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RESEARCH ARTICLE

Fractional Transformations of Generalised Functions

Khaula Naeem Khan, Wilson Lamb* and Adam C. McBride
Department of Mathematics, University of Strathclyde, Livingstone Tower,
26 Richmond Street, Glasgow G1 1XH, U.K.

A distributional theory of fractional transformations is developed. A constructive approach,
based on the eigenfunction expansion method pioneered by A. H. Zemanian, is used to pro-
duce an appropriate space of test functions and corresponding space of generalised functions.
The fractional transformations that are defined are shown to form an equicontinuous group of
operators on the space of test functions and a weak* continuous group on the space of gener-
alised functions. Integral representations for the fractional transformations are also obtained
under certain conditions. The fractional Fourier transformation is considered as a particular
case of our general theory.

Keywords: Fractional integral transforms; semigroups of operators; generalised functions.

AMS Subject Classification: 46F12, 47D03, 47A70

1. Introduction

In recent years there has been considerable interest in fractional versions of classical
integral transforms, such as the Fourier transform; see [2] and [10]. This has been
prompted by applications of the fractional Fourier transform (FrFT) to problems
arising in signal processing, optics and quantum mechanics. Although the idea of a
fractional power of the Fourier operator dates back to work by Wiener [12] in 1929,
the development of a wide-ranging modern theory, including operational formulae,
stems from a paper by Namias [9] which appeared in 1980.

The approach used by Namias relies primarily on eigenfunction expansions. For
suitable functions ¢, the Fourier transform F' is defined by

1 Ty
(Po)w) = == [ o)™ dy. o

The integral in (1) exists pointwise for all x € R when ¢ € L'(R) and is interpreted
as

Y
[otweray = tim [ o dy
R —o0 J_Y

for ¢ € L?(R), where lim denotes the limit in mean square. In the latter case, it is
known that F' is a homeomorphism on L?(R) and has eigenvalues

= €72 0 =0,1,....
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with corresponding eigenfunctions

n(r) = e 2 H, (), 2)

V 2rnl/T

where H,, is the Hermite polynomial of degree n. As {1, }22, is an orthonormal
basis for L%(R), it follows that

F¢=> e (¢,¢h)atn Vo € L*(R)

and, by repeated application,

Fho=> e 2(¢,4hp)athn Vo € LA(R), k=2,3,.... (3)

This led Namias to define a family of operators { F, }4ecr via the formula
Fadp = " ($,¥n)2thn Vo € L*(R). (4)

Clearly, F,, = F when o = 7/2 and it is a routine matter to show that
FoFpp = Forpp, V¢ € L*(R), Vo, BER.

Namias also gave an integral representation of F,,¢ and noted that
; 1
F,=¢cE where E = —§(D2—xz+1), D =d/dx. (5)

As Namias’s innovative ideas and results were developed in a formal manner, they
were later revisited by McBride and Kerr in [4], where a mathematically rigorous
account is presented for the FrF'T on the space S of test functions of rapid descent.
It was pointed out in [4] that the integral formula obtained by Namias agreed with
(4) only for certain values of a, not all. To rectify this, McBride and Kerr derived
an alternative integral representation in the form

6.(%&—@/2) 2 ¢ S ) .
(Fad)(2) = S emi% cota / et oS et () dy. (6)

\/ 27| sin o] —o0

where & = sgn(sin «), valid in the first instance for 0 < |a| < w. They noted that
(6) reduces to the classical Fourier transform when o = 7/2 and to its inverse when
a = —7/2. With

(Fog)(x) = ¢(2), (Fird)(x) = ¢(—) (7)

the definition of F, was extended to all & € R by periodicity. In [5], the resulting
family of operators {F, }ocr was proved to be a Cy-group of unitary operators on
L*(R), with infinitesimal generator G = iG1, where G is the self-adjoint realisation
of the operator E given in (5) with domain

D(Gy) = {¢ € L*(R) : ¢' € L*(R) and E¢ € L*(R)}.
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This semigroup analysis provided a precise interpretation of the exponential for-
mula (5).

More recently in [13], Zayed used the same aproach as Namias to produce a
more general method for defining fractional versions of a wider class of transforms.
His starting point was to consider a bounded linear operator A on some separable
Hilbert space H, where A is assumed to have a complete orthonormal system of
eigenvectors {¢,} in H with corresponding eigenvalues {y,}. It follows from the
continuity of A that

AFG =" b (¢, 0n) tn, VO EH, k=1,2,3,...

where (-,-),, denotes the inner product in H and the series converges in H. On
choosing an appropriate branch for the power function f(z) = 2%, the fractional
operator A, was defined by

Aad = 1 (6,n) ytn

provided the series converges in H.

Zayed then examined the specific case when H = L%(I ), the Hilbert space con-
sisting of all square integrable functions on I with respect to some measure p,
where I = (a,b), —0o0 < a < b < co. Under the assumption that

D i o (@)? < 00, Vzel,
n=0

the function k,, defined by
ka(a;, t) = Z M?{”L/fn(x)%(t)a
n=0

was shown to have the property that ko (x,) € LIZ)(I ) for each fixed = € I, and this
led to the integral representation

(And) () = / e, )6(8)dp(t).

