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Abstract

Band distributions (BDs) are introduced describing quantization in a toral

phase space. A BD is the uniform average of an eigenstate phase-space prob-

ability distribution over a band of toral boundary conditions. A general ex-

plicit expression for the Wigner BD is obtained. It is shown that the Wigner

functions for all of the band eigenstates can be reproduced from the Wigner

BD. Also, BDs are shown to be closer to classical distributions than eigen-

state distributions. Generalized BDs, associated with sets of adjacent bands,

are used to extend in a natural way the Chern-index characterization of the

classical-quantum correspondence on the torus to arbitrary rational values of

the scaled Planck constant.
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The classical and quantum dynamics of several nonintegrable model systems, which have

become paradigmatic in the field of Quantum Chaos, can be reduced to a torus, either in

configuration space (e.g., the Sinai billiard [1–3]) or in phase space (e.g., the “cat maps”

[4,5] and the “kicked-Harper” model [6–12]). Quantally, the admissible toral states have

to satisfy proper boundary conditions (BCs), i.e., they have to be periodic in the torus up

to constant Bloch phase factors. This Letter is concerned with systems for which general

Bloch BCs are defined on a toral phase space: several of such systems have been discussed

in the Quantum-Chaos literature [4–12], although attention has often been confined to strict

periodicity. General Bloch BCs are physically relevant if the toral phase space represents

the unit cell of a Hamiltonian or mapping which is periodic on phase space: models of this

type occur naturally in problems involving magnetic fields combined with periodic potentials

[13–22]. A further reason for studying Bloch BCs is that some physical insight comes from

examining the sensitivity of eigenstates to variation in the BCs [9–12,21].

It is well known [4–12] that a necessary condition for the reduction of phase-space quan-

tum dynamics to a torus T 2
Q is that a scaled Planck constant for the problem, denoted by

ρ = h̄/2π, assumes rational values: ρ = q/p (q and p are coprime integers). The “quantum”

torus T 2
Q is q times larger than the torus T 2 to which the corresponding classical dynamics

can be reduced [6,10–12]. For each BC, characterized by the Bloch wavevector w, the spec-

trum consists of precisely p levels [11]. As w is varied, these levels broaden into p bands

labeled by an index b. A measure of the sensitivity of the eigenstates in band b to variations

in the BCs is the Chern index σb [9–12,21], an integer topological invariant analogous to

the quantum Hall conductance carried by a magnetic band in a perfect crystal [13–20]. The

eigenstates may be weakly dependent on the BCs only if σb = 0, a value which may arise

only if q = 1 [11]. In this case, where T 2
Q = T 2, one can easily establish a classical-quantum

correspondence on the torus for small ρ [4,9,10]. Several arguments [9,10,21], supported by

numerical evidence, indicate that if the Husimi distribution of an eigenstate is localized on

a classical regular orbit [e.g., a Kol’mogorov-Arnol’d-Moser torus or a periodic orbit] the
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corresponding band has σb = 0. On the other hand, eigenstates whose Husimi distribution

is spread over the classical chaotic region should belong to bands with σb 6= 0. The transition

from a nearly-integrable regime, where almost all σb = 0, to a fully chaotic regime, where

almost all σb 6= 0, as a nonintegrability parameter is increased, takes place via degeneracies

between adjacent bands, leading to a “diffusion” of the Chern indices [23]. The last three

sentences summarize what we call the Chern-index characterization of the classical-quantum

correspondence on the torus.

There is a sense in which eigenstates are not natural for a characterization of the classical-

quantum correspondence, in that they exhibit rather nonclassical features, due to their asso-

ciation with the purely quantum quantity w and to their generic sensitivity on this quantity.

In particular, the Chern-index characterization above cannot be extended to the general case

q 6= 1 on the basis of the eigenstates [10,11]. In order to take into account all the BCs but,

at the same time, to eliminate their individual purely quantum effects, we propose in this

Letter to characterize the classical-quantum correspondence on a toral phase space by quan-

tities given by averages over all the BCs. As a matter of fact, one such quantity is the Chern

index itself, which can be expressed as the uniform average of the eigenstate two-form with

respect to w [9,11]. Here we introduce the band distribution (BD), given by the uniform

average of the phase-space probability distributions (either Wigner or Husimi) for the band

eigenstates over all the BCs. The BD may be viewed as the representative probability dis-

tribution for a level in the torus. We obtain a general explicit expression for the Wigner BD.

A main result of this Letter is expressed by the formulae (3) and (6) below, by which the

Wigner functions of all of the band eigenstates are encoded in a single, analytic function,

the Wigner BD. Thus, no information is lost about the individual eigenstates by averaging

the Wigner function over the band. Also, it will be demonstrated that the BDs are “more

classical” than the distributions of band eigenstates in several aspects. We also give a gener-

alization of the BD concept, which is analogous to the smoothing a probability distribution

over a range of energy levels which is used in scar theory [24]. As a main application, the
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generalized BDs are used to extend in a very natural way the Chern-index characterization

of the classical-quantum correspondence to q 6= 1. More details about the Husimi case are

given in Ref. [12].

