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Analysis of the Transient Process in
Underwater Spark Discharges

I. V. Timoshkin, R. A. Fouracre, M. J. Given, and S. J. MacGregor
HVT Research Group, Institute for Energy and Environment, Department of Electronic and Electrical Engineering
University of Strathclyde, Royal College Building, 204 George St, Glasgow, G1 1XW, UK

Abstract-If water is stressed with a voltage pulse having a rise
time of tens of nanoseconds which creates a sufficiently high
electric field, streamers develop and a highly conductive channel
forms between the electrodes. The intense Joule heating of the
plasma in the channel results in the collapse of its electrical
resistance from a few Ohms to a few tens of milliOhms with the
behavior of the collapse depending on the parameters of the
discharge circuit. The rapid decrease of the resistance occurs
during the first quarter of the current oscillation in the circuit.
During this time, the pressure inside the channel rises to several
GPa, causing the channel to expand in water with a velocity of 100
to 1000 m/s driving a high power ultrasound pulse. In the present
paper, a phenomenological model is discussed which describes the
dynamics of the resistance of underwater spark discharges during
its initial stage and allows the pressure in the acoustic pulse to be
obtained. The model is based on the plasma channel energy
balance equation used by Braginskii and links the hydrodynamic
characteristics of the channel and the parameters of the electric
driving circuit. The dynamics of the transient cavity during the
dissipation of the electrical energy in the plasma channel is
described and the analytical results are compared with
experimental measurements of the current in the electrical circuit
and the acoustic pulse profiles radiated by the transient cavities.

I.  INTRODUCTION

Streamer breakdown of water and the dynamics of the fast
transient cavity developed as a result of this process has been
the subject of research by several investigators. The interest in
this subject is driven particularly by the use of water as a
medium in high voltage switching devises employed in pulsed
power systems [1], and the generation of wide band high power
ultrasound (HPU) pulses through underwater spark discharges.

The resistance of the plasma cavity, R, decreases
significantly from a relatively large value at the moment when
the first streamer bridges the inter-clectrode gap forming a
narrow conductive channel which results in the appearance of a
high conduction current, /(#), to a much lower plateau value at
maximum current. Potentially, this transient resistance could
by obtained from current and voltage waveforms, but the rapid
collapse of the voltage together with the problems of separating
the resistive and inductive components of the spark channel
impedance makes measurements of the time-dependent
resistance extremely difficult [2,3]. Information on the
transient resistance of the plasma channel is important in the
design of water-dielectric switches to allow the evaluation and
reduction of energy dissipation, or in water spark discharges
used in practical applications for the optimization of energy
release. To calculate the parameters of the expanding plasma
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channel and its transient resistance together with the HPU
pulse profile, an analytical model has been proposed. It can be
shown that the results of calculations using this model are in
good agreement with experimental measurements.

II. ANALYTICAL MODEL

To describe the time-dependent resistance of the plasma
channel in water during its decreases from its initial values of a
few Ohms to its plateau resistance of a few tens of milliohms
an analytical model based on the Braginskii hydro-dynamic
energy balance equation and an empirical link between the
plasma channel resistance and its internal energy is used. The
Braginskii equation, discussed in [4], states that the electrical
energy released in the plasma channel through the Joule
heating is divided between the internal energy of the plasma-
vapor mixture inside the transient cavity, W,,(?), and the
mechanical work done by the expanding cavity against water:
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where V(#) is the volume of the plasma channel and P is the
pressure in the channel. Energy losses due to light emission
and heat conduction have been neglected in Equation (1).

Assuming that the electrical behavior of the system can be
approximated by a series LCR circuit. A Kirchhoff equation
can be written in terms of the current:
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where C and L are the capacitance and the inductance of the
pulsing circuit, and R, is the constant stray resistance.

To link the hydro-dynamic energy balance equation (1) with
the Kirchhoff equation (2), the empirical expression for the
plasma channel resistance used proposed in [5] has been used:
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where A, is a spark constant which characterises the content of
the spark breakdown channel, and £ is the channel length.
Expression (3) has been validated experimentally and it was
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found that A, changes insignificantly during the first half cycle
of the current oscillation and has a value 44,=2.5-10" V’s/m” for
a discharge with the energy of ~2.6 kJ [6]. This value of the
spark constant has been used in the present model.

The parameter W,,,(t) can be derived using:

It has been assumed that the ionized water components and
vapor in the spark discharge channel behave adiabatically as an
ideal gas with a constant ratio of specific heats y=1.3 [7, 8].