1

When p, = €, for some 3 € R, operators A,, o € R, were defined by the
formula

o

(Aad)(@) = lim 35 (g, )athn(z)
n=0

In this case an integral representation for A, was obtained under the weaker con-
dition that

o

> (@) <00, V]2 < 1.

n=0



(Aa®)() = lim Zr” 9, b )2ton ( Zem B, ¥n )2t ()

whenever the series converges, it follows that

(Aad)(@) = Tim [ kala,t, 2)p(t)dp(t) = /I kalz.)6(0)dp(t),  (8)

|z|—1- J1

where z = |z]e'® = rei®,

[e.e]

ko(z,t, 2) := Z zni/)n(x)wT(t),

n=0
= Z einawn (z)hn ()
n=0

and it is assumed that it is legitimate to take the limit inside the integral in (8).
Zayed noted that, in terms of polar coordinates (r,0), the kernel kq(z,t) is the
radial limit of ko (z,t,2) as |z] — 1~ along the ray § = a. Hence he referred to
A, as an angular transform. The operator A, has properties similar to fractional
Fourier transforms, which Zayed considered as a specific example.

As the classical theory of the FrF'T has a number of limitations, due primarily
to the fact that many common functions do not belong to either S or L?(R),
several distributional versions have also been developed. In [14], Zayed described
two approaches. The first is analytic and uses the so-called “embedding method”
to define the FrFT on the space £ of distributions with compact support. The
second is algebraic, and involves the theory of Boehmians. Prior to this, Kerr [6]
followed the usual “adjoint method” for defining the Fourier transform on the space
S’ of tempered distributions to extend the FrFT to S’. Using _the fact that Fq is
a homeomorphism on S, and defining the extended version F, on S’ to be the
adjoint of F, on S, standard results on adjoints established that each F, is a
homeomorphism on 5.

Our aim in the current paper is to demonstrate how the Hilbert space
eigenfunction-expansion approach used by Zayed can be adapted to produce a
theory of fractional transforms defined on spaces of generalised functions that are
obtained in a constructive manner. In contrast to [13], where the starting point is
a bounded operator on an L? space, our strategy involves a symmetric, unbounded
differential operator T' that is defined on some subspace A of L?. By assuming
that T has a complete orthonormal system of smooth eigenfunctions in L? and
using the elegant theory produced by Zemanian [15, Chapter 9] for representing
generalised functions in terms of eigenfunction expansions, we are able to develop a
mathematically rigorous and systematic eigenfunction-based approach for defining
distributional versions of fractional transformations. Moreover, we establish con-
nections with equicontinuous and weak*-continuous groups of operators defined on
locally convex topological vector spaces. As a special case of our general theory, we
shall recover, and also extend, the tempered distribution results obtained by Kerr
n [6] for the FrFT.

We begin in Section 2 by recalling some of the results on fractional transforma-
tions given by Zayed. Then, together with some results on groups of operators, we
develop a general theory of fractional transforms {G,}qecr on the Hilbert space
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L?(I). We obtain a self-adjoint operator 7 in L?(I) such that i7 generates a group
of continuous operators {Gg}acr on L?(I), and then investigate conditions under
which the fractional transform G, can be represented as an integral transform.

In Section 3, we extend the L? theory of fractional transformations to spaces of
test functions. In particular we concentrate on a particular Fréchet space A and
show how {G, }acr is an equicontinuous group of operators on A. In this case we
define a symmetric differential operator 1" which is a restriction of 7 and establish
that ¢T" is the infinitesimal generator of the equicontinuous group {G,}acr on A.

In Section 4, the results obtained in Section 3 for spaces of test functions are
extended to the corresponding spaces of generalised functions. Here we obtain a
weak*-continuous group of operators.

Finally, in Section 5, we consider a particular case and describe how the tempered
distribution theory of the FrFT given by Kerr [6] can be obtained in a natural and
constructive manner by using orthonormal series expansions.

2. Fractional Transforms in a Hilbert space
We consider the Hilbert space L?(I), where I is an open interval in R. Given
a complete orthonormal system of smooth eigenfunctions {¢,}°°, C L?(I) and a

sequence {\, }*° , of real numbers with |\,| — 0o as n — oo, we define an operator

T by

T¢ = Z)‘n(gba @Z}n)ﬂbnv (9)

D(T) :={¢ € L*(I) : ) A}[(¢ ¥n)al® < 0o} (10)

Clearly v, € D(T) and T, = A1y, for each n =0,1,2....
LEMMA 2.1 The operator T is self-adjoint.
Proof Let ¢,v € D(T). Then

(Th, )2 = (O (b )2t V)2 = D An(d, )2 (Vn, 1)z

n

= (6, D AW, ¥n)athn)2 = (¢, Tt))a.

