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In this paper the inverse scattering method is applied to the Vakhnenko-Parkes equation.
We describe a procedure for using the inverse scattering transform to find the solutions that
are associated with both the bound state spectrum and continuous spectrum of the spectral
problem. The suggested special form of the singularity function gives rise to the multi-mode
periodic solutions. Sufficient conditions are obtained in order that the solutions become real
functions. The interaction of the solitons and multi-mode periodic waves is studied. The

procedure is illustrated by considering a number of examples.

Subject Index: 010, 011

§1. Introduction

It is of significance to look for exact solutions of nonlinear evolution equations in
many applications of physics and technology. Various effective approaches have been
developed to construct exact wave solutions of completely integrable equations. One
of the fundamental direct methods is undoubtedly the Hirota bilinear method,"?
which possesses significant features that make it practical for the determination of
multiple-soliton solutions. However, the direct methods can be applied only for
finding solitary-wave solutions or traveling-wave solutions. In this sense, the inverse
scattering method is the most appropriate way of tackling the initial value problem

although its employment is a fairly difficult procedure.?)->)
This paper deals with a nonlinear evolution equation

Wxxr + (14+Wp)Wx = 0.

This equation arises from the Vakhnenko equation®®)

(9 L2 utu=0
oz\ot Yoz )t TMT

through the transformation?)-1%)

u(z,t) :=UX,T) =Wx(X,T), z:=z0+T+W(X,T),

*) Author for correspondence. E-mail: vakhnenko@ukr.net
*) E-mail: e.j.parkes@strath.ac.uk
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The corresponding governing equation for U, namely
UUxxt — UxUx7 +U*Ur =0 (1-4)

is given in the paper.?)

Equations (1-1), (1-2), and (1-4) arose as a result of describing high-frequency
perturbations in a relaxing medium.®) Following the papers,'?):12) hereafter the
equation (1-1) is referred to as the Vakhnenko-Parkes equation (VPE).

Recently the Hirota method?-?) as well as the inverse scattering method'®) have
been applied to obtain the exact IN-soliton solutions of the VPE. In this paper we use
the inverse scattering transform method to study additionally the periodic solutions
of the VPE (1-1) associated with the continuous part of the spectral data as well as
to investigate the interaction of solitons with these periodic waves.

In §2 we formulate the spectral problem for the VPE by adapting the results
given by Caudrey'® and by Kaup.'® In §3 we find the solutions corresponding
to both the bound state and continuous part of the spectral data. In §4 we find
the corresponding real M-soliton and periodic N-mode solutions and study their
interactions. Our results are summarized in §5.

§2. The inverse spectral problem for the VPE

In order to use the inverse scattering method, one first has to formulate the
associated eigenvalue problem. In the paper,'® it is shown that the pair of equations

Yxxx +Wxyx — M =0, (2-1)
3YxT + (Wr+1)Y =0

is associated with the VPE (1-1) considered here through the quantity W. In-
deed, the compatibility of Eqs. (2:1) and (2-2) yields the condition'® (Wxx7 4 (1 +
WrWx)x =0 or Wxxr + (1 + Wp)Wx + h(T) = 0, where h(T) is an arbitrary
function of T. Now, according to (2:6) and (3-10), the inverse scattering method
restricts the solutions to those that vanish as |X| — oo, so A(T) is to be identically
zero. Thus, the pair of equations (2-1) and (2-2) can be considered as the Lax pair
for the VPE (1-1).

Note that the inverse scattering transform problem is related to a spectral equa-
tion of third order (2-1). The inverse problem for third-order spectral equations
has been considered by Caudrey!® and Kaup.'® We adapt the results obtained by
these authors to the present spectral problem and describe a procedure for using the
inverse scattering transform method to find the solutions of the VPE.

We follow the general theory of the inverse scattering problem for N spectral
equations which has been developed by Caudrey.'®) According to this paper'®) the
spectral equation (2-1) can be rewritten in the form'?)

0

ax ¥ = A+ B(X, Q)] ¢ (2-3)
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with
" 0 1 0 0 0 0
P = Ux , A= 0 0 1), B=| 0 0 0 (2-4)
Yxx A0 0 0 —Wx 0

The matrix A has the eigenvalues A;(¢) and left- and right-eigenvectors v;({) and
v;(C), respectively, (j = 1,2,3). These quantities are defined through a spectral
parameter A as

N =wiC, N =Nv ()= NQ) |, 9(0) =) M) 1), (25)

where w; = e2m=1)/3 are the cube roots of 1.

The solution of the linear equation (2-1), or equivalently Eq. (2-3), has been ob-
tained by Caudrey'? in terms of Jost functions ¢;(X, ¢) which have the asymptotic
behaviour

®;(X, () := exp{=X;(()X}9;(X, () = v;(¢) as X — —ooc. (2:6)

Here T is regarded as a parameter; the T-evolution of the scattering data will
be taken into account later. The solution of the direct problem (2-3) is given by the
equation system (4.5) in the paper.14) Since there is a set of symmetry properties
61(X, CJw1) = 6a(X, Cfun) = ¢5(X,C/ws) (sce e.g. (6.14) and (6.15) in the paper!D)
for Jost functions ¢;(X, (), we need only consider the element ¢1(X, () (as well as
®1(X,()). In the general case it is necessary to take into account both the bound
state spectrum and the continuous spectrum. According to the relation (6.20) in the
paper,'® the solution of (2-3) is as follows:

K 3 (k) (k)
o X, - 1— (’?)exp{[)‘j(gl )_>‘1(Cl )]X}q) X,qu (k)
B ;HV“ M) = () G
2m/ ZQ =2 <</ = (O g (x wichac. (21)

