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STABILIZATION ARISING FROM PGEM: A REVIEW AND FURTHER
DEVELOPMENTS

RODOLFO ARAYA!, GABRIEL R. BARRENECHEA2, LEOPOLDO P. FRANCA3,
AND FREDERIC VALENTIN4

ABSTRACT. The aim of this paper is twofold. First, we review the recent Petrov-Galerkin
enriched method (PGEM) to stabilize numerical solutions of BVP’s in primal and mixed
forms. Then, we extend such enrichment technique to a mixed singularly perturbed problem,
namely, the generalized Stokes problem, and focus on a stabilized finite element method
arising in a natural way after performing static condensation. The resulting stabilized

method is shown to lead to optimal convergences, and afterward, it is numerically validated.

1. INTRODUCTION

The Stokes problem emanates from modeling creeping flows and incompressible elasticity.
The problem fits into the abstract mixed method formulation [10, 12]. Mixed methods have
various applications, among them modeling deformation of beams, arches, plates and shells.
The approximation of these problems using standard finite element polynomials faces the
challenge of satisfying stability conditions known as inf-sup conditions [10]. These stability
conditions restrict which pairs of approximation (primal and dual variables) are allowed.
Convenient pairs, such as equal-order interpolations, are in general prohibited.

Stabilized methods address the limitations of mixed methods [29, 28]. Introduced for
advective-diffusive problems [16, 20], stabilized methods are built to enhance stability with-
out affecting consistency. This is accomplished by adding terms based on residuals of the
equations involving the trial functions while the test functions have different forms varying
from least-squares to adjoint operators. For the Stokes problem these methods have been
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proved convergent for almost all pairs of interpolation [29, 26]. The drawback of stabilized
methods is the choice of stability constants associated with the additional terms. In many
applications the value of these constants affects the numerical results.

To shed some light on how to produce the stability constant for the Stokes problem, in
[31] a relationship between the enrichment of a piecewise linear velocity field with a bubble
function (MINI element [4]) and the stabilized method from [29] was first pointed out. The
MINT element produces this stabilized method with a stability constant which is a function of
the bubble shape and value. This gives us a recipe for getting the stability constant, namely,
we pick a form of the bubble function and this gives us a specific value of the stability
constant. This relationship has been extended to the generalized Stokes problem in [8] (see
also [6] where this relationship was first highlighted) and to the advective-diffusive problem
in [11, 5].

The relationship discovery left an open problem, namely how to choose optimal bubbles
to produce the most accurate stabilized approximation. This question has been addressed
introducing the residual-free-bubbles concept [15, 25, 14, 13]. The idea is to construct the
bubbles by approximating a local problem dictated by the equations of the global problem.
The bubbles solve a PDE problem governed by the residual of the piecewise polynomial
component of the solution. The local problem is subject to a zero boundary condition
(except for some problems defined in L?), and this yields good solutions in some applications.
However, the zero boundary condition limits the capability of the approximation in some
cases. For example in the reactive dominated diffusive model (with, or without convection),
the residual-free bubbles method oscillates near a boundary layer. Several solutions have been
proposed in order to avoid this type of oscillations, including the use of adaptive meshes or
specially refined meshes, such as Shishkin meshes (see [30, 34], and references therein, and
[33] for a survey), but the detailed review of these techniques lies beyond the scope of this
work. Instead, in this work we focus on so-called Petrov-Galerkin Enriched Method (PGEM)
[22, 21], which is discussed in the next section.

The remainder of the paper is as follows: a review of PGEM is given in Section 2, in Section
3 PGEM is extended to the generalized Stokes problem, including a stabilized formulation
derived from it, for which we perform an a priori error analysis, and in Section 4 we present

some numerical results confirming the theoretical results.

1.1. Notations. Let Q be an open bounded domain in R? with polygonal boundary. As

usual, (-,-)p stands for the inner product in L?*(D) (or in L*(D)?, when necessary), and
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we denote by || [[s.p (| |s.p) the norm (seminorm) in H*(D) (or H*(D)?, if necessary). By
{71 }n>0 we denote a family of regular triangulations of €2, built up using triangles K with
boundary 0K = Fy U Fy U F3, hi = diam(K) and h := max{hg : K € T,,}.

We denote by &, the set of internal edges of 7, and for K € 7}, we denote by £(K) the
set of its sides. The characteristic length of F' € &g is hp = |F|, n is the normal outward
vector on 0K, Js and 0, are the tangential and normal derivative operators, respectively,
and I is the R?*? identity matrix. Also, for K € 7, and F' € &, we define the following
neighborhoods:

wg =UWK eT,: KNK' #0} , wp=U{K'€7T,:Fe&(K)}.

For F' € £, we denote by [v], the jump of a function v across F'. Further, we introduce the

standard linear finite element space
Vi, = {UECO(Q):v]KePl(K),VKGE}. (1)

Finally, H'(7;,) and H}(7,) stand for the spaces of functions whose restriction to K € 7
belongs to H'(K) and Hj(K), respectively, and we present a space Ej, C H'(7},) (which,
although not supposed finite dimensional, will turn out to be of finite dimension), called
multiscale space, which will be used to enrich the trial space and will be problem dependent.
Although we do not need a priori this space to satisfy V;, N E}, = {0}, this is a propery that

the enrichment space ought to satisy.

2. A REVIEW OF PETROV-GALERKIN ENRICHED METHODS

Petrov-Galerkin enriched methods (PGEM) are designed to give superior accuracy along
with enhanced stability. The method is based on the variational formulation of a specific
model and is obtained by approximating the trial function by piecewise polynomials enriched
with multiscale functions; the test function is approximated by piecewise polynomials en-
riched with bubble functions. This difference between the approximations of the test and
trial functions is part of the Petrov-Galerkin framework.

We have zero boundary conditions on element edges (or faces in 3D) by selecting bubbles
as enrichment of test functions. This enables static condensation. As a result, a differential
equation for the enrichment function holds for each element and the multiscale enrichment
can be condensed as a function of the piecewise component of the solution and the data. Once

the expression of the multiscale component of the solution is available we then substitute it



4 R. ARAYA, G.R. BARRENECHEA, L.P FRANCA, AND F. VALENTIN

into the equation tested by the piecewise polynomial component. The method that arises is

a stabilized method with several improvements. Among these, we can quote;

e the enrichment produces an additional stability without compromising consistency
in a different manner than standard stabilized methods;

e the accuracy is improved by letting the multiscale enrichment be different than zero
on the element boundaries;

e the additional stabilizing terms may have a different form than the apparent canonical

modifications using least-squares or adjoint operators.

