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Abstract—In this paper we investigate non-linear precoding
solutions for the problem of broadband multiple-input multiple-
output (MIMO) systems. Based on a broadband singular value
decomposition (BSVD) we can decouple a broadband MIMO
channel into independent dispersive spectrally majorised single-
input single-output (SISO) subchannels. Bit loading is proposed
to optimally utilise these SISO subchannels after mitigating
their individual inter-symbol-interference (ISI) using Tomlinson-
Harashima precoding (THP). This method is benchmarked
against recent results of both MMSE linear and THP designed
for frequency-selective MIMO channels. Simulation results show
that better bit-error-ratio (BER) can be achieved especially for
higher throughput targets when compared to the benchmark.

I. I NTRODUCTION

Modern applications of wireless communications often fea-
ture by high-rate transmission requirements. Therefore systems
with high spectral efficiency characterisation incorporating
multiple antennas at both transmit and receive side of the com-
munication link, referred to as multiple-input multiple-output
(MIMO) have recently received considerable attention [1],
[2]. The communication channel of these systems cannot be
considered as frequency-flat channel and hence incurs inter-
symbol-interference (ISI) along with co-channel-interference
(CCI). Typical non-block based precoding/equalisation ap-
proaches including mostly decision feedback equalisation [3],
V-BLAST approaches [4] adopted for the broadband case
or a mixture thereof [5], as well as Tomlinson-Harashima
precoding (THP) [6], [7]. These methods do not require a
guard interval, can be globally optimised w.r.t. to e.g. mean
squared error, and can therefore potentially achieve a higher
spectral efficiency. The drawback of these schemes is the large
effort in determining the optimum detection order in both
space and time, often motivating the adoption of suboptimal
approaches [4], [7].

Therefore, we propose a non-block based approach, which
is based on a generalisation of the SVD — optimal in many
ways to enable communication over a narrowband MIMO
channel [8] — to the broadband case. A recently propo-
sed broadband SVD (BSVD) [9] is applied to decouple the
broadband MIMO system into frequency-selective single-input
single-output (SISO) subchannels of ordered quality, similar
to [10]. These broadband SISO subchannels are individually
equalised using nonlinear THP with a variable transmission
rate that best matches the individual qualities of respective

subchannels, whereby the decision delay can be independently
optimised for every subchannel.

The approach investigated in this paper is based on preli-
minary work in [10], which we extend by a more balanced
implementation of THP between feedforward and feedback
components, achieving an improved system performance. We
also exploit spectral majorisation by a heuristic bit loading
approach to demonstrate that an improved BER performance
can be achieved when compared to a state-of-the-art broadband
MIMO technique in [7] under the constraints of identical data
throughput and transmit power.

II. SYSTEM SETUP AND BENCHMARK DESCRIPTION

A broadband transceiver system betweenN transmit andM
receive antennas is assumed in this study. This type of system
is often described by a MIMO frequency selective channel
with finite impulse response (FIR) that incurring both CCI in
the space dimension as well as ISI in the time coordinate such
that

H(z) =

L
∑

l=0

z−l
Hl , (1)

where L is the FIR length andHl is an M × N matrix
representing the channel at thelth time slice with coefficients
hmn(l) being the complex baseband channel coefficient from
the nth transmit antenna to themth receive antenna at time
index l.

Decision feedback equalisation (DFE) in SISO systems can-
cels ISI caused by already detected symbols by subtracting out
their contribution from the received signal. DFEs have been
applied to MIMO systems, where in addition to interference
from already detected past data symbols, interference from
spatially already detected symbols can be eliminated. In this
case the optimum detection order — in time and space — is
important if a good performance is to be attained. The authors
in [7] jointly optimised ordering in both space and time and
resulting in a MIMO THP precoder designed with MMSE
criterion which we will use as a benchmark to our proposed
method.