Hence 7 is a symmetric operator and it follows that
D(T) Cc D(T™).
Now let ¢p € D(T*). Then
(T, )2 = (9, T7)2, Vo € D(T).

Therefore

" A& ¥n)2tn, )2 = O (6, vn)atbn, T*)

n



> Anldn)2 (V)2 = D (6, n)2 (T, U2

n

Choose ¢ = g, 11,19, ... to obtain

An(l/}awn)Q - (T*@b,wn)g vn.

Consequently

T = A, 0n)2thn = T,

which gives the required result that 7 is self-adjoint. ]

It follows from Stone’s theorem [3, p.32] that i7 generates a (Cp)-unitary group
{exp (iaT)}aer on the space L2(I).
If we now define a family of operators {G }acr on L%(I) by

Gat =Y e (h, hn)atbn Vb € L*(D), (11)

then we can prove the following result.

THEOREM 2.2 Let {Gqo}acr be defined by (11). Then {Gu}acr is a strongly con-
tinuous group of unitary operators on L*(I). Moreover, the infinitesimal generator
S of {Ga}aer is given by iT, where T is defined by (9) and (10).

Proof Tt is straightforward to prove that {G4 }acr satisfies the algebraic properties
of a group, that is Go = I and G,Gg = Goyp = GG, for all o, § € R. Moreover,
for each ¢ € L%(I),

1Gag = 8113 = D 1™ = DPI(@, vn)2l*.

Clearly |e*® — 1]2|(¢,¥n)2|> — 0 as a — 0 for each n. Also,
(e — 1)(em™ 1) =2 — 2cos(\,a) < 4, Va
and so

A —121(8, b )al? < 41(d, n ol

Since

> (b n)2l* = 16113 < o0,

it follows from the Weierstrass M-test [1, p.438] that

\\Ga¢—¢\\§—>0asa—>0.
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Hence {Gq}acr is a strongly continuous group of operators on L?(I). In addition,
for ¢, € L*(I),

(Gat, )2 = (O €™, vhn)athn, V)2 = Y € (¢, 1 )2(¥n, ¥)o

= (4, ) e (1, n)atn)2 = (¢, G_ath)a,

and therefore G¥, = G_, = G!, establishing that each G, is unitary.
For the infinitesimal generator of {Gq }acr, we show first that if ¢ € D(7) then

¢ € D(S) and
lim M—im =0. (12)
a—0 (0% 2
Consider
A 2 A
i (ST a6 se| = 1 [T 6 el
0‘%” o 1An 7n2n2—alirbn a LAn y Wn)2] -
Let

_ [ (£ — i) (¢, )2 when o # 0
ga(n) = {0 when o = 0.

Arguing as above, we obtain

190 (n)|? < 4 A2[(6,90n)2]* Vi, Vau.

Hence, by the Weierstrass M-test,
. 2 _ : 2 _
lim » |ga(n)* = ) lim |ga(n)* =0,
n n

and therefore (12) is satisfied. Consequently ¢ € D(S) and i7¢ = S¢ for all
¢ € D(T) C D(S).
For the converse, suppose that ¢ € D(S). Then

2
=0.
2

li Ga¢ - ¢
m || —
a—0 o

— 8¢

Also S¢ € L*(I) and can be written as S¢ = >, (8¢, ¥n)2ty,. Therefore

2

_ 2 iAna _
Haaﬁ‘b R 2(6.t0)2 — (S9tbu)2| —0 as a0,
Thus
) ei)\na -1
lim (¢7 ¢n)2 == (S¢7 r(/]n)Z vn7

a—0 «
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that is
Sp = id(¢,hn)2tbn =iT¢, Vo € D(S).
Hence the result follows. [ ]

Our aim now is to investigate conditions under which the fractional transform
Gq, defined by (11), has an equivalent representation in the form of an integral
transform. Following Zayed’s approach [13], we define the operator G, as

Gar = Zr” A, ) 2ns (13)

where 0 <7 <1, and so Gy, := Gg,1. Clearly, G, € B(L?(I)) for each a € R and
r € (0,1], since ||Ga,r9|3 < ||¢]|3 for all ¢ € L?(I). Moreover

Gord — Godin L*(I) asr — 1. (14)

This leads immediately to the following result.

COROLLARY 2.3 For each fized ¢ € L*(I), there exists {r;}°

: - 521, with r; — 17 as
j — oo, such tha

(Gad)(2) = lim (Go,r, ¢)(2),

Jj—oo

for almost all x € 1.

