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Abstract. This article deals with the calculations of the temperature jump at the wall ®rflgas in the slip regime.
The analytical calculations are based on kinetic boundary conditionsopexkespecially for polyatomic molecules. When
compared to an expression previously obtained for unstructured udedgethe polyatomic molecule temperature jump reveals
supplementary terms of bulk viscosity type due to the internal mode excitdt@se terms may be important in high speed
flows or in gas flows displaying significant relative density variation at taik w

1. INTRODUCTION

In recent articles [1, 2] we proposed a model of scatterimgéds, which are required to describe kinetic boundary
conditions accompanying the Boltzmann equation, both fonaomic and polyatomic gases. The models involve
various accommodation coefficients. We have also propasstagy the new monatomic scattering kernel, temperature
jump and velocity slip expressions to be used as hydrodynaoundary conditions in the gas slip flow regime [3].
These hydrodynamic boundary conditions concerned onlyrueisred atom-like molecules, and were based on a
Chapman Enskog distribution function used to describertbering distribution function at the wall.

In this article, we extend the description of hydrodynamaudary conditions to polyatomic gases. Thus, a
temperature jump calculation is performed for polyatonas flows. Moreover, we have considered the polyatomic
kinetic model developed by Morse [4] in describing the ingdng molecule distribution function at the wall. Morse’s
kinetic model description is based on a multi-scale devalemt which is suitable in polyatomic kinetic model
constructions where various relaxation times arise [5].

2. BACKGROUND THEORY: SOME NEW KINETIC RESULTS

2.1. Summary of the new polyatomic scattering kernel desgpition

A polyatomic scattering kernel was derived from an inte§pehulation devoted to the kinetic boundary conditions
accompanying the kinetic equations. This scattering Kedigplays various parameters related to the number of
degrees of freedom involved in the description of gaseousicfgareflections at the wall. These parameters have
been shown, in a general case, to equal the accommodatifiitiemts corresponding to the three components of the
momentum flux, and to the fluxes of the excited internal eesr(yiotational and vibrational energy) [2].

The construction of the model embodies a concept of spedificramodation for each external degree of freedom
and for each internal energy mode; then an interplay exettgden the various modes in the modeling of the reflection
process. In doing so, the alternative diffuse or speculdeation is preserved for each momentum component and
each internal mode (with which this alternative reducesitelastic / inelastic alternative) . Notably, the descaptis
suitable for taking into account possible anisotropicdead of the solid wall. When the internal modes are disreghrde



the derived polyatomic scattering kernel reduces to aesiadgt kernel derived for a monatomic gas [1].
In the case of a single internal mode (rotational mode ot polyatomic scattering kernel [2] may be written:
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in which the dirac operator is denoted By The velocity of the gaseous particles are denoted by (éx, &y, &2),
wherex, y andz are the three spatial coordinates withlong the normal axis to the surface, oriented toward the gas
The microscopic rotational internal energy is denotedEpyandg;, denotes the weight factor corresponding to the
degeneracy of the quantum rotational states (in the cagghefigal rigid rotator moded;; = 2ir + 1 ). The quantities
with superscript’), refer to incident molecules while those without this sspept refer to reflected molecules. The
three momentum accommodations of the momentum fluxes atahaseay, ay anda,, while a, corresponds to the
accommodation coefficient of the rotational energy flux. Weate the surface temperature yandC2 = 2kT,,/m,
wherek is the Boltzmann constant amdthe molecular mass. The particle peculiar velocities walidenoted/. The
normalization partition function of the rotational modg, is defined through
Ejr
Qr(Tw) = zgir?WW . (2)
r

The reflected particle distribution functior,”, is related to the incoming particle distribution functiby the

scattering kernel (1) through the following relation :
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2.2. Adistribution function describing the incident parti cles