The latter is the key on accuracy comparisons with stabilized methods.
We start our review by looking at the first PGEM in reactive-diffusive problems [22, 21].
Let us start by recalling the model: find u such that

ou — Au= f inQ, (2)

u= 0 on 0f,

where 0 € RT denotes the reactive constant and f is a given datum. The usual variational

formulation for this problem is given by: Find u € Hj () such that:

Alwo) = (fv)e Vo e HIQ), (3
where

A(u,v) == o(u,v)q + (Vu, Vo)g . (4)

We take the trial enrichment to be in Ej, and the test enrichment to be in Hg(K). These
are enrichments to piecewise linear u; and vy, respectively. The starting point towards the
PGEM is then: find u; + u, € Vj, + E} such that

A(u1 + Ue, V1 + Ub) = (f, U1 + Ub)Q Yo+, € V), & H&(%) (5)
Considering v; = 0 we have an equation in each element as follows:
Lue = —ouy + Auy + f = —oug + f, (6)

where we used the linearity of u; in K.
This problem needs a boundary condition. One possibility is to set zero as the boundary
condition which would reduce the method to the residual-free-bubble method. We explore

new possibilities to allow the enrichment to be non-zero on the boundary. For this particular



STABILIZATION ARISING FROM PGEM 5

model, and with the aim of correcting the residual of the strong equation on the boundary

of K, in [22, 21] the following boundary condition is chosen for u,:

OUe — Osslle = g (f —ouy) along each F C 0K and u, =0 at the nodes, (7)
o

where ¢ represents ¢ multiplied by a suitable constant. This perturbation of o has been
introduced to make it possible to compute the solution to this problem analytically.

Combining (6) and (7) we can solve for u. |k to get

ue = Mg (f = o), (8)

in every K € 75, where Mg is the solution operator associated to (6)-(7). This is then
replaced in (5) to obtain the following PGEM method: Find u;, € V}, such that:

A(uy — o Mg (uy),v1) = (f,v1)0 — AMEg(f), v1) VYo, eVy,

which is a stabilized alike method, which has been proved to be well-posed in [21]. Note
that (8) is a formal result that needs to be computed in detail. We do this by using basis
functions for u; in the right-hand-sides of equations (6) and (7), and supposing that f € V},
which is an approximation that does not undermine the precision of the method (see [1] for
the analysis in the case of a Stokes problem). For further details the interested reader is
referred to [22, 21] and to [3] for an a posteriori error estimator. Finally, we note that the

characterization (8) leads us to precisely define the space FEj as follows
E, = {UeeHé(];L) :'Ue’K:MKO)l);Ul th,VKeﬁL}, (9)
and hence Fj, is of finite dimension and moreover, it clearly satisfies £, NV}, = {0}.

Remark. We remark that the problem (5) may not be well-posed in its original version, but,

once the boundary condition (7) is chosen, then the problem becomes well-posed. [

Next, still keeping polynomial spaces enhanced with the solution of the local problem
(8), a parabolic version of PGEM is proposed in [24] to deal with the unsteady reaction-
diffusion problem. Stability is achieved for the reaction dominated case although persisting
spurious oscillations show up as soon as small time step procedure is used. Consequently, it
appears that overcoming such drawback demands replacing steady local enrichment (8) by
its time-dependent version. In [32] this issue is addressed.

When applied to advection dominated problems, the PGEM aims to resolve internal and
external exponential boundary layers. It stems from [23] that such cumbersome goal is accu-

rately accomplished for external layers but not for internal ones since it is still highly mesh
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dependent. Therefore, it emerges from [23, 17] that compromising stability and flexibility
leads to a non-conforming approach where the RFB method is adopted for internal elements
while the PGEM is set for elements touching external boundaries of €.

Turning back to mixed problems, a class of new stabilized finite element methods have
been derived to tackle the Stokes model. Roughly, this is accomplished following through
analogous steps as for the reaction-diffusion case, but now, just the velocity space is enhanced.
Continuous piecewise linear space for the velocity and continuous piecewise linear or constant
spaces for pressure have been made compatible in the sense of inf-sup condition by adding
the multiscale function u,. to the linear contribution w,. The former solves the following

elliptic problem
—vAu, = f — Vpy,

where v € RT represents viscosity, pr the polynomial pressure variable with order & = 0, 1
and f is given datum. Concerning boundary conditions, however, we disregard the previous
strategy and propose a quite different approach based on a posteriori error estimates. As a
matter of fact, it can be shown that numerical errors are strongly related to the jumps of
pressure and normal derivative of velocity on internal edges, and thus, we propose to correct

them imposing the following boundary condition on u.: u, = 0 if F' C 01, else u, solves

1
—V Oggly = 7 [vOnui £ ppl-n]. on F, (10)
F

u, = 0 at the nodes.

It can be proved that all the derived methods achieve optimal convergence [1] and lead,
naturally, to a posteriori error estimators [2].

A second example of a mixed problem is the Darcy model. In its mixed form it presents an
additional variable besides the pressure, the so-called Darcy velocity, which is proportional
to the gradient of pressure. Unlike the Stokes case, now we ought to enrich both velocity
and pressure spaces in order to make the continuous piecewise linear and constant spaces
compatible, and even more important, to end up with locally mass conservative methods [7].
Going through the enriching methodology, it turns out that the piecewise linear velocity and
the constant pressure (uq, pg) have to be element-wise augmented with the function (ue, p.)

which solves the Darcy problem:

cu,+Vp. = f—ou;, V-u.,=Cg inkK, (11)
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where Cf is a suitable constant. Concerning the boundary condition for (11) two different
alternatives have been undertaken in [7] (leading to fix Cx). First, following the idea used

for the Stokes case we set the boundary condition for wu, as:

aphp

[pol oneach F COKNQ, (12)

Ue N =
o

where af is a positive constant close to one and independent of h which can vary on each
F'. We point out that such choice keeps final methods conforming while stability is achieved
without losing the local mass conservation feature. Alternatively, we can consider u. satis-
fying

ap hp

1
U, N = lpolp —u1rm+-— [ u;rn oneach F COKNQ. (13)

9 hr Jp

This second choice mixes the strategy of [22] and [1] and preserves all desirable properties of
(12). Furthermore, analytical solutions arise easily avoiding additional computational costs
due to two level calculations.