Proof This is a consequence of a standard result that if a sequence {¢,} converges
in L2(I) to ¢, then there exists a subsequence {¢,,} that converges pointwise
almost everywhere to ¢. [ |

We now assume that, for each z € I,
o0
D ()P < oo Vre(0,1), (15)
n=0

which will enable us to obtain an integral representation of G, ,, for « € R and
0<r<l.
LEMMA 2.4 If (15) holds, then
(Gard)@) = [ hoslw)é)dy  O<r<LocI¥D, (o)
I
where

Ko (v y Zrnev\ awn n( )- (17)

Proof If (15) holds, then, for each z € I, > 00 7", (z)1y, converges in L2(I)



9
to a function which we denote by k, . (z,-). Now, for each ¢ € L*(I) and z € I,
(¢7 ar( ))2 - (¢)Z "e —iAn awn< )%)2 - Z " M a(¢ 1/%)2%( )
n=0 n=0
Therefore,
— _ - n iAo AR
(Gard)x) = [ o)y = (3"l
|

COROLLARY 2.5 If (15) holds, then for each ¢ € L*(I) there exists {r;}, with
rj — 17 as j — o0, such that

(Gag)(z) = lim (Gor,d)(x) = lim [ ko, (2,y)0(y)dy

Jj—00 Jj—oo J1

almost everywhere in I.
Proof The proof follows from Corollary 2.3. ]

Note that, if kq (2, y) converges pointwise to kq1(z,y) as r — 17 and the limit
can be taken inside the integral, then we arrive at

(Gad)() = /I ot (2,1)6(y)dy, 6 € L2(I).

We shall show in Section 5 that this procedure is valid in the case of the FrFT.

3. Fractional Transforms on Test Functions

In this section, we develop a general theory of fractional transforms on spaces
of test functions that are constructed in a systematic manner. Central to this
are differential operators T : L?(I) D D(T) — L?(I) of the type introduced by
Zemanian in [15, Chapter 9]. Therefore throughout the following discussion 7" will
be a differential expression of the form

T = QoDnlngnz . D”“@,, (18)

where D = d/dt, the nj, are positive integers, and the 6 are smooth functions on
1. Moreover, it is assumed that T satisfies the symmetry condition

T =8,(~D)"™ ...(~D)"8;(—D)™ b, (19)

has eigenfunctions {1, }°, that form a complete orthonormal basis for L?(I) and
where the corresponding real eigenvalues {\,}52, are such that |\,| — oo as
n — oo. We shall take the domain, D(T'), of T to be

D(T) = {6 € C=(1) : TF¢ € LX(1), (T*6,)s = (6, T*)2,¥ byn = 0,1, |
(20)
where TV is the identity operator on L?(I).
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Note that D(T) is dense in L*(I), since C§°(I) C D(T), and each eigenfunction
tn, € D(T). Moreover, it follows from [15, p.255] that T" is symmetric on D(T') and,
since

Th= (Th,n)atn = > (6, Ttn)2thn

n

=T¢ Voe D(T),

we deduce that (T, D(T')) is a restriction of the operator (7, D(7)) defined via (9)
and (10).

For such a differential operator T, the Fréchet space A introduced by Zemanian
in [15, Chapter 9] can be defined as follows.

DEFINITION 3.1 The space A is the vector space D(T) equipped with the topology
generated by the countable multinorm {f3;}72,, where

Bi(e) == |T*¢|lz < 00, k=0,1,2,....

It follows from the definition of 3 that 7" is a continuous linear operator on A
foreach r =1,2,3,... .

Now consider the family of operators {G,}acr defined by (11). Our aim is to
show that {Ga}acr is an equicontinuous group on the space A. First we shall
establish that each G, is well defined as a continuous linear mapping from A into
A. For this we require the following result.

LEMMA 3.2

(i) The series Y, (¢,9n)21n converges to ¢ in the topology of A for each
¢ € A

(i1) Let {a,} be a sequence of complex numbers. Then ), ant)y converges in A
if and only if Y, IAn|?*|an|? converges for every non-negative integer k.

Proof See [15, Lemmas 9.3-2, 9.3-3]. ]
LEMMA 3.3 The operator G, is continuous on A for all o € R.
Proof Let ¢ € A. Then

S 1M (6, o PIAnl® = 3 16, )aPIAnl <00 WE=0,1,2,....

Therefore, it follows from Lemma 3.2 that Go¢ € A. To complete the proof we
shall use the result

TFGap = G TG, Vo€ A acR, k=1,2,..., (21)

which can easily be deduced from the linearity and continuity of 7% on A. From
(21) we obtain, for each ¢ € A and k=0,1,2,...,

Br(Gad) = [T"Gadllz = [GaT ]2
= ||T%¢||2 = Br(¢), (since G4 is an isometry on L2(I)).

This shows that G, € L(A), the space of continuous linear operators on A. [ |
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THEOREM 3.4 The family of continuous operators {Ga}acr 15 an equicontinuous
group on A.

Proof From Lemma 3.3, {G4}acr C L(A). The algebraic conditions for {Gy }acr
to be a group are satisfied, as in Theorem 2.2, because A C L?(I). Moreover, for
k=0,1,2,...,

B(Gat = @) = [ T"Gag — T 61>
= |Ga(T"¢) = T*|l> (from (21))
— 0 as a— 0 (from Theorem 2.2).

Hence {Gq}acr is a strongly continuous group of continuous linear operators on
A. Tt follows from the argument used in Lemma 3.3 that for each k

ﬁk(Ga¢> = ﬁk(¢> Va eR,¢ € A. (22)

For equicontinuity, it is sufficient to verify that for each G there exists a continuous
seminorm g on A such that

Br(Gad) < qu(¢p) VaeR,¢c A.