The model used here to describe the incident particle digtan function is derived from the BGKM model,
which is a generalization of the well-known BGK kinetic mbtiepolyatomic gases. This kinetic model, described in
reference [4], is based on a multi-scale development wisidonvenient for polyatomic kinetic model constructions.
However, as it is well-known in the case of monatomic gasésnastarting from the basic BGK kinetic model, the
description of viscosity and thermal conductivity coeffiais yields an incorrect Prandtl number. This disadvantage
of the BGK model can be avoided. Accordingly, we may consaielincoming distribution function given by the
BGKM kinetic model [4] in which we are assuming that the visity and the conductivity coefficient are expressed
by Chapman’s description of these coefficients [6]. Therdi®/incoming distribution function reads

i =FR1+¢(V)— ¢ (Eir)] (4)

where ¢:(V') and ¢, (E;./) correspond respectively to the part of the translational #me internal modes on the
deviation from the Maxwell-Boltzmann distribution funati, F, and are written,
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in which n is the gaseous molecule number-densityis the viscosity coefficient); is the translational thermal
conductivity,A, is the rotational mode thermal conductivig, is the rotational specific heat (per moleculg),s the
total specific heat (per moleculd)denotes the second order identity tengbis the gas macroscopic velocity, “ : ”
denotes the double contraction of the tensorial product\ivg andg—g} are the usual second order tensors. The mean

rotational energyk;, is normally defined with the relation,
e
OirEire ki
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We allow the approximation of the molecular internal stuwetwhere the molecules are considered as rigid spherical
rotators and the rotational energy levets,are sufficiently close to each other to be treated as a aanigvariable.
Thus the mean rotational energy will be given by

(@)

Er(Tr) = kTr . (8)

The Maxwell-Boltzmann distribution function corresponglito only the rotational mode of excitation reads:
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in which only one equilibrium temperaturg, is assumed for both the translational and rotational m@de, T;. This
temperature represents also the gas temperatur€’aa®kT; /m.
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3. CALCULATION OF THE TEMPERATURE JUMP

3.1. Basic assumptions

The assumption used here to derive the temperature jumatithéhheat flux entering the Knudsen layer is assumed
equal to the heat flux in contact with the wall (i.e.>4t= 0 in the Knudsen layer scale). This assumption is the
same as the one previously used to derive a temperature pmapoihatomic gases [3]; it also presumes quasi steady
conditions and tangential heat flux quasi constant alongviddg. Moreover, the distribution function used for the
incident particles in the calculation of the heat flux in @attwith the wall corresponds formally to the distribution
function at the entrance of the Knudsen layer. This lastraption could be interpreted as neglecting effects from the
gaseous particle collisions inside the Knudsen layer [7].

3.2. Schema of temperature jump derivation

As we consider only a rotational mode of excitation, disrdgey the vibrational mode (that is convenient in gas
flows at moderate temperatures), the total heat flux at thraresd to the Knudsen layepgn, given by a Fourier law
(as at the limit of the validity of the continuum model), ipeessed
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At the contact of the surfaceX(= 0), the translational and the rotational heat fluxes shoalddculated using the
following kinetic definitions
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and the total heat flux at the wall is given by,
QO = Qtra + Qrot . (12)

Then, according to our previous assumption (3.1), a tenypergump at the wall is derived through the following
equality
Qo= Qkn - (13)
Using scattering kernel (1) with relation (3), and inciddistribution function (4), the calculation of the trangbatal
and rotational heat fluxes at the wall, defined by relatior),({tields :
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The sum of both the expressions gives the total heat flux av#ilevhich may be written
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3.3. Atemperature jump expression in polyatomic gases

Applying assumption (13) with the heat flux at the inlet of Krudsen layer given by relation (10) and the heat
flux at the wall given by relation (16), we obtain the temperajump given by,
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Temperature jump (17) is globally structured in a way simitaan expression previously obtained for monatomic
gases [3], i.e., it contains a pure contribution of condurctheat fluxes through the temperature gradients, and
a contribution of viscous heating terms through the meancitl gradients. Moreover, when the internal mode
accommodation coefficienty,, vanishes and the rotational mode contribution to the haatehtering the Knudsen
layer is neglected, then temperature jump (17) reduceetmtinatomic gas temperature jump expression.

The new contribution pointed out in expression (17) cone¢he terms involving compressibility effects owing
to the internal modeA¢0.U). Some of these terms are due to the bulk viscosity appearikinetic description
of polyatomic gases (this viscosity is representedby /C, [6]) and they should be relevant in situations where
relative variations of density become significant. Indegbdse new terms are related to relative variations of densit
by the continuity equation. Furthermore, significant lieéavariations precisely characterize the Knudsen laydr an
flows where temperature jump are required [8]. Moreovetpfihg Welander assumption in the Knudsen layer,
1/n(dn/0X) ~ 1/T(9T;/0X), these terms may be shown of the same order of magnitude fisstherms depending
only on the temperature gradient. However, these new tentribations did not appear in previous studies where the
macroscopic mass motion was neglected [9, 10]. They shauldken into account especially in high speed flows
displaying high compressibility effect and in some low grg®e heat conduction problem where sensitive density
variations arise [11].