Our phase space is (u, v), [û, v̂] = 2πiρ, and the Hamiltonian or mapping for our system

is assumed to be periodic in this space with a 2π × 2π unit cell, which is the classical torus

T 2. If ρ = q/p, the quantum torus can be chosen as T 2
Q = [0, 2πq) × [0, 2π) and the

v-representation of the band eigenstates is [11]

Ψb,w(v) =
p−1
∑

m=0

φb(m; w)
∞
∑

l=−∞

exp[il(w1 + 2πmρ)/q]δ(v − w2 + 2πl/p) , (1)

where b = 1, ..., p. This state is an eigenfunction of the commuting phase-space translation

operators on T 2
Q, D̂1 = exp(iû/ρ) and D̂2 = exp(ipv̂), where û = 2πiρd/dv: the eigenvalues

are exp(iw1/ρ) and exp(ipw2), implying that w = (w1, w2) is the Bloch wavevector. Up

to phase factors depending only on w and on the Chern index σb, the eigenstates (1) are

periodic in w space with a unit cell given by the “Brillouin zone” BZ = [0, 2πρ)× [0, 2π/p)

[11]. We denote by Pb,w(u, v) a phase-space probability distribution (either Wigner or

Husimi) for the eigenstates. We define the band distribution (BD) for band b by

Pb(u, v) =
1

|BZ|

∫

BZ
dwPb,w(u, v) , (2)

where |BZ| = 4π2q/p2 is the area of the Brillouin zone. A more explicit expression for

Pb(u, v) can be obtained in the Wigner case. We find in this case, using (1),

Pb,w(u, v) ≡
1

2π2ρ

∫

∞

−∞

dv′ exp(iuv′/πρ)Ψ∗

b,w(v − v′)Ψb,w(v + v′)

=
∞
∑

r=−∞

∞
∑

s=−∞

Ab(r, s; w) δ(u − w1 − rπρ) δ(v − w2 − sπ/p) , (3)

where the first equality defines the Wigner function, and where

Ab(r, s; w) =
p

4π

p−1
∑

m=0

exp

[

iπs(r − 2m)

p

]

φb(m; w)φ∗

b[(r − m) mod p; w] . (4)

The result (3) shows that the support of the Wigner function for an eigenstate is, quite

generally, a lattice in phase space, which is shifted uniformly by shifting w. This generalizes
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the result of Hannay and Berry [4] for w = 0 (strict periodicity) to arbitrary BCs. Using

(3) in (2), we obtain the following expression for the Wigner BD:

Pb(u, v) =
p2

4π2q

∑

r=0,1

∑

s=0,1

Ab(r, s; w1 = u − rπρ, w2 = v − sπ/p) . (5)

Equation (5) will now be inverted to express Ab(r, s; w) in terms of the Wigner BD. To

this end, one notices first that, due to the strict periodicity of Eq. (3) in the Brillouin zone,

the right-hand side of (5) will not change if the summations are performed over r = r̄, r̄ +1

and s = s̄, s̄ + 1, where r̄ and s̄ are arbitrary integers. Next, one writes Eq. (5) with (u, v)

replaced by (u + kqπ, v + lπ) for k = 0, 1 and l = 0, 1, choosing r̄ = kp, s̄ = lp in the four

cases. Using (4), one then finds that Pb(u + kqπ, v + lπ) is given by the right-hand side of

Eq. (5) with the extra factor (−1)ks+lr+klp under the summation signs. The resulting four

equations can be easily solved for Ab(r, s; w):

Ab(r, s; w) =
π2q

p2

∑

k=0,1

∑

l=0,1

(−1)ks+lr+klpPb(u + kqπ, v + lπ) , (6)

where u = w1 + rπρ and v = w2 + sπ/p. Together with the latter expressions, Eq. (6) shows

that the Wigner functions (3) of all the band eigenstates are simply encoded in the single,

smooth phase-space function Pb(u, v). Thus, no information about (3) is lost by performing

the average in (2), as this information is fully recoverable from the Wigner BD.

