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A TWO-LEVEL ENRICHED FINITE ELEMENT METHOD FOR A
MIXED PROBLEM

ALEJANDRO ALLENDES, GABRIEL R. BARRENECHEA, ERWIN HERNANDEZ!,
AND FREDERIC VALENTIN?

ABSTRACT. The simplest pair of spaces Py /Py is made inf-sup stable for the mixed form of
the Darcy equation. The key ingredient is enhance the finite element spaces inside a Petrov-
Galerkin framework with functions satisfying element-wise local Darcy problems with right
hand sides depending on the residuals over elements and edges. The enriched method
is symmetric, locally mass conservative and keeps the degrees of freedom of the original
interpolation spaces. First, we assume local enrichments exactly computed and we prove
uniqueness and optimal error estimates in natural norms. Then, a low cost two-level finite
element method is proposed to effectively obtain enhancing basis functions. The approach
lays on a two-scales numerical analysis and shows that well-posedness and optimality is kept
despite of the second level numerical approximation. Several numerical experiments validate
the theoretical results and compares (favourably in some cases) our results with the classical

Raviart-Thomas element.

1. INTRODUCTION

The selection of finite dimensional spaces for the Galerkin method demands careful at-
tention when it comes to solve the weak form of mixed boundary value problems. In fact,
mixed problems can be handled by polynomial interpolations if the pair of spaces fulfill the
well-know inf-sup condition [11]. This leads some very popular choices such as equal order
interpolations spaces and the simplest element IP; /Py out of reach, or it prevents nodal values
to be chosen as degrees of freedom if some physical properties (such as local conservation of
mass) are to be satisfied by the numerical method (cf. [9]).

On the quest to systematically build stable and accurate finite element methods, numeri-
cal solutions have been formally decomposed into a solved and an unsolved part with respect

to a fixed mesh. Roughly, the resolved part solves the original weak form on a given finite
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element space regardless any numerical drawback, while the unsolved part comes into play
to make the complete solution to be free of numerical troubles and recover missed physical
properties as well. The final methods are said to incorporate ”missing scales” not captured
by the mesh, and so, named multi-scale methods. Different approaches to model the unsolved
scales have been proposed over the past years, among which we might mention the Varia-
tional Multi-Scale method (VMS) [24] and variations of it [3, 16], the Residual-Free-Bubble
approach (RFB) [14, 27, 13] and its practical implementation using a two-level method [22],
the Heterogeneous Multi-Scale Methods (HMM) [18], and recently, Petrov-Galerkin Enriched
Methods (PGEM) (see [21, 20, 5], and [1] for a survey). Overall, algorithms are closely re-
lated by making the unsolved contribution dependent on geometrical aspects of the mesh,
the interpolation space choice and the boundary value problem itself. In parallel, RFB and
PGEM have been systematically related to stabilized methods and stabilization parameters

been obtained with respect the mean value of enriching basis functions [4, 12, 7, 8, 2].

This work addresses the subject for the Darcy equation, a model that appears in porous
media, in the Petrov-Galerkin enriched framework. The PGEM has been introduced as a
way to incorporate edge residual contribution into the unsolved scale modeling, an aspect
neglected by the RFB and responsible for the non-physical oscillations in the numerical solu-
tions. In [5] the standard trial and test finite element spaces P, /Py are differently enriched.
The latter remains been enhanced with bubble functions as in the RFB method, but now
the trial space incorporates functions driven by the Darcy operator depending on the resid-
ual of the equation in each element and on each edge of the triangulation. The boundary
conditions for the local problems are set in such a way they ensure the continuity of both
the normal component of the enriched velocity (strongly) and pressure (weakly). Thereby,
the desired features of the P; /Py element are preserved, namely its simplicity along with its

nodal-valued degrees of freedom for the velocity and the locally mass conservative velocity
field.

Two non symmetric enriched methods were proposed in [5] and extensive numerical val-
idations have been carried out for one of the methods in which the solution to the local
problems is known analytically. However, neither numerical analysis nor numerical valida-
tions have been proposed for the original (two level) method from [5]. This work aims to
overcome these shortcomings and introduce, moreover, a symmetric method. Keeping the
simplest element [P /Py as the target spaces, and assuming that enriching local problems are
exactly solved, we prove existence and uniqueness for both the original non symmetric and

the symmetric methods, as well as optimal error estimates in natural norms. In fact, we
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show the leading error between both methods tends faster to zero than the error itself when
the characteristic length of the mesh goes to zero.

Next, the semi discrete method analyzed before is completely discretized using a two-level
approach incorporating numerically computed unsolved scales into the enriched method.
The order of convergence is not affected by this approximation under mild conditions on
the fine scale discretization. It is worth mentioning that, up to our knowledge, few works
incorporate fine scales approximation in the numerical analysis. Moreover, a low-cost proce-
dure has been proposed to effectively incorporate the subscales. As a matter of fact, as fine
scale mesh, one single P; element is used throughout all the numerical experiments, keeping
optimal convergence. Although not theoretically proved, numerical results highlight qua-
dratic convergence for the velocity in the L? norm, a feature that is clearly not expected for
the Raviart-Thomas element [26, 11]. The comparison with the standard Raviart-Thomas
method is pushed further and allow us to outline the main features of the two-level enriched

method, namely:

e has lower number of degrees of freedom for a fixed mesh;
e induces a symmetric linear system (if we were disposed to relax the symmetry re-
quirement, then an equivalent non symmetric but positive definite system may be

proposed);

keeps nodal-valued degrees of freedom for the velocity;

is locally mass conservative.

The remainder of the paper is as follows: the current section ends with notations and
preliminary results; for the sake of completeness the derivation of the PGEM in [5] is revisited
in Section 2, and then, the resulting methods are mathematically analyzed in Section 3.
Section 4 is devoted to the two-level enriched method which is numerically validated in

Section 5. Conclusions are drawn in Section 6.

1.1. Notations. This section introduces definitions and notations used throughout. In what
follows, 2 denotes an open bounded domain in R? with polygonal boundary 952, and x =
(w1, 15) is a typical point in . As usual, L?() is the space of square integrable functions
over ), L2(€) represents functions belonging to L?(2) with zero average in Q, and H(div, Q)
(H(curl,)) is composed by functions that belong to L?(€)? with divergence (curl) in L*().
The space Hy(div, ) stands for the space of functions belonging to H(div, ) which have
normal component vanishing on 9€2. Finally, (-, -)p stands for the inner product in L?(D) (or
¢.p) the norm (seminorm) in H*(D) (or H*(D)?),

| lo.o =1 - llo.p, and || ||giv,p the norm in H(div, D).

in L?(D)? when necessary), and || ||s.p (|-
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From now on we denote by {7y} a family of regular triangulations of Q built up using
triangles K with boundary 0K composed by edges F. The set of internal edges of the
triangulation 7y is denoted by £g. The characteristic length of K and F' are denoted by
Hy and Hp, respectively, and H := max{Hf : K € Ty}, and due to the mesh regularity
there exists a positive constant C' such that Hr < Hx < C Hp, for all I C 0K. Also, for
cach F = KNK' € &y we choose, once and for all, an unit normal vector n which coincides
with the unit outward normal vector when F' C 0f). The standard outward normal vector
at the edge F with respect to the element K is denoted by mf. Moreover, for a function g,
[q] denotes its jump, defined by (see Figure 1):

lim ¢(x +on),

(1) [al(x) := lim g(x +dm) — lim

and [[q] = 0 if FF C 092. We finally introduce the following broken spaces:

(2) Hy(div, Ty) := {v € L*(Q)? : v|, € Ho(div, K)VK € Ty},
(3) L§(Ty) = {q € L*(Q) : q|, € L{(K)VK € Ty} .
F
K K’

FIGURE 1. The normal vector.