4. KNUDSEN LAYER CORRECTION TO EXPRESSION (17)

In the derivation of the temperature jump (17), the distitoufunction used to represent the incident gaseous pestic
in the calculation of the heat flux at the contact of the waliresponds formally to the distribution function at
the Knudsen layer inlet. In addition, among the flow macrpgcgradients, no distinction has been made between
gradients at the inlet of the Knudsen layer and the gradiantee contact to the wall. This assumption is usually
interpreted as neglecting effects from the gaseous paxallisions inside the Knudsen layer [7]. This effect may be
taken into accoung posteriorj using the procedure described below.

Admitting that the Knudsen layer is a region of rapid vadatdf the gradients of the gas macroscopic parameters,
then we may take into account these variations between thanee to Knudsen layer and the contact with the wall
through, for example, the following relation

oT oT
Solo= keW|KL (18)

where the quantity with subscripk('” refers to the entrance of the Knudsen layer and the quawiity subscript

o, refers to the contact with the wall. The coefficidatin formula (18) represents the magnitude of the gradient
variation through the Knudsen layer. Thus, in the expressidhe temperature jump based on the use of relation (13)



the gradients appearing in the expression for the heat fltixeaknudsen layer inlet, i.e. in relation (10), should be
distinguished from the macroscopic gradients appearirigarexpression of the heat flux at the wall, i.e in relation
(16). Accordingly, the expression of temperature jump @edifrom the present approach, using the modification (18)
may be written

1 [mm[(2-keF), | 2—kar), ] 0T
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In relation (19) the temperature gradient It could be noteat the modification (19) to the temperature jump,
accounting for gradient variations through the Knudsermtdais similar to reference corrections proposed notably
by Welander [8, 10] using a BGK kinetic equation resolutiothie Knudsen layer. The value kf given by Welander

is 0.827.

5. CONCLUSION

A temperature jump, convenient as thermal boundary canditi polyatomic gas flows, has been analytically derived
from a new scattering kernel developed especially for golydc gases. The calculation has been performed in the
case of a single internal mode (only the rotational mode ¢ied). The temperature jump expression obtained shows
that the internal mode excitation provides supplementarsng which could be important depending on the flow
conditions. More investigation of these new term contiima to the temperature jump will be presented in further
work.

The present thermal boundary condition could be extendesidee complex flow configurations such as the
inclusion of more excited internal modes (vibrational faample). However, in these cases, some relevant points
should be considered. If the equilibrium temperatureslireaby the different internal modes are the same, and equal
to the equilibrium temperature of the translational motdentthe process remains the same as presented in this;article
only a more complicate computation is required. On the eowtif different equilibrium temperatures arise (diffete
rotational or vibrational temperatures), as in a case of@gtnon-equilibrium state between two different modes,
then a different approach is required (for example a direltutation of the temperature at the wall). Otherwise, one
has to assume separately a conservation of each of thel paatluxes through the Knudsen layer (i.e., conservation
of the translational heat flux and conservation of the heatdfihe considered internal mode).

REFERENCES

Dadzie, S. K., and Meolans, J. Ggurnal of Mathematical Physicd5, 1804—1819 (2004).

Meolans, J. G., and Dadzie, S. Hournal of Mathematical Physic46, 062101 (2005).

Dadzie, S. K., and Meolans, J. ®hysica A358 328-346 (2005).

Morse, T. F.The Physics of Fluids, 159-169 (1964).

Brun, R., and zappoli, BRhysic of Fluids20, 1441-1448 (1977).

Chapman, S., and Cowling, Tthe Mathematical Theory of Non-Uniform Gas€ambridge Mathematical Library, 1970,
third edition edn.

Cercignani, C.Mathematical Methods in Kinetic Theqnglenum press new york, 1990, second edn.

Welander, PArkiv for Fysik 7, 507 (1954).

Larini, M., and Brun, R.International Journal of Heat and Mass Transfés, 2189-2203 (1973).

Lin, J. T., and Willis, D. R.Physics of Fluids15, 31-38 (1972).

Ho, C.,THERMAL ACCOMMODATION AND ADSORPTION COEFFICIENTS OF GAS8l. 2, Hemisphere Publishing
Corp, 1989, second edn.

oukhwnhE

T loNe N
pE©®:



