test statistics (9) may be inconsistent, the scope for

developing consistent alternatives will also be explored. In some cases, it is also necessary to

introduce further sub-cases to adequately capture the asymptotic properties. These depend

on the value of v under the alternative hypothesis and also on the behaviour of A2 N,, when

considering the IV estimator under the alternative hypothesis. Details are given in section 4.

The principal set of cases and sub-cases used is defined in Table 1 so as to avoid repetition

later in the paper.

Table 1

Combinations of Ny, hy, and y(0)

Case

Description (as n T c0)

N, =N, h, | 0, y(0) =0
Np =N, h, | 0,y(0)#0

Ny, 1 00, by |0, (0) =0

Ny 100, ho 10, 5(0) #0

Ny 100, by 1 0, hy N 10, 4(0) #0
Ny 100, hy | 0, hy N/ = &, y(0) # 0
Ny 100, hiy 10, by Na® T 00, y(0) # 0
N, 100, hy = h

Ny 100, hy =h, y(0) =0

Ny, T o0, hn:h,y(O)#O

Note: The constants N, k and h are all positive.

3. The distributions under the null hypothesis

Under v = 0, y,; evolves according to the random walk

Ynt = Ynt—1 + Unt, Yn0 = y(o)u t= 1) CIEa 7TTL = Nn/hn)

(10)

where, from Theorem 1(b), u,; is an MA(1) process with variance (2/3)c%h3 and autoco-

variance (1/6)0?h3. When h,, | 0 as n T oo, the variance of u,; tends to zero, and so

for the asymptotic analysis in such cases the normalised disturbances u”

nt —

3/2
Unt/ hn/ are



considered. Since u,; is Gaussian it follows that u?, is also a Gaussian MA(1) process with
variance (2/3)0? and autocovariance (1/6)0?. As a consequence, the following weak laws of

large numbers apply as n T oo:

1Tnhp0 1Tn<h)2p22 lenhh p 1 o (11)
— E Upy — 0, — E u — -o°, and — E UppUpp_] — =0,
Tn Pt nt Tn Pt nt 30— Tn = nt Y“nt—1 60-

where — denotes convergence in probability. Furthermore, an invariance principle applies

to the partial sum process S,; = 25:1 Unj, so that the random function

[Tnr]
Xon(r) = T Phy 2 S, = T P02 S gy = oW (r)
j=1

as n T oo, where [z] denotes the integer part of xz, = denotes weak convergence of the
associated probability measures, and W (r) is a standard Wiener process on r € [0,1].2 The
validity of this invariance principle is easily demonstrated by checking that the conditions

of, say, Lemma 2.2 of Phillips (1987a) are satisfied. Since, when v = 0,

Thn Ty

Z Ynt—1Unt Z Ynt—2Unt
t=1 ~ t=1
ap—1="“~—— and a,—-1=

Ty Ty, ’
2

Z Ynt—1 Z Ynt—2Ynt—1

t=1 t=1

the above convergence results are used to derive the properties of the sample moments

Th Tn Tn T c . .
S Ynt—1Unity Yoy Yn— 15 iy Yni—2Unt A0 ;" Yne—2Yne—1. The limiting properties of

the first two can be used to derive the properties of the latter two using the relationships

Th Th Tn
Z Ynt—2Unt = Z Ynt—1Unt — Z UntUnt—1, (12)
t=1 t=1 t=1

which is obtained by substituting y,:—2 = Ynt—1 — Unt—1, and

T, T, T,
D Unt2Unt—1 =D Yn—2+ Y Ynt—2lni—1, (13)
=1 =1 =1

obtained by the substitution y,:—1 = Ynt—2 + unt—1. The results of interest are given in
Lemma 1 below. It is convenient, for presentation of the results, to define the random
variables

2

o(W,w) = 2 [W(p -], ww) = 0/01 W(r)dr and W(W?) = 02/01 W(r)2dr,

where w is a constant. These random variables occur frequently in the limits in Lemma 1.

*Note that the long run variance here is (2/3)0? + 2(1/6)0® = o°.



Lemma 1. Let {{ynt}gl}z:l denote a triangular array of random wvariables generated by

(10). Then, under the null hypothesis v =0, as n T co:

Case 1(a): N, =N, h, |0, y(0)=0.

o Zynt 1unt = NO(W,2/3), —— Zynt | = N2U(W?),

n t=1 "t 1
1 1 & ) )
= Zynt ot = NO(W, 1), —> Ynt—ayne—1 = N2U(W?).
hn t=1 han t=1

Case 1(b): N, =N, hy | 0, y(0) #0.

T, T,
1 n n
2o D Y1t = N2oy(O)W (1), hn Yyl 1 Ny(0)?,
=1 t=1
Tn Ty
i 1/2 p 2
> ynt—2ting = N 2oy(O)W(1), hn > yni—2yni—1 — Ny(0)?.
han t=1 t=1

Case 2(a): N, 1 oo, hy |0, y(0)=0.

T,
1 n 1
upe = B(W,2/3 = U (W2
h2 Nn ; y’llt 1Unt ( 9 / )7 h N’g tzl ynt 1 ( )
1 I 1
Cop = B(W, 1 = U(W?
h2 2N, ;y”t 2Unt ( ) )’ n NE ;ynt 2Ynt—1 ( )

Case 2(b)(i): Ny 100, hy | 0, hyNa/? | 0, y(0) # 0.

1 Tn

— 7 Zynt 1Une = oy (0)W(1), Iin Zynt (0
hn Na N, =
]_ T h Tn »
_n 2
]’L Nl/Q Zg/nt 2Unt = Uy(O)W(l)v Nn tz::lynt—Qynt—l - y(O) .

Case 2(b)(ii): Ny 100, hn | 0, haNa'? =k, y(0) # 0.

> Ynt—1tne = KW, 2/3) + koy(0)W (1),
t=1

hy &

F" > yni1 = EPU(W?) + 2ky(0) (W) + y(0)?,
n =1

T,

Zynt—Zunt = kch)(VV, 1) =+ kO’g(O)W(l),
t=1

h

Ty
N—" > Ynt—oynt—1 = K*U(W?) + 2ky(0)T(W) + y(0)>.

n =1



Case 2(b)(iii): Ny 100, hn | 0, hyNa/? 1 00, y(0) # 0.

T, T,
1 n 1 ul
— Cupe = ®(W,2/3 2 = e(w?
h%Nn ;ynt 1Unt ( ) / )) hnN% ; Ynt—1 ( )7
2
h%—Nn ;ynthUnt = (I)(W, 1), m ;yntfﬂ/ntfl = \II(W )
Case 8: Ny T oo, hy, =h.
1 T’VL 1 TTL
T Zynt—lunt = h*®(W,2/3), T2 Z Yni—1 = WU (W?),
noi=1 n =1
1 Tn 1 Th
Ti Zynt—Qunt = hgq)(vva 1)7 ﬁ Z Ynt—2Ynt—1 = h3\IJ(W2)
noi=1 n t=1

A number of features of Lemma 1 are worth commenting upon. First, it is apparent that
different rates of convergence apply in the different cases and, with the exception of case
3, that the limiting behaviour depends on whether y(0) is zero or not. The results in case
3 correspond to the usual asymptotics obtained in unit root autoregression with a fixed
sampling frequency and an MA(1) disturbance, and are covered by Theorem 3.1 of Phillips
(1987a). In this case, the effect of the initial condition vanishes asymptotically. Lemma 1
also establishes that in case 2(b) the relative rates at which h,, | 0 and N,, T oo are important
when y(0) # 0. Three possible types of behaviour for the product hnNé/ ? are considered and
the limits of the sample moments, and the appropriate normalisations, are different in each
case. This feature does not occur with stock data, in which the relative rates of convergence

of hy, and N,, to their limits is not important; see Lemma 1 of Perron (1991).

The limiting distributions of the appropriately normalised estimators &, and a, are
given in Theorem 2, in which the notation Z(W,w) = ®(W,w)/¥(W?) is used to depict a
commonly-occuring random variable. Note that the variable Z(W,1) denotes the familiar
limiting distribution of T, (&, — 1) when A = 1 and wu,,; is a white noise process; see equation
(10) of Phillips (1987a).

