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ABSTRACT

In the last decade the global optimisation of lémust multi-gravity assist transfers (LTMGA) hasehetackled
with different approaches. Some authors proposggnerate a first guess solution by building a ngrkvity assist
transfer with impulsive manoeuvres and then usirdirect or an indirect method to transcribe the tiioipulse
arcs into low-thrust arcs. Other authors, notabdyrépoulos et al. (2002), De Pascale et al. (200&)ll et al.
(2008) and Schutze et al. (2009), proposed theofiseveral forms of trajectory shaping to modeliwust arcs.
The disadvantage in all these studies is that whegbys are powered and therefore suggest the fusiglo thrust
propulsion along with the low thrust propulsiontwrard the spacecraft. The problem generally residdee lack of
flexibility of the low thrust trajectory models &atisfy a variety of boundary conditions. In thappr, a spherical
shaping model is used whereby all encountered typbsundary constraints are satisfied analyticdiyrthermore,
a special incremental pruning of the search spapeiformed before employing a global optimisere Phocess is
conceptually equivalent to the approach propose@dgerra et al. for the search space pruning ofifgravity
assist trajectories and exploits the decouplingaifs of transfer arcs. Such decoupling removesigpendency of
one arc from all those that are two or more befare] allows for pruning the search space in polyabtime.
Numerical examples are presented for LTMGA trarssfieym Earth to asteroid Apollo and Earth to Jupite

INTRODUCTION

The development of electric propulsion for space
missions has already given rise to successful
missions, like Deep Space 1 [1] and SMART-1 [2].
The increased specific impulse can result in saving
in propellant mass for a broad class of missiorsyp
As of today, NASA’s Dawn spacecraft is currently
heading towards asteroid Vesta and is equipped with
an ion thruster. The European Space Agency’ is
preparing to send a cornerstone mission called
BepiColombo to Mercury. Solar electric propulsion
will be used for that mission. The design of
trajectories for these types of missions is more
complex than for those employing chemical
propulsion due to the need to optimize thrust pesfi
instead of impulses. This makes low thrust mission
analysis mathematically and computationally a
challenging task.

What makes the trajectory optimization problem
even more complex for missions like Dawn and
BepiColombo is the use of gravity assists. Each
gravity assist adds dimensions to the global prable
Since these problems multitudes of local minima,
global optimization is unavoidable to obtain thesino
interesting trajectories.

Before the eighties, multiple gravity assist (MGA)
trajectories were computed with ad hoc methods. It
was during the design of the Galileo mission in the
eighties that the first codes to compute large séts
trajectories, using impulsive manoeuvres. These
codes gave rise later to STOUR [3]. Williams and
Longuski [4] automated the MGA search. STOUR
was then used extensively by Petropoulos et al. [5]
for assessing a large humber of mission scenaios t
Jupiter. They also applied STOUR with a model for
low thrust transfers called exponential sinusofls [
With the development of the field of global
optimisation, different approaches were tested in
order to seduce the computational time to find
interesting regions in the search space, for bah h



thrust and low thrust transfers. These approaches
included differential evolution [7], particle swarm
optimization [7], evolutionary branching [8] and
simulated annealing [9]. Evolutionary neurocontrol
was also applied successfully by Carnelli et ad] [1

to the low thrust MGA (LTMGA) problems.

However the disadvantage in the current techniques
of solving LTMGA problems is that gravity assists
involve impulsive manoeuvres, such that both a low
thrust and a high thrust propulsion system is assum
on board. There is therefore no method today to
compute LTMGA trajectories without employing
high thrust manoeuvres, unless local constrained
optimizations are performed inside the global
optimization [9]. The problem resides in the ladk o
flexibility of the low-thrust trajectory models. €h
exponential sinusoids [11] have the disadvantage of
being a planar model and one cannot impose
boundary constraints on velocity and time of flight
together. Pseudo-equinoctial elements, proposed by
Vasile et al. [12] can provide first guess trajeiet®
satisfying boundary constraints, time of flight
constraint and thrust constraints. However, the
satisfaction of the boundary constraints relieghen
convergence of a Newton loop, due to the fact that
pseudo-equinoctial elements are not osculating.
Novak and Vasile [13] formulated a flexible shaping
method based on spherical coordinates for which
combination of boundary constraints on position and
velocity can be solved analytically. This paper
applies the latter shaping to the LTMGA problem in
order to compute transfers employing only low thrus
manoeuvres. Avoiding powered swingbys has a
further the advantage of reducing the dimension of
the search space.