1.2. Preliminaries. In this work we consider the following Darcy problem: Find (u, p) such
that

(4) cu+Vp=f, V-u=g inQ,

u-n=0 on 0f),
where ¢ = £ € R" is assumed constant in €, with p and & denoting the viscosity and
permeability, respectively. Here, u is the so-called Darcy velocity, p is the pressure, f and

g are given source terms. We suppose f piecewise constant since it is usually related to the

gravity force (see the numerical experiments for an extension to the general case). Moreover,
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we assume that the usual compatibility condition
/QZQ
Q
holds.

The standard mixed variational formulation associated with (4) reads: Find (u,p) €
Hy(div, ) x L3(Q) such that

(5) A((u,p), (v,q)) = L(v,q) ¥(v,q) € Ho(div, Q) x Li(Q),
where
A((w,p), (v,q)) = (ou,v)o — (p, V-v)a = (¢; V-u)a, L(v,q) = (f,v)a - (9,9)a-
The well-posedness of (5) follows from the classical Babuska-Brezzi theory for variational
problems with constraints (see [11] for details).
2. THE ENRICHED FINITE ELEMENT METHOD

We start generalizing the derivation carried out in [5]. We introduce the standard finite

element space Vi := [Vg|* N Hy(div, Q) for the velocity variable, where
(6) Vi :={v e C°(Q) :v|x € Py(K), VK € Ty},
whereas the pressure is discretized using the space

(7) Qu :={q € L3(Q) : qolx €Py(K)VK € Ty} .

Our starting point is the following Petrov-Galerkin scheme: Find uy = uw, + u. € Vg +
Hy(div, Q) and py = po + pe € Qu @ L3(Ty) such that

(8) A((ug,pu), (va,qu)) = L(vy, qu),

for all vy = v + vy, € Vg & Ho(div, Tyz) and for all qg = qo + ¢ € Qu ® LE(Tx).
Thanks to the choice made for the test function enrichment space, we can split (8) as the

following system:
(9) A((u1 + te, po + pe), (v1,q)) = L(vi, q0) V(vi,q) € Vi x Qm,
(10)  A((u1 + we, po + pe), (Vo, @) = L(vy, @) V (vy, @) € Ho(div, Ty) x Ly(Tx).

First, considering test functions (v, g5) supported in a single element, we see that (10) is

the weak form of the following strong problem for (ue, p.):

(11) octuwe+Vp. = f—ou;, V-u.=g+Ck in K,
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where C'x € R is, a priori, free. Now, to close this problem we impose the following boundary

condition on u,. (see [5]):

(12) o m = ap /F[[po]],

on each FF C 0KNS, and u.-n = 0on F C 0. Here, ap stands for a constant not depending
on H or o, but that can vary on each F' € £y. This choice for boundary condition leads us

to fix the constant C'x, which is given by

_ 13 ar Hp f ;
Cic = Ipo] = icl9) :ZWZ#AHpoHn-nﬁ—ﬁ-
i=1 i

Remark. An alternative method was also derived in [5] by proposing a different boundary

condition (see also [6] for the convergence analysis of a related approach). O
Now, we can split (ue,pe) = (w2, pM) + (ul, p?) + (ug, p?), solutions of

(13) ouM +VpM = f—ou;, V-uM =0 inK,

cu -n=0 on each F COK,
(14) cul +VpP =0, V-ul=[p] inK,

cu? -n=ap / [po] on each F C 0K,

F
and
(15) cul +Vpl =0, V-ul=g-Ilk(g) inkK,
cul-n=0 on eachF CIOK,

respectively. Also, we define the solution operators associated to the above problems such

that we can write

(16) (", pl") = (M (f = our), M (f — owr)),
(17) (u,p) = (Di([pol), Dk ([pol)) .
(18) (uf,p?) = (G (9 —k(9), Gk (9 — 1k (9))) ,
and we remark that the local problem (14) may be solved analytically (cf. [5]), which leads
to the following explicit expression for u?:
" apH
(19) ul = Di[pol) = > ——Ipolper.

FCOK
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where ¢ is the Raviart-Thomas’ basis function defined by
Hp

(20) pp(x) = im

(X_XF)a

X denotes the node opposite to the edge F' and in which the sign on the Raviart-Thomas
basis function ¢, depends on whether the normal vector n on F' C 9K points inwards or
outwards K.

Now, after the full characterization of (w.,p.) given by (16)-(18), we come back to (9).
First, since p. € L3(K) and V-v; [ € R we obtain

(21) (pe, V-v1)g =0 for all K € Ty.
Therefore, the problem (9) becomes: Find (uy,po) € Vi X Qu such that

(22) A((u1 +ue,po), (v1,9)) = L(vi,q0) Y(v1,9) € Vi X Qu,

or, equivalently using that V - u? = 0 and that V - u? = g — IIx(g) is orthogonal to any
constant in K,
(23)

o (ur + ' +u. +uf,vi)o — (o, V- v1)a — (0, V- u1)a — (90, V - u.)o = L(v1, o),
for all (v1,q0) € Vg x Qy. Next, integrating by parts in each K € 7Ty and using the

boundary condition (12) we obtain

(24> Z (QO7V'ueD)K = Z T (IIPO]L HQO]])Fa

KeTy Fe&n
where
apHp
(25) TR = :
o

Remark. The term related to f in (16) vanishes. Indeed, since f is constant in K then it is
easy to realize that MY% f = 0, which leads to u) = —oM%(u;). O

Finally, based on the previous remark, and replacing (24) and (16)-(18) in (22), we arrive
at the following form of our enriched method: Find (uy,py) € Vi X Qn such that

A((ur — oMic(wr), po), (v1.00)) + Y (Die([pol), o v1)x

KeTy
— > 7 ([pol [wo])r = L(v1,90) = Y (Gic(g — Tk (9)), 001k,
Fefy KeTy

for all (v1,q0) € Vg X Qp. Since our aim is to derive a symmetric method, in the following

Lemma we further explore the properties of the operator M.
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Lemma 1. The linear operator 0 M is an orthogonal projection with respect to the L?(K)?

inner product. More precisely, for all v € L*(K)?

(26) (v — oM (v), w)k =0,

for all w € Hy(div, K) such that V -w = 0 in K. Moreover,
(27) (Mi(v),Vi)g =0 Vo e H(K).

Proof. To prove (26) we multiply (13) by a function w € Hy(div, K') such that V-w =0 in
K and integrate by parts to obtain

(oM (v),w)x — (pe', V- w)x + (02, w - n)ox = (v, W)k,

and the result follows applying the properties of w. Finally, integrating by parts and using

that MY (v) has a vanishing divergence and normal component (27) follows. O
Remark. Since pM € L2(K), then (26) is also valid if V-w € R in K. [

Using the previous lemma, and the fact that all Raviart-Thomas’ functions are gradients,

we can give the following presentation for our method: Find (w1,po) € Vg X Qu such that

(28) B.s((u1,po0), (v1,90)) = L(v1,q0) — Z (Gk (g — Ik (9)), ov1)K,

KeTy

for all (vq,qy) € Vg X Qg, where

B.s((u1,po), (v1,90)) == A((p(w1),p0), (p(v1), q0))
+ Y (Di(lpol), o p(v1))c = Y 7 ([po]s [a0]) -

KeTy Feéy

To simplify the notation we have noted

(29) p(v)lx = (I — o M) (v),

where I stands for the identity operator.

Remark. Let (wg,py) := (U1 + e, po + pe). Then, (28) implies that

(wm,v1)a — (P, V-v1)o = (f,v1)a Vv, € Vg,

and hence, integrating by parts and using that wy + Vpy = f in each K we see that py

satisfies

(30) > (lpulvi-n)p=0 Yo, € V.

Fe&y
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Then, when enhanced with p., the discrete pressure is weakly continuous. On the other
hand, since we have also [ug -n] = 0 we see that [Vpy -n] = 0 on the internal edges.
Hence, our method satisfies naturally the conditions requested in [10] in the discontinuous

Galerkin framework. [

To complete the derivation we only have to notice that we can neglect the nonsymmetric
term. This is ensured by the next lemma. As a matter of fact, the following result ensures
us that the nonsymmetric term is of a smaller size than the rest of the terms, and then in
Lemma 11 below we will show that the solution of (28) and the solution of the symmetric

method (32) below are superclose in the natural norms.

Lemma 2. There exists a positive constant C' such that

(31) > (Dilaol). o p(v1))x < C { > H[[%]]H%,F} Voo H [lp(vi) o

KeTy Feéy

for all v; € Vi and qo € Qg,where o := max{ap: F € Ey}.

Proof. Using successively the Cauchy-Schwarz inequality, (19), |[¢pllo.x < C Hp, the defini-
tion of 7 (cf. (25)) and the mesh regularity we get

> (Di(laol), o p(1))e < > I1P5c([aoD)llo.xc o llp(v1)llo.x

KeTy KeTy
ap
<3 3 % [ ol lerlo o lo@)lox
KeTy FCOK F
1
<C > > mwHllaollorollo(e)ox
KeTy FCOK

<C { > II[[qO]]Ilﬁ,F} H /o a|p(vi)lloe,

Fe&y

which ends the proof. O

Hence, using this result we arrive at the following symmetric (and final) form of our
Petrov-Galerkin Enriched Method: Find (uy,po) € Vi X Qy such that

(32) B((ulﬁpo)a (Ula QO)) = F(Ula QU> )
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for all (vq,qy) € Vg X Qg, where

(33)  Bl(u1,po). (v1,90)) = A((p(wr), po), (p(v1),90)) = Y 7 ([pol, [ao])r -

Fefy

(34) F(v1,q0) := L(vi.q0) = Y (Gi(9 — Uk (9)):o01)xc

KeTy

p is the operator defined in (29), and the coefficient 7 is defined in (25).

We end this section by presenting the local mass conservation result. The proof of this
Lemma is a direct application of the results from [6], §2.3, and hence we skip the details.
We only stress here the fact that the techniques developed here may be applied to any
jump-based stabilized finite element method for the Darcy equation, and then, every low
order method (e.g. the one from [15]) may be easily post-processed in order to get a locally

conservative velocity field.
Lemma 3. Let u; be the solution of (32) and u? given by (19). Then

/V'(ul—"_ueD)_g:O VK € Ty .
K

3. ERROR ANALYSIS OF THE SEMIDISCRETE PROBLEM

In the sequel C' denotes a generic positive constant, independent of H or o, with values
that may vary in each occurrence. From now on, and just for simplicity of the presentation,

we will assume that ap = « for all I’ € Ep.

3.1. Preliminairies. We start by presenting the Clément interpolation operator (cf. [17,
23,19]) Cy : H(2) — Vi (with the obvious extension to vector-valued functions), satisfying,
for all K € Ty and all F € &y,

(35) ICa(W) o < Cuellvlha  Yoe H\(Q),
(36) [0 = Crr()lmie < Cate Hig™ |0]ere Vo € HY(wi),
(37) o = Cra()lor < Coae Hp ? [v]swr Yo € Hi(wp),

fort =1,2,m =0, 1, wherewx = {K' € Ty : KNK' # 0} and wp = {K € Ty : KNF # (}.
We will also use the L?(2) projection onto Qg which is denoted by Iy : L*(Q) — Qu.
This projection satisfies (cf. [19])

(38) { > ||q_HH(CI)||3n,K} < CH™™|qlo Vg€ H(Q),

KETH
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for 0 < m <t < 1. Moreover, using (38) and the following local trace inequality: there
exists C; such that for all K € Ty and all v € H'(K)

(39) Il oxe < Co (H! 03 s+ Hic [0l i)
we obtain
N 1/2
(40) Y Hella-Tw@lRe] < CHlgho
Fe&y

Before heading to stability, two auxiliary results are stated next.

Lemma 4. There exist two constants C, C’ > 0 such that, for all K € T and all v; € P;(K)?
1 1
CHE [lvi - nlloox < lvillox < C'Hi o1 nlloox -

Proof. First, using (39) and an inverse inequality it follows that
(41) lv1 - nl§ox < Co(HE [0illgx + Hi|vilf ) < CH' o5

and the first inequality follows. Let now K be the standard reference element of vertices
(0,0),(1,0) and (0,1). Since in P;(K)? both quantities |w:lg z and ||, - nf|y 5 define

norms, there exists C' > 0 such that
(42) H'&’lHo,f( < Cf|aw, - fl”o,akv

for all w; € P;(K)?. Let now 9 be the Piola transform of vy (cf. [11]). Using the definition

of the Piola transform, (42) and the fact that v, - n = H,'9; - R, we get
lo1ll5. < Cllonllg 4

< Cllon - nl?,.

=C > /F(f;l-ﬁ)Q

FCOK

=C > /F Hp'Hi (v, - n)

FCOK

< CHK ||U1 ’ n||g,8K7
and the result follows. OJ

We now define the following mesh-dependent norm

[0
(43) (v, )l = o [[vllGa + . lglis.o+ Y 7 ITalllg.r
Fely



12 A. ALLENDES, G.R. BARRENECHEA, E. HERNANDEZ, AND F. VALENTIN

and present the following result which will be fundamental in the proof of the inf-sup condi-
tion below.
Lemma 5. There exists C' > 0 such that, for all (v1,q0) € Vyg X Qpy,

I(v1, gl < Cll(p(v1), go)lr -

Proof. First, using an inverse inequality, the mesh regularity, p(v;) - n = vy - n, and the fact
that ||[vq1 - nf|_1/20x < ||v1]|aiw,x We obtain

lor-nlfon = Y loi-nlir

FCOK

< C Z Hb o '"||2—1/2,F

FCOK

IN

3CH1_<1 |1 - ”“2—1/2,81(
= CHg' |p(v1) - nl2y 005
< CHi' ([o(w)llox + IV -vill§x)

and then
(44) Hi o1 -nllf o < C(llp(0)lb + IV -v154) -

The result follows applying Lemma 4, the definition of the norm || - ||z and the fact that

M (v7) is a solenoidal function. O

We end this section by proving some technical results involving the operators o MY and
plg =1 — oM.
Lemma 6. Let K € Ty. Then, for all v € H'(K)? there holds
i) (p(v),v)x = llp(V) 5« :
) ()5 & = 03 x = lv = p(v)]
iii) [[oMi(v)llox < [lollox; Io(@)llox < llvllox;
)

iv) o= p()llox < 75 V|1 -

.. 2 .
i 0,K >

Proof. The first three items follow directly from the fact that o MY (and hence, p) is an
orthogonal projection with respect to the L?(K)? inner product. To prove iv), let v € H'(K)?
and let us denote vy = Il (v). Since v, is a constant in each element, there holds that

MY (vy) = 0 and then using iii) we arrive at

[v = p(0)llo.x = llo M (0)]lo.x = llo M (v = vo)llo,x < [lv = vollo, -
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Finally, in [25] the following optimal Poincaré inequality is proved
H
(45) inf o~ cllox < ol  VoeH(K),
c s

and iv) follows. O

3.2. Stability and convergence. Before proving the stability we recall that, for all ¢o € Qg
there exists (cf. [23]) w € H}(Q)? such that

1 ¢
(46) V- -w= —; qo in? and Hw”l,Q < FIHQOHQQ,

where C depends only on 2.

Theorem 7. Let us suppose that o < min{%ct, %} Then, there exists 3 > 0, independent
of H, o and «, such that

B t
sup ((U17QO)7 <w17 0))
(w1,t0)EV 1 x Qs — {0} | (w1, to) ||

> B(vi, q0)lla s
for all (v1,q0) € Vg X Qpu, and the problem (32) is well posed.

Proof: Let (v1,q0) € Vi X Q. Then, from the definition of B it follows that

(47) B((v1:q0); (v1: =) = o llp(w)l5a+ Y 7o el 5 r-

Next, we see that since V - v; € Qg for all v; € Vy, then we can take —o 'V - v as test

function leading to

B((v1,90), (0,—0V-v)) = o [V -vil§ o+ 0 > 7ella], [V - vil)r

Fefy
o? 1
(48) > 0|V vilgq — 5 > 7EllV-ollfr - 5 > melllaollls e -
Fefy Fefy
Using (39) we obtain
2 20 2
> wlllV - willf s < — > He ||V vilfox
Fely KeTy
2CtOé 201506
< TSIV vl = Y v,

KeTy
and then (48) becomes

(49)  B((v1,9),(0, =0V -v1)) 2 0 (1= Ca) |V - 01§ o — % > ellaolli r-

Fe&y
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Let now w € H}(Q)? be given by (46) and let w; := Cy(w). Integrating by parts, using
(37), the mesh regularity and (46) we arrive at

1
p gl = — (0, V - w)q
= —(q0, V- (w —w1))o — (¢, V- wi)o
= Y (o], (w —w1) - ) — (0, Y w1)a
Fely
< Cue Yy Hi laolllor [whwr — (90, V - wi)o
Fely
< VECuO d 3 HE gz, U Ml g,
i 0_ s \/E ) )
Fe&y
and then
1 9 (& )
(50) —(00, V- wi)o 2 o~ laoloe — — > e lllaolllg e -
Fefy
3C? C? .
where Cy = =<, From Lemma 6-iii), (35) and (46), we then obtain

B((v1,q0), (w1,0)) = o (p(v1), p(wi))a = (0, V - w1)a

> e o) - o (w3
1 Cs
+ %H%Hg,g — Z 7| [90] 115, 7
FeEy
1 /1 _ Cy
> 2 (3-8 ko~ 7o lowdlRa - 2 3 rellallr
Fefy
51 _ L 20 —4C? C? 2 G 2
(51 = Ll - 4C3.Clo o)l — 2 3 el
FeEy

: 1
choosing v, = oot
cle
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Finally, let (z1,ty) = (v1,—qo) + 61(0,—0V - v1) + do(w1,0) with 61,02 > 0. Then,
collecting (47), (49) and (51) we obtain

B((v1, ), (21, t0)) 2 o [p(vi)llie + Y 7rlllalllf r

Fely

4]
+d10 (1= Coa) IV - w50 — 51 > 7elllaollE -

Fe&y

0205

P
+ = [lqoll§.q — 462C2.Cio [|p(v1)[5 0 —

1o Z TF||[[QOH||(2>,F

Fefy

0.
= 0 (1= 46:C2.C) llp(v) 50 + 010 (1 = Cra) |V - wil§ g + ﬁHCJoH%,Q

) 9o C!
+(1-2-22) 3 rellallir

Fefy

(52) > Cl(p(v1), q0)l17 -

if a < ﬁ, 0 < % and 0y = %, thus guarantying that C' > 0 is independent of . The
result follows then using Lemma 5 and the fact that, thanks to the choice of s, ||(z1,%0)||g <

C'||(v1, )|z, where C does not depend on «. [J

Remark. 1f we look carefully at the proof of the last result, we may see that, since the
quantity ||p(v1)l/oo defines a norm in Vg, the well-posedeness of (32) follows directly from
(47), independently of the value of . The reason to prove an inf-sup condition is the control
in the norm of the divergence, which, thanks to Lemma 5 allow us to prove an error estimate

for u — wy, instead of u — p(u;), that would arise naturally from (47). OJ.
Next, we present the following consistency result.

Lemma 8. Let (u,p) € Ho(div, Q) x [H(Q)NL3(Q)] be the weak solution of (5) and (uy, po)
the solution of (32), respectively. Then,

B((u—u1,p—po), (v1,q0)) < CoH |u|iollvilog.

for all (v1,q0) € Vg X Qp.
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Proof. Noting that [p] = 0 a.e. across all the internal edges, and from the definition of B

we easily see that

B((u7p>7(v17QO)) :A((u7p>7(v17QO))_ Z O'(O'Mllt((u)v'vﬁf(

KeTy
£ 3 (G = TI(V ) — g+ TTic(9)), 001 )k
KeTy
= F(ona) = 3 0 (GMy(u) o)k + Y G4V u—TIc(V - w)), 0w))x

= Bl(ur.po). (vr.00) — Y. 0 (oMiw).vi)i + Y G4V - u— k(Y - u)), o0,

KeTy KeTy
and then
(53)
B((u—wui,p = po), (v1,90)) < Y (loMi(u)llox + 1G5 (V - w = i (V - ) [o,50) ol|v1 o,xc -
KeTy

Next, to bound the term |G (V - u — I (V - u))|lo,x we follow very closely the results from
(6], Appendix A. First, we recall that, from (18), the problem satisfied by w := G&(V - u —
IIx(V -u)) is given by

(54) w+Vn=0 , Viw=V-u—-Illg(V-u) inkK,
w-n=0 ondk,

where n € L2(K). Now, multiplying the first equation in (54) by w, the second by 7, adding

both and integrating by parts we arrive at
ollwlffx = (V-u—Tx(V-u),n)x < |V-u—Tg(V-u)losxlnllox

and since n € L(K) then ||n]lo.x < Z&|n|x = ZE||w|lo,x and we get

H H
ool < 9w () ol < 9 -l o
which leads to
u HK
Gk (V- u—Hg(V-u))llox < o IV - ullox -
The result follows from (53) and Lemma 6-iv). O

With this result in mind we can present the following convergence result.
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Theorem 9. Let us suppose that (u,p), solution of (5) belongs to H*(Q)? x HY(Q), and let
(w1, po) be the solution of (32). Then, there exists C' > 0, independent of H,o and «, such
that

(6= p— o)l < CH <\f||u||m+f|p|m).

Proof: First, let (vq,q) := (Cy(w),IIg(p)). Then, from Theorem 7 there exists (w1,ty) €
Vg x Qpy such that |[(wq,t)]|g =1 and

5} H(Ul —v1,p0 — )|l < B((u1 —v1,p0 — q0)> (wy,t0)) .

Now, using Lemmas 5 and 8, the Cauchy-Schwarz’s inequality, the fact that (p—qo, V-w;)q =
0 and (36)-(38), we obtain

B (w1 —v1,p0 — qo)llg < B((w —v1,p — qo), (w1,t0)) + B((w1 — u,py — p), (w1, t0))
= o (p(u—v1),p(w1))o — (P — q,V -wi)a — (to, V- (u—v1))g
= > 7elp = @l [to)r + B((ur =, po — p), (w1, o))

Fefy

N[

IA

o
C {0 lo(w = v1)lo0+~ IV (w=v1) g0+ >l = qllgr + oH? IUIiQ}

FeEy

(NI

(07
o llp(wi)lloe+ =lltollse + >, 7rllltolll6 r + o lwill5.o
o

Fely

IA

1
2
o
¢ {5 lu —villFig + D mllp — qllr + oH? IUI?,Q}

Fefy

CH(\fnuHQm |p|m),

and the result follows using the triangle inequality. [J

IA

Next, as it was mentioned in the previous section, in order to provide a mass conservative
velocity field we must enhance u; with the Raviart-Thomas’ field w”. The next result shows

that this fact does not undermine the convergence of the method.
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Corollary 10. Let (u,p) and (u1,po) be the solutions of (5) and (32), respectively. Then,
under the hypothesis of the previous Theorem there exists C' such that

1
(55) Ju s~ wlava < O (= fuln+ > lrha)
f
56 —uy —uM — Ul < CH [ —= - :
(50 Ju = =~ wlae < O (a2 o
where u? is given by (19) and u|x = —o M%(u,).

Proof. We use the local mass conservation feature to prove (55). In fact, from Lemma 3 we
obtain that

(57) /V-(ul—l—ueD):/g VK e Ty,
K K
and then V - (u; + u?)|x = Ik (g) in each K, which leads to
Hg
(58 IV (= =)ok = g =Tl < 2259 uly v

Following the same arguments from the proof of Lemma 2 we can prove that

%
_1
(59) [ llon < Co 2H{ > TF||[[p_p0]]||(2),F} :

Fefy

and then using the previous theorem we obtain
D 1
(60) lw—w —u oo < CH TI|UI|29+ plie )

and (55) follows from (58), (60) and Theorem 9.
Next, to prove (56) we recall that u = —oeM% (u;) = —u; + p(u,), and then using (59)

and Lemma 6
le = p(ur) = ulllog < flu— p(u)log + lIp(w) - P(Ul)HOQ + ludllog
< CHlulo+ |lu— Ul||09+C [(w — w1, p = po)lln,
\/_
and the result follows using the previous theorem and the fact that u? is solenoidal. U

We end this section by explaining more in depth why we can actually neglect the non-

symmetric term.
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Lemma 11. Let us suppose that « is small enough. Then, there exists 3; > 0, independent
of H and «, such that

B, ((vq, , (wq, 1
Bull(or, o)l < sup (01, 40), (w1, o))
(w1,t0)EVHExQu—{0} H(wlvtO)HH

Y

for all (v1,qy) € Vg X Q. Furthermore, there exists C' > 0 independent of H, o and « such
that

1
s = @1 = ol < € (Vo lubo+ o)

where (u1,po) and (w1, pp) are the solutions of (32) and (28), respectively.

Proof. For the inf-sup condition we start noting that, from the definition of B, and Lemma
2 there follows that

B.s((v1,40), (v1,—a)) = o llo(w)l5 x + Y (Pic(lao]), p(01))x + Y 7 | [aollIF

KeTy Feéy
o 1
> 7 (1= a ) Jo(w)lf + 2 3 e Il
Fefy
3o 1
(61) Z 5 lp(w0)l[5 5 + 5 > 7 aolllf - -
Fe&y

if we suppose that « satisfies a@ < where C is the constant from Lemma 2. The

1
1C2ZH?"
remaining part of the proof of the inf-sup condition is completely analogous to the proof of
Theorem 7, and then we skip the details. To prove the error estimate, we see that, from the

inf-sup condition and using the definition of B and B, and Lemma 2 we have

B, s((u1 — @y, po — po), (w1, 1))

B |[(wy — w1, po — po)llar < (w1’t0)€‘SII;IiQH7{O} Tw, .t
_ sup B,s((u1,p0), (wi,t0)) — F(wy, to)
(w1,t0)EVHxQu—{0} [ (w1, to) || m
_ sup ZKGTH (D ([po]); own) ke
(w1,t0)EVH xQr —{0} (w1, to)|[

< \/ECH{ > II[[p—po]]llﬁ,F}

Fely

< VaCH ||(u—uy,p—po)|u,

and the result follows using Theorem 9. 0
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4. A TWO-LEVEL FINITE ELEMENT METHOD

First we start remarking that, from the definition of M and G (cf. (16)-(18)) it follows
that
(62)

pv1) = v1 — o Mie(v1) = VM (v1) and o Gi(g —Ilk(g)) = =VGi (g — Ik (g))

and then the method (32) may be rewritten in the following equivalent way

Z o (VM (uy), VM (v1))k — (po, V - v1)a — (g0, V - U1 )o — Z 7r ([pol, [ao]) F

KeTy Feéy
(63) = (fuvl)ﬂ - (gaq(])Q + Z (ngg(g - HK(g))vvl)Ku
KeTy
for all (v1,q0) € Vg X Qp. Let us further remark that, from (13) and (15) the functions
pM(vy) = M (v1) and p¢ = GF.(g — llx(g)) may be computed by solving the following

Neumann problems in each K € Ty

(64) ~ApM(v))= -V-v; K,
OnpM(v)) = vy-n ondK,

and

(65) —Apl = o(9—Tk(9) K,

Onp? =0 on 0K ,

respectively. Using these writings for the local problems a two-level finite element method
arises by replacing pM and p? in (63) by suitable finite element approximations. To do this,
let, for each K € Ty, {T;X }1~0 be a regular family of triangulations of K built using triangles
K C K with diameter less or equal than h (the value for 4 may vary from one element to

another, but for simplicity of the presentation it will always be denoted by h), and let
(66) Ry = {& € CO(K) : &g € P(K) , VK € T,F},

where [ > 1. Hence, we propose the following discretizations for (64) and (65): Find p,(v,) €
RE such that

(67) / Vi (v1) - V= / i Ve Ve e RE.
K K
and: Find pj € Rf such that

(68) /K Vil Ve =0 /K (6—Te(9)én Ve € RE,
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respectively. With these approximations we introduce then our two-level finite element
method: Find (w1 p,pon) € Vu X Qu such that:

(69) B, ((w1,h,po,1), (v1,9)) = Fa(v1, @) V(vi,9) € Vu X Qu,

where

(70)  Bi((v1,00), (w1, t0)) = Y o (Vpn(v1), Vor(wi)x = (g0, V - wi)o = (to, V - v1)o

KeTy
- Z 7r ([a0]; [tol) r
Fe&y
and
(71) Fh(vlu QU> = (f?vl)Q - (g7 QO)Q + Z (vpfp,vl)K?
KeTy
respectively.

4.1. Numerical analysis of the fully discrete method. To prove stability we start

proving the following lemma.

Lemma 12. There exists C' > 0, independent of H, h, o and K, such that

(72) Y (v)|1x < Vo

(73) P (v) — pr(v) |1k < Chlv|ik,
Ch Ht

(74) Ip? — pllix < K 9]¢k

for all v € H(K)?, and for t =0, 1.

Proof. For the first estimate we consider &, = p,(v) in (67) and apply the Cauchy-Schwarz’s
inequality to prove that |py(v) fK < |lvlo.x|pn(v) |1 k-

For the remaining parts, we start by stating the following result from [23], Theorem 3.9,
p. 55 (which is also valid in two space dimensions): If w € Hy(div, K) N H(curl, K), then
w € H'(K)? and satisfies

(75) jwhx <[V - wlox + [leurl(w)los -
Then, recalling the mixed form of the problem satisfied by p(v), i.e.;:
(76) u () +VpM(w)=v , V-uMv)=0 inK,

uM(v)-n=0 ondK,

e
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and taking the curl from the first equation in (76) we see that u}(v) € Hy(div, K) N
H(curl, K) which implies u} (v) € H'(K)?, and satisfies (75). From (76) we see then that
pM(v) € H?*(K) and satisfies

(77) Y (v)|ox < [ul (v)l1x + [Vl < leurl(v)]lox + vk,
which leads to
Y (v) — pr(v)|1.x < Chp (v)|ox < Chlv]ik,

where we have used the fact that [ > 1 and standard finite element estimates (see, e.g., [19]).

Following analogous steps we can prove (74). O

The next result may be seen as a fully discrete version of Lemma 5.

Lemma 13. Let || - || be the mesh-dependent norm given by
o}
Il =D o IVen)llix + o IV villia +— llollio + Y 7 [laolll3.r
KeTy Fety

and let us suppose that there exists Cy > 0 such that h < CoHp, for all K € Ty. Then,
there exists C' > 0 independent of H, h,o or o such that

(78) 1(v1, go)[lr < C' (v, q0)ln

for all (1)17(]0) €eVy x QH

Proof. From Lemma 5 we know that there exists C' > 0 such that

11, q0)ll7 < Cll(p(v1), o)l

(6]
= C{ > Ve )ik +olIV-vilge + — lalie + D H[[%]]H%,F}

KeTy Fe&y

(79) <C { Y olp(v1) = pr(o)fi g + H(’vl,q())Hi} :

KeTy

Now, using Lemma 12 and an inverse inequality we obtain
e (v1) = pa(v1) [T < CR* P (1) < CR* Joifi i < CRPHE [[v1[§ i -
and then (79) becomes

(v @)l <Co > WHE uillfx + Cll(v1,0)l7
KeTy

and the result follows supposing that h < \I/{T% O
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Remark. As will be clear after the following lemma, the last result shows us, in particular,
that it is enough to choose in advance one type of mesh to solve the local problems in each
element, without the need to refine the subgrid mesh if the coarse mesh is refined, and
independently of having a coarse mesh with very different sizes. Hence, the computation of

pr(v1) has the same cost over all the elements and it can be indeed inexpensive. [J

Lemma 14. Under the hypothesis of the previous lemma, there exists 32 > 0 independent
of H, h and « such that

(80) sup Bi((v1, q0), (w1, to))

> Ba||(v1,q90)| a
(w1,t0)EVHEXQH ||(’LU17750)||H

for all (v1,q0) € Vg X Qpg.

Proof. Let (v1,q0) € Vg xQpy. Following exactly the same arguments from Theorem 7 (using
this time (72) in (51)), we can build (z1,%y) € Vg X Qg such that ||(z1,t0)||n < C ||(v1,q0)]n
with C' independent of H, h,o and «, and such that

(81) Bu((v1,q0), (21, 10)) = C ||(v1, 90)][3 »
and the result follows from Lemma 13. 0
We end this section by proving the main error estimate for the method (69).