But this follows from (22), as we can simply take ¢ = (k. Hence {Gq}aer is
equicontinuous. |

The following theorem shows that the infinitesimal generator R of the group
{Ga}acr on A is the operator T € L(A).

THEOREM 3.5 Let {Gq}acr be the equicontinuous group on the space A defined

by (11), where the series now converges in A. Then the associated infinitesimal
generator is R =T, where T' € L(A) is defined by (18) - (20).

Proof To prove that T is the generator R of {Gy}acr, we need to show that
D(R) = D(T) = A and R¢ = iT¢, for all ¢ € A. Clearly D(R) C D(T), since T’
is defined on all of A. To prove the reverse inclusion, let ¢ € D(T) = A and let k
be any non-negative integer. Then Y |\, |?*|(#, ¥n)2|? < co. Also,

2
(6% [0

_|[Galt o) T
N «

2

2
2

(T%¢)

(from (21))

2
— 0 by Theorem 2.2.

Consequently for each ¢ € D(T) = A, we have

iT¢ = lim Gad —¢ ¢,
(0%

a—0

and so ¢ € D(R). Moreover, R¢p = iT'¢ for all ¢ € A and the stated result follows.
|

We now return to to the operators G, defined by (13) and examine their prop-
erties on the space A.
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LEMMA 3.6 For ¢ € A, the series given by (13) converges in A. Also Go, € L(A)

and Gor¢ — Gap in A asr — 17.

Proof That G, € L(A) follows from the fact that 5 (Ga,r¢) < Bi(¢) for all ¢ € A

and Kk =0,1,2,.... Also,

T*Gort = GoyTF¢, Vo€ A a€R, re(0,1], k=1,2,...

and therefore

Bi(Gatp — Gurd) = |GaTFd — G T*¢ll2 — 0 as r —17,Vk=0,1,2,... .

Note that convergence in A implies convergence in £, where £ is the usual space
of C* test functions; see [15, Lemma 9.3-4]. Consequently, for ¢ € A, we can
state that (Gar¢)(z) — (Ga¢)(z) for all z, in contrast to Corollary 2.3 where

convergence was for almost all x € I.

4. Fractional Transforms of Generalised Functions

Our next task is to extend the equicontinuous (Cp)-group {Gq }acr on A to a group

of generalised operators {C/J\;}QE]R on A'. Each f € A’ assigns a number < f,¢ >

to each ¢ € A. In the following it is convenient to use the notation
(f.9) =<f0> feApcA
Note that each n € L?(I) generates an element 7) € A’ defined by
(76) = (1.0)2 = [ n@)a@)de, 6 € A
It follows that for each n € L?(I) and ¢ € A,

(Gas ) = 32 € (3, 0) (W0, ).

n

This indicates that the logical extension of G, to A’ is given by

Gof =D € (f,n)n, fEA

where the series converges in A’. We shall return to this series representation of

G, later.

First we consider an alternative approach and proceed as follows. Let n € L?(I)

and ¢ € A. Then by (23) and Theorem 2.2 we have

(Gall, d) = (Gan, ¢) = (Ganty )2 = (0, G—ad)2 = (77, G—ad).

This suggests that we should define éva on A’ as follows.
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DEFINITION 4.1 We define the generalised operator CTOK by

(Gaf,9) = (f,G_ad) feA,pcA (25)
Then we have
Go = (G_o) = (G

THEOREM 4.2 Let {C/J\;}QGR be the family of operators on A’ defined by (25). Then
for all « € R, Gy, is a homeomorphism on A" with inverse G_,.

Proof From Theorem 3.4, G_, is a homeomorphism on A with inverse G, for
each a € R. Definition 4.1 and a standard result on adjoint operators (see [15,

Theorem 1.10-2]) now establish that G, is a homeomorphism on A’ with inverse

(GZLY =G, = G_.. n

Consider the operator T defined by (18)-(20) and let T' denote the generalised
version of T on A’. For T to be an extension of T', we require

Te =Ty, Ve D(T). (26)
Let ¢ € A. Then

(T3, ) = (Tp,¢) = (T, 9)2 = (9, Td)2 = (7, Tp).

This motivates the following definition.

DEFINITION 4.3 We define the operator T on A by
(Tf.¢):=(f.T¢) feA ¢pcA

THEOREM 4.4 T is a continuous linear mapping from A’ into A'.

Proof Since T is the adjoint of T and T € L(A), this follows from [15, Theorem
1.10-1]. ]

We know that the operator 7 defined by (9) and (10) is self-adjoint. Moreover
A C D(T) and 7|, = T'. Therefore we have

(Tf.0):=(f.T¢) VfeA decA

Hence T =T on A, that is T is also an extension of 7 to A’

THEOREM 4.5 The family of operators {éva}ae[g, defined on A" by (25), is a weak*-
continuous group of linear operators on A’. Moreover the infinitesimal generator

of {Gatacr is (—iT) =iT.