Equation (2:7) contains the spectral data, namely, K poles with the quantities ’yy;)

for the bound state spectrum as well as the functions Q1;(¢’) given along all the
boundaries of regular regions for the continuous spectrum. The boundaries between
regions, where the Jost function ¢, (X, ¢) is regular, appear at Re(A;(¢')—X;(¢’)) =0
over all j # 1.1 The singularities on boundaries of these regions within the complex
(-plane are taken into account by the third term in the relation (2:7). The integral
in (2-7) is along all the boundaries (see the dashed lines in Fig. 1). The direction of
integration is taken so that the side chosen to be Re(A1(¢") —A;(¢")) < 0 is shown by
the arrows in Fig. 1. It is necessary to note that we should carry out the integration
along the lines we (€ +ie) and —ws(€ +ie) with € > 0. In this case, as we will show in
§4.1.1, the condition (2-6) is satisfied. Passing to the limit ¢ — 0 we can obtain the
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|
Re(1-2.)>0 | )<0
v
\
Re(x]-}\’z)<0, \\ -}\’3)>O
.. pole 2 3,
@O T
C] —-Ico}é’;] o\\ \
Y(123)=(D3[31 \\\\ ,-"’
' 2R Rel()
Q(] )=im2§] _."’-/ \\\
(h)_ e / \
le_(’)zﬁ-l’,-" //
.-~ pole 1/, )
line t=iog /)’ line C=-io
//
line (=-o,¢ line ¢=o ¢
Re(x -1,)=0 Re(3. -%.)=0
QR0 QG0 Qle)=0, Q)0

Fig. 1. The regular regions for Jost functions ¢, (X, () in the complex (-plane. The dashed lines
determine the boundaries between regular regions. These lines are lines where the singularity
functions @Q1;(¢’) are given. The dotted lines are the lines where the poles appear.

solution which does not satisfy the condition (2-6) (see §4.1). However, for any finite
€ > 0 the restricted region on X can be determined where the solution associated
with a finite £ > 0 (for which the condition (2-6) is valid) and the solution associated
with € = 0 are sufficiently close to each other (see §4.1.1 for details). In this sense,
taking the integration at ¢ = 0, we remain within the inverse scattering theory'®
whereas the condition (2:6) can be omitted. The solution obtained at € = 0 can be
extended to sufficiently large finite X. Thus, we will interpret the solution obtained
at € = 0 as the solution of Eq. (1-1) which is valid on arbitrary but finite X.

Provided Q1;(¢) = 0 in (2-7), the consideration of the bound state spectrum
only gives rises to the purely soliton solutions. The procedure for finding the exact
N-soliton solution of the VPE via the inverse scattering method is described in the
paper.’® In the next section we study the solutions of the VPE taking into account
additionally the continuous part of the spectral data.

§3. The soliton and periodic solutions

Now additionally to the bound state spectrum we consider the continuous spec-
trum of the associated eigenvalue problem, i.e. assume that at least some of the
functions Q1;(¢’) are nonzero. At each fixed j # 1 the functions Q1;(¢’) characterize
the singularity of ®;(X, (). This singularity can appear only on boundaries between
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the regular regions on the (-plane. The condition Re(Ai(¢") — A;(¢")) = 0 deter-
mines these boundaries.'® According to the paper,' we find that for ®;(X,¢) the
complex (-plane is divided into four regions by two lines

() ¢ =wg with QE(C)#0, QY)=0,

(i) ¢'=-ws, with QF(C)=0, QFC)#0, (3:1)

where ¢ is real (see Fig. 1). Analysis shows that the direction of the integration
in (2:7) is to be so that £ sweeps from —oo to +o0.

Let us consider the singularity functions Q1;(¢’) on the boundaries, on which
the Jost function ¢, (X, () is singular, in the form (n =1, 2,...,N)

Q) = fzmzq?" D5(¢ = Chs)

Gy = 2mzq§2” V8¢ = ¢hpy) =0

on the line (' = wsy¢,

§%>=4m2¢%< — )

Q2 (¢ —4mz¢% — )

on the line ¢’ = —w3f.  (3-2)

For the singularity functions (3-2) and for M pairs of poles, the relationship (2-7) is
reduced to the form

(k) (k)
XC _1 ZZ k)exp{ ) )‘1(C1 )]X}¢1(X7WJC£k))

k=1 j=2 )\1(61 ) = x(0)
1) €Xp — A1(¢
> DN g gy
=1 j=2
In the paper,'?) it is proved that the poles appear in pairs only C{zm*l) = iw9&1 and
<£2m) = —iwz&1, under the conditions vgmfl) = walm, 'ygm b - =0, 'ygm) =0, and

ng) = w3fm, (m = 1,2,...., M). If we consider both the bound state spectrum
and the continuous spectrum, the constants (3,, are complex values in the general
case. The restrictions on the constants 3, for real solutions U follow from a separate
problem, which will be analyzed in the next section.

As follows from the relationship (3-3) and the formula

o1 x(X, () = —= [¢1 x (X, —w2() 91 (X, —w3() — d1 x (X, —w3()d1(X, —w2()] (3-4)

i
V3
given in the paper,'3) for example, the singularities in the form (3-2) appear in pairs
Con1 = waby and (, = —ws&,. From (3-4), on considering the limits ¢ — ¢/ and
X — —o00, it immediately follows that

q%” Doy = qg " for n= 1,2,...,N. (3-5)
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Insofar as we have 2M poles and 2N coefficients q%nil) and qgn) in the adopted

specifications (3:2) of the singularity functions Q1;(¢’), it is convenient to introduce
the notation

i () :