Theorem 2. Let {{ynt}fﬁl}zozl denote a triangular array of random variables generated by

(10). Then, under the null hypothesis v =0, as n T co:

Case 1(a): N, =N, h, |0, y(0)=0.

To(Gn — 1) = Z(W,2/3), To(Gn —1) = Z(W,1).



Case 1(b): N, =N, hy | 0, y(0) #0.

o N3/2W (1)

o N3/2W (1)
y(0) '

2 P~ J—
T (a, —1) = 2 0)

, T2(a, —1) =

Case 2(a): Ny 1 oo, hy | 0, y(0)=0.

T(n — 1) = Z(W,2/3), Tp(an — 1) = Z(W,1).

Case 2(b)(i): Ny 100, hy | 0, hyNa/? | 0, y(0) # 0.
T2 oW(1) T2
N2/ y(0) * N3/2

(Qp—1) =

(ap,—1) =

Case 2(b)(ii): Ny 100, hn | 0, haNa'? — k, y(0) % 0.
K2®(W,2/3) + kay(0)W (1)
K2U(W?) 4+ 2ky(0)T (W) 4 3(0)?’
k2@ (W, 1) + koy(0)W (1)
k2T (W?) 4 2ky(0)T (W) 4 y(0)*

Th(ap —1) =

T.(a, —1) =

Case 2(b)(iii): Nyp T oo, hy |0, hn]\fé/2 1 00, y(0) #O0.

Ty (Gn — 1) = Z(W,2/3), Tp(@n — 1) = Z(W, 1).

Case 8: Np T oo, hy, =h.

Ty (Gn — 1) = Z(W,2/3), To(@n — 1) = Z(W, 1).

It is worthwhile commenting on the results in Theorem 2 on a case-by-case basis. In case 1,
T, (0, — 1) converges to the random variable Z(W,2/3) when y(0) = 0, which written more
fully gives
1 2
To(an —1) = M
/ W (r)2dr
0
as n T oco. The adjustment factor of 2/3 in the numerator arises due to the correlation
between the regressor y,:—1 and the disturbance u,, and is equal to the ratio of the variance
of up/ hi/ 2, equal to 202/3, to the long run variance of the normalised partial sum of
Unt/ hi/ 2, X, (r), which equals 0. This is precisely the distribution that would be expected
from Theorem 3.1 of Phillips (1987a) when h = 1 and 7}, T oo, and indeed occurs in case

3. The IV estimator adjusts for the correlation between the regressor and the disturbance,



resulting in the familiar distribution Z (W, 1). When y(0) # 0, the initial value is important,
and it turns out that the appropriate normalisation for &, — 1 and &, — 1 is T2, rather than
T,, the limiting distibution being N (0,02N?3/y(0)?) in this case since W (1) ~ N(0,1). In
fact, Tp,(a, — 1) and T, (&, — 1) both converge to zero in this case. In case 2, the limiting
distribution of the normalised OLS estimator &, is once more Z(W,2/3) in parts (a) and
(b)(iii), in the latter case the condition hnerl/Q T oo ensuring that the effects of the initial
condition disappear asymptotically. The same holds for the IV estimator a,, except that
the limiting distribution is Z (W, 1). In parts (b)(i) and (b)(ii) of case 2, different behaviour
of hnNyll/ Zasn 1 oo results in different limiting distributions, in part (b)(i) the appropriate
normalisation being T2 /Nng/ ? for both estimators. In part (b)(i) the limiting distributions

are once again normal in view of W (1) being a standard normal random variable.

4. The distributions under the alternative hypothesis

When v # 0, yn: evolves according to (7) i.e. Ynt = anYnt—1 +Unt, (t=1,...,T,), where

o, = €' In this case, interest centres on

Tn

Z Ynt—1Unt
_t=1

Tn
Z Ynt—2Unt
~ t=1
Qp — Op = T
n
2
Z Ynt—1
t=1

and a, — a, = T E—
n

Z Ynt—2Ynt—1

t=1

and Lemma 2 below provides the limiting properties of suitably normalised versions of the
numerators and denominators. As in section 3, the sample moments that define the IV

estimator can be derived from those defining the OLS estimator via the following formulae:

Tn Tn T’”
Z Ynt—2Unt = eiwhn Z Ynt—1Unt — eiwhn Z UntUnt—1, (14)
=1 t=1 t=1
Th Th Ty
Z Ynt—2Ynt—1 = erhn Z y721t72 + Zynt—2unt—1- (15)
t=1 t=1 t=1

Note that in case 3, when h, = h is fixed, the true value of a,, = a = e, which is

independent of n. When h,, | 0 as n T oo, the laws of large numbers in (11) apply, but when
h, = h is fixed,

T, T, T,
1 & 1 & 1 &
T Zunt - 0, T Z U%t = Yo(h), and T Z UntUnt—1 = 71(h),
=1 =1 noy—1

10



where the functions vy(h) and 71 (h) are defined in Theorem 1(a). The characterisation of

the limits in Lemma 2 is aided by defining the stochastic integral
J(r) = / TN aW (s), 0<r<1.
0

For fixed r, J(r) ~ N(0,(e?N —1)/2yN). It is also convenient to define the random

variables
1 o2 1
\y(ﬁ):g2/ J(r)%dr and Q(J,W,w)Z? [/ J(r)dW(r) + w|,
0 0

for some constant w, as well as two independent standard normal random variables, denoted

¢ and 7. Finally, the constant

0. — a?yo(h) + 2a71(h) B e2hyg(h) 4 271 (h)
h a?—1 B e2vh —1

. . d e e
is used as a scaling factor, and — denotes convergence in distribution.

Lemma 2. Let {{ym}f;l}; denote a triangular array of random variables generated by

(7). Then, under the alternative hypothesis v # 0, as n | co:

Case 1(a): Ny =N, h, |0, y(0)=0.

1 Ty 1 Tn

o7 D Yni-vting = NO(LW,1/6), =3y y = N?W(J),

n t=1 " og=1

1 Tn 1 Tn

2 Zynt—2unt = NQ(J, W, 0), 7 2 Ynt=2Ynt—1 = N?W(J?).
n =1 " t=1

Case 1(b): N, =N, h, | 0, y(0) # 0.

I P o 2 2 (ehN —1)
Zynt—lunt =0, hy Zyntfl = y(0) T oy
t=1 t=1 7
T, Ty 29N

e —1
Z Ynt—2Unt £> 07 hn Zynt—Qynt—l = y(0)2(2—)
t=1 t=1 v

11



Case 2(a): Np 1 oo, hy |0, y(0)=0.
29N, & (2YN,)? In
Ifv>0: m;ym lunt:>0'£777 m;ym 1:>U77,
29N, . 27N, I
Wzym 2tny = 7L, mzym Wnt—1 = 0N
t=1 n =1
(2N 2 —29N,,
[f"}/<0 Wt:1ynt_1unt:>0' N(O 1 , h Ng ;ynt 1—)0'
1 1 —27N,, &
Zynt DUy > ——0?, 1on Ynt—2Ynt—1 Lo’
h2Nn part 6 hp,N?2 =
Case 2(b): N, 1 oo, h, |0, y(0)#0.
Tn Ty 2
1 P hy 2 p. y(0)
Ifv>0: 2N, ;ynt—lunt — 0, 27N t;ynt—l - 9y
Tn Tn 2
1 P hy, ». y(0)
N, ;ynt—Qunt — 0, N, t;ynt—wm—l — oy
Case 2(b)(i): Ny 100, hn | 0, hyNi/? 10, y(0) % 0.
- v y(0)
If v<0: Zym,lunta(), hn Z Ynie] — ———
=1 2y
0
ZynthUnt 2 0, ha, Zynthyntfl 2 _y(2 ) .
t=1 t=1 v
Case 2(b)(ii): Ny 1 oo, hy |0, haNa/? = k, y(0) # 0.
T, 2
2k%52 y(0
Ifv<0: Zynt—luntg_ ) nzynt 1_>_ (2,3
Tn p 5k202 Ty p y(0)2
Zynt—ZUnt - = , hp Zynt—2ynt—1 - _T-
t=1 t=1 v

12



Case 2(b)(iii): Ny 100, hn | 0, hyNa/? 1 00, y(0) # 0.