Equations (1)-(4) allow the time-varying resistance and
radius of the spark channel to be derived together with the
current oscillating in the pulse driving circuit. To describe the
radiated acoustic pulse as a linear acoustic approximation, the
equation for the pressure, P,(¢), in a compression wave
propagating in water [7] can be used:

P [dV(E)T -
24z f\ de ) ¢
&)

Po sz(_)_
4y dt?

P()=r+

w

where Py is the external hydrostatic pressure, ¢y is the speed of
sound in water, and r is the distance between the spark
discharge channel and an observation point in water.

To allow numerical solutions of equations (1)-(5), it is
convenient to transform them into a dimensionless form. This
transformation can be done by the introduction of the following
normalization parameters:
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where U, is the charging voltage. «, is the characteristic
discharge length introduced in [9] which gives an approximate
value of the radius of the spherical transient cavity at the end of
the energy deposition stage of the spark discharge if E, is the
total energy delivered to the spark channel.

Using the normalization parameters (6), the energy balance
equation (1), the Kirchhoff equation (2) and the equation for
the pressure pulse in water (5) can be re-written as:
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Here, x is dimensionless time, z(x) is dimensionless current,
y(x) is the dimensionless radius of the plasma channel, p(x) is

the dimensionless pressure in the channel, pw(;) is the

dimensionless pressure in the acoustic pulse at the
dimensionless distance, 7, and the function f{x) determines the
electrical energy dissipated in the plasma due to the Joule
heating. The initial conditions for the solution can be set as
follows: in the electrical circuit at the initial time instant, x=0,
the current is absent and the total charge is stored in the
capacitance of the electrical circuit:

dz(x)

2(0) =0, =1 (10)

x=0

For the plasma channel at the time instant x=0 the plasma
channel has a radius y, and its expansion velocity is zero:

dy(x)

dx
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The model is not sensitive to the choice of the mitial radius
of the streamer as it evolves quickly during the energy
deposition stage and its behavior is determined by the
parameters of the energy contribution into the plasma channel.

III. EXPERIMENTAL SET-UP

To compare the analytical model with experimental results,
measurements of the current waveforms for spark discharges in
water and the HPU pulse profiles produced by these discharges
were conducted. The spark discharges were generated in tap
water by a pulsed power supply designed to deliver HV pulses
with magnitudes up to 35kV and energies up to 1 kJ/pulse.
The spark discharge source has the inter-clectrode gap of
5 mm. The acoustic pulses were detected with a ValpeyFisher
VP-1093 Pinducer and the discharge waveforms were
obtaining using a high voltage probe and a resistive current
shunt. A detailed description of the experimental set-up
including current and voltage traces and HPU pulses profiles
can be found in [10].
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IV.  RESULTS
A.  Model Verification

The model presented in the Section II has been verified
using the phenomenological approach proposed in [9]. If the
behavior of dissipation of the electrical energy in the plasma
channel is known, Equation (1) could be solved directly,
without involvement of the Kirchhoff equation (2). The energy
dissipation function could be obtained from the experiments
using the discharge waveforms. As was shown in [11], the
breakdown current waveforms for the underwater spark
discharges generated by the pulse driving circuit and the
electrode system match the analytical curves for under-damped
current oscillations in a series LCR circuit with a constant
resistance. The value of the constant resistance, R,
associated with the plasma channel could be calculated by
subtracting the value of the stray circuit resistance, Ryay,
derived under short circuit conditions, from the values of
resistance derived from the spark discharge waveforms.

After integration and simplification introduced in [9]
Equation (1) can be re-written as:

VO ()= 4z o)t 12

dr’ Po

where af?) is the channel radius and £(?) is the electrical energy
dissipated in the plasma channel. For the current oscillations in
a series LCR circuit with constant resistance R, F(t) takes
the form:

E(Z) = Imellz exp(— Z(J{Z)sin2 (a)t)dt (13)

where parameters [, &, @ can be obtained from the
experimental current waveforms.

For spark discharges with electrical energies between 151.7 J
and 916.7 J, the constant resistance values, R.,.«, are in the
range of 103 mOhm for the lowest pulse energy to 37 mOhm
for the highest pulse energy [11]. These values of R,y
together with the values of stray resistance are listed in Table 1.

TABLE L. RESISTANCES Reonst AND Rsrray

Energy, J Reonst, mOhms Ritray, mOhms
151.7 103 555.5
281.5 77.5 407.2
451.5 64.9 360.7
605.2 49 325.1
747.0 46.9 308.0
916.7 37.1 302.4

Equations (12) and (13) have been normalized using
appropriate parameters from Expressions (6) and solved
numerically for the constant resistances listed in Table I and
corresponding experimental parameters /;, &, @ The expected
amplitudes of the acoustic pressure pulses 500 mm away from
the discharges have been calculated using Equation (9).

An alternative approach was also used where Equations (7)-
(11) have been solved using the same values of breakdown
voltage, Uy, capacitance, C, inductance, L, and stray resistance,
R1vay, as for the discharges listed in Table I but assuming that
the resistance of the plasma channel varies with time. Again,
the amplitudes of the pressure pulses 500 mm away from the
spark electrodes have been obtained.

The comparison between the phenomenological approach
with the defined energy dissipation function (Equation (13))
and the analytical model with a time-dependant plasma channel
resistance is shown in Figure 1.
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Fig. 1. Pressure pulse amplitudes calculated by Equations (12)~(13) (open
points connected with dash line) and by Equations (7)-(11) (solid squares).
Solid black line shows polynomial fitting of squares.

It can be seen that the model with the dynamic resistance
gives values of acoustic amplitudes similar to those calculated
using the model with the experimental energy dissipation
function. The graph also shows that the calculated pressure in
the radiated pulse increased only by ~23% while the electrical
energy available to the discharge increased by ~83%.
Measurements of acoustic pulse amplitudes as a function of
energy available confirms that the pressure in the HPU pulses
does not increase linearly with increasing electrical pulse
energy [10].

B.  Calculations Using the Model

Equations (7)-(11) have been used to calculate the expected
behavior of the plasma channel resistances and current
waveforms. An example of such calculations is shown in
Figure 2 for a discharge with an energy of 747 J.

As can be seen, the resistance of the channel reduces
significantly from a few Ohms to ~31 mOhm during the first
quarter of the current oscillation. The current waveform, I(7),
obtained from the model (solid line) matches well the
waveform, /(f)..,, plotted using the experimental values of the
parameters I;, o, @ averaged over five discharges and the
standard expression for the under-dumped current in a series
LCR circuit (dash-dotted line). The difference in the maximum
current values between these two waveforms is less than 12 %.
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Fig. 2. Current waveforms obtained using the analytical model for 747 J
discharge, (1), solid line; and from experimental measurements, /(%)e.,, dash-
dotted line. Ryy(t) is time-depended resistance of the plasma channel.

The analytical model has also been used to calculate the
expected maximum pressure amplitude in the HPU pulses
produced by the different sets of capacitors and charging
voltages used in the study presented in [10] and [12]. The
calculated peak pressures have been compared with the
experimental results reported in these papers and the result of
this comparison is shown in Figure 3.

The pressure values calculated by the analytical model are
shown in this graph by solid points connected with solid lines,
while the experimental pressure values are shown by open
points. Each set of points (open and solid) corresponds to the
same value of the capacitance in the pulsed power system.
Changes in the electrical pulse energy were achieved by
varying the charging voltage. The analytical results shown in
Figure 3 match the experimental peak pressures with
reasonable accuracy and show that increasing the pulse energy
does not result in a linear increase in the acoustic pressure. In
addition, the results in Figure 3 demonstrate that the acoustic
energy of HPU pulses generated with common energies is
dependent upon the voltage pulse magnitude for constant
energy per pulse.
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Fig. 3. Calculated peak pressure and experimental acoustic signals registered
by Pinducers [10], [12].

V. CONCLUSIONS

The analytical approach presented in this paper allows the
functional behavior of the plasma channel resistance to be
obtained for underwater spark discharges. Although the model
is based on the phenomenological description of the plasma
channel dynamics and its resistance and requires the
knowledge of the spark constant, the results obtained using this
approach provide a reasonable agreement with experimental
measurements.

It was shown that pressure in the HPU pulses generated by
underwater spark discharges with the constant inter-clectrode
gap spacing does not increase significantly with increase in the
pulse clectrical energy. However, increasing the charging
voltages produces greater amplitudes of the acoustic signals at
the same pulse energy. This approach is therefore preferable
for practical HPU applications. The model could be used in the
optimization of the parameters of the pulsed power circuits for
various applications of underwater spark discharges such as the
comminution and recovery of waste materials [13].
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