We now discuss properties of the BD (2), including aspects in which it is “more clas-

sical” than Pb,w(u, v). First, we remark that Pb(u, v), in particular (5), is a smooth

function, unlike the Wigner function (3) of the eigenstates. Also, using the relation

eir(v̂−w2)/ρΨb,w(v) = Ψb,w1−2πr,w2
(v) (r integer) [11] in (2), and noticing that exp(irv̂/ρ) is

just a translation of u by 2πr, we easily find that Pb(u, v) is periodic with unit cell T 2 (the

classical torus) for general q. This is in contrast with Pb,w(u, v), whose unit cell of period-

icity is the quantum torus T 2
Q. We can then impose on Pb(u, v) the normalization condition

∫

T 2 du dvPb(u, v) = 1, making Pb(u, v) analogous to a classical probability distribution in

the phase space T 2. Using the periodicity of Pb(u, v) in Eq. (6), it is easy to see that at
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any four points (u + kqπ, v + lπ) (k = 0, 1, l = 0, 1) in T 2
Q, Pb,w(u, v) in (3) assumes

values differing at most in sign, a fact which was observed in Ref. [4] in the particular case

of w = 0 (and q = 1). This means that only a quarter of the values assumed by (3) in T 2
Q

may be independent. This rather nonclassical property of (3) is generally not possessed by

the Wigner BD.

Next, consider Pb,w(u, v) in the Husimi case: Pb,w(u, v) = |Ψb,w(u, v)|2, where

Ψb,w(u, v) is the coherent-state representation of |Ψb,w〉. For given (b, w), Pb,w(u, v) always

assumes p zeros (u0,j, v0,j) (j = 1, ..., p) in T 2
Q [9,11,12]. These zeros make Pb,w(u, v) rather

“nonclassical”, for example, they do not allow Pb,w(u, v) to approach, in the semiclassi-

cal limit, the microcanonical uniform distribution in a strong-chaos regime [9,25]. On the

other hand, the Husimi BD never vanishes [Pb(u, v) > 0 in T 2], simply because the p zeros

(u0,j, v0,j) generally vary with w and the definition (2) involves an integration over all w.

Finally, we discuss the important case of bands with Chern index σb = 0, which is

possible only when q = 1 [11]. In this case, |Ψb,w〉 can be written as a symmetry-adapted

sum [16,18],

|Ψb,w〉 =
∞
∑

l1,l2=−∞

e−ip(l1w1+l2w2)D̂l1
1 D̂l2

2 |ϕb〉 , (7)

where |ϕb〉 is some square-integrable state, which is analogous to a Wannier function

[16,18,20]. Inserting (7) into (2), we easily obtain a general exact expression for the BD:

Pb(u, v) =
∞
∑

l1,l2=−∞

Pϕb
(u + 2πl1, v + 2πl2) , (8)

where Pϕb
(u, v) is the Wigner or Husimi function of the Wannier state |ϕb〉. While the

Wannier function is not invariant under gauge transformations in which the Bloch states

are multiplied by exp[iθ(w1, w2)] [20], the BD (8) is gauge invariant. In a nearly-integrable

situation and in a semiclassical regime, the Husimi Pϕb
(u, v) is well localized on a classical

regular orbit, provided band b is well separated from neighboring bands [Pϕb
(u, v) is then
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the “quasi-mode” of Ref. [26]]. In the semiclassical limit ρ → 0, Pϕb
(u, v) tends point-wise

to zero outside the classical orbit [26]. Similarly, the BD (8) in the Husimi case tends point-

wise to zero outside the periodic repetition of the classical orbit on all unit cells (l1, l2). It is

therefore a periodic version of the quasi-mode Husimi density, appropriate for a toral phase

space. The difference Pb,w(u, v)−Pb(u, v) is the sum of the overlaps of the quasi-mode with

the translated quasi-mode in all unit cells (l1, l2) 6= (0, 0), and it is of a purely quantum

nature. This clarifies the classical nature of the BD in this case.

In some important cases, it is necessary to generalize the BD concept by averaging over

more than one band, usually over a set of N adjacent bands b = b1, ..., bN . This set

may be considered as a single entity, a generalized band (GB), which can be characterized

by its total Chern index, σGB ≡
∑bN

b=b1
σb, and by the generalized BD associated with it,

PGB(u, v) = N−1 ∑bN

b=b1
Pb(u, v). The further averaging over bands should give a “more

classical” BD, as when smoothing over many levels in a general quantum system [24]. The

“maximal” smoothing is, of course, that over all the p bands. From the completeness of the

eigenstates (1), we find in this case that p−1 ∑p
b=1 Pb(u, v) = (4π2)−1. Thus, as one could

expect, the generalized BD in this case is just the uniform distribution in phase space.

The use of generalized BDs is quite natural, for example, near a degeneracy between a

pair of bands. In fact, precisely at the degeneracy point it is usually not useful to consider

the two bands separately, and they must be treated as one single entity (the GB). It is well

known [15] that the Chern indices of the two bands generically vary by ±1 (for q = 1) across

the degeneracy, leaving their total Chern index unchanged. Similarly, one can show [12] that

the generalized BD for the two bands is approximately conserved across the degeneracy, de-

spite the fact that the separate BDs may vary drastically.