20 _y(0)?
I 0: b= h, P,
fv< h2Nn;ynt 1Unt — 3 ;ym 1 2y
T,
1 = p 50
h2Nn ;ynt 2Unt — _?,
Tn 2
0~ .
hnp, Zynt—Qynt—l 2 _y(2—) if hiNn 10,
t=1 g
In 2 2
0 ok'o* .
hy Zynt—ﬂ/nt—l L _y(z—) T 6 if hiNn — ]{,,
t=1 g
! Z —2 if h3N, T oo.
Lo
h2 Nn P Ynt—2Ynt—1

Case 8: N, T oo, hy, = h.

1 o(R) + 2¢7"1 (R
Ify<0: _Zynt Lt B y1 (R Zynt1p7 ) - ()’
ntl ntl (l—e’Y)
! ey (h) + (14 ™ h
LSt 0, _Zym e 2 00+ (L4 e ()

Case 3(a): Ny 1 0o, hy, =h, y(0) =0.

1 I (

d o — 1
If v>0: T2 z;ynt—lunt = 0rén, 1) Zynt 1 4, 07n°,
t—

_ S d ~vhp2 (a2 -1) & d  ~yhp2, 2
a(Tn_g) Zynt—Qunt — € 9}15777 m Z Ynt—2Ynt—1 — € 9h7’] .
t=1 t=1

Case 3(b): N, T oo, h, =h, y(0) #0.
1 In d
F7>0: ooy 3 e i€ (€9 (0) +6an) .

_ 1 2
aa2(Tn—1) Zynt L% ("y(0) + 0um)

T,
1 . d
aTn—2) ZynthUnt — € ’yheh&' (EWhy(O) + th) )

o —1 )
ﬁ Zynt 2Ynt—1 4, et (e”h (0) + 9h77> _

A number of features of the convergence of the sample moments in Lemma 2 are worth
commenting upon. In case 1, with N fixed and h,, | 0, the convergence does not depend on

whether ~ is in the explosive or stable region, but more on the value of y(0). This is not
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so in cases 2 and 3, where rather different limiting behaviour is obtained in the stable and
explosive cases. In cases 2 and 3, the effects of y(0) are also important. In case 2(b)(iii), when
v < 0, the behaviour of h3N,, as n T oo is important and leads to different normalisations
(and different limits) for Z?ﬁl Ynt—2Yni—1, depending on whether h2 N, | 0, — k' or T oo.
The results in cases 3(a) and 3(b), in which v > 0 and hence y,,; is explosive, are derived by

extending the methods of Anderson (1959) to the case of an ARMA(1,1) process.

The results in Lemma 2 enable the limiting distributions of the appropriately normalised
differences (&, — ay,) and (&, — ay) to be obtained. These are presented in Theorem 3,
along with the limiting distributions of the appropriately normalised deviations (&, —1) and
(an, — 1).

Theorem 3. Let {{ynt}tTgl}oo ) denote a triangular array of random variables generated by
n—=

(7). Then, under the alternative hypothesis v # 0, as n | co:

Case 1(a): Np =N, h, |0, y(0)=0.

_ Q(J, W, 1/6) _ Q(J, W, 1/6)
Tn n — Gn #) Tn n - 1 ’ ’ N7
~ Q(J w. 0) ~ Q(J w. 0)
Tn n - “n %a Tn n - 1 ; : N.
Case 1(b): N, =N, h, | 0, y(0) #0.
Ty (Gn — o) 20, Tp(dn —1) & 4N,
T(Gn — an) 20, Tp(an —1) 2 ~N.
Case 2(a): Ny 1 oo, hy | 0, y(0) =0.
I; : n — Qn — — (0, —1 ;
fr>0: Gt En ) = N (@ =1 By
eanTn B £ T, P
n — tn ) -~ n—l .
o (@ —on) = G
T, . T,
Ify<0: (Gp — an) = N(0,1), F(an—l)ﬁwy,
(—=27Nn) n
Tn ~ 1 Tn ~ p 47
n n ) NT n 1 a
(_27Nn>(a ap) = Nn(a ) = 3
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Case 2(b): N, 1 oo, h, |0, y(0)#0.

T, . Th , .

If’Y>0: ﬁ(an_an)ga F:Ll(an_l)ﬁ”%
T, T,
FZ(an an)ﬂO, Fi(an—l)gfy.

Case 2(b)(i): Ny 100, hn | 0, hyNa/? 10, y(0) % 0.

T, , . Ty, .

If v<0: Fi(an—an)ﬂo, ﬁ(an—l) 2 5,
T, Th
ﬁ(an_an) AO, Fi( n_l) A’V-

Case 2(b)(ii): Ny 100, hn | 0, haNa'? =k, y(0) # 0.

T, . p 4k*~yo? T, p Y[4k?0? + 3y(0)?]
I 0: (@, —a, — . @a,-1 ,
< N, @n = on) = g, @ =D T
Tn kQ 2 Tn k‘2 2 2
_(an - an) £> > ’70'2 ) _(&n - 1) £> 7[5 il ?;y(O) ]
n 3y(0)2" Np 3y(0)

Case 2(b)(iii): Ny, T oo, hy |0, hnNyl/2 1 00, y(0) # 0.

Ify<0: ]Tv’i(an_an)&;j(g;, jj\g(an—m&?j(g;,
R o) 2 S -1 G AN L0
ﬁ—’i(an —an) B 1+ —zl;/g)‘)fjj\g (@n—1) 51+ % if hy Ny — K,
(@ — an) B g (@ —1) &Z if h3N, 1 .

Case 3: N, T oo, hy, = h.

Fr<0: @n-ay2 Ll gy s Aocm) | o

—1,
Yo(h) 4 2e7h1 (h) Yo(h) + 2e71(h)

(o, — ) = 0, (G —1) L erh —1.

Case 3(a): Ny, 1 oo, hy, =h, y(0) =0.

Th
fy>0: ag‘_l(an—a)i%, (@ —1) B eth 1,
Tn —2~h
e R
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Case 3(b): N, 1 oo, h, =h, y(0) #0.

oTn 4 01,€ N(0,6?) P
IFy>0: G — - s, (@ —1) Bt -1,
fy 77O =) 0 + o Niay(0), 67 VT
T, —2vh —4vh g2
o (&n B a) i) e 9h§ i N((),e eh)7 (dn _ 1) ﬂ) e’Yh —1.

ay(0) +6,m  N(ay(0),62)

The limiting distributions in Theorem 3 are derived from the convergence results in Lemma 2.
In case 1(a) the limiting distributions are represented as a functional of the random process
J(r), while the results for case 2, in which N,, T oo, are based on the behaviour of the
appropriate functional when vN,, — +oo. It is interesting to note that, in case 2(a), when
~v < 0 the appropriate normalisation factor is different for the OLS and IV estimators. The
source of this can be traced to Lemma 2 in which the normalisations for ngl Ynt—1Une and
ngl Yni—oUyne differ by a factor of (—27]\7”)1/ 2. The distributions in case 2(a) when v > 0
are Cauchy in view of £ and 1 being independent standard normal random variables. The
same is true in case 3(a) when v > 0. In case 3, when v < 0 the limiting distributions have
not strictly been derived, but for the purposes of establishing the consistency (or otherwise)
of the test statistics, the reported probability limits turn out to be sufficient. It is in the

analysis of test consistency that the results of Theorems 2 and 3 will now be employed.

5. The consistency of the test statistics

A test is consistent if its power tends to unity asymptotically for fixed alternatives,
where the power is the probability of correctly rejecting a false null hypothesis. Thus, if
T, (a, —1) is the statistic of interest, and x denotes the critical value of the test, consistency
requires that, under the alternative hypothesis,

lim Pr (T, (a, — 1) > k) = 1.

nfoo

The consistency properties of the test statistics of interest are summarised in Theorem 4.

Theorem 4. Let {{ynt}fgl}jzl denote a triangular array of random variables generated by

(7), and consider testing the null hypothesis v = 0 against a fized alternative v # 0. Then:
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Case 1(a): N, =N, hy, | 0, y(0) =0.
T,(an — 1) and T,,(&y, — 1) are not consistent.
Case 1(b): Nn, =N, hy | 0, y(0) # 0.
T2(a, — 1) and T?(ay, — 1) are consistent.
Case 2(a): N, T o0, hy, | 0, y(0) =0.
Tn(an — 1) and Ty, (e, — 1) are consistent.
Case 2(b)(i): Ny 100, hn | 0, hyNa/? 1 0, y(0) # 0.
(T,%/NS’/Z)(&” —1) and (Tg/Ngﬁ)(&n — 1) are consistent.
Case 2(b)(ii): Ny T 00, hy | 0, hnNa/* = &, y(0) # 0.
T(ayn — 1) and T,, (&, — 1) are consistent.
Case 2(b)(iii): Ny T 00, hn | 0, haNa/? 1 00, y(0) # 0.
Tn(@n — 1) and Ty (ay, — 1) are consistent except when
v <0 and k3N, T co.
Case 3: Ny, T oo, hy = h.