Moreover, to further reduce the size of the search
space, an incremental pruning technique is employed
in this study. Incremental pruning has been progose
by Becerra et al. [14] on MGA missions and is based
on the construction of sets of MGA trajectoriesg on
leg at a time, and removing subsets that do not
satisfy a given criterion, e.glv of the leg too high.
The approach exploits the decoupling of the transfe
arcs offered by the powered swing-by model. Such
decoupling removes the dependency of one arc from
the preceding ones, and allows for pruning thecsear
space in polynomial time. The final pruned spaae ca
then be explored with a global optimizer. Vasile,
Schiitze et al. used the exponential sinusoid model
[15] to apply incremental pruning to LTMGA
problems with powered swingbys.

The present study’'s aim is to avoid powered
swingbys. In that case each leg cannot be completel
decoupled from the others. The issue is solved by
adapting the incremental pruning whereby the
decoupled entities are pairs of legs. The pruning

remains therefore of polynomial complexity with
respect to the number of legs.

Numerical examples are provided for LTMGA
transfers from Earth to Jupiter and Earth to Mercur

1 TRAJECTORY SHAPING

This section explains the shaping method used to
generate the trajectories for each leg of multiple

gravity-assist trajectories. More detailed derivasi

and discussions can be found in [13] A trajectory

model based on shaping the spherical coordinates is
described. The last subsection describes the method
used to satisfy time of flight constraints.

1.1  Shaping the Spherical Coordinates

In the proposed model, the spacecraft’'s position is
expressed in the spherical coordinates

(r.6,4)0R, XI%UZX(_”/2+ I%YZ) , Wherer is

the distance from the central bod)is the azimuthal
angle and isy the elevation angle. If the trajectory
was parametrized by the time, the state vector dvoul

be (r,9,¢,r',9,¢)T. Here we assume that the

trajectory can be parametrized by, i.e

r=R(6),¢=®(f)and t=T(6), so that the
azimuthal angle swaps role with the tinérhis can
be done if there is a smooth mapping betweand

6, which implies tha® is strictly monotonous with
respect to time. The state vector becomes thus

x:(r,t,¢>,r',t',¢')T where the prime represents a
derivative with respect to#d. Due to this
parametrization, the poles need to be excluded from
the set of admissible positions and we have tonallo

6 to account for the, revolutions of the trajectory.
The configuration spac&V is defined hence as

W =R X[B,;Hf +2rp77]><(—77/2;77/2) :
The equations of motion in an inertial reference
frame satisfied by the spacecraft are given by

d’r r

—=—=uU—+u 1

dt? a re @
where the position vector is

r=(rcosd cogr, si@ cogr, sip) . If the

position vector is parametrized Bythe equations of
motion become:



od?r .dr r
Al hl @)

Note that #=1/t' and @=-t"/t"*. The control
vector is obtained straight from equation (2), rafte
having inserted the expressionrofs a function of
the spherical coordinates.

At this point, one can providB, @ andT, i.e. one
can “shape't, ¢ andt, and the corresponding control
profile can be obtained, along with tit and the
propellant consumption if the spacecraft's initial
mass and specific impulse are provid®dand @
model the pure geometry of the trajectory, while
shapes the dynamics along the trajectory. It is
assumed that shaping functioRs® andT belong to

a set of admissible functiorg, S, and S; that are
continuously differentiable twice.

We define v=dr/do=(Yy % §), h=r0v
and a=dV/d6=(3 3 3) and the flight path

angle is denoted here by
It can be shown thatsatisfies

D u,
Tz Ly o 3
whereD is given by

o= QEQHDV) al{hOv)

= 4
R(%z_i_vﬁz) mz(yz_i_ }{2) ( )
So if we define the functiom, by
2
T2 =28 ©)
U

And assume that the time evolutidnis shaped by
To, then the control vector corresponding to the
geometrical trajectory defined By and @ will have

no component out of the tangential plane to the
trajectory (u, =0). There is a restriction on the

shape of the trajectory for which this control wggy

is allowed, it is expressed by >0. Physically
speaking, the plane generated by tangential and out
of-plane vectors (or all the allowed control vesjor
divides the space in two, and the centre of cureatu
of the trajectory at every point must be on the sam

side of the plane as the central body. This makes
sense, because if the acceleration points outwards