Proof Since {Gq }acr is an equicontinuous group of class (Cp) on A with infinitesi-
mal generator i7", it follows that {G_, }4er is an equicontinuous group of class (Cp)
on A with infinitesimal generator —i7". On applying [7, Proposition 2.1] (adapted
for the case of equicontinuous groups) we deduce that {éva}aeﬂg ={G"  }acr is a
weak*-continuous group on A" with infinitesimal generator (—iT")’. Since

(T f,0) = i(Tf, ) = (Tf,—ivh) = (f, —iT)
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for all f € A, ¢ € A, the operator iT is also the adjoint of —iT. [ |

To show that our definition of G, also agrees with (24), let f € A’. Then, by
Definition 4.1,

(Gat,0) = (£,G-at) = (£, Y e (b, vn)2tn)

n

=D MU ) Wns B2 = D €N (f ) (Y, ).

Since the series on the right-hand side converges for each ¢ € A, we obtain

(Gafr®) = (3 €™ (f,4n)tn, ), (27)

n

and so

é\;f = Zei)\na(f’ wn)wm S Al
n
where the series converges in A’.

5. Fractional Fourier Transforms

We know that {Ga}acr = {€7 }acr is an equicontinuous group on the space A
for any differential operator T of the form (18)-(20). We now consider the specific
case when the symmetric operator 7' is the differential expression E given in (5).
Let I = R and let {¢,,}72 be the complete orthonormal set of eigenfunctions of T'
given by (2). The corresponding eigenvalues are A, = n, for all n = 0,1,... . and
therefore we have

Goa¢ = Z eina(qsv ¢n)27/)n

n=0

Comparison with (4) shows that this particular choice of differential operator leads
to the FrFT. Consequently, we shall denote the corresponding fractional transforms
by F, rather than G, in this case, that is

Fa(b - Z eina((by wn)Q/‘/JTM (28)
n=0

where 1, is defined by (2). As indicated earlier, Fy, = F, the classical Fourier
transformation.
Our general theory leads immediately to the following.

THEOREM 5.1 Let F,, be defined by (28). Then for each o € R, F, is a homeomor-
phism on L*(R) with inverse F_,. Furthermore, the family of operators {Fu}acr
is a strongly continuous group of unitary operators on L*(R), with infinitesimal
generator given by 1T where

D(T) = {¢ € L*(R) : Y _n®|(¢,9n)2|* < o0} (29)
n=0



15
and
To:=> n(d tn)atn. (30)
n=0
Proof This follows from Theorem 2.2. [ ]

We turn now to the FrFT on the space S of test functions of rapid descent.
For this we require the following result which will enable us to use our theory of
{Ga}acr on the space A.

LEMMA 5.2 If T is the differential operator E given in (5), with domain defined
via (20), then the corresponding space A is the space S of test functions of rapid
descent and A’ is the space S of distributions of slow growth.

Proof See [11] and [15, p.267]. [ |
The main properties of I, on S follow immediately.

THEOREM 5.3 For each o € R, F,,, defined by (28), is a homeomorphism on S
with inverse F_,,. Moreover, {Fq}acr is an equicontinuous group of class (Cy) on
S with infinitesimal generator iT, where D(T) = A= S.

Proof These results are a direct consequence of Theorems 3.4 and 3.5, and Lemma
5.2.
]

Note that a number of mapping properties of F,, on .S were previously established
by McBride and Kerr [4] via different, but lengthier, arguments that relied on the
integral formula (6). The advantage of our approach is that we obtain, not only the
results in [4], but also additional information on the associated group of fractional
Fourier transforms on S as a particular case of a more general theory. We now give
a rigorous justification that the eigenfunction-eigenvalue definition that we have
used leads directly to the integral formula (6).

To obtain an integral representation of F,¢ in the form

(Fad)(z) = / b2 9)b(y)dy, & € L*(R), (31)
we define
Fappi=">_ 1" (¢, 1) 2n, (32)
n=0

where 0 < r < 1. Then from (14),
For — Fo1¢:= Fopin L*(R) as 7 — 17,

for each ¢ € L?(R). We now verify that assumption (15) is valid for the specific
case when v, is defined by (2).

LEMMA 5.4 For each x € R,

S P (2)]? <00 Ve (0,1), (33)
n=0
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where Py (x) is defined by (2).

Proof The asymptotic representation of the Hermite polynomial [8, p.67] shows
that, for each fixed x and n sufficiently large, there exists a constant M such that

|Hn(l’)| < M2(n+1)/2nn/2€_n/26$2/2.

Therefore it is sufficient to establish the convergence of the infinite series

o0 —
T2nnn€ n
E Un, where u, = ———

n=0

., n=0,1,2,....
n!

Since Uy 41 /Uy — r? < 1as n — oo, it follows that this series does indeed converge.