Applying the technique described above, in the next section we derive a new stabilized
finite element method for the generalized Stokes problem taking care of the inf-sup condition

and the boundary layer issue simultaneously.

3. AN APPLICATION TO THE GENERALIZED STOKES PROBLEM

Let f € L*(Q2)? and let us consider the following generalized Stokes problem: Find (u, p)
such that

Ly +Vp=Ff, V-u=0 in), (14)
u= 0 on 0,

where Lu := ocu — vAu, and we recall that o, € R* denote the reaction term and the fluid
viscosity, respectively. The usual variational formulation for problem (14) is given by: Find
(u,p) € V x Q := H}(2)? x L3(Q2) such that:

B((u,p), (v,q)) =F(v,q) V(v,q) €V xQ, (15)
where

B((u,p), (v, q)) =o0(u,v)qg+v(Vu,Vou)g — (p,V-v)g + (¢, V- u)q, (16)
F(v,q) = (f,v)a. (17)
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Hereafter, we will define the bilinear form a(.,.) over V x V by
a(u,v) :=o(u,v)q +v(Vu, Vo)g. (18)

In order to propose the Petrov-Galerkin method for (14), let Vj, := [V, N HY(Q)]?, Qp :=
Vi N L3(S2), where V}, is defined in (1). Then, we propose the following scheme for (14): Find
uy +u, € Vi, + [Ey]? and py € Qy such that

B((ul + e, 1), (V1 + vy, Q1)) = F(Ul + Vs, C]1),
for all v; + v, € V;, & [H}(7,)])? and all ¢; € Qp,. This Petrov-Galerkin scheme may be
written as the following system:
B((u1 + ue7p1)7 (Uh Ch)) = F('Uh Q1) V('Uh Q1) € Vi, X Qn, (19)
a(u) + e, Vp) i — (p1, V-0 = (f,00) K Yo, € HY)(K)*, VK €Ty, (20)

where the subindex K stands for integration over K. Equation (20) above may be written

in strong form in the following way
Lu, = f—(cu +Vp) inK. (21)

From now on, and just for the derivation of the method, we will suppose that f € [V}]%
Now, this differential problem above must be completed with boundary conditions. In order
to correct also the residual of the strong equation on the boundary of K, we impose the

following boundary condition on u,:
u. =g, onk;,, i=123, (22)

where g, will appear as solution of a suitable ODE, with right-hand side depending on f, u,
and p;, on each edge F; (this ODE will be specified, for the basis functions, in §3.1 below).
Since this problem is well posed, we can write (19) as follows: Find (uq,p;) € V5, X @, such
that

Z [a(ul + uf, v1)k — (p1, V-v1) i + (q1, V- (u1 + uf))K] = (f,v1)a, (23)
KeT,
for all (vy,q1) € Vi, X Qp, where uf = ue’ . Next, in order to give a more practical (and

K
useful in the sequel) formulation, we define, as in (8), an operator My : P1(K)? — H'(K)?
such that

’U,K:MK(f—O"Uq—Vpl) VK € 7). (24)
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Thus, with the characterization (24), the problem (19) leads to the following Petrov-Galerkin
Enriched Method (PGEM): Find (uy,p1) € Vi x @, such that
B ((ur,p1), (vi,¢1)) =

D la(ur = My (ous + V1), v1) i — (01, V- 01)ic + (a1, V - (w1 = Mo (0w + V)]
KeT,

= (frv1)o— Y [aMxf,v1)k — (a1, V- (M )k, (25)

KeT,

for all (v1,q1) € Vi, X Q.

3.1. The basis functions. We describe now the way of implementing (25) in terms of the
basis functions. Let 1,15,13 denote the barycentric coordinates of the element K. We

enumerate the sides F},7 = 1,2,3 such that ¢;|r, = 0 and define as b% the solution of
Lo = 1p; in K, (26)
. . A ot A
for j =1,2,3: @b —vOssbyy = —L1p; on Fj, bi = 0 at the nodes,
o

where, suggested by [22], we have made the choice

=i 4K
0, = 0—>5r75 -
o BPIEP

The local problem can be solved analytically, obtaining

; 1 ‘ _ sinh(aith) |40 |KP?
belo) = 3 (o) = BO) where 0= TR ey

and hence, we see that, for a linear function g = (g1, 92) = (30, githi, 2?21 gib;), we have
that the operator M defined in (24) is given by

3 3
Miclg) = (Zgib%Zgébﬁ) | 29)
i=1 j=1

Hence, an exact expression for the basis functions to be used in the implementation of (25)

is available, thus leading to a method which is not of a two level type. Finally, we note that
we can exactly formulate the enriched space Ej, as the sub-space of H'(7;,) whose functions

are locally linear combinations of the functions b, and hence it is again finite dimensional.
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Remark. Let b = >0 b, i,

bi(z,y) = % (1—2%) : (30)

In Figure 1 we depict the function b in a patch of equilateral elements for different values
of a := a1 = as = a3. In there we can appreciate how this function varies with respect to
ag. This will have a direct impact on the error analysis performed in Section 3.3. We can
also compute the mean value of bx on K, which will be very useful in the definition of our

stabilization parameter (see (36) below). Indeed, from the expression for bx we obtain

ol _ 1| pg~(l 1
K[ o [1 ’ ; <a2 ozisinh(ozi))] ' (31)

(2

We further remark that, in the case where the mesh 7;, is composed by equilateral triangles,
then E; =0 for i,7 = 1,2,3, and then bg satisfies the following boundary value problem in
K:

Lbgy =1 inK, by =g ondK, (32)

where, for 1 = 1,2, 3,

Q|q|

Tg — V0ssg = on F;, ¢ =0 at the nodes. (33)

Finally, using these functions, we may now give a precise definition of the function g, ap-

pearing in (22). Indeed, we have

3 3
. op ' Ip1
Z 1 1\pi § { 2 2 -
g, = < (fz — Uuz)bK — bKa—xl, (fj — qu)bjf( - bKaZE2> ’ (34)

i=1 j=1

k

where fF uf k=1,2,i=1,2,3, stand for the nodal values of f and wy, respectively. [J

Remark. We end this section by returning to the method (25). Since both the unknowns
(u1,p1) and the test functions (vy,¢q) belong to the same space, (25) could be seen as a
Galerkin method. We remark nevertheless that it can be seen alternatively as a Petrov-
Galerkin method. Indeed, the solution of (25) may be also given by u; +u, = u; + Mg (f —
ou; — Vp1) € V, & [E,)?, and hence the discrete solution belongs to a space different from

the test space, hence, the Petrov-Galerkin character. [
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FI1GURE 1. Shape of gbg on a patch of elements with «; = 1, a; = 10 and a; = 25.

3.2. A link to a stabilized formulation. We begin by presenting the stabilized finite
element method: Find (wy,p1) € Vi, X @y such that

B ((w1,p1), (v1,q1)) = Fr(vi,q1)  V(vi,q1) € Vi X Qn, (35)

where

B, ((u1,p1), (v1,q1)) := B((u1,p1), (v1,q1) = D 7k (0w + Vpr,0v1 — V)

KETh
F-(v1,q1) = F(vi,q1) - Z Tx (fiovi = Va)k,
KeTy,

and the stabilization parameter is given by

o 03 (- )| )

7

Remark. Method (35) has some similarities with some existing stabilized finite element meth-
ods for this problem, specially with [8] and [6]. The are two main differences between the

present method and the method presented in [6]. The first one is related to the extension to
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higher order polynomials. Even if this work is focused in first order approximations, an ex-
tension to arbitrary order seems feasible. In that case, the resulting formulation would have
a structure similar to the unusual stabilized finite element methods from [8], thus having a
symmetric formulation, contrary to the method from [6] in which the formulation is non-
symmetric for higher degrees of interpolation. Concerning the stabilization parameter, the
main difference relies on the fact that in the present approach the stabilization parameter is
exactly known as being the mean value of the enrichment function on the element, contrary
to a "virtual” (not known) bubble in [8] and an ad-hoc expression arising from the stability

analysis in [6]. O

3.2.1. Derivation. For completeness of the presentation, we resume the derivation carried
out in [9]. We will suppose that the mesh 7}, is made by equilateral triangles. The first step

is to replace in our formulation u. by

fbe = MK(f—aﬂl—Vpl) = bK (f—O'El—Vp1>, (37)
where, for a function v, ¥ denotes its projection onto the Py(K) space, i.e.,
_ (U7 1)K
K|
We further remark that by satisfies
lbrllo < Chi and lbxlloox < CHi, (38)

where C' > 0 is a positive constant depending possibly on ¢ and v, but independent of h.
Next, in order to design a stabilized finite element method we integrate by parts and arrive
at the following rewriting of (19) (or (25)):
B((u1,p1), (v1,q1)) + Z [(ﬁa ov1 = Va)k + (Ge, vOpv1 + @11 n)aK] =F(vi,q1).
KeT,
Next, we neglect the boundary terms (see [9] for a discussion about this matter). Also, using
(38) and the approximation properties of the projection (cf. [19]), we obtain

Z (e, 0(v1 —01))xk S Chi | f —ow — Vp
KE,Z;L

O,K‘v1|1,K7

and hence, using (37) and the orthogonality of the projection, the following approximation

is justified

. b, 1 _
g (Ue,UUl —VCh)K ~ E —( KK)K (f—Uul — Vpi,0v; _VQI)K-
KeTy, KeTy, | |
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Collecting all the previous results, we can present the following stabilized finite element
method for (14): Find (u1,p1) € Vi, X @y, such that

bk, 1 _
B((u1,p1), (vi,¢1)) — Z w (0w + Vpi,0v1 — Vai)k
KeT, ‘ ‘
=F(vi,q1) - Z W (fiovi —Va)xk, (39)
KeT,

for all (vy,q1) € Vi, x Q. We finally remark that, replacing the added terms in K by
(0w + Vpy,0v; — Vaq1) i (which introduces a new source of error, but, again, this error is

of a smaller size), and noting that #<DE is equal to 7%, then method (39) is nothing but

|
method (35).

3.3. Convergence analysis and error estimates. This section is devoted to the a priori
error analysis of the method (35). We will start by giving a technical result concerning the

properties of the stabilization parameter 7 and then we will give a stability result for (35).

Lemma 1. Let K € 7, let ax = max{a; : 1 = 1,2,3} and F € £(K) and wp = K U K'.

Then, the following estimates hold for 7x:

Cy; min{1,a%} < ot < Co min{l,a%}, (40)
.- I (41)
[1—omk]p| < C min{l,a%}, (42)

where the (positive) constans C, C; and C3 do not depend on h, o or v.

Proof. The results can be proved using a Taylor series expansion for the function sinh(-), the

definition of 7x and the regularity of the mesh. U

Next, let us define the following mesh-dependent norm:

I, i = > [o(1 = o) [loll§ x + v [0l i + 7 [ Valls.x] - (43)
KeTy,
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Lemma 2. For all (v,q) € [H'(Q)]? x H'(Q), the bilinear form B, satisfies

B.((v.q), (v.9) =[(v. )l
B ((v,9), (w,r)) <[[(v,@)[ln |(w,")[n+ Y (1= 07k) (Vg, w)x

KETh

+ > (A—or) (Vv — Y [orx]p (0,7)F,

KeTy, Fe&q

and the discrete problem (35) has a unique solution.

Proof. The first equality follows easily from the definition of B,. The second one is straight-
foward from the definition of B, integration by parts and the Cauchy-Schwarz inequality. [J

The method (35) is not strongly consistent. Hence, we bound the consistency error in the

following result.