In this work we follow a different scenario, using the
BSVD algorithm this problem can be reduced into some
independent dispersive spectrally majorised SISO subchannels.
We thereafter apply a transmission scheme with bit loading to



optimally utilise these SISO subchannels after mitigating their
individual ISI using THP [11], [12].

III. PROPOSEDMETHOD

In this section, mitigation of CCI using the BSVD algorithm
resulting in a number of individual SISO subchannels is first
presented. ISI caused by these SISO subchannels is then consi-
dered using the THP algorithm in conjunction with distributing
transmission rates according to the individual qualities of the
SISO subchannels as outlined in Fig. 2.

A. Broadband SVD Review

The application of a broadband singular value decomposi-
tion algorithm detailed in [9] to the channel matrixH(z) in
(1) leads to a decomposition

H(z) = U(z)Σ(z)Ṽ(z) (2)

with paraunitary matricesU(z) andṼ(z) and an approxima-
tely diagonalised and spectrally majorised matrixΣ(z). This
decomposition is achieved by an iterative algorithm, which
in each step eliminates the largest off-diagonal element by a
delay step and a Givens rotation [9]. The algorithm has been
shown to converge by transferring the energy of the channel
matrix onto the main diagonal, and the approximation is due to
limiting the number of algorithmic steps and the order of the
resulting polynomial matricesU(z), V(z) andΣ(z). The ite-
ration steps are defined such that bothU(z) ∈ C

M×M (z) and
V(z) ∈ C

N×N (z) are paraunitary (or lossless) by definition,
i.e.

U(z) Ũ(z) = U(z)UH(z−1) = I (3)

Ũ(z)U(z) = I . (4)

The matrixΣ(z) ∈ C
M×N (z) in the limit diagonal

Σ(z) = diag
{

Σ0(z),Σ1(z), · · ·Σmin(M,N)−1(z)
}

. (5)

The diagonalisation can be ambiguous and has to be tied down
by an additional constraint. As an extension of the ordering of
singular values in a standard SVD, the algorithm in [9] aims
to spectrally majoriseΣ(z), such that

Σ0(e
jΩ) ≥ Σ1(e

jΩ) ≥ · · · ≥ Σmin(M,N)−1(e
jΩ) ∀Ω . (6)

Note that due to the iterative nature and the finite number
of steps of the algorithm in [9], (5) and (6) may only be
approximately fulfilled.

B. Mitigation of Co-Channel Interference

K K

P(z) H(z) W(z)

MN

Figure 1. Co-Channel interference mitigation with precoderP(z) and
equaliserW(z).

If channel state information is available at both receiver and
transmitter, then the paraunitary matricesU(z) ∈ C

M×M and
V(z) ∈ C

N×N can be utilised to obtain a linear equaliser and
precoder as depicted in Fig. 1. If

U(z) =
[

U0(z) U1(z) · · · UM−1(z)
]

(7)

V(z) =
[

V 0(z) V 1(z) · · · V N−1(z)
]

(8)

then with K = min(M,N) the precoder and equaliser are
defined as

P(z) =
[

V 0(z) V 1(z) · · · V K−1(z)
]

(9)

W(z) =











Ũ0(z)

Ũ1(z)
...

ŨK−1(z)











(10)

to obtain

Ṽ(z)P(z) =







IN M ≥ N
[

IM

0(N−M)×M

]

M < N
(11)

W(z)U(z) =

{ [

IN 0N×(M−N)

]

M ≥ N

IM M < N
(12)

such that
Y (z) = Σ(z)X(z) . (13)

With Σ(z) being approximately diagonal, the MIMO system
has been decoupled and co-channel interference is suppressed.

C. Individual ISI Mitigation

Once the co-channel interference is mitigated we end up
with a diagonalised system with spectrally majorised indivi-
dual dispersive SISO subchannels (13) as depicted in Fig. 2(a).
The next task is to mitigate the effect of dispersion incurred
by these SISO subchannels as well as to exploit the spectral
majorisation of BSVD algorithm. To this end, a rate-scaled
THP system is proposed whereby individual data layers are
fashioned to achieve throughput that best matches their res-
pective SISO subchannels by selecting from different square-
QAM constellations (QPSK, 16-QAM, 64-QAM and 256-
QAM) while the weakest subchannel may or may not be used
according to a transmission target.

Fig. 2(b) shows the THP system designed to mitigate ISI
of the ith subchannel of Fig. 2(a). Given theith subchannel
Σi(z) which is usually non-minimum phase, the role of the
feedforward filterfi(z) with lengthL

(i)
f

is to drive the end-to-
end discrete-time responseΣi(z)fi(z) to a monic minimum
phase system, while the task of theL

(i)
b

-tabs feedback filter
bi(z) is to completely remove the remaining postcursor of
Σi(z)fi(z) by the iterative feedback loop of Fig. 2(b). These
two filters along with the decision delay are computed for each
Σi(z) using spectral factorisation theory, details can be found
in [3], [13].

A suitable bit loading is assigned to each SISO subchannel
according to its strength. With the spectral majorisation pro-
perty (6) of the iterative BSVD algorithm, the resulting SISO
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Figure 2. Equivalent model to Fig. 1 with THP applied for resulting SISO
subchannels in (a), whereDeci comprising both a modulo operator followed
by a decision device. Details ofTHPi block in (a) is given in (b).

subchannels demonstrated in the main diagonal of the decou-
pled system in (5) are ordered such that the first subchannel
being the strongest one followed by the second subchannel
and so forth [10]. It is also noted that the last subchannel is
always unreliable and it is recommended to turn it off if a good
performance is to be attained unless it is needed to achieve
a target throughput, see Fig. 2(a). We choose to operate the
proposed equivalent SISO system to achieve the same target
throughput as its respective original MIMO system with details
of the ith SISO-THP block in Fig. 2(a) given in Fig. 2(b).

IV. SIMULATION RESULTS

Computer simulations are conducted for a 4x4 MIMO
system with a broadband channel of orderL = 5 and a power
delay profile given in Table I where the channel coefficients
hmn(l) are drawn from a complex Gaussian distribution with
zero-mean and prescribed variance according to Table I. We
will denote the benchmark system [7] described in Sec. II
for both linear and THP precoding as MIMO-Lin and MIMO-
THP, respectively. The length of the feedforward filter tabs for
both MIMO-Lin and MIMO-THP systems as well as BSVD-
SISO system is set to twice the channel order i.e., 10 tabs
for both MIMO systems andL(i)

f
= 2× order (Σi(z)) for the

ith BSVD-SISO subsystem, while the feedback filter length of
each BSVD-SISO subsystem is set to the same order as its res-
pective subchannel, i.e.,L(i)

b
= order (Σi(z)). A comparison

between our proposed model and the benchmark systems is
set with the aim of achieving same system throughput. Three
target throughput cases are considered, namely “8-bits”, “16-
bits” and “24-bits”. In each case, the overall throughput is
achieved with our proposed BSVD-SISO model by distributing
rates among individual SISO subchannels according to their
strength while in the MIMO case is equally allocated by de-
finition. We choose to assign these rates with two constraints:
1) discrete square-QAM constellations is only permitted and
2) transmission over the worst subchannel (last one) is avoided
unless is needed to complete the target throughput. With these
constraints a reasonable choice is made as shown in Table II.

For the first two cases, same throughput can be attained with
the utilisation of the only first three subchannels while the
fourth subchannel is switched off. However, for the “24-
bits” case the fourth subchannel has to be used to complete
achieving the target throughput.