]
Consequently, we have the following lemma.
LEMMA 5.5 For ¢ € L*(R) and 0 < r < 1,
R (34)
where
ko (2, y) Zr”emwn Pn(y)- (35)

Proof We know from Lemma 5.4 that o0 o r?"[th,(x)|* < oo, ¥ r € (0,1) and for
each fixed x € R. Hence the result follows from Lemma 2.4. [ ]

If we examine the function k., given by (35), then we obtain

For(T,y) = Z e (1) (y)
(I 24y2 ) o0

Hy,
S it

Now using Mehler’s formula [8, p.61], and setting z = re'® with 2| = r < 1, we
have

T ,r.eioz 1E2 2 ,reia 2
kom”(xﬂ y) = \/1%(1_ (Tem)Q)il/Q exp <12_ Z(/,reia)Z - ( ;Vy )1 t Ereia;2> : (36)

We shall examine each term in (36) in turn for 0 < |a| < 7. Firstly

14 (re’*)? (1 —7*) + 2ir? sin 2o
1— (rei®)2  (1+4+7r4) —2r2cos2a’

and it is straightforward to show that

Re (%) >0 (37)
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and
) 1+ (Teia)Q ]
rli)I{l_ W =i cot . (38)
rel®
For the term ——————— in (36), we obtain
1 — (reie)?2
re’  (r—r®)cosa+i(r+r®)sina (39)
1— (rei)z 1+ 7% — 272 cos 2 ’
and so
lim ret® _ 2isina i (40)

ro1- 1— (rei@)? — 2(1—cos2a)  2sina’

Examining now the remaining term in (36) that involves r, we express 1 — (re'®)?
in polar coordinates as p,e’’r, where

pr=|1—1r%*% - 2lsinal as r — 17,

and
lim 6, = tan™* _—sinZa = tan"!(—cot a)
ro1- 1—cos2a)
_Ja-7/2, 0<a<m
Cla+7w/2, —m<a<O.
Therefore,

1
/2| sin ¢

Hence, for 0 < |a| < m,

(pre?) 1% e(5672/2) g5 1 — 17, where & = sgn(sin a). (41)

hI{l_ ka,r(l'a y) = ka(xv y),

where

1

V27| sin o

The function k, is the kernel of the integral operator F, defined by (6).
Our next task is to show that the operators F,, and F, agree on the space L?(R)
and hence also on S.

THEOREM 5.6 Let F, be defined by (6) and (7), and let F,, be defined by (28).
Then as operators on L2(R), Fo = F, for all a € R.

Proof Clearly Fo = Fo, Frjo=Frjp=Fand F_r 9 =F_; /5 = F~1. Also,

—1

exp (i%o? — a/2> exp ( 5 (2% 4+ y*) cot a + Y > . (42)

ko(z,y) =

S &«

o

(Find)(@) = 3 (~1)"(6,¥n)otbu (@)

n=0
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and, since
o0 &, Un) if n is even
N Un(2)p(—1x) do = { — (¢, ¢s)2 if n is odd
= (=1)"(¢; ¥n)2,
we obtain

(Fiw¢)(m) = (b(_x) = (fiﬂ(rb)(x)

Now we proceed to the case when 0 < || < 7, with o # £7/2. Let ¢ € Cg°(R).
Then

(Fard)(2)
—i6,-/2 00 (xe" 2 2 a\2
- e (P - ) sty (49

where 0, = arg(1 — r2¢%?) and p, = |1 — r2e?*®|. From (41),

1 e /2 1
— —
VT \/pr /27| sin o

Examining the integrand in (43) with = € R fixed, we have, from (39),

( 2zyrel® )‘ < 22y (r — %) cos a >
oxp | T ayz )| = P :

elGa=a/2) a5 17, (44)

— (reie)?2 1+ 7% —2r2cos? 2a
Clearly,
2zy(r — r®) cosa < 2|z||y||r — 3| cos a| < 2|z||y|, Vr € (0,1].
Moreover,
1471 = 2r% cos® 20 = (r? — cos 2a)? 4 sin? 2o > sin? 2, V7,
Hence,

2zyre'® 2|x||y|
exp <]__(7~6’L04)2>‘ S exXp < y Vr € (O, 1]

sin? 2«

Also, from (37), we obtain

o (RO )| o (DR ) =

Let supp ¢ C [—R, R]. Then

[ e (2 e (-5 ) ot

< exp< el R ) / irqﬁ(y)rdy vre (0,1,

sin? 2«
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Consequently, we can take the limit inside the integral to obtain

(Fag)(2) = lim (For0)(2)

r—1-

o0 iy 2242
- 1ei(1&—a/2)/ erma e TET Oy dy. (45)
—0oQ

\/ 27| sin o

It follows from Lemma 3.6 that for each ¢ € S = A, we have Fy, ,¢ — Fy1¢0 = Fo¢
in S as r — 17. Hence (Fo,¢)(z) — (Fa¢)(x) uniformly with respect to x on
compact subsets of R. But from (45) we have, for each ¢ € C§°(R), (For¢)(z) —
(Fad)(x) as r — 17. We know from Theorem 5.1 that F, is continuous on L?(R).
Also it has been proved in [5] that F, is continuous on L?(R). Therefore, since
C&°(R) is dense in L%(R),

Fa¢ = }-agba

for all ¢ € L?(R). [ |

Now we turn to the theory of FrFTs on the space of generalised functions A’,
which, in view of Lemma 5.2, can be identified in this particular case with the space
S’ of tempered distributions. We recall that the generalised Fourier transformation
F is defined as a homeomorphism on S’ by

< Ff ¢ >=<f Fo> for fe S, ¢€S. (46)

From (25), we obtain the following definition for the generalised FrFT F,.