from the central body with respect to the plane of
allowed controls, then a control component outside
of the latter plane is required to compensate the

gravitational pull of the central body and therefor
u, Z0. In the particular case of a two dimensional

trajectory, we obtain

_CR
cos y

(6)

wherec is the algebraic curvature of the trajectory.
Thus D >0 if the curvature is positive. The time of
flight and thedv corresponding to the trajectory are

obtained by integration over[té{;é?f +2n lT] of
T'and |u|T" respectively.
The disadvantage of fixing =T, is thatR and @

define completely T' and the time of
ﬂightT(tS?f )—T(é’i). This can be problematic when

a constraint on the time of flight exists. The
advantage is that it is difficult to shape a pribin a
way to obtain a control that is not too far from
optimal, i.e. interesting in practice, thereforéngs
such an expression fof' will result, for certain
transfers (see section 3), in reasonable thrustigso
and 4v. By imposingu, =0, the in-plane motion is
controlled only by the tangential component of the
control, which is the most efficient way to varyeth
energy of the osculating orbit. Such shaping Tor
was chosen in this study; ons andS; need to be
defined in this way.

R and @ can be in any function space such that
R>0 and -77/2<®<77/2, but it is judicious to
choose expressions for which the boundary
constraints on the position and velocity can bgesbl
analytically. The boundary conditions are written i
equations (7).

R(6)=R R(6, +2n7)=R,
®(6,)= o(0, +2n7)= @,

, b, , _ R;cosp
T(0)= S5 T rana)= S0
R(6)=v, R (0, +2n7)=v,
qb'(ei):% qb'(ef+2nrn):%

Note that the boundary conditions ai turn into
boundary conditions ofR" and ®", as shown in (8).

R(t)+a®"(1)=C

R (t)+a,0'(t)=C, ®



There are hence 10 boundary conditions, so unless
there are more than 10 parameters that can ba set i
R and @ combined, the time of flight is uniquely
defined.

In the examples in this pap&; andS; are the set of
functions that take the form:

_ 1
R ara+af +(a+ ap)cod+(a+ )50 (9)
® = (b, +b)cosd + (b, + bg) sirg

Expressing the radius and the elevation angleaseh
forms has the advantage of covering the Keplerian
unperturbed arc, provided that the trajectory ishzy
spherical coordinates derived from the rotated
inertial frame whose (x-y) plane is defined by the
initial position and velocity vectors.

11 coefficients are to be determined by the boundar
conditions and a constraint on the time of flight.
Subsection 1.2 explains the method used to solve
time of flight constraints.

It must be mentioned that due to the ability tovsol
analytically the boundary conditions, one can apply
any subset of constraints from the set in (7),rafte
adjusting the number of undetermined coefficients i
(9). For example, one can impose the boundary
conditions on the position at both tips and on the
velocity at arrival only. In that case, the numioér
constraints is three less, and two coefficientssate

to zero in the expression dR and on in the
expression ofd. As will be explained, this is what
happens in the last leg of the pruning phase.

1.2  Satisfaction of the time of flight constraint

In this subsection it is explained how the time of
flight constraint is satisfied exactly.

The expressions for the shaping functions in (9)
involve a number of coefficients that can be used f
satisfying several constraints. The boundary
constraints account for ten of them. The time of
flight constraint sets the value of an additional
coefficient or parameter. Since the time of flight
depends non-linearly with respect to the additional
unknown, a Newton loop is applied to solve the
constraint.

The coefficienta, in (9) is initially set to zero and
within each iteration of the Newton loop the othér
coefficients are computed analytically from (7) and
(8).

Using a Newton loop for satisfying time of flight
constraints in the described manner preserves the
assumptions made on the trajectory by assigning
expressions td@’ such as in (5). However due to the

non-linear nature of the time of flight constraitite
Newton loop can fail to reduce the time of flight
violation T, to zero.

If that scenario happens another method is applied
after the Newton loop. The time evolutioh is
modified in such a way that the time of flight is
satisfied exactly. At the exit of the Newton loame
reshapesT by assigning it the new expression
T=T,-T,,x Where

X(e):—(ef—:i)j:(u—a)(u—ef)du (10)

It can be verified that )(’(t?i)=)(’(¢9f ) =0 and
thereforeT’ takes the same values at the boundaries
as T, , so the boundary constraints are not affected.