We are now ready to present a main application of the BD concept. We show how

generalized BDs can be used to extend in a natural way the Chern-index characterization
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of the classical-quantum correspondence on the torus [9–11] to general rational values q′/p′

of ρ near the special values of the form 1/p for which this characterization was originally

formulated. Our basic assumption is that the renormalization-group approach developed in

[19,20], which was applied to the investigation of the spectrum of a general class of Hamil-

tonians on the torus, is applicable to the band spectrum of our nonintegrable system. This

assumption has been verified numerically for the kicked Harper model on a broad interval of

the nonintegrability parameter [12,27]. Let ρ′ = q′/p′ be a rational number sufficiently close

to ρ = q/p and such that p′ ≫ p. From Ref. [19], we know that the p′ bands for ρ′ can be

grouped into p “clusters” of adjacent bands, where each cluster Cb is associated in a natural

way with a band b for ρ = q/p. Namely, the energy or quasienergy interval covered by the

bands in Cb is relatively close to that covered by band b and the total Chern index σ(Cb)

of Cb is equal to σb. The spectrum and eigenstates in Cb can be calculated approximately

from an effective Hamiltonian Heff , obtained by properly quantizing the band function for

band b.

The existence of Heff means that the space of states in band b approximately coincides

with the space of states in Cb. In other words, the projection operator for band b is approx-

imately equal to that for Cb:

1

|BZ|

∫

BZ
dw|Ψb,w〉〈Ψb,w| ≈

1

Nb

d(b)+Nb−1
∑

b′=d(b)

1

|BZ ′|

∫

BZ′

dw′|Ψ′

b′,w′〉〈Ψ′

b′,w′| , (9)

where all the primed quantities refer to ρ′, Nb is the number of bands in Cb, and d(b) is the

label of the lowest band in Cb. We immediately obtain from (9) that

1

|BZ|

∫

BZ
dw|Ψb,w(u, v)|2 ≈

1

Nb

d(b)+Nb−1
∑

b′=d(b)

1

|BZ ′|

∫

BZ′

dw′|Ψ′

b′,w′(u′, v′)|2 , (10)

where the variables (u′, v′) for ρ′ are related to the variables (u, v) for ρ by (u′, v′) =
√

ρ/ρ′(u, v) . Eq. (10) shows that the Husimi BD for band b is approximately equal to

the generalized Husimi BD P ′

Cb
(u′, v′) for cluster Cb. An analogous approximate equality

in the Wigner case can be similarly established. In the limit ρ′ → ρ, the space of the clus-
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ter becomes identical to that of band b [the approximate equality in (9) is replaced by an

equality], and P ′

Cb
(u′, v′) → Pb(u, v).

The most important reference values of ρ are those with q = 1, for which the Chern-index

characterization of the classical-quantum correspondence is well established [9–11]. For these

ρ’s, Eq. (10) implies that if the BD for band b is concentrated, in a semiclassical regime, on

a regular classical orbit [σb = σ(Cb) = 0] or on the classical chaotic region [σb = σ(Cb) 6= 0],

the same will be true for the generalized BD for Cb. One can also show that general clus-

ter states, characterized by a well-defined value of w, are “weakly” or “strongly” sensitive

to variations in w depending on whether σ(Cb) = 0 or σ(Cb) 6= 0 [12]. The Chern-index

characterization of the classical-quantum correspondence on the torus is thus extended to ρ′

sufficiently close to ρ = 1/p by replacing single bands b with the corresponding clusters Cb.

In conclusion, the BD concept introduced in this Letter was shown to exhibit interesting

and useful properties: (a) The Wigner functions of the band eigenstates are fully recoverable

from the Wigner BD. (b) At the same time, the BDs are “more classical” than eigenstate

distributions in several aspects. (c) Generalized BDs allow to extend in a natural way the

Chern-index characterization of the classical-quantum correspondence to q 6= 1.

We remark that the BD concept could be further developed in several directions. Smooth-

ing a quantum probability distribution over a range of energy levels is important in the

theoretical study of scars using the semiclassical periodic-orbit theory [24]. In the case of

the BD, the smoothing is performed over the continuous range of one band, corresponding

essentially to a single level in the framework of a toral phase space. This “minimal” smooth-

ing is performed just for the sake to eliminate the purely quantum effects of individual BCs.

Using the adaptation of periodic-orbit theory to the framework of a toral phase space [28], it

may be possible to achieve a better understanding of the nature of BDs and generalized BDs

in the semiclassical limit. Also, a more complete characterization of the classical-quantum
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correspondence on the phase-space torus should be achieved by introducing, in addition to

the Chern index and the BDs, new quantities which are also naturally defined as averages

over all the BCs. It should also be interesting to determine whether the distributions for the

band eigenstates are also recoverable from the Husimi BD, and to extend the representation

(8) of the BD in terms of Wannier states to the case σb 6= 0, using results from Ref. [20].
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