Lemma 3. Let us suppose that (u,p) € [H*(Q) N HL(Q)]? x [HY(Q) N L3(2)]. Then, there
exists C' > 0 such that

B ((u—ui,p—p), (v1,a1) < Y miv(du,001)k + Chvvlulpol (v1,1)]n-

KeTy,

Proof. A simple computation shows that

BT((U — U, p— pl), (Uh Ch)) = Z TK(VAU, ov; — VQI)Ka
KeTy,

and the result follows from (40), the Cauchy-Schwarz inequality and the definition of ||.||,. O

Remark. As it was done in [1] for the Stokes problem, we could have given a consistent
presentation of our method, just keeping the Au and Awv terms that vanish in the integration
by parts appearing in the static condensation procedure from last section. In that case, the
proof of Lemma 4 below would change since Lemma 2 should be written differently (since
the modified bilinear form B, would not be elliptic in the whole continuous space), but the

results would be essentially the same. [

Lemma 4. Let us suppose that (u, p) € [H*(Q) N Hy(Q)]? x [H(Q) N LE(Q)] is the solution
of (14) and that (uy,p1) € V5, x @y is the solution of (35), and let us denote (e, e,) =
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(w — uq,p — p1). Then, there exists C' > 0, independent of h, o and v, such that

l(ew,e)[l; < C inf {H(u—vbp—ql)!\ivL > vhilu— o[} + v b |ulig
(v1,91)EVLXQp KeT,

min{l,a%} . _
+ 3 PR 2l - il + - ails) )
KeTy,

Proof. Let (v1,q1) € Vi X Qp. Then, from Lemmas 2 and 3 there follows

I(ew )5 = Br((ew, ). (€u.€y))
= B-((ew; &), (u—v1,p — q1)) + B-((ew, ), (v1 — w1, 1 — 1))
< [I(ews ep)llnll(w = vi,p = a)lln + Y (1= 07k) (Vep, (w —v1))x

KeTy,

J/

~
I

+ Z (1—=07k) (V- €u, (p — 1))k — Z [o7x]p (€u-mp—q1)r

KeTy, Fe&q
11
Z i (VAU 0(v1 — w1))x + Ch vV [uboll(vi —w, ¢ = po)lln. (44)
KETh
111

Now, we proceed term by term. First, using the Cauchy-Schwarz inequality we arrive at

I= Z (1 —o07x)(Vep, u —v1) K

KeT,
< > (1 =om)|Veplloxllu —viflox
KETh
1
et :
<C { > 1+Ka2 ||U—’01||(2),K} (e, ep)|ln
KeT, K

-

2
<c { ) omm{l,az}max{l,a;?}||u—v1||3,K} I (ews )l

KeT,

=C { Z 00‘?<2||U—U1||(2>,K} | (ewsep)ln s (45)

KeTy,
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where we have also used the fact that 1 — o7k < 1, (40), (41) and the definition of the norm
| - [|n. Also, applying (41) we obtain

=73 (1-om)p—a.V-edx— ) [omx]p (e np—a)r

KeTy, Fe&q
<Y rrazlp—aloxledis + 3 lordpl leulurlp — alor
KeTy, Fe&q
vl 2
<C { > a2 ||p—qu3,K} l(ew ep)lln + Y [lomx]pl lewllorlp = aillor-
KeT, K Fe&q

Next, using the local trace result (cf. [35]): there exists C' > 0, independent of h, such that,
for all K € 7;,, F € Ex and all v € H (wp)

lollor < € (e lolows + R3] ) (46)
the regularity of the mesh, (41), (42) and the definition of af, we obtain

> o]zl llewllorllp — aillo.r

Feé'g
_1 1 _1 1
<C Y omxlpl {hr* leullows + hElewl v Hhw? 1P = @illowr + hElP — @1l10p }
Fe&q
=C > |1 = orxlpl {llewllows + hrleuliw Hhz 1P = @illows + P — ail1wp}
Fe&q
1
h :
<C{ Y (I-om)lleullin + —25 lewlinp %
1+ a3
KETh

1
2
{ E min{l,o@(}(h}2||p—Q1||(2)7K + |p_(I1|%,K)}

KeT,

[N

min{1, o2 B
< { S 2L (2 g+ 1o - q1|iK>} Iew el ()

KeT,
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Finally, in an analogous way arrive at the following

I = Z v (Au, o(vy — uy)) g = Z vk (A, 0€ey) i + Z v (Au, o(u — 1))k

KeT, KeTy, KeT,
1
1/27'[2(0 ) ’
<C Z 1—ore ulyx ¢ [[(€w, ep)lln +C Z voTi|ulo k|l —viox
— O0TK
KeT,, KeTy,

[SIE

min{1, a?
<c { S et g |u|§,K} lewenlln+C S wlulallu vl

KeT, KeT,

IN

1
1/2 . ?
C { > — min{l aj} max{l,a%} IUIS,K} (ews ep)lln+C Y viulxlu—wvilox

KeTy, KeTy,

1
V2a2 :
=C { >, —* |u|§,K} (ews ep)lln+C Y viullu—viflox- (48)

KeTy, KeTy,

Summing up, from (44)-(48), and the definition of ay, we obtain

I(ew ep)lli < ll(ew, e)llnll(w — v1,p = g)]ln

1 1
2 -1 2
_ 14
+C{ > oai? ||U—111||(2),K} [[(ew ep)ln + C{ > o2 Hp—qug,x} [(ew ep)lln
K

KeTy, KeT,

min{1,a%} :
+0 { > (e — i + |p—q1|%,K>} (w5 ln

KeTy,

via? :
+C9> . 3o llewep)lln+C > viubxlu—wvillox

KETh KET}L

+ Chvv [ulyoll(ew, ep)lln + Chvv [ulzoll(w = v1,p = q1)lln

<C {||(U —vup—a)li+ ) (0t lu—vill§x + vlubxlu—villox) +v A ulzg
KET}L

vl min{1,a%} . _

+ E 1+ a2 HP—Q1H3,K+ E — R (hKQHP—(hH(Q),K + ’P—Chﬁ,l()}
al o

KeTy, KeT,

1
+ 5 lew el
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and the result follows using that

vl < min{1, a2 }h>

— Y

1+ o o
and rearranging terms. U
For the proof of the next result we introduce the Clément interpolation operator (cf.
[18,19]) Cp, : HY(Q2) — V4, (if v € H(2), then we may define Cj,(v) with values in V,NHE(9)),
satisfying
o =Ca()llox < Cllvflow (49)
[0 = Ch(V)|mix < Chi™ 0l (50)

for m = 0, 1, with the obvious extension to vector-valued functions.

Lemma 5. Let us suppose that (u, p) € [H*(Q) N Hy(Q)]? x [H(Q) N LE(Q)] is the solution
of (14). Then, there exists C' > 0 such that

1w = Ca(w),p = Bl + D vhi llu—Cu(w)|G
KeT,

min{1, o _ N . min{1, o
30 L 2 g+ - i) < OBl + LR e
KeT,

where p, = Cp(p) — % € Q.

Proof. The result follows from the definition of the norm ||.||,. Indeed, using (49)-(50),
(40)-(41) and the regularity of the mesh we obtain

(= Culw),p = Bl = Y ol — o) |lu = Cul(w)llf x + v Ju = Crl(w)|i i + i [p = Buli i

KeT,
oh} min{1, a%}
c 0 X [( i) i, LD e ]
it 1+ ag o

min{1, a?
< O (vnufi + PR e )
The other terms are bounded in a similar way. O

Finally, using the previous result and the asymptotic behavior of 75 (cf. Lemma 1) we

can prove the following optimal convergence result.
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Theorem 6. Let us suppose that (u,p) € [H*(Q)NH(Q)]> x [HY(Q)NLE(Q)] is the solution
of (14) and that (u1,p1) € Vi X Qy is the solution of (35). Then, there exists C' > 0
independent of h,o and v, such that

min{1, ax}

\/E |p|1,Q)-

Proof. The result follows applying Lemmas 4 and 5 with v; = C(u) and ¢; = py. U

I(ew ep)lln < C(Vrh|ulpo +

Remark. The estimate from Theorem 6 may written as:

o(1—o07k) TK 3 min{1, ax}
> T lewll i+ sl x|+ lealia < C (b uba + T plg).

KeT, v a g

which, using (41) leads to

1

[ el + leaha < C (hlulzo +
Pt ohi +v

min{1, ax}

\/E |p|17Q) ) (51)

which may be seen as a robust estimate for the velocity. Now, if v < oh?%, then (51) provides

the following estimate

1
leulloe < Ch* (Julze + —Iphie), (52)

which is an optimal error estimate for |le,|loo, which does not need the use of a duality

argument. [J
In the next result we state an error estimate for the pressure in its natural norm.

Theorem 7. Under the same assumptions as in Theorem 6, there exists a positive constant
C > 0 such that

min{1, i
leplloe < CVomax{l,/v} <\/;h |ul2.0 + {TK}LP‘LQ + min{1, ax } |U’29) :
Proof. From the continuous inf-sup condition (see [27]), there exists w € HJ(2)? such that
V-w=¢,in Q and |w|10 < C|leylloq- Let w, = Cp(w) € Vi, be the Clément interpolant
of w. Then, integrating by parts, (35) (applied to (wp,0)) and using Cauchy-Schwarz
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inequality, we obtain
HepH?),Q = (V-w, ep>Q
= (V (w - wh)v ep)Q + (V wyp, ep)Q
= — (w—wp, Vey)g + v (Vey, Vwy)g + 0 (ew, wh)a

— Z TK (O'eu + Vep,awh)K — Z TK(I/A’U,,O"U)}L)K

KeTy, KeT,
= — (w—wpy, Vey)o + v (Vew, Vwn)a+ Y (1 — 07k)ew, own)k
KeT,
— Z TK <V6p70'wh)]( — Z TK(VA’U,,O"th)K
KeTy, KeTy,
<C Y hilwhe Ve llox + vleuholwilio+ ) ol = omic)llewloxllwhllox
KeT, KeTy,
+ 3 ok IVeplloxclwnllos + Y o7v|wlaillwallox
KeTy, KeTy,
0?72 o?(1 — o 71k)? 3
<O[ Y it T ey + vieaise + T T ey 2+ ot ] x
KeTy,

[

2

> viwh, + viwile + vl

)

1 =

. 2 2
< Cvo max{1, v} [[l(ews ) I} + D min{LafHul} k] * [[wlg + lwnlfio + lwaliq)
KeT,
(53)

Now, using the approximation properties of the Clément interpolant (cf. [19]) we obtain

1

2

lwlo + [waltg + lwnlda]* < Cllwlhe < Clela.
Hence, dividing in (53) by ||e,|lo.q, and using the definition of the norm || - ||, we have
lp—pillon < C \/Emax{l, \/;} <H(U —u1,p — p1)|ln + min{l, ax} |u|2,Q) 5

and the result follows applying Theorem 6. O

Throughout the next lemma we will suppose that the solution of the problem: Find (¢, )
such that:

cp —vAp —Vr=u—u; , V=0 in (54)
p =0 on 0,
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where (uq, p1) is the solution of (35), belongs to [H?*(2) N H}(Q)]? x [H'(2) N LE(Q)], and

that there exists a constant C, possibly depending on ¢ and v, but not on h, such that
lellze + [I7lle < Cllu—uifloq- (55)

Theorem 8. Under the same assumptions of Theorem 6 the following error estimates hold:
If v < gh?, then there exists C' > 0, independent of h,o and v, such that

1
lewllon < CR* (|Julsn + ;|p|19) :
If oh?. < v, then there exists C > 0, independent of h, but depending on o and v, such that
leulloe < CR? (Jula0+Ipha) -

Proof. Since we only need to prove the diffusive-dominated case (ch?% < v), then we will
treat o and v as fixed constants. Let (¢, m) := (Ch(e),Ch(m) — %) € Vi, X Q.
Then, multiplying the first equation in (54) by u — u; and second by —(p — p1), from the
definition of the bilinear form B, interpolation inequalities (50)-(49), and Theorems 6 and

7, we obtain

lu —wilfq =0(p,u —ui)o + v(Ve, V(v —w))a + (1, V- (u—w))o — (p =1, V- 9)o

=B (u—u,p—p1) (p,7) + Y 7k (0(uw—ur)+V(p—p),op+ V)
KeT,

=B ((u—u1,p—p1), (¢ —ppm =) + Y Ticv(Au, 00, — Va)k
KeT,

+ Z i (0(u —u1) + V(p = p1), vAp + (u — w1))

=

<C{litw—wip=p)l} + llu = wlg + B ulio + Ip - i} x

{ Y e —enllsx +le = eulin + lIm = milli i + 7wl V (m — m)lIF

KeTh

1
2ol s + 1 |l + 7o [P e+ il — w3}

1
<O (fuls + —= o) (JeBa + [rlo + - wlBq)

N2

and the result follows applying (55) and dividing by ||u — u1loq- O

|—=
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0.1
T [lp=pillog o I

0.01 -

0.001

error

le-04

F1GURE 2. Convergence history for 0 =1 and v = 1.