Tn(Qn — 1) and Ty, (e, — 1) are consistent.

Theorem 4 shows a mixed pattern of consistency for the statistics across the different cases.
The statistics are not consistent at all when N is fixed and y(0) = 0 (case 1(a)), although
when y(0) # 0 it is possible to construct consistent tests based on T2(&,, —1) and T2(q, —1).
When N,, T oo asn T oo consistent test statistics do exist except in case 2(b)(iii), when v < 0,

haNA/? 1 00 and h3N,, 1 0.

The results in Theorem 4 contrast with those of Perron (1991) who showed?® (with a stock
variable) that the statistic T}, (&, —1) is consistent if and only if the span (N,,) increases with
n. Theorem 4, case 2(b)(iii), identifies an exception to this rule when the variable of interest
is a flow. Furthermore, in case 1(b), Theorem 4 indicates that it is possible to conduct a
consistent test of the null hypothesis ¥ = 0 even when the span of the data is fixed. These

findings are summarised in the following proposition.

oo
Proposition 1. Let {{ym}fgl} . denote a triangular array of random flow variables gener-
n—

ated by (7), and consider testing the null hypothesis v = 0 against a fized alternative ~y # 0.
Then:

(a) the condition that N, T 0o asn T oo is not sufficient to ensure that the test is consistent;

3See Theorem 1 of Perron (1991).
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(b) it is possible, in some circumstances, to construct consistent tests even when N, = N

is fixed as n T oo.

The theoretical results contained in Theorem 4 and summarised in Proposition 1 are in-
vestigated using Monte Carlo simulations in section 6, and are used to help explain other

recently published simulation results.

6. Some simulation results

The finite sample content of the theoretical results can be explored with the aid of
simulations. In particular, the power of the unit root test statistics in cases 1(a), 1(b)
and 2(b)(i) was simulated for the null hypothesis of a unit root (v = 0) against the fixed
stationary alternative v = —0.2. The series were generated, for each fixed span N and

frequency h, according to
y=ely_1+u, t=1,....T =N/h,

where yp = y(0) takes on a fixed value and w; is a normally distributed MA(1) process
with variance 7o (h) and first-order autocovariance 71 (h) (the underlying variance parameter
02 = 1). A total of 10,000 replications were conducted for each combination of N and h
considered, which for cases 1(a) and 1(b) corresponds to the 24 combinations of N = 16,
32, 64, and 128 and h =2, 1, 1/2, 1/4, 1/12 and 1/52. The values of h can be interpreted
as corresponding to observations at the biennial, annual, biannual, quarterly, monthly and
weekly frequencies, respectively, while the data spans are then interpreted to range between
16 and 128 years. For case 2(b)(i) it is required that ANY/2 | 0 as h | 0 and N 1 oo, so
the following (IV, h) pairs were considered: (10,2), (12,1), (16,1/2), (18,1/4), (36,1/12) and
(240,1/52). With these combinations hN 1/2 falls from approximately 6.32 to approximately
0.30, which is easily verified. The appropriate critical values for the tests were also simulated
with 10,000 replications but with v = 0 under the null. The size of the tests was set at 5% and
one-tailed tests against the stationary alternative were considered. Tables 2 and 3 contain

the simulation results.
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Table 2

Power of one-tailed test of unit root (v

)

0) against stationary

alternative v = —0.2, cases 1(a) and 1(
Statistic N 2 1 % % 1—12 5i2
Case 1(a): y(0) =0
T(a-1) 16 0.164 0.175 0.184 0.177 0.188 0.194
32 0.373 0.419 0.420 0.458 0.427 0.450
64 0.843 0.871 0.910 0.897 0.914 0.901
128 0.999 1.000 1.000 1.000 1.000 1.000
T(a-1) 16 0.128 0.159 0.178 0.170 0.183 0.194
32 0.308 0.380 0.387 0.438 0.417 0.438
64 0.733 0.809 0.886 0.883 0.908 0.902
128 0.991 0.999 1.000 1.000 1.000 1.000
Case 1(b): y(0) = 0.1
T?>(@a—1) 16 0.158 0.175 0.184 0.188 0.346 0.952
32 0.375 0.419 0.447 0.464 0.642 1.000
64 0.841 0.883 0.902 0.930 0.989 1.000
128 0.999 1.000 1.000 1.000 1.000 1.000
T2(@—1) 16 0129 0.145 0.156 0.134 0.235 0.707
32 0.282 0.373 0.402 0.409 0.480 0.999
64 0.718 0.818 0.869 0.904 0.955 1.000
128 0.990 0.999 1.000 1.000 1.000 1.000
Case 1(b): y(0) =1
T2(@—1) 16 0183 0207 0.235 0.290 1.000 1.000
32 0.414 0.556 0.773 0.998 1.000 1.000
64 0.884 0.971 0.999 1.000 1.000 1.000
128 1.000 1.000 1.000 1.000 1.000 1.000
T?(a —1) 16 0.156 0.183 0.217 0.279 1.000 1.000
32 0.264 0.314 0.315 0.860 1.000 1.000
64 0.729 0.865 0.969 1.000 1.000 1.000
128 0.993 1.000 1.000 1.000 1.000 1.000
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Table 3
Power of one-tailed test of unit root (7 = 0) against stationary
alternative v = —0.2, case 2(b)(i)

N, h

Statistic 102 12,1 16,5 18,3 36,5 240,
y(0) =0.1

T2

W(a—n 0.102 0.125 0.181 0.213 0.723 1.000
T2

W(&—U 0.082 0.113 0.154 0.167 0.464 1.000
y(0) =1

T2

W(a—m 0.128 0.134 0.260 0.603 1.000 1.000
T2

W(&_l) 0.127 0.130 0.174 0.308 1.000 1.000
y(0) =10

T2

W(&_l) 0.617 1.000 1.000 1.000 1.000 1.000
T2

——(a—-1) 0.019 1.000 1.000 1.000 1.000 1.000
N3/2

The first panel of Table 2 contains the results pertinent to case 1(a), in which span N
is fixed and frequency h tends to zero. The entries should therefore be read along each row.
According to Theorem 4, the statistics T(@ — 1) and T'(& — 1) are inconsistent, and this
manifests itself in Table 2 by the simulated power not approaching unity as h gets smaller.
The high power when N = 128 is a reflection of the span being sufficiently large for the
test to have good power. The reason for this can be seen from Theorem 3, case 1(a), which
shows that, under the alternative v # 0,

Q(J, W, 5)
U(J?)

Q(J, W, 0)

To(tp, —1) = T2

+9N, T, (a,—-1)= + vN.

When N is large, the term v/N dominates this distribution, and with v < 0 the simulated
values of T, (&, — 1) and T, (&, — 1) take on large negative values which are significant. Note
that, when v = —0.2 and N = 128, the product vN = —25.6, while the largest simulated
critical values (under the null) are —5.1 (OLS) and —11.2 (IV).

The second panel of Table 2 relates to case 1(b) which again holds N fixed while h
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tends to zero but in which y(0) # 0. In this case the statistics T72(a — 1) and T?(a — 1) are
consistent, according to Theorem 4, and indeed, even with a small value of y(0) = 0.1, it is
seen that the power tends to unity as the entries are read along each row. For larger values
of y(0) than those contained in Table 2, for example y(0) = 10 or 100, the power is unity
for all reported entries except for that corresponding to N = 16, h = 2. Virtually identical
results are obtained with negative values of y(0), any differences arising due to sampling
variability. That this is so is an implication of Theorem 2 which shows that the limiting

distributions of these statistics are normal under the null, with the variance proportional to
y(0)~2.