Theorem 15. Under all the previous hypothesis, there exists C > 0 independent of H, h, o

and o such that

(82)  (w—wip— p0h>||H<c(’"‘fi |g|m+\f<H+h>uu||m+f|p|m),

fort=0,1.
Proof. Let (v1,q0) = (Cy(w), 15 (p)), then

[(w — w1 p,p = pop)lla < [[(w—v1,p—qo)llm + [[(win — v1, P00 — Q)llz -

The first term is easily estimated using (36), (38) and (40). For the second one, from Lemma
14 there exists (wq,ty) € Vg X Qp satistying ||(w1,t0)||lz = 1 and

Ba (w1, —v1,p00 — @) llr < Br((win — 1,000 — Qo) (W1, 10))
= By((urn —u,pon — p), (wi,t)) + Br((w — v1,p — q), (w1, t0)) .
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Now, since (p — qo, V - wq)q = 0, it follows that

By ((uw —v1,p—qo), (w1, 1)) =

= > o (Von(u—v1), Vpp(wi)x = (10, V- (w=v1))a = > 7 (I = ao], [to])

KeTy KeTy
< Z 0 [pr(w — vi) |k [pr(wi)x + [[tolloellV - (v —vi)log
KeTy
+ Y 7 lp = qolllo.r I TEolllo,r -
Fe&y

Hence, using (72), (36), (38),(40) and ||(wi,to)||nx = 1 we arrive at

By((u—v1,p—qo), (wi,t) < Y olu—villoxlwillox + tolloalV - (w—v1)loo

KeTy
+ ) 7 Ilp = qolllo.r I ol llo.r
Fely
1
H?o H? :
<o 3 wiull, + o s L)
KeTy

To bound the remaining term, we use that [p] = 0 and the definition of B, and B to obtain

By ((w1n — w,pop — p), (wi,t0)) = Br((w1,n,p0p), (wi,t0)) — Br((w,p), (wi,ty))

= Fu(wi,t0) - { Y o (Vpn(w), Vor(w))x = (p.V - wi)o — (to, V- U)Q}

KeTy

= Fy(wi,t0) — { > o (VpM (w), Vol (w1))k — (0, V - wi)o — (to, V - U)Q}

KETH

+ Z (VP (w), VDY (w1))k — (Vpu(w), Vpr(w:)) k]

KeTu
= Fu(wi,t0) — B((u,p), (w1, t))
+ Z (VY (w) — Vpi(u), VY (w1))k + (Vpa(u), VY (w1) — Vpu(wi))k] -

KETH
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Next, using the Galerkin orthogonality in each element K we get (Vpu(u), VpM(w;) —

Vpr(w))x = 0, and then from Lemmas 8 and 12 we arrive at

B (w1, — w,pop — ), (w1, 1)) = Frp(wy, to) — F(wi, 1) — B((u — u1,p — po), (w1, o))

+ Y o (VpM(u) = Vpu(u), VP (w:))k
KETH
= > [Vt = I wi)ic + 0 (T (w) — Vpu(w), Vol (wi) | — Bl(u —w1,p — po), (wi, 1))
KeTy
< >[It = phluclwilloe + o [p2 () = pu(@)lelp (w1)1.x
KeTy
< > o nlptl Y (w) sl o | + C o H [ulyallwi oo
KeTy

sc(@fmm+¢WH+mme,

and the result follows. O

5. NUMERICAL EXPERIMENTS

Now, we are interested in the numerical validation of the fully discrete method (69). The
validations are performed trough three series of numerical tests. The first two experiments
aim to compare the solution provided by (69) with available analytical solutions. For both
tests the local mass conservation feature is verified and an analysis of sensitivity with respect
to ap is performed. Finally, the robustness of the method to face out of the scope problems

is assessed in the final test by solving the so-called five-spot benchmark.

5.1. Analytical solution: first study. The domain is = (0,1) x (0,1) for the first test
and for all remaining tests as well. Moreover, we set 0 = 1 and set the exact pressure equals to
p(z,y) = cos(2mz) cos(2my), u = —Vp and thus b = 0 and g = V-u = 872 cos(27z) cos(27y).
In Figure 2 we report the errors on velocity and pressure in a sequence of structured meshes
using ap = 0.1, and observe optimal convergence of all quantities as H — 0 in their respective
natural norms, which is in accordance with the theoretical results. For all the examples, we

use the notation

1ol = { > Hr ||[[po]]||3,p} :

Fe&y
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FiGure 2. Example I: Convergence history for the velocity field and its di-
vergence (left) and the pressure and jump (right).

Furthermore, in Table 1 we study the local mass conservation feature for u; + u”. For

that we define the quantity

i (V- (w +ul) — g)dal
) Me= e ]

)

and observe that we recover the local mass conservation property updating the linear velocity

field by the multiscale velocity u?.

TABLE 1. Example I: Relative local mass conservation error.

H 6.25x 102 3.12 x 1072 1.56 x 1072 7.8 x1073 3.9 %1073
M, 140x107"%  1.29x107"*  359x107"% 687 x 107"  7.02x 107"

Next, a study of sensitivity of the numerical error with respect to a is performed in Table
2 for a fixed mesh, where we observe that the errors remain independent of the parameter
as long as ap stays of order 1. That agrees with the assumption that 7 must be at order
Hp, as predicted by the theory. We also perform a convergence study for all the variables
using different values for apr. The results are depicted in Figures 3 and 4 where we can see
that the errors are practically unaffected by the value of ap.

Our next objective is to perform a comparison of the performance of (69) with the lowest
order Raviart-Thomas’ mixed finite element method RTy/Qg (cf. [26, 11]). The comparison
is performed in Figures 5-6. We can see from the results that clearly (69) is far more accurate

than the Raviart-Thomas method in the L?(2)? norm of the velocity field, and, thanks to
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TABLE 2. Example I: The sensitivity of the errors with respect to ap.

ap  |(u—u,p—po)llu [[u—willoa [[V-u—=V-wuloa llp—polloa I[Ipo]lls
1076 1.8380 0.012 1.826 0.023 0.056
1074 1.8380 0.012 1.826 0.023 0.056
1072 1.8380 0.012 1.826 0.023 0.056
0.1 1.8459 0.012 1.826 0.023 0.056
1 1.9220 0.013 1.830 0.023 0.056
1 2
2l 5]
S 1+t

54t 505
6 05
T -1r
3 ‘ ‘ ‘ ‘ ‘ 15 ‘ ‘ ‘ ‘ ‘

5 45 4 35 3 25 5 45 4 35 3 25 2
log(H) log(H)

FIGURE 3. Example I: Convergence history for the velocity field (left) and its

divergence (right) for different values of ap.

the mass conservation property for u; +u”, when the velocity field is updated with u?, the
errors in the divergence are identical. Both methods seem to perform equally good regarding
the errors in the pressure field. We want to stress the fact that the solution of (69) involves
less degrees of freedom than RT,/(Qy when the same mesh is used.

Finally, the unstructured mesh of Figure 7, containing approximately 5000 elements, is
adopted. The sensitivity of error in terms of parameter ap presents a different behavior
than before. Nevertheless, since there is a loss of stability when ap is small, the unexpected
robust error behavior when structured meshes are used is no longer preserved. The results
are reported in Table 3 where we observe that the individual norms are not independent of

ap, but the whole || - || norm of the error seems robust with respect to ag.

5.2. Second Analytical solution: a divergence-free velocity field. For the following

example we consider a divergence-free velocity field. More precisely, the problem is set up
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FIGURE 5. Example I: Convergence history for the velocity (left) and its di-

vergence (right) for (69) and RTy/Qpn.

as in the first test, the exact pressure is now p(z,y) = z — 22 — 1/6 and the velocity field

u=(z*(1 — 2)*(2y — 6y + 4y°), —y*(1 — y)*(2z — 62° + 4y*))" .

The source term is then

f

(2*(1 — 2)*(2y — 6y + 4y®) + 1 — 22, —y*(1 — y)* (22 — 62 + 4y°))"
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FIGURE 6. Example I: Convergence history for the pressure for (69) and RTy/Qp.
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FIGURE 7. The unstructured mesh.

TABLE 3. Example I: The sensitivity of the errors with respect to ap using

an unstructured mesh.

ap

|u—wuillon [V-u—V-uiloa [p—polloa

o]l

I (w — wi,p— po)|la

1073
1072
0.1
1

10

0.6099
0.3017
0.1389
0.0654
0.0366

1.6741
1.6771
1.6840
1.7011
1.8013

8.0277
1.8341
0.2585
0.0373
0.0228

17.6551
2.6921
0.4186
0.0821
0.0541

1.8843
1.7349
1.6968
1.7047
1.8112
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and the boundary condition is b = 0. Since the source term f is no longer a constant

function in K, we must consider the enhancement of MY%(f), i.e., we must add the term
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> ker, Mi(=F),0v1)k to the right hand side. From the definition of the operator M

we rewrite the right hand side of the equation as

(f,’U1)Q + Z (ch]a\/[(_f)vv1>K = (f,'Ul)Q + Z (_.f - szja\/[(_f)7v1>K

KeTy KeTy

= Z (pr(.f)7v1>K7

KeTy

were pM(f) is solution of the local problem
(84) ~ApM = -V.-f in K, Onp = f-m on 0K,

Now, considering the local problems and the conservation mass property, we have V- u; +
V - uP =0 at the element level, leading to
1 OzFHF
[po]n - np.
F

koKl g o

Hence, we do not expect in general that the error for the divergence of the velocity field to
have a good behavior with respect to the parameter ar and we expect a small variation in
the norm H since the diverge of the velocity field becomes more important as the parameter
ar is of order one (see Table 5 and Figures 9-10).

The results concerning the errors on velocity and pressure are depicted in Figure 8 using
ar = 0.1. In there we observe a H®? convergence for the velocity field in the H(div, ()
norm, which is higher than the expected rate of convergence given by the analysis. This is a

good thing when we compare to the Raviart-Thomas method, in which the discrete velocity

D

field is exactly divergence-free. Of course, when updated with the enrichment function w.’ ,

then the velocity field becomes exactly divergence-free (see Table 4 for the mass-conservation
results). The sensitivity of the error with respect to o is performed in Table 5, and as before,
we study the convergence of the method for different choices of ap and we report the results
in Figures 9 and 10 where we observe that the errors in divergence are affected by the value

of ap, while the rest seem fairly independent of ap.

TABLE 4. Example II: Relative local mass conservation error.

H 6.25x107? 3.12 x 1072 1.56 x 102 7.8 x 1073 3.9x 1073
M, 1.04x 1071 1.03 x 1071° 9.11 x 1071° 1.41 x 10~ 6.30 x 1071°

Now we perform a comparison of (69) with the lowest order Raviart-Thomas’ mixed
method RT,/Qpy where we get better precision for the velocity field, as before, and the

errors for the pressure seem very close as well. The results are depicted in Figure 11.
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FiGure 8. Example II: Convergence history for the velocity field and its di-

vergence(left) and the pressure and jump (right).

TABLE 5. Example II: The sensitivity of errors with respect to ap.

ar  |(u—u,p—po)llu [[u—wiloa [[V-u—=V-wloa llp—polloa [[po]lls
1076 0.0090 5.7 x 107 4.6 x 107 0.003 0.006
1074 0.0090 5.7 x 107° 4.6 x 1077 0.003 0.006
1072 0.0090 5.7 x 107° 4.6 x 107° 0.003 0.006
0.1 0.0094 6 x 107° 4.6 x 1074 0.003 0.006
1 0.0013 1.9 x 1074 4.6 x 1073 0.003 0.006

5.3. The five-spot problem. Due to its practical importance in oil recovery, the quarter
five spot problem has served as a paradigm to validate stability and accuracy of numerical
methods for the Darcy model. This problem is now addressed considering zero source term
f and ¢ = 1 in a unit square domain, and instead of modeling injection and production
of well by a non-zero source term g, we consider a non-homogeneous boundary condition
for the velocity such that its normal component is equal to ﬁ at points (0,0) and (1,1).
This delta of Dirac is linearly approached on the edges sharing such points. The solution
obtained is depicted in Figures 12-15 where we observe the total absence of oscillations in
the solution. The constant ar is again fixed equal to 0.1. In Table 6 we study the local mass

conservation feature regarding the enhanced method, as soon w; is updated by u; + u,.
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FIGURE 9. Example II: Convergence history for the velocity field (left) and
its divergence (right) for different values of ap.
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FIGURE 10. Example IT: Convergence history for the pressure (left) and jump
(right) for different values of ap.
TABLE 6. Five spot problem: Relative local mass conservation error
h  6.25x 1072 3.12 x 1072 1.56 x 1072 7.8 x 1073 3.9 %1073
M, 4.11x 1072 2.3 x 10712 7.29 x 10712 1.34 x 1071 1.32 x 107°

6. CONCLUSION

To adopt the original operator along with boundary conditions built on imposing conti-

nuity for the pressure and the flux appears as the correct form to model unsolved scales in
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FIGURE 11. Example II: Convergence history for the velocity (left) and for
the pressure (right) for (69) and RTy/QY.
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FIGURE 12. Five spot problem: Profile of pressure.

terms of resolved ones, which means, to recover stability and optimality through the Petrov-
Galerkin augmenting space approach. In addition, by incorporating such unsolved scales
into the finite element method all the desired features of the original spaces, such as local
mass conservation and nodal values for the velocity, are still preserved. When it comes to
solve the local problems, the proposed method compromises accuracy with low computa-
tional cost. Thus, our method appears as a competitive alternative to tackle more complex
flows where analytical solutions are out of reach, such as oscillating coefficients. Higher order

pairs of interpolation spaces will also demand a the two-level approach, but in those cases,
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F1GURE 13. Five spot problem: Isovalues of the pressure.

FiGURE 14. Five spot problem: The 2-norm of the velocity.

the boundary condition for the local problems ought to include further control on the gra-
dient of the pressure. Finally, enriched methods seem to show an intrinsic relationship with
some discontinuous finite element methods. This subject should be enrolled in forthcoming

works.
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