Table I
CHANNEL POWER DELAY PROFILE

path delay (symbol) 1 2 3 4 5 6
relative power (dB) 0 -4 -8 -12 -16 -20

Table II
SISO-BSVDFOR SAME THROUGHPUTTARGET AS A 4X4 MIMO SYSTEM

Throughput Caee1: 8-bits Case2: 16-bits Case3: 24-bits

MIMO QPSK 16-QAM 64-QAM
SISO-1 16-QAM 64-QAM 256-QAM
SISO-2 QPSK 64-QAM 256-QAM
SISO-3 QPSK 16-QAM 64-QAM
SISO-4 QPSK QPSK QPSK

Figures: 3, 4 and 5 demonstrate the BER performance
(averaged over 300 different channel realisations) comparison
between our BSVD-SISO and both MIMO-Lin and MIMO-
THP for the three cases, respectively. The BSVD-SISO curve
that representing same achieved throughput as the benchmark
MIMO systems is marked with a solid-line in all of these
figures. In Fig. 3 it is clear that average BER for the first
two subchannels (marked as “1-2”) is much better than both
MIMO linear and THP with 2 bits (25%) degradation in the
overall throughput. For same achieved throughput comparison
the average BER of the first three subchannels (marked as
“1:3”) is slightly higher than MIMO-THP (< 0.5 dB loss at
10−3 BER) and outperforms for higher SNR (or BER <10−4

performance) . If the fourth channel is switched on the overall
throughput can be increased by a factor of 25% at the expense
of very poor BER that dominates the overall performance
(marked as “all”). Note that for the BSVD-SISO system, the
BER of the combined firstk subchannelsP̄k is averaged
over these individual subchannels BERsPi weighted by their

respective allocated number of bitsbi, i.e., P̄k =
∑

k

i=1
biPi

∑

k

i=1
bi

For higher throughput-achieving operation, “16-bits” and
“24-bits” results are shown in Fig. 4 and Fig. 5, respectively.
In Fig. 4, the BSVD-SISO system is clearly outperforms its
counterpart MIMO benchmark for normal practical operating
region (BER < 0.01). It is also noted very close BER for both
averaged first two and first three subchannels which reveals the
good choice of individual rates (modulations) that best match
SISO subchannels strengths. Extra throughput can be achieved
(12.5%) if the fourth subchannel is turned on at the cost of
almost 1.5 dB increase in medium SNR operation. Fig. 5
shows the performance comparison for the “24-bits” case, in
this case all SISO subchannels has to be taken into account for
same target throughput as the MIMO benchmark (see Table II).
A gain of more than 2.5 dB in SNR can be achieved at BER≤

0.05, also it is obviously noted the close performance of each
combined BSVD-SISO subsystem which again demonstrates
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Figure 3. Case “8-bits” where the 1st SISO subchannel operates on 16-QAM
and all other subchannels on QPSK modulation.

the good choice of individual rates allocated to each BSVD-
SISO subsystem.

0 5 10 15 20 25 30
10

−4

10
−3

10
−2

10
−1

10
0

SNR (dB)

B
E

R

 

 

MIMO Lin
MIMO THP
SISO chans 1−2
SISO chans 1:3
SISO chans all

Figure 4. Case “16-bits” where the first two SISO subchannels operates on
64-QAM, 3rd one on 16-QAM and last subchannel on QPSK modulation.

V. CONCLUSIONS ANDFUTURE RESEARCH

A broadband SVD (BSVD) based solution with variable
transmission rates is proposed for the MIMO broadband
channel precoding problem. This solution is achieved by two
steps: firstly, the BSVD is applied to the MIMO frequency-
selective channel resulting in a number of independent SISO
subchannels with ordered qualities. Secondly, non-linear THP
precoding algorithm with variable rates using predefined
square-QAM constellations is applied to combat ISI incurred
by these subchannels as well as achieving a target throughput
constrained by an acceptable QoS and transmit power. Next
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Figure 5. Case “24-bits” where the first two SISO subchannels operates on
256-QAM, 3rd one on 64-QAM and last subchannel on QPSK modulation.

research is expected to adaptively allocate these rates while
keeping guaranteed QoS thresholds.
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