In Table 3 the results relate to case 2(b)(i) in which span N tends to infinity, frequency
h tends to zero while the product hN'/2 also tends to zero. Under the null hypothesis the
limiting distribution of the statistics is once again normal with variance proportional to
y(0)~2, and the results with the corresponding negative values of 3(0) are virtually identical
to those reported for positive values of y(0). The consistency of the statistics is evident from
the entries in the Table. It is interesting to note, though, that the finite sample power is
uniformly higher for the OLS-based test statistics than it is for the IV-based statistics, in
both Tables 2 and 3.

It is worthwhile, at this point, to reflect briefly on the results of other simulation studies
of the power of unit root tests with flow data and varying sampling frequency, in light of
the theoretical results obtained in this paper. Choi (1992) provides simulation results based
on a fixed span of 100 periods and two frequencies, 1 and 1/4, corresponding to annual and
quarterly data respectively. With the initial value set equal to zero, his experimental design
therefore corresponds to case 1(a) here. His main findings are that power is higher with
the quarterly data than with the annual data, and that the Phillips-Perron tests are more
powerful than the augmented Dickey-Fuller tests. The fact that power is found to be higher
with the quarterly data is also seen in Table 2, but the fact that we have shown such tests to
be inconsistent is an important additional insight into these simulation findings. Ng (1995)
conducts a more comprehensive investigation which also considers the IV-based statistic
T(a — 1). Her simulations allow span and number of observations to vary between 25 and
1000, hence yielding values of frequency between 40 and 1/40. The value of y(0) is taken to
be zero and hence Ng’s findings cover cases 1(a), 2(a) and 3(a). The fixed alternative is taken
to be v = —0.2, as here. Among Ng’s findings are that increasing sample size while keeping
span fixed increases power but at a diminishing rate. This is presumably a manifestation of

test inconsistency shown in Theorem 4 for case 1(a). It is also possible to pick out from Ng’s

21



Table 1 of results the consistency of the tests in cases 2(a) and 3(a). In the former case this
is achieved by reading down diagonally but jumping columns, so that span increases and
frequency falls simultaneously, and in the latter case simply by reading down diagonally, so
that frequency is fixed while span increases. All these simulation results are predicted by

the theory derived in this paper.

7. Concluding comments

This paper has analysed the consistency properties of two tests for a unit root in flow
data when the sampling frequency is allowed to vary. The limiting distributions of both the
OLS-based statistic and the IV-based statistic are derived under both the null and alternative
hypotheses, which enables the consistency properties of the tests to be established. Contrary
to the situation with a stock variable, it is found that it is possible to consistently test for
a unit root in a flow variable even when the span of the data is fixed, and, furthermore,
that increasing the span is not in itself sufficient for consistent testing. The appropriate
test statistic when span is fixed involves normalisation by the square of the sample size,
implying a very fast convergence of the autoregressive coefficient estimator to unity under
the null hypothesis. Now that time series data are becoming available at higher frequencies,
the results contained in this paper provide some theoretical guidance to practitioners who

wish to test for unit roots in flow variables.
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Appendix

Proof of Theorem 1. (a) The solution to (1) is given by
th
y(th) = 7y (0) + 0’/ =) du(s), (A1)
0

which yields the difference equation

th
y(th) = y(th — h) + o /t ). (A2)

Integrating (A2) once more over the interval [th — h,th] yields an equation for flows with a
disturbance term in the form of a double integral. This double integral representation can be
avoided by following the approach of Bergstrom (1984) whose Theorem 8 derives the same
equation for the case h = 1. Integrating (1) over [th — h,th] yields

th th h
y(th) —y(th—h) =~ y(s)ds + a/ dw(s) = yym + a/ dw(th — s),
th—h th—h 0
which can be solved for y;, to give
1 "
=7 [y(th) = y(th = 1)) = o7 [ duw(th ). (A3)

From (A2),

y(th) —y(th—h) = " [y(th —h) —y(th — 2h)]

h h
+o / e dw(th — s) — / e dw(th —h — r)]
0 0

[ rn h
= 'y/o y(th—h—s)ds+a/0 dw(th—h—s)]

h h
+o /0 e¥dw(th — s) — /0 e¥dw(th — h — s)] . (A4)

Substituting (A4) into (A3) yields

e'yh h
Yth = 23 VYth—n + 0/0 dw(th —h — s)

o [ rh h o (h
+— / e’dw(th — s) — / e’dw(th —h —s)| — — / dw(th — s),
7 /o 0 v Jo

which yields (3) upon rearranging the terms. The autocovariance properties of uy, then
follow from its definition, with the orders of magnitude derived from expanding e as the
infinite series Z;’io(*yh)j /7! and rearranging terms.

(b) Setting v = 0 and integrating (1) twice over [th — h,th] yields (5) with wu, defined in
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terms of a double integral. Alternatively, us, can be obtained by taking the limit of (4) as

v 1 0, which yields (6) since

s _ Yh _ s
lim & —s and limS % —ph s
vl0 Yy 710 g
The autocovariances then follow from (6). O

Proof of Lemma 1. The objective is to express the sample moments in terms of the random

function X, (r). This is achieved by noting that

t/Th, t/Th t/Tn
Seet = Spi1Th dr =T, Suprridr = T3/2h3/2 / X,.(r)dr,
(t—1)/Tn (t—1)/Tn (t—1)/Tn
t/Ty t/Tp t/Tn
S2, =82 T, dr =T, S dr =T2h3 X, (r)%dr
nt—1 nt—1 (t—1)/Tn (t—1)/Tn n[Tyr) n'‘n (t—1)/T»
This enables the sample moments to be written
Tn Ty
Z Ynt—1Unt — Z (Snt—l + ynO) Unt
t=1 t=1
1 In T,
= 3 Z <52 — Sk - Uit) +4(0) Zunt
t=1 t=1
1
= 5 nTn Zunt + y nTn
T,h3
_ n an - T1/2h3/2 0 " 1
X (1)2 Zu = y(0)%,(1)
Nph2 s REN, 1 T2 1/2
= X = S () N hay(0)Xa(1), (A5)
and in a similar fashion
T, T
Z?/?Ltfl = Z (Snt—1 + yno)2
t=1 t=1
Tn Ty
= Z Sai 1+ 2y(0) Y St + Thy(0)?
t=1
1
= T2h / X (r)2dr + 2y(0)T3/2h3/? / X, (r)dr + Ty (0)2. (A6)
0

The sample moments for the IV estimator can be obtained using (A5) and (A6) above allied
with the representations (12) and (13) in the text, which only requires, in addition to the

above, the limit of the appropriately normalised moment ZtT:"1 UntUni—1. Laking each case
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in turn (all limits are taken as n | co):

Case 1(a): From (A5) and (A6) with y(0) =0,

N N1 & 2 02N N2
= X (1) o s T W) - 2242
h,%;ym tunt = 5 Xn(1) 2Tn;(“nt) g W =537
1 1
— Zym 1= N2/ Xn(r)er = 02N2/ W(T‘)2d7“,
N n  p No?
h% ;umum 1= T_n Z:lumuntq - 6
Case 1(b): From (A5) and (A6),
—Zy g = Y y2 = i( ) NY2(0)X,(1) = o Ny 0)W (1)
nt . nt—1Unt = 2 n 2T7%t - n )
T 1 1
hn > ypi 1 =hiN? /0 X, (r)%dr + 2h, N3/?y(0) /0 X, (r)dr + Ny(0)2 2 Ny(0)?,
t=1
1 & BN &
I Zuntunt 1= T Zuq}}nﬁunt 10
m =1 not=1
Case 2(a): From (A5) and (A6)
1 & 1 11 & 2 g2 2
b1 Unt = = Xn(1)? — = — h —{ 12——} 2
R, 2o ettt = 5 Xa(1)? = 5o 3 () = G [WQ)T - | = @(W.2/3)
Tn 1
)2dr = / W (r)2dr = U(W?),
=1 0
1 & 1 & h ,h P o?
h2 Nn ;untunt 1= T_n ;untunt—l — F
Case 2(b)(i): From (A5) and (A6),
1 & h N haNa> & N2
i Zynt 1Unt = 9 Xn(1)2 - oT Z (u2t> + y(O)XTL(1> = O'y(O)W(l),
hy, Ny noog=1