4. NUMERICAL VALIDATIONS

4.1. A problem with an analytical solution. We first perform a convergence validation.
To do this, we set Q2 = (0,1) x (0,1) and f and the boundary conditions such that the exact
solution of (14) is given by

u(z,y) = (%0 :

p(z,y) = (x —0.5)(y — 0.5).

In Figures 2-4 we depict the convergence history as h — 0 for all the variables for ¢ = 1 and
v =1,1072 and 1074, respectively, where we see that all the variables converge as predicted
by the theory.

4.2. The lid-driven cavity flow. Next, we address the lid-driven cavity problem, with
domain €2 as before, f = 0, and, in order to test the performance of the method for the
large o case, we perform experiments with ¢ = 1 and o = 10*, both using v = 1. We depict
in Figure 5 elevations for the pressure field and in Figure 6 of the horizontal velocity, for an

unstructured (and very close to equilateral) mesh. We observe the absence of oscillations for
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10 - T T T T T T LI N LI N I
[ llp=pillog
1o [lu—ulog -
0.1 .
= - i
= 001F E
[} r ]
0.001 ]
le-04 |- .
16_057 Ll Ll \\\\\\7
0.001 0.01 0.1
FIGURE 3. Convergence history for 0 = 1 and v = 1072 .
10, T T T T T “H—‘—L _______ LI N I
T :
0.1F -
g R Ip = pillog )
2 001 F o lu—wlloa -~ -
° et :
0.001 -
le-04 - -
16_057 Lol Lol \\\\\\7
0.001 0.01 0.1

FIGURE 4. Convergence history for ¢ = 1 and v = 1074,
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the pressure in both cases, which shows that the method treats well the inf-sup condition

and the presence of a boundary layer for the reaction-dominated regime.
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PRESSURE PRESSURE

FIGURE 5. Pressure elevation for v =1 and o = 1 (left) and o = 10* (right).

Next, we consider a structured mesh and test the method for ¢ = 10*, v = 1. We see in
Figure 7 that a small oscillation appears. This unexpected fact deserves further investigation,
but, we also remark that this oscillation may be corrected by changing the definition of «;

as follows:

(56)

This fact may be explained as follows, although the method was justified for a regular mesh,
we recall that the derivation was performed supposing an equilateral mesh, and the regular
mesh we used for this example differs from the equilateral case.

Acknowledgments. A part of this work was done during the stay of F. Valentin at the Departamento
de Ingenieria Matemaética of Universidad de Concepcién, Chile, and the stay of G. Barrenechea at LNCC,
Petrépolis, Brazil, in the framework of the joint Chile(CONICYT)-Brazil(CNPq) project No. 2005-073
(Chile)-490639/2005-4 (Brazil). Also, the authors want to thank the anonymous referees for their valuable

comments.

REFERENCES

[1] R. ArRAYA, G. R. BARRENECHEA, AND F. VALENTIN, Stabilized finite element methods based on
multiscale enrichement for the Stokes problem, STAM J. Numer. Anal., 44 (2006), pp. 322-348.



25

————\\\ N
N %4%%2%

o
il gty

NN i

i
e

)

IO
.xﬂ ? {
x?i:

g
..,“%_,0. umg
| :g,m,
Wi
Jv‘”

{

\
i
il

\|

by
i

HORIZONTAL VELOCITY

STABILIZATION ARISING FROM PGEM
y/
)
7
7

N
NN
/KON
o
DoCR
il

L

Vi

i
!
ys

HORIZONTAL VELOCITY

I\
%sﬂs.ﬂ,,mmﬂ,
%

0

|

10* (right).

FIGURE 6. Elevation of the horizontal velocity for v = 1 and o = 1 (left) and

g

HORIZONTAL VELOCITY

HORIZONTAL VELOCITY

F1GURE 7. Elevation of the horizontal velocity for the standard definition of

a; (left) and (56) (right).

, A stabilized finite element method for the Stokes problem including element and edge residuals,

IMA Journal of Numerical Analysis, 27 (2007), pp. 172-197.

2]



26

3]

8]

R. ARAYA, G.R. BARRENECHEA, L.P FRANCA, AND F. VALENTIN

R. ARAYA AND F. VALENTIN, A multiscale a-posteriori error estimator, Comput. Methods Appl. Mech.
Engrg., 194 (2005), pp. 2077-2094.

D. ArNoLD, F. BrREzZI, AND M. FORTIN, A stable finite element for the Stokes equations, Calcolo, 21
(1984), pp. 337-344.

C. BaioccHi, F. BreEzzi, AND L. FRANCA, Virtual bubbles and Galerkin-least-squares type methods
(Ga. L. S.), Comput. Methods Appl. Mech. Engrg., 105 (1993), pp. 125-141.

R. BANK AND D. WELFERT, A comparison between the mini-element and the Petrov-Galerkin formu-
lations for the generalized Stokes problem, Comput. Methods Appl. Mech. Engrg., 83 (1990), pp. 61-68.
G. R. BARRENECHEA, L. P. FRANCA, AND F. VALENTIN, A Petrov-Galerkin enriched method: A
mass conservative finite element method for the Darcy equation, Comput. Methods Appl. Mech. Engrg.,
21-24 (2007), pp. 2449-2464.

G. R. BARRENECHEA AND F. VALENTIN, An unusual stabilized finite element method for a generalized
Stokes problem, Numer. Math., 92 (2002), pp. 653-677.

[9] ——, Relationship between multiscale enrichment and stabilized finite element methods for the gener-

[10]

[11]

alized Stokes problem, C. R. Math. Acad. Sci. Paris, 341 (2005), pp. 635-640.

F. BREZz1, On the ezistence, uniqueness and approximation of saddle-point problems arising from
Lagrange multipliers, RATRO Anal. Numer., 8 (1974), pp. 129-151.

F. Brezzi, M. O. BRISTEAU, L. P. FRANCA, M. MALLET, AND G. ROGE, A relationship between
stabilized finite element methods and the Galerkin method with bubble functions, Comput. Methods Appl.
Mech. Engrg., 96 (1992), pp. 117-129.

F. BrREZz1 AND M. FORTIN, Mized and Hybrid Finite Element Methods, Springer-Verlag, 1991.

F. Brezzli, L. P. FraNca, T. J. R. HUGHES, AND A. RUsso, b = [ g, Comput. Methods Appl. Mech.
Engrg., 145 (1997), pp. 329-339.

F. BREzz1, L. P. FRANCA, AND A. RUSSO, Further considerations on residual-free bubbles for advective-
diffusive equations, Comput. Methods Appl. Mech. Engrg., 166 (1998), pp. 25-33.

F. BrEzzl AND A. RUSsO, Choosing bubbles for advection-diffusion problems, Math. Models Methods
Appl. Sci., 4 (1994), pp. 571-587.

A. N. BRoOks AND T. J. R. HUGHES, Streamline upwind Petrov-Galerkin formulations for convec-
tive dominated flows with particular emphasis on the incompressible Navier-Stokes equations, Comput.
Methods Appl. Mech. Engrg., 32 (1982), pp. 199-259.

A. CANGIANI AND E. SULI, Enhanced RFB method, Numer. Math., 101 (2005), pp. 273-308.

P. CLEMENT, Approximation by finite element functions using local reqularization, R.A.IR.O. Anal.
Numer., 9 (1975), pp. 77-84.

A. ERN AND J. L. GUERMOND, Theory and Practice of Finite Elements, Springer-Verlag, 2004.

L. P. Franca, S. L. Frey, AND T. J. R. HUGHES, Stabilized finite element methods: 1. Application
to the advective-diffusive model, Comput. Methods Appl. Mech. Engrg., 95 (1992), pp. 253-276.

L. P. Franca, A. L. MADUREIRA, L. TOBISKA, AND F. VALENTIN, Convergence analysis of a
multiscale finite element method for singularly perturbed problems, STAM Multiscale Model. Simul., 4
(2005), pp. 839-866.



22]

[23]

[24]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

STABILIZATION ARISING FROM PGEM 27

L. P. FRANCA, A. L.. MADUREIRA, AND F. VALENTIN, Towards multiscale functions: enriching finite
element spaces with local but not bubble-like functions, Comput. Methods Appl. Mech. Engrg., 194
(2005), pp. 3006-3021.

L. P. Franca, J. V. A. RAMALHO, AND F. VALENTIN, Multiscale and residual—-free bubble functions
for reaction—advection—diffusion problems, International Journal for Multiscale Enginnering, 3 (2005),
pp- 297-312.

L. P. FrANCA, J. V. A. RAMALHO, AND F. VALENTIN, Multiscale finite element methods for unsteady
reaction-diffusion problems, Communications in Numerical Methods in Engineering, 22 (2006), pp. 619
625.

L. P. FrRANCA AND A. RUSSO, Approzimation of the Stokes problem by residual-free macro bubbles,
East-West J. Numer. Math., 4 (1996), pp. 265-278.

L. P. FRANCA AND R. STENBERG, Error analysis of some Galerkin least squares methods for the
elasticity equations, SITAM J. Numer. Anal., 28 (1991), pp. 1680-1697.

V. GIRAULT AND P. A. RAVIART, Finite Element Methods for the Navier-Stokes Equations, Springer-
Verlag, 1986.

T. J. R. HUGHES AND L. P. FRANCA, A new finite element formulation for computational fluid dynam-
ics: VII. The Stokes problem with various well-posed boundary conditions: Symmetric formulations that
converge for all velocity/pressure spaces, Comput. Methods Appl. Mech. Engrg., 65 (1987), pp. 85-96.
T. J. R. HuGHES, L. P. FRANCA, AND M. BALESTRA, A new finite element formulation for com-
putational fluids dynamics: V. Circumventing the Babuska-Brezzi condition : A stable Petrov-Galerkin
formulation of the Stokes problem accommodating equal-order interpolations, Comput. Methods Appl.
Mech. Engrg., 59 (1986), pp. 85-99.

T. LINB AND M. STYNES, The SDFEM on Shishkin meshes for linear convection-diffusion problems,
Numerich Mathematik, 87 (2001), pp. 457-484.

R. PIERRE, Simple C° approrimations for the computation of incompressible flows, Comput. Methods
Appl. Mech. Engrg., 68 (1988), pp. 205-227.

J. V. A. RAMALHO AND F. VALENTIN, Stabilizing parabolic problems with time-dependent multiscale
functions, Tech. Rep. 10/06, LNCC, 2006.

H. Roos, M. STYNES, AND L. TOBISKA, Numerical Methods for Singularly Perturbed Differential
Equations. Convection-Diffusion and Flow Problems, Springer-Verlag, 1996.

M. STYNES, A uniformly convergent Galerkin method on a Shishkin mesh for a convection diffusion
problem, Journal of Mathematical Analysis and Applications, (1997), pp. 36-54.

V. THOMEE, Galerkin Finite Element Methods for Parabolic Problems, Springer Verlag, 1997.



28 R. ARAYA, G.R. BARRENECHEA, L.P FRANCA, AND F. VALENTIN

DEPARTAMENTO DE INGENIERfA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA 160-C, CON-
CEPCION, CHILE

E-mail address: raraya@ing-mat.udec.cl

DEPARTAMENTO DE INGENIERIA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA 160-C, CON-
CEPCION, CHILE

E-mail address: gbarrene@ing-mat.udec.cl

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COLORADO AT DENVER, P.O. Box 173364, CAMPUS
Box 170 DENVER, COLORADO 80217-3364, USA

FE-mail address: leo.franca@cudenver.edu

DEPARTAMENTO DE MATEMATICA APLICADA, LABORATORIO NACIONAL DE COMPUTAGAO CIENTIFICA,
Av. GETULIO VARGAS, 333, 25651-070 PETROPOLIS - RJ, BRAZIL

E-mail address: valentin®@lncc.br