DEFINITION 5.7 The generalised fractional Fourier transform of order o of f € S’
s given by

(Fuf,0) == (f,F-at), ¢€S. (47)
Since

< Fof,¢ > = (Fuf, )
:(vafag) =< vaa¢>a

this definition is consistent with (46), which corresponds to the case a = 7/2. Note
also that

Foij = Fan W€ LX(I). (48)

THEOREM 5.8 Let {F/\’;}QE]R be the family of operators defined by (47). Then for
each a € R, F, is a homeomorphism on S’ with inverse F_,. Moreover,

ﬁ‘;f = Z eina(f’ @Dn)%a

where the series converges in S'.

Proof See Theorem 4.2 and (24). [ |
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THEOREM 5.9 For each f € S' and o, 3 € R,
(i) FoFsf = Foypf

(ii) Faof — Fgf in S as a— (.
Proof This follows from Definition 5.7 and Theorem 5.3. [ |

THEOREM 5.10 The family of operators {E}aeR, defined on S’ by (47), is a
weak*—cont@uous group of linear operators on S’. Moreover the infinitesimal gen-
erator of {Fa}acr s (—iT) =T, where T is defined via (5), (20) and Definition
4.8.

Proof See Theorem 4.5. [ |

6. Conclusion

We have used a systematic procedure for defining a unitary group of fractional
transformations on L?(I) with infinitesimal generator i7 and a corresponding
equicontinuous group on the space of test functions A that was constructed around
a symmetric restriction 7' of 7. This led to a weak*-continuous group of fractional
transforms defined on the space /,il’ of generalised functions. The generator of this
group is the extended operator iT = i7 € L(A’). As a special case of our theory,
we obtained the distributional theory of the fractional Fourier transform that was
developed, via a different approach, in [6]. Note that the abstract Cauchy problem
associated with 77" is

du(t)
dt

= iTu(t), u(0)=fecA. (49)
The theory presented above shows that the unique solution to (49) is
u(t)=Gf e A VfeA,

where we work with the weak*-topology in A’. Full details will be given in a future
paper.

The constructive and general nature of our approach immediately suggests that
it could be used to produce distributional theories for other fractional transforma-
tions. For example, we have obtained similar results for the Hankel transformation
which will be discussed elsewhere.



I B N
REFERENCES 21

References

[1] T.M. Apostol, Mathematical Analysis, Addison Wesley, Massachusetts, 1958.
[2] A. Bultheel and H. Martinez Sulbaran, Recent developments in the theory of fractional Fourier and
linear canonical transforms, Bull. Belgian Math. Soc. 13 (2006), pp. 971-1005.
[3] J. A. Goldstein, Semigroups of Linear Operators and Applications, Clarendon Press, Oxford, 1985.
[4] A.C. McBride and F.H. Kerr, On Namias’s fractional Fourier transforms, IMA Journal of Applied
Mathematics 39 (1987), pp.159-175.
[5] F.H. Kerr, Namias’ fractional Fourier transforms on L? and applications to differential equations,
J. Math. Anal. Appl. 136 (1988), pp. 404-418.
[6] F.H. Kerr, A distributional approach to Namias’ fractional Fourier transforms, Proc. Royal Society
Edinburgh 108A (1988), pp. 133-143.
[7] T. Komura, Semigroups of operators in locally convex spaces, J. Funct. Anal. 2 (1968), pp. 258-296.
[8] N.N. Lebedev, Special Functions and their Applications, Dover, New York, 1972.
[9] V. Namias, The fractional order Fourier transformation and its application to quantum mechanics,
J. Inst. Maths Applics. 25 (1980), pp. 241-265.
[10] H.M. Ozaktas, Z. Zalevsky and M.A. Kutay, The Fractional Fourier Transform with Applications in
Optics and Signal Processing, Wiley, Chichester, 2001.
[11] B. Simon, Distributions and their Hermite expansions, J. Mathematical Physics 12 (1971), pp. 140—
148.
[12] N. Wiener, Hermitian polynomials and Fourier analysis, J. Mathematics and Physics MIT. 8 (1929),
pp.70-73.
(13] A.L Zayed, A class of fractional integral transforms : a generalisation of the fractional Fourier
transform, IEEE Transactions on Signal Processing 50 (2002), pp. 619-627.
[14] A.L Zayed, Fractional Fourier transform of generalized functions, Integral Transforms and Special
Functions 7 (1998), 299-312.
[15] A.H. Zemanian, Generalized Integral Transformations, Interscience, New York, 1968.