1 1
b S ey = 1, [ X 22 [ X+ 00 2400,

"tl

h, N1/2 T,
h, N1/2 Zuntunt 1= Zuntunt 1 0.
n — n
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Case 2(b)(ii): From (A5) and (A6),

3 20 192~ 2] 4 hoy(O)W(1) = K20(W. 2/3) + koy(0)W (1
D s = T (WO £ oy O (1) = K007, 2/3) 4 Koy W (),
h

An Zym =Ko 2/0 W(r)2dr+2ky(o>g/01 W (r)dr + (02,

”t1

Ty 2 2
kco
Z UntUnt—1 = Z untunt 1 —> 6
t=1 Ty
Case 2(b)(iii): From (A5) and (A6),
1 1 &2 o2 , 2
o S = S0 - 3 () L yoxa = 5 -2,
Ny 2T"t1( ) hN1/2 2 3
i 1
dr—l— 1/21/ /X dr~|—h2N :>J/W
UntUnt—1 = untunt 1 —-
h2N" t=1 ”t 1 6
Case 3: From (A5) and (A6),
h3 s 1 o&n N2 R3S h3o2 , 2
—Zy e =5 X0 = 53 () 4 Zp @) = 7 (w2 = ]
3 R 1 2 3 2 [! 2
T3 Zlynt 1=h / Xn( dr+2y(0)m ; Xy (r)dr + T—y(O) = h’c ; W (r)=dr,
nt n n
h3 Tn h3o.2
T Zunt“nt 1= Zuntunt B 6
”t 1 ”t 1

This completes the proof. O

Proof of Theorem 2. The limiting distributions are obtained from the convergence results
for the sample moments in Lemma 1. In the case of the OLS estimator, if the convergence of
71(n) Y5 Yt 1tnt and 12(n) Y1 y2,_; have been established, then [r1(n)/m(n)] (@, — 1)

has the limiting distribution stated in the Theorem. A similar argument holds for the IV
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estimator. Taking each case in turn:

Case 1(a): From Lemma 1,

1 Vwa2-3] 4 L) —1]
-1 - 1—-
N/ W (r)%dr

0

Multiplying by N gives T,,(ay, — 1) = Z(W,2/3) and T, (&, — 1) = Z(W, 1) as required.
Case 1(b): From Lemma 1,

R oW() 1 oW (1)
pz @ D= oy w1 Nimy ey

Multiplying by N? gives

N32aW (1)
y(0)

N3/26W (1)

2 ~ —
T (a, — 1) = 2 0) ,

and T2(a, —1) =

as required.
Case 2(a): Noting that (h,,; 2N, Y)/(h; 1N, 2) = N, /h, = T), yields the results in a straight-
forward fashion.

Case 2(b)(i): Noting that (h Ny /%) /(haN7Y) = T2/N2/? yields

T2 oW (1 T2 oW (1
26— > St ) = S

as required.

Case 2(b)(ii): Since 1/(h,N, ') = T,, the distributions for T},(a, — 1) and T},(&, — 1) follow
immediately from Lemma 1.

Case 2(b)(iii): This follows in the same way as case 2(a).

Case 3: The normalisation here is familiar and the h3 factors cancel out in the numerator

and denominator of both estimators, giving the stated distributions. O

Proof of Lemma 2. Once again the objective is to express the sample moments in terms of

the function X,,(r). From (7) it follows that

t
Ynt = Z e(tfj)“/hnunj + et’YhnynO’ (A?)
j=1

which yields
t

ynTn = h737,/2 Z e(Tnfj)'yNn/Tnuzj + eTn’Yhny(O)
j=1
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Furthermore

Th
Z 3/72115
t=1

t , 3/Tn
B3/2 3 T3 T /(j_1>/T Th/2d X (s) + ¢y (0)

1
hnN1/2/0 eU=8Nng X (s) + €Ny (0).

T, [t 2
t—4)vhn tvhn
— Z e(t=0)y Unj 4 €7y
J

7j=1

=1
Th
Z 2N /T — Aln + A2n + ASn-

Considering each term in turn:

Aln =

2
Tn t
Z e(t=)YNn [Tny b
Unj
= j:l

t=1 =1 (J—l)/Tn
Tn /Tn t ]/Tn 2
TnhiZT/ S el MNn/Tﬂ/ Xo(s) | dr
t=1 (t—1)/Tn j=1 (G—-1)/Tn

1 r
hn N2 / ( / e<7"—8>7Nnan(s)) dr;
0 0

Tn t
O)hz/Q Z et’YNn/Tn Z e(t*j)'YNn/TnuZ]

t=1 j*1
h3/2zet7Nn/TnZ (t—3 an/Tn/ o Tﬁ/Qan(s)
= (4—1)/Tn
3/Tn

Zet j’yNn/Tn/

Th Th
(T2 S e, [
1 (t—1)/Ty

1 T
2y(0)N2/2/ e (/ e(r_s)VN”an(s)) dr.
0 0

Combining the expressions for Ai,, Ao, and As, yields

Tn
Z yit
t=1

1 r 2
= hnNg/ (/ e(r—S)WNnan(S)) dr
0 0

j=1 (G-1)/Tn

2
t
= ( (tj)“/Nn/Tnunj) +2y Zet’yNn/TnZ (t— J)'YNn/Tn Unjj

an(s)) dr

1 r Tn
+2y(0)N5’/2/ e/ Nn (/ e(T_S)VN"an(s)> dr + y(0)? Zezt'yN"/T". (A8)
0 0

t=1
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An expression for ZtT21 Ynt—1Unt can be obtained by squaring both sides of (A7) to give

2 2'\/hn

Ynt = y 1+ 267 " Ynt—1Unt + Umg

Subtracting y2, ; from both sides and summing from ¢t = 1 to t = T;, gives

Tn Tn T’n
2 2 2vhn 2 hn 2
YnT,, =~ Yno = (6 T — 1) Zynt—l + 2e” Z Ynt—1Unt + Z Unt,

which can be solved to give

In e—hn In 2
Zyntflunt = 5 (?J?zTn - yio - (627}1" - ) Zynt 1 Z ( ht) ) . (A9)
t=1 t=1

These expressions are required for the OLS estimator, and combined with (14) and (15)
in the text, also provide the results for the IV estimator once the limiting properties of
Zﬁl UptUni—1 are established. Taking each case in turn:

Case (1a): From (A8), with y(0) = 0 and N,, = N, h;,'y,1,, = NY/20.J(1). Furthermore,

T —h, T,
i o = 5 () < (70 St 3 ()]

n =1

No? 1 2

= —20 <J(1)2—27N/ J(r)2dr—§),
0

which holds because, as n 1 oo and hy,, | 0, e — 1 and (e —1)/h,, = h; 1 (2vh, +
O(h2)) — 2v. Now, from equation (8) of Phillips (1987b),

J1) =1+ 2ny/01 J(r)2dr + 2/01 J(r)dW (r),

from which it can be established that

% ( - zny/ V2dr — —) - /01 T(r)dW () + -

Finally,
P NO'
h2 Zuntunt 1= untunt 1 T
n =1 ”t 1
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Case 1(b): From (7), ynr, = €"Vy(0). When y(0) # 0, it is necessary to consider all three
components that constitute Zf;l y2,. It was shown, in case 1(a), that h,, ' Ay, converges to

a well defined limit, and it is also holds that

1
Ay = 2y(0)N3/2 / N I (r)dr.
0

Turning to As,, it can be shown that
29N In
— Ze2t7N/T" —e?N —1 as n oo,
Ty t=1

and so T); 1Az, — y(0)%(e>M —1)/(2yN). This can be written alternatively as h, Az, —
y(0)2(e*M — 1)/(27), which establishes the result in Lemma 2 because h,, A1, and h, Asg,

both converge to zero. Finally,

—Yhn

& e 2 o1 (o S RN ()2
D tioettoe = 5 | wer)* = (O = g (M =1 b3 vt = 53 ()

t=1
)
(eQ'YNy(O)2 —y(0)* - 27y(0)27) =0,

p
N

N =

2y
while

Ty hZN Ty
Z UntUnt—1 = T Zuntunt 1 = 0.
t=1 not=1

Case 2(a): From case 1(a) it is known that, as hy, | 0 with N fixed,
1
h2 Zynt 1Unt :> — (/ J dW ) Zynt N20—2/0 J(T‘)2d7’.
"=l hn (=

When v > 0 and defining ¢ = yN,,, Lemma 2 of Phillips (1987b) shows that, with J(r) =
[y er==)eaw (s),

r)2dr =n* as ¢ oo,

2 [ amawe = e,
€ Jo

where ¢ and 7n are independent standard normal random variables, Furthermore,

T, T,
9N, &L 2N, &L
h , h p
NN, tE 1 UntUnt—1 = AN, tE 1 UpyUpg—1 — 0,

and the results follow for the v > 0 case. When v < 0, the results once more utilise Lemma

2 of Phillips (1987b) which shows that
1 1
(—26)1/2/ J(r)dW(r) = N(0,1), —26/ Jr)2dr 21 as ¢ ] —oc.
0 0
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Finally, although

(—2yN,,) /2 & (—2yNn) /2 & hoop
I Y UniUng 1 = e Y Uy 00,
hnN t=1 Tn t=1

an alternative normalisation does yield a finite limit, namely

1 Ty 1 Ty hoh » 0_2
3 Zuntuntfl =7 Zuntunt—l —
hz Ny, = Th = 6

which determines the normalisation for ZtT;l Ynt—2Une using (14).

Case 2(b): When v > 0 it follows from case 1(b) that

L 9 »p 2 hn o p y(0)?

2N, It y(0)7, e27Nn ;ynt—l - 2

Hence from (A9),

1 &

“ov N, Z Ynt—1Unt

¢ t=1
e B (@ =1) hy % 2 ha Ny %( )
= 5 27Ny, hy, e27Nn L Ynt—1 — ez’YNnT
p 2 ?/(0)2

0)°—2 = 0.

= 0 =20

The results applicable to the IV estimator then follow because

1 Ty h3 n bk »
- n
W E UntUnt—1 — 2'Y—N E UpiUpt—1 — 0.
¢ t=1 € " t=1

Case 2(b)(i): When v < 0 the normalisation of the components in (A9) changes. It is now

the case that e"™» | 0 as n ] oo so that

1
p p
ynTn—>07 e,),—NnynTnHy()? thtl T T

the latter limit being positive as required since v < 0. Since, from (A9),

Thn ’yhn 9 9 ol Ty 9 h2 N’n, Ty h 2
Zynt 1Unt = 9 YnT, — Yno — (6 T — 1) Zyntfl - Z—v Z (unt) )
t=1 noot=1

it follows that

%ynt—lunt L —y(0)? — 2y (_9(0)2> .

t=1
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The IV results follow because, when hnN%/ 2 10,

h2 N,
Zuntunt 1= T, nzuntunt 1_>O

Case 2(b)(ii): When v < 0 and haNa/? = & as n 1 0o, the arguments in 2(b)(i) yield

Tn 2 2 2 2 2
0 2k“o 2k“o

E Ynt—1Unt ﬁ’ —9(0)2 - 27 _y<2 ) - = - )

= Y 3 3

k202

T, 2 T,

- _haNa S hon P
Z UntUnt—1 = T Z UptUnt—1 — 6
t=1 noot=1

Case 2(b)(iii): When v < 0 and h Na/? T oo asn T oo,

1 &
h2N Zynt 1Unt
=1
e (yie —yno (D —1) hy 1 &), 202
= 2 - 2 Zynt 1 Z (unt) T g
2\ BN, hn BN, & T, &= 3
Tn 2
1 h , h p 0
ICEVE Zuntum& 1= 7 Zuntunt—l - =
h Nn = T, = 6

Recall that ZtTgl Ynt—2Ynt—1 = eYhn ngl ?/7217:—2 + ZtT;l Ynt—2Uni—1, and it is known that

L <y y(0)? & P 20’
— —— (7 — ——
ntEZI?Jm—z 2 thn ; 1ynt 2Unt—1 3

Note further that

1 1
th Zynt 2 = th (h Zynt 2)

not=1 t=1

Tn
hn Zynt 2Unt—1 —h3 <h2N Zynt 2Unt— 1)

not=1

If k3N, | 0 or h3N,, — k' (a constant), the appropriate normalisation is h,, while if
h3 N,, T oo, the normalisation is 1/h2 N,,, giving the results in the lemma.

Case 3: From (A7) it follows that

2
Tn t
Zy?zt = Z (Z (t= j)whunj +et’yhyn0)
t=1
T77/

2
T, t
= Z (Z (t— J')vhunj) + 2y(0) Z etrh Z e(tﬂ)vhunj + y(0)2 Z e2trh
t=1 j=1 t=1
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Considering the first term,

2 h Tn t
—Z (Z unj) = —ZZeQ“ I, D> I g1+ 0p(1),

ntl]l ntl]l nt1]2

the 0,(1) term corresponding to sums of terms of the form wnjun;—; for ¢ > 1, which are

uncorrelated. Now, as n T oo,

| Dot Tnt Yo(h)
T_ZZeZtJVhZ = Zu Zezﬂhp T_ i
not=1j=1 -~
L A at—gyh = o, )
T_ Z Z e UpjUnj—1 = Z UntUnt—1 Z € 1 2vh’
=1 j=2 = e
and hence
1 Th t 2 ’yo(h) + 267}7]71 (h)
Z (& t '] un] ﬁ) 1 Q’Yh ‘
n t=1 \j=1 — ¢

Turning to the second term,
1 T, t .
Z eth Z J)“/h R T_y(o) Z e2trh Z e*”hunj
n t=1 j=1
1 o —tyh s 2jvh
= T—ﬂy(O)Ze untze

Z’yh 2 1~h 2Ty vh

= n Ze Py T e (e (t=1vh _ 2Tny )
1 62Tn’yh Tn
n =

The third and final term is clearly o(7,). Combining these results yields the expression in

the lemma. Next,

L B
_Zynt Uy = T_Z (Ze(t 1 ])’Yhunj+e(t DALIVI DY

nt 1 =1 \4j=1
1 Tn t—1 ( b Tn )
_ L t—1—j (t=1)7h,,
= 72X gt + - 03
"t—2j71 =

= = Zuntunt 1 +Op(1) L 71(h),
"t 2

since the only terms in the first summation that are uncorrelated are those for which j = t—1

(note that 7 <t —1). Finally, the limits for the terms determining the IV estimator follow
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from (14) and (15), noting that

1 TTL

T_ Z UntUnt—1 L ’Yl(h)

n =1

and that e7"n = 7" = q.

Cases 3(a), 3(b): When v > 0 the result for y(0) = 0 (case 3(a)) can be obtained as a special
case of y(0) # 0 (case 3(b)) and hence the proof of the latter is given. The proof follows
Anderson (1959), suitably adapted to allow for the moving average disturbance (Anderson
deals with the purely autoregressive model). Let § = a~! = ¢, so that 0 < 3 < 1, and

consider the random process

t—1

t—2 i1
Znt = B “Ynt—1 = E B unj + ayno.
=1

From equation (2.6) of Anderson (1959),
2T, 2Tn2 2\—1_2 2T, 2Tn2 1—52T"2
32— );ynt—l —(1=p%)""2y, = <B (Tn— );ynt—l - 1—ﬁ2ZT">

1_52Tn2 1 5
+< 13 ‘1)

and the objective is to show that this term converges to zero in probability. Since z,; =

Zni—s + ijl ﬁt_j_lum_j it follows that z,7, —s — zn1, = — 25:1 ﬂT"_j_lunTn,j, and it can

be shown that

2
s
E (ZnTn—s - ZnTn)2 = F (Z BTn_j_lunTn—j>

j=1

s—1
= [wh) +267 ()] G20 5
j=0
I@2(Tn—s—1)j

< o) +267 m(m)]

E (ZnTn—s + ZnTn)2 < 2F (ZnTn—s)2 +2F (ZnTn)2

< A4E (zur,)?
Th—2 ] Tn—3 ]

= 4| y(h) D> BY+28v(h) Y B¥ +a’y(0)
=0 =0

Yo(h) + 2671 (h)
4< 0 1_521

4 a2y(0)2> .