Moreover, because)((é?f)—)((é?i):l, the time of

flight T(6,)-T(6) will be the exact desired time

of flight.
ReshapingT in such a way can alter the control
profile considerably and can potentially result in

higher 4vs, if the value of [T,,| becomes high.
Furthermore, for higher values df,,|, T' can

become zero along the trajectory. If that happtes,
control profile will exhibit a singularity, since

@=1/t" andd=-t"/t".

2 LINEAR QUADRATIC CONTROLLER

In this section the method used to improve in & fas
way low-thrust transfers is explained. In practice,
this approach is applied to the transfers generayed
the shaping methods. The objective is to cope with
the arbitrariness of the choice to model the state
vector x. The rationale behind this approach is that
there may be an easily computable trajectory in the
vicinity of the shaped trajectories that is betiter
terms of the given objective function. It is not
intended at this stage to come up with an optimal
trajectory, but to obtain improved trajectoriesttha
cannot be modelled by the shaping functions that
were used at the previous step of the trajectory
design. A more detailed derivation exists in [16].

Let's assume that a spacecraft, whose position is
and velocity isv, is subject to the gravitational pull
of a central body. Additionally the spacecraft has
onboard controllable propulsion system that
contributes with an acceleratianto the motion of



the spacecraft. If we define the state vectoas
T
(rT VT) then the equations of motion can be

written in the following as« = A (x)+Bu.

The equations of motion are then linearized iand

u around the reference trajectory, at all pointshef t
time intervall, as in (11), which can be rewritten as
in (12). The control vector of the linearized eduas

of motion are denoted, .

g(t)=(000000"
E=A(1)E+Bu=A (1)E+B(y,-u (1))

{gl(ti)z(oooooo; w2
El =A1(t)£1+Blu|

(11)

The optimal control, corresponding to an
unconstrained optimization problem, where the
dynamics are defined by (12) and where the
objective function is of quadratic form as in (183N

be put in a feedback form expressed in equatict) (1

3=8 (1) Q& () +[ u’at (13)
u, =BIEE, (14)

E is computed by integrating backwards the Riccati
differential equation in (15).

Elt, )|=-
. ()= (15)
E=-AE-EA,-EBB/E,0tOI

The first term in the objective function will make
tend towards 0, which is what is required: the
perturbations on the trajectory should not afféxet t
boundaries. The fact that the last componer#; a$
always 1 is not problematic because the choic® of
is made such that it does not influence the
convergence of the other components pfowards

0. The expression in (16) is chosen@r

ql, 0 O
Q=| 0 ql, 0[,>0g>0 (16)
0 0 O

g- is a weight on the final position vector to satisf
the final boundary constraint, amgj has the same

role but for the velocity. The values for the two
weights were set to 1 in order to satisfy all timeet

the boundary conditions at arrival up to relative
violations of 1F.

Therefore, the optimization requires the integratio
of a 7 by 7 matrix differential equation backwands
time, followed by the forward integration of the
linearised equations of motion using the previously
computed expression @&. The first integration can
be made faster by noting th&t is a symmetrical
matrix, hence it is sufficient to compute 28 valésh
instead of 49. In order to do that, Matlab’s ‘ode45
4"-5" order Runge Kutta integrator was used with
relative and absolute tolerances 0’10

Once the optimized linearised trajectapy*+ &) is
obtained, the corresponding control law needs to be
updated since it verifies the linearised equatiohs
motion and not the real ones. The real control law
corresponding to the physical trajectory is calmada
from:

17)

where r, is the position component og+&. Note

that the approach of keeping the linearised control
law and calculating the corresponding state vectors
by propagation would not only be more
computationally intensive but would not guarantee
that the trajectory would end at the target state
vector.

The error on the control law due to the lineartzati

is approximated in [16] to be

du, =g H | & +Offs )
& +0(fe.[")
(

au, =g Hi & + (&, ||3)

Au, =g H3| (18)

where [AuX,Auy,AuZJ =u,-u,, and & as the

first three components of, i.e., the change of
position resulting from the LQ controller. One also
has that all of H, depends only onr, and that

il =ofll™).

A theorem has been proven on the behaviour of the
LQ controller when applied to an optimal initial
trajectory. It states that the LQ controller leaties
initial trajectory unchanged if and only if the tial
trajectory is already optimal. So in a certain sens
the result of the LQ controller is a measure of the
optimality of the initial trajectory.

Finally, the total 4v can be calculated by an
integration ofug,; over l. No assumptions are made



on the physical properties of the spacecraft asd it
propulsion system, in particular on the initial mas
and the specific impulse, because it was chosen to
model the trajectory in the simplest way. Introdhaci

the spacecraft's mass as a variable would raise the
number of differential equations to compute
backwards from 28 to 36 and forwards from 6 to 7.
This would have repercussions on computational
time without necessarily improving the results sinc
optimizing theL, norm of the thrust vector does not
yield necessarily better results than optimizinglth
norm of the acceleration control vector.

3 INCREMENTAL PRUNING

3.1 Background

Incremental pruning is a technique first proposgd b
Becerra et al. [14] for finding globally optimum
multiple gravity-assist trajectories. The ideahattif

one can construct the legs of the MGA transfers
independently, then it is possible to prune out letho
sets of transfers if one of the legs does not fgatis
some required criteria. By constructing and asegssi
legs one after the other, the space of acceptable
transfers is pruned out incrementally. Once thalfin
pruned search space for the full problem is obthine
a global optimisation can be performed on it. I ha
been shown that applying such a pruning can
increase the chance of finding the most promising
trajectories.

As introduced by Becerra et al. in their code chlle
GASP (Gravity Assist Space Pruning), the pruning
relies on a systematic search on the discretisaatise
space. The problem is formulated in such a way that
the different legs can be constructed independently
but can also be linked together to form complete
MGA trajectories. In the first form of pruning
introduced by Becerra et al. the legs were Lambert
arcs linked together by powered swingbys. The
search space consisted of a grid of departure ,dates
encounter dates for the gravity assist and arrival
dates. All the possible Lambert arcs were conslct
for the first leg and a pruning of the departurel an
first gravity-assist dates was performed, basethen
magnitude of the initial relative velocity. If treeare
launch dates for which no Lambert arc is acceptable
then that launch date is pruned out for the problem
In a similar manner, if no Lambert arc is accemabl
for a given date for the first gravity-assist, théat
date is not considered as starting date for thergec
leg. In the next step, all possible second legs are
constructed except for the dates of first gravigist
that were pruned out in the previous step. Criteria
prune out the initial and final dates of the sectatd

are based on the maximum thrust constraints and

angular constraints on the incoming and outgoing
relative velocities at the first gravity assist.

The following legs are constructed and pruned out
similarly to the second leg. A constraint on the
relative arrival velocity is imposed during the
pruning of the final leg’s departure and arrivaleda
After the computation of each leg and the prunifig o
departure and arrival dates of it, an additional
forward and backward pruning is performed on the
complete space, based on the consideration that if
Lambert arc arrives on a given date for a gravity
assist, then that date is not considered as departu
date for the next leg, and if no Lambert arc can
depart on a given date, then all Lambert arcs ef th
previous leg and arriving on that date are prungd o
Once the grid space of the complete problem is
pruned, one recovers the acceptable combinations of
intervals for the initial and arrival dates of edel.

One obtains hence so-called boxes, and a global
optimisation is performed on each. Becerra et al.
applied differential evolution.

The algorithms applied by GASP have been used
with trajectory models that are more complex than
Lamberts arcs. GASP has been tested successfully
when deep space manoeuvres (DSM) is inserted in
each leg [20]. DSMs increase the flexibility of bac
leg and represent more realistic missions, to the
expense of an increased dimension of the search
space. The objective in that case is to minimige th
sum of the DSMsAv and the gravity assistsiv.
Schitze et al. applied GASP with exponential
sinusoids [15][21] as trajectory models for the
problem of optimizing low thrust MGA transfers.
The inconvenience with the latter approach,
however, is that one needs to employ powered
swingbys, with impulsivelvs, and suggests therefore
both a chemical and a low-thrust propulsion system
on board the spacecraft.

3.2 Overview of the method

This lack of realism is addressed here, by elinigat
the need of a manoeuvre at the swingby. The issue
arising then is that successive legs cannot be
computed independently, because the outgoing
relative velocity at a gravity assist must be reddé
from the incoming relative velocity obtained in the
previous leg, while setting a limit on the periamt
radius. For example, the magnitudes of the two
relative velocities must be equal.

Therefore the GASP algorithm has been modified
such that legs are independent in pairs insteashof
their own. The low-thrust trajectory model is such
that legs departing and arriving on given dates
always arrive with the same velocity, but can depar
with different velocities depending on the arrival
velocity of the previous leg.




For the first leg, only Lambert arcs are considered
For each additional leg, the Lambert arcs are first
computed, and the initial relative velocity is
compared with the previous leg's arrival relative
velocity. If the two can be matched, then the Larhbe
arc is kept, otherwise the initial relative velgcis
modified such that no impulse is required at the
gravity assist. The leg is then recomputed witbve |
thrust trajectory model which can accommodate
boundary constraints on velocity and time of flight
Hence the departure datg of the previous leg
defines the incoming relative velocity at the sviing

at datet;, so the outgoing relative velocity too, and
the arrival date;.; defines the arrival velocity.

3.3 Gravity assist model

Most often the outgoing relative velocm;f s atthe
beginning of a glven leg cannot be matched with
the incoming one'vf rel , obtained from the previous

leg, without going below the minimum pericenter
radius specified by the user. Then a transformason
applied to the outgoing relative velocity The new

relative velocity v\, is such that” -viL |l is

irel irel

minimal, while keeping the new velocity achievable
without any manoeuvre during the gravity assist.

It can be noted that'!) is always in the plane

irel

defined by vf r) and v!

el

The angled between

|re| .
v(; r1e| and v , is computed, and if it is greater than

the maximum bending angle allowed by the gravity
assist [13]

I,rel

Oax = 28CSI
Vi

frel
U
then v ), is defined such that its angle wm'ﬁ'

I,rel

1+ rp,mln

rel

. If the line carrying vf rel separates the plane

in two, V()

irel

defined by v j | and vi e points

towards the same half-plane aﬁ, . v s then

| rel

fuIIy defined by assigning it the same magnitude as
v Fig. 1 illustrates this transformation.

f reI

Fig. 1: Illustration of the transformation applied
to the initial relative velocity of leg | if it cannot
be obtained by a gravity-a&sist with incoming
relative velocity vf rel

i
rel

If <9,
adjusted t(ﬂ

then only the magnitude oi/i( is

, if necessary.

f,rel

3.4 Detailed description of the method

The inputs to the problem are the sequenceN of
planets to be encountered, the launch windipand

the range of times of flighl,) __ ~allowed for each

leg of the transfer. The total search space iefbes
[ =1,xI,x---xI ;. One also provide®l+1 integers
greater than 1, representing the number of points o
the grid to discretize eadh The discretized; are

denoted 1. One can then construct recursively

new sets (Ii"*)LV . initializing from I,°. Then "
<i<

is the set of possible encounter dates of plasath
that the spacecraft left planet at a time inl,_*

and the time of flight of legis in 1,". From there on
the pruning then works on the sets of encountesdat
(Ii“* ):_~ LA maximum magnitude of launch and

arrival relative velocities can be specified, adlae
maximum values oftv for each leg, according to
which the pruning will be performed. Moreover
minimum pericenter radii have to be specified for
each gravity-assist.

The pruning algorithm starts by generating all
possible first legs. Three Lambert arcs are contpute

for each element of{ x1,”, one with no revolution,

and two with one revolution (the long arc and the
short arc). Out of the three Lambert arcs, only the
one whose initial relative velocity is lowest is
retained. If one of the Lambert arcs has a zet@ini
relative velocity, which can happen if the first
gravity assist planet is identical to the launcangt,



then that Lambert arc is directly discarded. The
retained Lambert arc is then analyzed and the

element in1{x1™ to which it corresponds can be
invalidated if the launch velocity is above the
specified threshold. At the end of this step, addet

valid points in1¢ x1 " is obtained. If there are dates

in 1$ orin IL” for which all Lambert arcs were

pruned out, i.e. there are lines or columnd yrx|

full with invalid transfers, then those dates are
pruned out and one obtains the new valid sets
v (1) andv®(1,").

From the second leg onward, five Lambert arcs are
generated for each element §f xI": one for zero

revolutions and the short and long arc for both the
one revolution case and the two revolutions case.
Like for the previous step, only the Lambert witle t
smallest non-zero relative velocity at start isired.

For that Lambert arc, the initial relative velocity

v s compared to all the incoming relative

irel
velocity vectorsv(ﬁ?rel of the first leg. For each case,
v

irel

is constructed, if necessary, with the procedure
described in subsection 3.3 and then a shaped
trajectory is generated to replace the Lambert arc,
such that the initial relative velocity 82 instead

irel

of the Lambert arc’svfﬁll. All other boundary

conditions are kept the same as the Lambert arc’s.
Thanks to the nature of the shaping, the shaping
covers the Keplerian motion so the closéfe), is to

e

irel 1

the closer the shaped trajectory will be to the
Lambert arc.

Potentially one computes then a shaped trajectory f
every node ofV(l)(Io“)xV(l)(Il“*)xIz‘”. For each
shaped trajectory one verifies if the total is
smaller than what the user specifies and if not tha
element of V(l)(lo“)xv(l)(ll“*)xlz‘” is marked
invalid. One can perform then the same forward and
backward pruning as for the first leg. If there are
dates of encounter irv(l)(ll“*) and V(l)(lz“*) such
that all legs arriving on those dates are invalign
those dates are pruned out for the rest of the
computations. In an analogous way, if all possible

departing legs are invalid for a given date, theat t
date is pruned out. One obtains new sets of valid

datesv?(1,7), V(1) andv®(1,").
The trajectories of the following legs are geneatate

and assessed in the same way as those of the second

one, and each time the set of valid dates is uddate
with forward and backward pruning.

The last leg is special if the aim is to rendezvihes
final planet. Indeed, in that case, the Lambertiarc
not a good way to generate the first trajectory, leg
because the arrival velocity can be far from the
planet’s velocity. In that case, a shaped trajgctor
generated instead of the Lambert arc, where the
initial velocity is not constrained, and the final
velocity is that of the planet. The coefficierts as
andbs are set to zero in the expressionRand® in

(9).

At this point, one has to analyze the distributafn
the dates defining the acceptable pairs of consecut

legs. An acceptable pair of leds,j +1) will be
defined by a triplet of dateétj_l,tj ,tm) that is an

element of V("’l)(ijld*)xv(")(lj"*)xv("‘l)(l,-ﬂd).
These acceptable triplets of dates form a subset
Ve OVE (1) v (1 )wvbied (1 2
can then proceed to reconstruct the continuouglsear
spaces from the pruned discretized ones. Forttigs,

K L
connected componenmsj,jﬂ inside everyV“.ﬂ are

One

identified and boxesBV/,,, are created around each

one of them. Finally, hyperboxeBV' inside!| are
identified such that an element inside it has eafch

. . ‘
its components belonging to one of tB¥/,, .

The hyperboxes are disconnected subsets ahd
one can then apply a global optimisation algorithm
on each one of them. In this study, a differential
evolution algorithm was applied. When applying it,
the LQ controller was called after the shaping in
order to improve the transfers.

3.5 Computational effort

During the pruning, the part that takes by far the
most time is the generation of the shaped trajgctor
The trajectory shaping is called from the secong le
onward. If one discretizes the initial and arridates
of the leg intok points, as well as the previous leg’s
initial dates, then the shapes are called poténtidl
times. This is the case for all the legs excepffitisé

and the last, which adds up (& -1)k*. In the final
leg there are two calls to the trajectory shapiog f
each node, adding up t8k® calls. So in total, the
shaping is called at mo$N +7)k* times.

4 TEST CASES



This section presents the test cases to which the
shaping and the new incremental pruning was
applied to. Rendezvous missions are presented from
Earth to asteroid Apollo and Jupiter. The
computations were performed on Intel Core 2 Duo
running at 3 GHz. The codes were written in Matlab
and were run in a Linux environment. The
trajectories with the lowestv were optimized with
DITAN with the objective of minimising the
propellant mass with the constraint of a peak thrus
equal to the peak thrust of the initial guess.

4.1 Earth-Earth-Apollo rendezvous

This mission scenario has four leg. Apollo’s orbita
elements are reported in Table 1.

Table 1 Orbital elements of Asteroid Apollo

Semi-major axis 1.471 AU
Eccentricity 0.56
Inclination 6.4°
Ascending node 25.9
Argument of periapsis 285.7

The launch windowly was set to be the interval
between T January 2010 and®1January 2015l
was discretized into 240 equidistant dates, i.e. in
average three launch dates per month. The fir& leg
range of times of flight was set to [200 d ; 80Gdd
discretized into 250 points, the second one spanned
[200 d ; 1000 d] and split into 300 values. Theiahi
relative velocity was allowed to be 5 km/s maximum
and a limit was set on the second leg’s tatato 10
km/s. The minimal altitude allowed for the gravity-
assist at Earth was 200 km. The pruned pairs &f leg
are plotted in Fig. 2.
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Fig. 2. plotted are the triplets of dates,
corresponding to the pair of Earth-Earth-Apollo

legs, that were not pruned

In total, 29 separate hyperboxes were obtaineddy t
pruning after 8.5 hours of computation, and a
differential evolution algorithm was run on both of
them, in order to locate the global minimum, taking
8.9 minutes each.

The trajectory with the lowestv obtained from the
DE turned out to be of 5.32 km/s with an initial
launch velocity of 4.93 km/s. One should note that
part of thedv of the low thrust transfer includes
gravity-loss. The total time of flight is 3.17 year
The local optimization with DITAN resulted in a
transfer also lasting 3.17 years and requiring 4.49
km/s of Av and an initial launch velocity of 5.00
km/s.

Table 2 provides the dates of encounter of each
planet for the best trajectory.

Fig. 3 and Fig. 4 show that the optimized trangfer
close to the initial guess one.

Table 2: Dates at each planet for the LTMGA
trajectory with the lowest Av.

DE DITAN
Launch from Earth 9/2/2011 19/3/2011
Earth GA 27/7/2012 4/9/2012
Rdv at Apollo 12/4/2014 20/5/2014

Thrust profile for a launch on 4057.1714 MJD2000
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Fig. 3 Thrust profile of the result from DE with
the lowest 4v and its optimized solution from
DITAN
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Fig. 4 Trajectory plo of the result from DE with

the lowest Av and its optimized solution from
DITAN

4.2  Earth-Venus-Earth-Earth-Jupiter rendezvous

This LTMGA transfer has four legs. The launch
window |, was set to be the interval betweet 1
January 2010 and*Danuary 2020, was discretized
into 240 equidistant dates, i.e. in average twadau
dates per month. The first leg’s range of times of
flight was set to [50 d ; 500 d], the second orte’s
[50 d ; 700 d], the third one to [100 d ; 1000 dfa
the fourth to [500 d ; 2000 d]. The ranges of tiofie
flight were discretized into respectively 45, 6% 9
and 75 points. The initial relative velocity was

Table 3: Dates at Each planet for the LTMGA
trajectory with the lowest Av.

DE DITAN
Launch from Earth 15/1/2017 3/2/2017
Venus GA 20/4/2017 20/4/2017
Earth GA 1 28/8/2018 1/9/2018
Earth GA 2 25/3/2021 25/3/2021
Rendezvous at Jupijer 8/9/2024 27/12/2024

allowed to be 5 km/s at most and limits were set on

the last three leg’s totalv to 10 km/s, 10 km/s and
15 km/s respectively. The minimal altitude allowed
for all gravity-assists was 200 km. The pruned gair
of legs are plotted in Fig. 5 to Fig. 7.
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Fig. 5: plotted are the triplets of dates,
corresponding to the pair of Earth-Venus-Earth
legs, that were not pruned
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Fig. 6: plotted are the triplets of dates,
corresponding to the pair of Venus-Earth-Earth
legs, that were not pruned not pruned for the pair
of first and second legs.
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Fig. 7. plotted are the triplets of dates,
corresponding to the pair of Earth-Earth-Jupiter
legs, that were not pruned

In total, 5 separate hyperboxes were obtained &y th
pruning after 26 minutes of computation, and a
differential evolution (DE) algorithm was run on al



hyperboxes, in order to locate the global minimum.
In average, each minimisation ran for 30 minutes in

average.

The lowestdv obtained from the DE was 7.66 km/s

with an initial launch velocity of 3.58 km/s. Tht

includes the gravity loss due to the low and long
nature of the thrust arcs. This result is to be

compared with the Hohmann transfer’s totiad of
14.44 km/s. The total time of flight amounted t65.

years. The optimization with DITAN resulted in a

transfer of 7.89 years of duration withMa of 6.64
km/s and with an initial launch velocity of 5 km/s.

Fig. 8 and Fig. 9

Table 3Table 3 provides the dates of encounter of

each planet for the best trajectory.
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Fig. 8 Thrust profile of the result from DE with
the lowest 4v and its optimized solution from
DITAN
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Fig. 9 Trajectory plo of the result from DE with
the lowest 4v and its optimized solution from
DITAN
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CONCLUSION

A method to construct and globally optimize low
thrust multiple gravity assist trajectories was
presented in this paper. The advantage is that no
powered swingby is necessary. A new incremental
pruning scheme is also proposed in order to reduce
the search space of the global optimization. The
numerical results are promising and will be further
studied and analyzed for further improvement of the
algorithms.
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