Aj( 5)) (4) V14 at 1=1,..., K,
i ’ = - 36
. { (< Pl R et =K1 K+ L (3:6)

where K = 2M and L = 2N. Then the relationship (3-3) is rewritten as follows:

o expl(pgs — i) X]
X, Q) =1- > p , (X, i) (3-7)
— = H1i — ¢
i=1 j=2
By defining
3
Ui(X) = > piY exp(uiX)®1(X, py0), (3-8)
j=2
we may rewrite the relationship (3-7) as
K+L
exp(—p1i X
a(x,0=1- 3 2y v, (3-9)
= =

On the other hand, by expanding ®;(X,(¢) as an asymptotic series in A\[*(¢), one
can obtain (see Eq. (5.11) in the paper'®)
1 _
©1(X,¢) = 1= 7= [W(X) = W(=00)] + O(AT*(Q))- (3-10)
3A1(¢)

From (3-8) and (3:9), the following key relationship may be found (see also Eq. (6.38)
in the paperM)):

K+L

0
W(X) =W (-00) = =3 Y exp(—puxX)¥p(X) = 35— In(det M). (3-11)

p X

Here the matrix M (X) is defined as follows:
3

i) expl(pji — pa) X

Ma(X) = 5 — 3 pff At = ) X] (312
Mji — K1l

j=2

Now let us consider the T-evolution of the spectral data. By analyzing the so-
lution of Eq. (2-2) when X — —oo, we find that ¢;(X,T, () = exp[—(3);(¢)) 7]
X ¢;(X,0,(). Hence, the T-evolution of the scattering data is given by the relation-
ships (with i =1,2,.., K+ L)

N(T) = X00), P = p{)(0) exp{[—(Bpuze) " + Bua) T (313)
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Consequently, the final result for the solution of the VPE, when we consider the
spectral data from both the bound state spectrum and the continuous spectrum, as
well as taking into account their T-evolution, is as follows:
82
UX,T)=Wx(X,T) :3W1n(detM(X,T)). (3-14)

Here M(X,T) is the (K + L)x (K + L) matrix given by

3 -1 ~1
Mkl _ 6kl . § :p(k) exp{(lu’jk’ :ull) + [ (3:u]k) + (B,U/lk) ] }

. : 3.15
‘= 1 Hik — p (3:15)
where, for ¢ < M,
Pi(2i-1) = )\1(C§2i_1)) = lwa§;, Hae2i—1) = A2( f%_l)) = w3,
2i-1 21 2i-1 21
p§2 ):752 2A)=w2ﬁi7 pgs ):%3 2A)207
Hi(2q) = )\l(d Z)) = —lws&;, H3(25) = As( { Z)) = —lwa&i,
2i 2i 2i 2i
p§2) = 7%2) =0, pgs) = 753) = w33, (3-16)
and for M <+ < M + N,
Pi(2i-1) = Al(Cé(i_M)_l) = woli, Ha(2i—1) = )\2(C§(i_M)_1) = w3&;,
p%—l) _ qg(z—M)—l) — wfh p%@—l) _ qg(z—M)—l) _o,
Ha2i) = Al((é(i,M)) = —ws3&;, H3(2i) = AB(CQ(FM)) = —w2é;,
A g2 2 A 2 L, o1

For the solution (3-14), (3-15) there are (M + N) arbitrary constants & and
(M + N) arbitrary constants 3;. The constants §; are real, while the constants [3;,
in the general case, are complex.

As will be clear from the examples in the next section, the solution (3-14), (3-15)
includes N discrete frequencies from the continuous part of the spectral data. For
this reason, the solution (3-14), (3-15), without solitons (i.e. with M = 0), will be
referred to as N-mode solution of the VPE. Evidently these discrete modes emanate
from the special choice (3-2) of the singularity functions Q1;(¢’).

The solution obtained through the matrix (3-15) is in general a complex function.
Consequently, there is a problem in selecting the real solutions from the complex
solutions. It turns out that we can obtain the real solutions by means of restriction
of arbitrariness in the choice of the constants §;. We have succeeded in finding these
restrictions.

§4. Real solutions for the VPE

The goal of this research is to find real functions for U = Wyx. We analyze a
number of examples, as well as the general case, for the interaction of the solitons
and multi-mode waves. To obtain the solutions of the VPE, one has to calculate the
determinant of matrix (3-15). Firstly, we present four results of such a calculation for
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M + N < 4. For the sake of convenience we will use the auxiliary function F'(X,T)
given by the definition F(X,T) = y/det M (X, T). In particular, from (3-15),
1) for M + N =1 we have

F=1+4ciq; (4-1)
2) for M + N = 2 we have
F =1+ ci1q1 + coq2 + biacic2q12; (4-2)
3) for M + N = 3 we have
F =1+ ciq1 + c2g2 + c3q3 + biacic2q1g2 + bizcic3qigs + bazcacaqaqs
+b12b13ba3c1c203G1G293; (4-3)
4) for M + N = 4 we have
F =1+ ci1q1 + c2q2 + c3q3 + c4qs + biacicaq1q2 + bi3cic3qigs
+b1ac1caqiqy + bazcac3qaqs + bascacaqaqa + b3acscaqaqa
+b12b13b23cicac3qig2qs + bi2biabascicacaqigaga

+b13b14b34¢103€4G1G3q4 + bagbasb3scac3caqaqaqs
+b12b13b14b23b24b34C1C2C3€4G1G2q3Ga. (4-4)

For M + N > 4, the explicit expression for the function F'(X,T") can be obtained in
a similar manner. It is reasonable to present the quantities ¢;, ¢;, and b;; involved
in the above formulas (4-1)—(4-4) separately for three distinct cases:

1. The purely solitonic case (i,7) < M assumes

_ Bi
. ) . . N1 L
qi = exp(20;) 20; = V36X (\/gfl) T, ¢ = 2V3E,
& — §j>2 512 512 gzgj .
by = . bj; >0; 4-5
’ <§i+§j &+ &+ &g ’ (*5)

2. The case of purely multi-mode waves M < (i,j) < M + N assumes

_ oxn (20 /3¢ CSEe -1 16
g = exp(260;) 20; = —iV3&X + (IV3E)TIT, ¢ N
(& 267467 - &ig; o .
b= (@ +£j> greteg U0 (45)

3. The case of a combination of solitons (i,i') < M and multi-mode waves M <
(7,7") < M + N assumes

Bi
2v/3¢;”

0 = exp(20;) 20, = —iVBEX + (1V3g) T, ¢ = 2\1/%'6,
J

g = exp(20;) 20; = V36X — (V3&) T, ¢ =
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(G- ErE -GG )
b”/_<’fi+fw> greree CohEt

i

3 —5j'>2€?+5]% — &
b = , 0< b <1,
" (€j+5a" &+ &+ 48 =S
i+ i§j>2 & — & +i&g; _
bij = , 0 by | = 1. 4.7
’ <§i1§j & — & — 1&g, i .

With the above found representation of the auxiliary function F(X,7T') and taking
into account the key relationship (3-11), we can write the explicit solution to the
basic nonlinear evolution equation (1-1) in the following concise form:
0
W(X,T) = 68—X In(F(X,T)) + const. (4-8)

The function F is complex-valued in the general case because the values of 3; (and
hence of ¢;) are complex constants.

Since we are interested only in the real solution Wy under real constants &;, we
need the restrictions on the constants ¢; in (4-1)—(4-4).

4.1. The solutions associated with the continuous spectrum

We study the multi-mode solutions for M = 0 and N = 1, 2, 3, 4, while for
N > 5 all formulas can easily be obtained by means of a generalization of these
examples.

4.1.1. The one-mode solution

In order to obtain the one-mode solution of the VPE (1-1) we need first to
calculate the 2x2 matrix M (X,T) according to (3-15) with M =0 and N = 1. For
the matrix elements My (X,T) we have

M (X, T)=1-— l\u/%fl exp[—iv36 X + (iv3&) T,
1

Mia(X,T) = —“‘;351 L expl2wst X + (1v36) T,
My (X, T) = w;gl exp[—2w21 X + (1V3&) 'Y,
Mas(X,T) =1 — 50 o iv/3e, X + (iv/36) 7], (4:9)

V3&

so that the respective determinant is

det M(X,T) = |14 ¢ exp(—iv3& X + (iv3&)7'T) 2, c1 = i (4-10)
2V/3¢;
As has been noted already, the singularity functions in the form (3-2) with N =1
give rise to a single frequency for the continuous part of the spectral data. Hence,
the expression (4-10), having been substituted into the concise formula (4-8), must
provide us with the one-mode solution.
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The condition that Wx is real requires a restriction on the constant 3; (if the
constant &; is arbitrary but real). We have succeeded in obtaining this restriction
(see Appendix A), namely that the constant c¢;, which in general is the complex-
valued one ¢; = |c1] exp(ix1), should possess the unity modulus |¢;| = 1, while the
arbitrary real constant x; defines an initial shift of solution X; = x1/(v/3£1) so that

det M(X,T) = [1 + exp <i\/§§1(X — X))+ i\gfl)] 2 . (4-11)

The final result for one mode of the continuous spectrum is the solution (4-8)
with (4-11), namely,

W(X,T) = —3v3¢& tan (?51(X - X))+ %) + const. (4-12)
1

The corresponding solution for U = Wx (with U governed by (1-4)) was obtained
recently by other methods, for example, by the sine-cosine method,®) the (G'/G)-
expansion method,'® and the extended tanh-function method. 91" However, only
the approach developed here and the solution in the form (3-15) enable us to study
the interaction of solitons and periodic waves.

We obtain the periodic solutions even for N = 1. Let us call attention once
again to the condition (2-6) which in the final result is shown below to restrict
the region X for periodic solutions. At first glance it would seem that there is a
contradiction between the condition (2:6) and the periodic solution. Indeed, on the
one hand, the condition (2-6) demands that the solution W (X,T") should vanish as
X — —oo; on the other hand, the periodic solution obtained here does not satisfy
the condition (2:6). Nevertheless, consideration of the details enables us to find a
reasonable explanation. So, in the paper!® at the derivation of the relation (2:7) (see
also (4.5) in the paper'), the integral in (2-7) appears as a result of the integration
on two sides of the boundaries between regular regions. For an understanding of this
fact, the relationship (3.14) from the paper'¥) plays an important role. Hence, the
integration in (2-7) (also as in (4.5) in the paper'¥) should be carried out over the
lines wa(& +ie) and —ws3(§ + ie) as £ sweeps from —oo to +oo, where ¢ > 0. As a
result, in the relationship (4-11) we should exchange &1 by (£ +ie) and that enables
us to define the solution in the form

exp(V3eX) exp (*i\/gfl(X - X1)+ %&)
1+ exp(v3eX) exp (—i\/§§1 (X — X)) + %&)

W(X,T) = —i6v3 (& + ie) , (4-13)

which tends to constants as | X| — oo at arbitrary ¢ > 0. Thus, on the one hand,
the condition (2-6) is satisfied, and, on the other hand, at small ¢ > 0 we have a
sufficiently large region over X where the solution associated with a finite ¢ > 0 and
the periodic solution associated with € = 0 are sufficiently close to each other. The
region X with periodic solutions can be extended to sufficiently large, but finite, | X|.
For any sequence ¢, — 0 we remain within the inverse scattering theory'® where
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the condition (2-6) is not violated. Consequently, periodic solution obtained at € = 0
is to be interpreted as the solution of Eq. (1-1) which is valid on arbitrary but finite
| X].

4.1.2. The two-mode solution

Let us consider a two-mode solution of the VPE for which M = 0 and N = 2.
In this case M (X, T) is a 4x4 matrix. According to (4-2) we find that

Vdet M(X,T) = F(X,T) =1+ c1q1 + caqo + biacicaqiqa, (4-14)

where g¢;, ¢;, and b1 are defined by (4-6).

Since the solution W should be real and the constants &; are arbitrary, but real,
there are restrictions on the constants ¢; = |¢;| exp(ix;). The real constants y; define
the initial shifts of solutions X; = x;/(v/3&). The analysis in considerable detail
shows (see Appendix A) that the relations |c1| = |ca| = 1//b12 are the sufficient
conditions in order that W be real. Thus, the interaction of two periodic waves for
the VPE is described by the relationship (4-8) with

F(X,T)=1+

—=q1 + (4-15)

1
a2+ Q192
\/51 Vbi2 ’
where bj9 is as in (4:6), and the quantities ¢; now contain the phaseshifts X; =

xi/(V/3&:) as follows:
g = exp(i26i), 20i = —V3&(X — Xi) = (V36) 7T (4-16)

In explicit form, the two-mode solution is as follows:

33 (§1 +&2)sin(01 + 62) + bu ?(& — &) sin(f; — 92).

W(X,T) = (4-17)
cos(61 + 62) + b12/ cos(f1 — 62)
4.1.3. The three-mode solution
For N =3 and M = 0 in the relationship
F(X,T) =1+ c1q1 + c2q2 + c3q3 + c1c2b12q1G2 + c1c3b13q1G3
+c2c3b23G2q3 + c1c2c3b12b13b23¢1G243 (4-18)

obtained from (3-15) (see, also (4-3)) with ¢;, ¢;, and b12 as in (4-6), we write ¢; =
|ci| exp(ix;). Then the arguments x; determine the initial phaseshifts of modes X; =
xi/(V3&). As is proved in Appendix A, the conditions on the constants ¢; (or the
same on ;) are

ler] = 1/+4/biabis, |ca| = 1/+/b12bas, lcs| = 1/4/b13bas. (4-19)

Hence, the three-mode solution is the relation (4-8) with

1 1
F(X,T)=1+ + +
( ) bab (q1 + q2q3) T (g2 + q143)
1
+ (4-20)

(43 + 9192) + 019263-
Vbi3ba3
Here the phaseshifts X; are taken into account in ¢; by way of (4-16).
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4.1.4. The four-mode solution
For N =4 and M = 0 the restrictions have the form (see Appendix A)
4
_1
leil =[] b2 0<by=0bu<1, i=1,234. (4-21)
j=1
L%

The function F for a real solution (4-8) is as follows:

1 1
FX,)T)=14 —/———@1 + @33q) + ———=(2 + 11434
D) =1 bt N )
1 1
+————(q3 + ©192q4) + ————=(q4 + q1G2G3
Vorabmbar AN )
1 1
(192 + @394) + —————(0143 + G2G4
vb13b14bz3b24( ) \/b12bl4b23b34( )
1

+————=(q194 + 0243) + 91¢2G34u4. (4-22)
V012013024034

As before, the b;; and g; are defined by (4-6) and (4-16), respectively.

4.2. The solutions associated with the bound state spectrum

The features of the solutions associated with bound state spectrum can be shown
by considering the two-soliton solution for which M =2, N = 0. The solution (4-8)
can be obtained through (4-2), namely

F(X,T) =1+ c1q1 + c2q2 + b12c1c2q192 (4:23)
with (4-5), namely
P = 291' 29i=\/§iX—\/§i_1T7 7 — ﬁl 5
qi = exp(26;) 3 (V3&) “ = 536
2 62 (2
. . . + . Z' Y
e <£z @) grg-6y (424)
§i+&) &+ & &

In Appendix B it is proved that the constants ¢; can be only real ones. Moreover, the
signs of a; = ¢;/|c;| can independently take the values £1, i.e. we have four variants,

namely o1 =g =1, a1 =as = —1, a; = —a2 = 1 and a3 = —ag = —1. Note that
in the paper? only the first two variants are observed. The standard soliton solution
for which a1 = ae = 1 and the singular soliton solutions for which a3 = ag = —1,
a1 = —ag =1 and oy = —ap = —1, are obtained by means of the relation (4-8)
0? 0?
UX,T)=W(X,T)x = GW In(F) = 6@ In(G;), (4-25)

where the G; are defined by (B-6)—(B-9).

The forms (B-3), (B-6)-(B-9) for F' are more preferable, since we see that the
solution is dependent on two combinations of the spectral parameters &£+, and & —
&2, but not three values &1, €2, and & + &2 as it may appear from the relation (4-23).

For N > 3 we give the conditions without proof. All the constants ¢; are to be
real and the signs of a; = ¢;/|¢;| can equal to £1 independently of each other.
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4.3. Real soliton and multi-mode solutions of the VPE

In this subsection we will consider the general case, when both the bound state
spectrum and the continuous spectrum are taken into account in the associated
spectral problem. We will find the conditions on ¢; for real solutions of the VPE. To
obtain the solution, we need to know the function F' (see (4-1)—(4-4)).

Let the indexes 7 and i’ be related to the values involved in the bound state
spectrum for which (i, ') < M, while the indexes j and j’ are related to the values
involved in the continuous part of the spectral data for which M < (j,5) < M + N.

4.3.1. The interaction of a soliton with one-mode wave

The interaction of a standard soliton with periodic one-mode wave can be de-
scribed by means of the relations (4-2)

F(X,T) =1+ c1q1 + c2q2 + biacic2q142 (4-26)
with ¢; and b1 as in (4-7), namely
- b1
¢ = exp(V36 X — (V3&)T'T), e = ;
2V/3¢
. . _ 132
q2 = €xp —1\/§£X—|— 1\/55 Ty, g = —=—,
2 ( 2 ( 2)" 1), c2 236,
1+ 152)2 & — & +i6
b2 = - - ,  |bi2] = 1. 4.27
. (51 —i6) g-g-hs M (427)

First, we emphasize that the soliton and one-mode wave (4-12) propagate in opposite
directions. The soliton propagates in the positive direction of the X-axis, while the
one-mode wave (4-12) propagates in the negative direction of the X-axis.

Here we restrict ourselves to the simplest case biaocico = 1 that describes the
interaction of a standard soliton with a one-mode wave. As follows immediately
from Appendix C, for real solutions (4-8),

W(X,T)= 6i In(F(X,T)) + const,
90X
where FI(X,T) is
1 1
FX,T) =14+ ——=q + —7—=¢+qg
(%1) Vbi2 Vbiz

There is an exceptional case at £&1 = &. Then we have bjo = 1, and F =
(1+q1)(1+ g2). Consequently, the solution (4-8) is reduced to the relation

(4-28)

W = W) + Wy = 3v/3¢ tanh <§51(X ~Xy) - 2\2&)

T
2V/3&

Here W is the one-soliton solution and W is the solution (4-12) associated with one
mode in the continuous part of the spectral data. The relationship W = W7 + Wy

—3\/§§1 tan (?fﬂX — X()) + ) + const. (4-29)
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is easily verified also by direct substitution into Eq. (1-1). The two waves W; and
Wy propagate in different directions with the same speed without change of wave
profile and phaseshift. In other words, only in the case £ = &> is there a simple
superposition of the solutions W7 and Ws. It is obvious that interactions of the two
solitons with a one-mode wave and/or of the two-mode solution with one soliton do
not satisfy this form of the interaction.

4.3.2. Real solutions for M solitons and the N-mode wave

The interaction of M solitons and the N-mode wave (4-8) can be obtained by
means of the function F'(X,T’) with restrictions (C-7) given in Appendix C, namely

M+N
H bij ) bij = bji, i=1,..., M+ N, (4.30)
Jj=1

J#i

Ci::tl

and with the retention of the phaseshifts X; in the quantities ¢; (C-2). The signs
for ¢; in (4-30) can be chosen independently of each other. If the index 4 in (4-30)
is connected with the continuous part of the spectral data (M < i < M + N), then
the solutions generated by ‘plus’ and ‘minus’ signs in (4-30) are different only in
the phaseshifts. However, for the index i from the bound state spectrum (i < M),
the solutions have different forms of function dependencies. Here it is relevant to
remember that there are standard soliton solutions and singular soliton solutions
generated by different signs in the constants ¢; (4-30).

The solution will contain (M + N) real constants §; for determining the values
b;j and (M + N) real constants X; to define the phaseshifts.

§5. Conclusion

The procedure for finding the solutions of the Vakhnenko-Parkes equation by
means of the inverse scattering method is described. Both the bound state spectrum
and the continuous spectrum are taken into account in the associated eigenvalue
problem. The special form of the singularity functions enables us to obtain the multi-
mode solutions. Sufficient conditions have been proved in order that the solutions
become real functions. Finally we studied the interaction of solitons and the multi-
mode wave.
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Appendix A
—— The Conditions on the Constants ¢; for Multi-Mode Waves

In this appendix we will prove the conditions on the constants ¢; = |¢;| exp(ix;)
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for solutions associated with the continuous part of the spectral data only. We use
the case N = 4 as an example to prove the restrictions on the constants, at which
the solution W (X, T) is real. The auxiliary function F(X,T) = \/det M (X, T) for
finding the solution is (4-4), namely

F(X,T) =1+ c1q1 + caq2 + ¢33 + c4qa + 12012162 + c1¢3b13q1G3
+c1c4b14q1q4 + c2c3b23G2q3 + c2¢4b24G2q4 + c3¢4034q34
+c10203b12013b23G192G3 + c1¢204b12014b2441 G244
+c103¢4b13014034G193Gs + c2¢3¢4b23D24b3492G3q4
+c1c203¢4b12013014023024034G192G3G4- (A1)

Here we redefine the values ¢; in such a way that ¢; = |¢;|, since the arguments y;
can always be introduced into the variables ¢; = exp(i26;) with 20; = —v/3&(X —

—(V3&)7IT and X; = x:/(V/3&;) serving as the shifts of solutions. The solution
then has the form (4-8)

W(X,T) = 68% In(F(X,T)) + const. (A-2)

The function F' is complex-valued, i.e.

F = Fg.+iFp, = |F|€Xp(iXF), FRe:Re(F), F[m:Im(F),
tan(XF) = Flm/FRe7 (AB)

hence,

OxF
8—Xln(]F\)+1aX + const. (A-4)

If we succeed in making 9?xr/0X? = 0 by the choice of the constants c;, then the
solution Wx (X, T) will be a real function.
Let us write Fy,,, and Fre in explicit forms, namely

W(X,T)/6 =

Frp = ¢18in(2601) + c2sin(262) + c3sin(2603) + ¢4 sin(260,4)
+cicobiasinf2(61 + 02)] + c1esbis sin]2(61 + 63)]
+cicqbrgsin[2(61 + 04)] + cocgbas sin]2(02 + 63)]
+cacabay sin[2(02 + 04)] 4 czcabsa sin]2(03 + 604)]
+c1c2c3b12b13b23 sin[2(601 + 02 + 03)
+c1e2¢4b12b14b24 SIn[2(61 + 62 + O4)
+c1e3¢4b13b14b34 sIn[2(61 + 63 + 64)
+cacseybazbagbsy sin[2(02 + O3 + 64)
+c10263¢4b12013b14b23b24b34 SIN[2(01 + O + O3 + 04)], (A-5)

]
]
]
]

Fre =14 ¢1c08(2071) + c2 cos(262) + 3 cos(2603) + ¢4 cos(260,4)
+c1e9b19 COS[2(91 + (92)] + c1e3b1s COS[2(91 + 93)]
+c1c4b14 COS[2<01 + (94)] + cocgbos COS[2(92 + 93)]
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+cacgbay cos[2(02 + 04)] 4 cacabsy cos[2(03 + 64)]
+6102031)12b13b23 COS[2(91 + (92 + 93)]
+c1coc4b19b14b04 COS[2(91 + 69 + 94)]
+c1c3¢4b13b14b34 COS[2(91 + 03 + 94)]
+cac3c4ba3bagbzy cos(2(02 + 03 + 04)]
+Cl6203641)121)131)14523[)24[)34 COS[2(91 + (92 + 93 + 94)] (AG)
Let us try to present Fr,, and Fg. in the forms
Fr, =2G Sin(01 + 05 + 63 + 94) (A?)
and
Fre = 2G cos(01 + 02 + 03 + 04), (A-8)
where G is the same in both above formulas (A-7) and (A-8). This can be done, if
the following conditions are satisfied:
€1 = cac3C4bagbagbzs,  co = c1c3c4bizbigbzs, €3 = cicacabiabigbay,
¢4 = c1c2c3b12b13b23,  creabia = c3cabsza,  cre3b13 = cacaboa,
cieabig = caczbaz,  c1cac3eabiabizbiabagzbosbss = 1. (A-9)
It turns out that all these relations are valid when
1 1 . 1 1
= e—m———, = —————, = —————, (4= ————.
Vbi2b13b14 Vb12b23bog V/b13ba3bss V/b14b24bsa

At these conditions (A-10) the expression for G reads as follows:

C1 (AlO)

1
G= 01+ 05+ 03 +04) + ——— 0, — 0y — 05 — 0
cos(01 + 62 + 03 + 04) \/mws(l 9 — 03 — 04)
1 1
e cos(0y — 0y — O3 — O4) + —— cO8(03 — O — O — O
V/b12023b24 cos{f =61 = b3 = 6a) V/b13b23b34 cos(f =61 — b2 = 6a)
1 1
+———cos(ly — 01 — 0y — 03) + ————cos(61 + 05 — 05— 0
Vb14b24b34 (6 =61 = 62 = 63) V/b13b14b23b24 (61 + 62 = 65— 6a)
1 1
+——cos(#; + 03 — 03 — 04) + ————cos(01 + 04 — O3 — O3).
vV b12b14b23b34 (61 + 65 — 62 = 64) V012013024034 (61 + 64 = 62 = 63)
(A-11)
Now it is readily seen from (A-3) that
XF=01+02+ 65+ 6, (A-12)
and as consequence we have
Pxr  Pxr
ax2 ~ oxor (A-13)

Hence, as follows from (A-4), the four-mode solution of the VPE can be reduced to
real form with four real constants X; and four real constants &; (see (4-22)).
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Without proof here we give the following conditions on the constants c; that
ensure the real N-mode solution of the VPE:

N 1
il = [T oy%s big=bji, i=1,.. N, (A-14)
T2
where the N constants &; determine the values b;; and the N constants X; define the

phaseshifts for each mode. Note that these relations (A-14) are sufficient conditions,
but not necessary ones.

Appendix B
—— The Conditions on the Constants ¢; under the Interaction
of Two Solitons

Here we consider the conditions on signs for the constants ¢; under the interaction
of two solitons (M =2, N = 0). We start with the relationship (4-2) and (4-5)

F =1+ c1q1 + c2q2 + bi1acic2q1go. (B-1)

Let us present the constants ¢; in the form
. —-1/2 .
¢i = ajlc| exp(ixi) = b121/ exp (—\/§§iXZ- + 101-) , oi=xi+7m(l—a)/2. (B2)

All new constants x; and X; = —In(|e;v/b12])/(V3¢;) are real. We assume that
—7m/2 < xi < w/2, then the values «; retain the signs of the constants Re(c;),
i.e. a; = Re(c;)/|Re(ci)|. It is convenient for analyzing to rewrite (B-1) (the same
as (4-2)) in the form

F =2exp (01 + 62 + %(01 + 02)> G (B-3)
with
i ~1/2 i
G = cosh (91 + 05 + 5(01 + 02)> +by5 ' cosh (91 — 0y + 5(01 — 02)> ,
20; = V3&6:(X — X;) — (V3&) T, (B-4)
82

It is easily seen that only G' defines the solution, since g% In(F) = 88—;2 In(G), while

the conditions that the function G is real are as follows:
xi =0, o0;+09=2wky, 0;—09=2mky (B'5)

with k; = 0, 1. These restrictions (B-5) lead to the requirements oy = 1, ag = +1,
independently of each other, and x; = 0. Then the function F' has the following
forms:

1) forag = ag =1,

F =2exp (01 -+ (92) G1, G1 = cosh ((91 + 92) + b1_21/2 cosh (91 — 92) ; (B'6)
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2) for a; = ag = —1,
F =2exp (91 -+ (92) Gy, Go = cosh ((91 + 92) — b1_21/2 cosh (91 — 92) ; (B'?)
3) for ay = —ag =1,

F =2exp (91 + 92) G3, G3 = —sinh (91 + 92) + 51_21/2 sinh (91 — 92) ; (B'S)
4) for a1 = —ag = —1,
F=2exp (01 +0,) Gy, Gy=—sinh (61 +0y) — b,/ sinh (61 — 65).  (B-9)

Hence, the standard soliton solution that follows from (B-6) and the singular soliton
solutions that follow from (B-7)—(B-9) are the real functions

62

UX.T) = Wx(X.T) = 655

In(G;). (B-10)
Now we rewrite the restrictions in somewhat different form. By retaining the
values of the phaseshifts X; in the quantities ¢;, we require

Ccl = + b12, Cy = + b12, (B-ll)

where the signs are independent of each other. Note that for this case there are two
arbitrary real constants &;, and two arbitrary real constants X; (i = 1, 2).

The notation in (B-6)—(B-9) shows that the solution is defined by two combina-
tions of the spectral parameters, namely &1 + & and & — &9, but not three values &,
&, &1 + &2 as it may appear from (B-1).

The foregoing proof points to a way for finding the restrictions for any M with
N = 0. Here it should be underlined that only at real ¢; with any sign of o; = ¢;/|cl,
the soliton (or singular soliton) solutions are determined by a real function. The
conditions on the constants ¢; are as follows:

(B-12)

with the retention of the phaseshifts X; in the quantities ¢;. The signs for ¢; are
independent of each other. The solution will contain the M real constants &; for
determining the values b;; and the M real constants X; to define the phaseshifts.

Appendix C
——— The Restrictions on the Constants c; in the General Case

In this appendix we will obtain the restrictions on the constants ¢; for real
solutions, in the general case, taking into account the spectral data from both the
bound state spectrum and the continuous spectrum. All features are inherent in the
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case M + N = 4 considered here as an example. To find the solution by means of
the inverse scattering method, one needs to know the function (4-4)

F=1+cq + c2q2 + ¢33 + caqa + bi2c1c2q1q2 + bizcicsqigs
+b1ac1caqiqs + bazcac3qaqs + bagcacaqaqa + b3acscaqaqa
+b12b13b23C1C2c3q1G2q3 + b12b14b24C1C2C4q1 G244
+b13b14b34¢1¢3¢4G193G4 + b23basb3scac3caqaqaqa
+b12b13b14b23b24b34C1C2C3€4G1G2434 - (C-1)

For convenience we rewrite the variables g; in the somewhat different form

g = exp(20;), gq; = exp(i20;), 20; = V3&(X — X;) — (V3&) T,
20; = —V3&(X — X;) — (V3¢)7'T. (C-2)

The phaseshifts X; are the arbitrary real constants. The values b;; in (C-1) are as
in (4:7)

Y STl AN Sl 115 }
b“/ - <£Z +§i/) 522 +fz2, —|—§i§i,’ < bzz’ < 1,
b = , 0§b,§17
) <€] + 5]/ 5]2 + 5]2/ + f]fjl i
- £i+i£j>2£i2_512'+ififj _
J <£i_1£j 52,2_5]2,_1&,5], | ]’ ( )

where (i, ') < M, and M < (j, j') < M + N. Note that b and bj;; are real values,
and b;k] = 1/b’LJ

Without loss of generality, we will consider one set of values M and N, for
example M =1 and N = 3. Now we will show that the restrictions (A-10)

c1 = £1//biabizbia, c2 = £1/1/b12bazbas,
c3 = £1//b13bazbss, ¢4 = £1/1/brabasbzs (C-4)

(with b;; determined by (C-3)) are sufficient in order to obtain the real solutions.
For definiteness, we assume that \/@ is a root of an equation 22 = bi; with
—7m/2 < arg/bij < w/2. Let us rewrite the relations (C-4) in the form ¢; =
a;/ H%_:; \/E , where o; = +1. It is evident that we can always attain as = az =
ay = 1#1;}7 choosing the phaseshifts X5, X3, and X4, while we need to consider the

two cases a; = £1. By defining o = (1—ay)/2, we can rewrite the auxiliary function
F from (C-1) in the form

F(X,T) = 2Ge™ (byobisbi) /* exp(6y + imo/2 + 16 + 03 + i6y),

Cel™o — [(b12613514)1/4 cos(—i0y + o /2 + 63 + O3 + 64)
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+(6121)13b14)_1/4 COS(—i@l + 7TU/2 - 92 — 93 — 94)j|
—l—(bggbg4)71/2 -(b13b14/b12)1/4 COS(i(gl — 7TU/2 + 92 — 93 — (94)

+ (513b14/l)12)_1/4 COS(—i@l + 7TO'/2 + 92 — 93 — 94)_
+(5231)34)71/2 (b12b14/bl3)1/4 COS(i@l — 7TU/2 + 03 — 0y — (94)

+ (b12b14/b13)_1/4 COS(*iel + 71'0'/2 + 03 — 0y — 04)_

+(bQ4b34)_1/2 (b12b13/b14)1/4 COS(iHl — 7TU/2 + 94 — 92 — (93)

+ (bigbis/bra) /A cos(—ify + 7o /2 + 04 — Oy — 63)

(C-5)
Since bes, boy, and bgy are real, and bfj = 1/by; for j = 2,3,4, it is evident that

G* = @G, i.e. the variable G in the solution is a real-valued function. Hence, the
solution of the VPE

UX,T) = Wx(X,T) = 6——s

represents a real quantity.

Using this example, one can prove without difficulty that the procedure consid-
ered above can be extended to any M and N with restrictions (see also (A-14), (B-12),
and (C-4))

M+N
H bij s bij = bjl', i=1,..., M+ N, (C?)
j=1

J#i

Ci::tl

while the quantities g; retain the phaseshifts X; (see (C-2)). The signs in (C-7) can be
chosen independently of each other. For interaction of M solitons and the N-mode
wave there are (M + N) real constants & and (M + N) real constants X;.

Note that the restrictions (C-7) are sufficient conditions in order that the solution
of the VPE becomes real.
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