Now
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AT2) W= 2 1— > ~ 2 2
E g7 Zyntq—ﬁ WTh Z SE‘ nTy—s — “nT,
=1 =1
Tp—1
- Z ﬁQsE ’(ZnTn—s - ZnTn) (ZnTn—s + ZnTn)|
s=1
Tp—1

1/2
< Z 528 {E (ZnTnfs - ZnTn)2 E (ZnTnfs + ZnTn)z]

1/2 — 1/27,-1
§2<70(h)1+_ 25271@) +a2y(0)2> <vo(h)+2ﬂ wh)) $ gttt

L= ﬁ2 s=1
h) + 287 (h 1/2 281~ () \ /2 3T
<2 (70( )1_‘__ ;éfyl( ) + a2y(0) ) (70( ) —IF_IB52 '71( )) 1ﬁ_ /8’

so that, by Chebyshev’s inequality,

|

as n T oo, while
R 2T,
E<1ﬁ2znTn> Scﬁ " =0

as n | oo, thus establishing that

2(Tn—2 1—52T"
BT )Zyntl 1—52@

K
>e>§—ﬂT”HO
€

Tn
BT =2) Zyit—l —(1=p "2y, 0.

Now 2,7, ~ N(ay(0),02,) where
T,~2 T,—3
=10(h) > BY +28n(h) Y 5%
=0 =0

2

is derived from the earlier definition of z,¢. Asn 1 0o, 02, — 67 and the limiting distribution

of z,1, has the representation ay(0) + 6;,n.

Turning to the numerator of &, — «, it is convenient to introduce the random process

Tyt = Z;;%) [ up—j and to consider the difference

Th Th—1
Thn—2 S
ﬁ " Z Ynt—1Unt — TnTy, AnT, = Z /8 UnTy,—s (ZnT,L—s - ZnTn) .
t=1 s=1

Then, using earlier results,
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Tn Tn—1
E g2 > Ynt—1tnt = 1,201, | < Y BB lunt, s (207, -5 — 2]
t=1 s=1
Tl 1/2
< Z B° (EUZTn—sE (2nT,—s — ZnTn)Q)
s=1

T—1
< > (70(h) [Vo(h) + 25_171(@} 12
s=1

-1 1/2Tn71
('yo(h) [70(?)_+ﬁ22ﬁ mh)]) Zl e

BATy=5-1) ) 1/2

IA

BYECILCES O - g,

so that by Chebyshev’s inequality,

er

_ P oy .
as n T oo, and so fTn~2 ZtT;l Ynt—1Unt — TnT, 2nT, — 0. Now, from the definition of x,; it

€

T,
9 — K _
/BTn 2 Zynt—lunt — TnT,2nT,| > 5) < _(Tn - 1)/6Tn 1 0
=1

follows that x,7, ~ N(0,02,), where

rYrn

-1 -2
oty =0(h) Y B +26m(h) Y 6.
j=0 J=0

2

2, — 07 and the limiting distribution of 7, has the representation @p&.

Asn 1 o, o

Furthermore, the two variables x,7, and z,1, are uncorrelated in the limit since
E (xn1, 2n1,) = 87771 (T0 — D0(h) + 87 72T, — Dya(h) + 87(T, = 2)70(h) — 0

as n T oco. Finally, for the IV estimator, the stated limit for ngl Ynt—2Ynt—1 follows from

(15) since

2 Ty
a” —1
( Q(Tn_lz E Ynt—2Unt—1 ﬂ) 07
a t=1

while the limit for ZtTgl Ynt—2oUnt Tollows because

1 & p
(Tw—2) Z UntUnt—1 — 0.
o t=1

This completes the proof. O
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Proof of Theorem 3. The same approach as in the proof of Theorem 2 is followed, based
here on the limiting behaviour of the sample moments established in Lemma 2.
Case 1(a): From Lemma 2,
QW 1/6) 1 Q(J, W,0)

—(Qn —ay) = S (A — Q) B

o, (@n = an) NU(J2) ' hy, (G = an) NT(J2)
Multiplying by N yields the distributions of T}, (&, — ) and T), (&, — av). Now Ty (@, —1) =
To(Qp — an) + Thn(an — 1) and T, (a, — 1) = Ty (G, — ) + T (e, — 1), S0 it is necessary to

examine the behaviour of T}, (o, — 1) as n T co. Since a,, = ¥ = N/ Tn

2
Tl 1) = T, (V5 —1) = 1, <7TN + é (?) + O(Tn—3)> AN (A10)

as n T oo. This yields the stated results.
Case 1(b): By a similar argument as in case 1(a), b (@n — an) = 0 and h,, (@, — o) 2 0,
from which the results follow using (A10).
Case 2(a): When v > 0, Lemma 2 yields the normalisation factor for &, — «, and &, —
an as (2yN,/e™"h2N,)/((2yNy,)? /2 Neh, N2) = e¥NnT, /2yN,,, while that for &, — 1
and &, — 1 is T),(a, — 1) = NN, using (A10). When v < 0, the normalisation fac-
tor is ((=2yN,)'/2/h2N,)/(=2yN, /hyN2) = T,,/(=2yN,)'/? for the OLS estimator, and
(1/h2N,)/(—2yNy /by N2) = T,/ (—2vNy,) for the IV estimator. The results follow straight-
forwardly.
Cases 2(b), 2(b)(i), 2(b)(ii): The normalisation derived from Lemma 2 is T;,/N,, in all these
cases, and use is also made of the fact that (7;,/N,)(ay, — 1) = v using (A10).
Case 2(b)(iii): In all cases except where h3 N,, T oo, the normalisation derived from Lemma
2 is T3/N2. Also, note that

T3 1 T,

]\[g(an—l):%(M) (o —1) 10
as n T oo using (A10) and because hnNé/ 2 T 0o. In the final case, the normalisation is unity
and note that o, — 1 =¢€""» —1 | 0 as n T oo because h, | 0.
Case 3: The stated probability limits follow straightforwardly from Lemma 2 and from
noting that o — 1 = ¢’ — 1 is a constant.
Cases 3(a), 3(b): The scaling in these cases is a’»=2/(1 — a™2) = a’"/(a® — 1), and the
distributions are obtained as the limit of 1, /2,1, , where x, 1, and z,7,, are defined in the
proof of Lemma 2. Noting that & — 1 = ¢?* — 1 is a constant yields the expressions for the

deviations around unity. O
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Proof of Theorem 4. In cases where T, (&, — 1) and T, (&, — 1) (or some other suitably
normalised statistics) are O,(1) under the null v = 0 but converge in probability to oo
(depending on the sign of ) under the alternative, the tests are clearly consistent. This
occurs in cases 1(b), 2(a), 2(b)(i), 2(b)(ii), most of 2(b)(iii) and 3, and is easily verfied by
the stated distributions under the alternative given in Theorem 3. In case 3, when v < 0,
some extra work is needed to show that T}, (@, — 1) £ —oo, which follows if it can be shown
that the probability limit of (@, — «) plus the term « — 1 is negative. This will now be

demonstrated. From Theorem 1,

[\

1 — e 2e7ha? [e2h -1
)+ 260 = T (het 1)+ ¢ — hett
Yo(h) + 2" v0(h) 72<(e +1) 4 3 > e
2 vh
_ 9 2vh L e
_72(1 )<h+h 7>,
while
2 _ 2vh
_ 20k _ A=) 2 +h
(1= M) = =55 (1= ") + 2yhe™] .

Defining x = yvh < 0 and ¢;, = 1 +h~2 > 0, the term of interest may be written

(1 — M)y (h) ah 1 —[(1 — €%*) + 2ze®] — (1 — €%)(2cpz — 2€%)
Yo(h) + 2e7hy1 (h) 2cpr — 2e*
W
2(cpr —e*)’

Clearly, the denominator is negative, while the numerator f(x) may be simplified as f(z) =
2zcp(e® — 1) — 2ze® — (1 — e%)2. Then f(x) > 0 if

(&
=1+h2> )
Ch + - 2z +e‘”fl

In fact, since ¢ > 1, it is sufficient to show that the term on the right hand side is < 1, which
in turn requires g(z) = (e*—1)242z < 0. Note that g(0) = 0 while ¢’(z) = 2+2(e*—1)e* > 0
for x < 0, implying that g(z) < 0 for x < 0 and f(z) > 0, as required. The only cases where
there does not exist a consistent test are case 1(a), where the statistics are O,(1) under
both the null and the alternative, and in case 2(b)(iii) when h2 N, T co. In the latter case,
T, (¢, —1) — oo when v < 0, and hence the test is not consistent against such an alternative.

|
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