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Azimuthal Repositioning of Payloads
in Heliocentric Orbit Using Solar Sails

Colin R. McInnes*
University of Glasgow,
Glasgow, Scotland G12 8QQ, United Kingdom

I. Introduction

UTURE solar physics missions will require the ability to repo-
sition multiple spacecraftat different azimuthal positions rela-

tive to the Earth, while remaining close to a one year circular orbit.
Such azimuthal repositioning will allow stereoscopic views of solar
features to be generated and will allow imaging of coronal mass
ejections as they transit the sun—Earth line. The NASA STEREO
mission, which is scheduled for launch in 2005, will utilize two
spacecraft to perform such tasks. Both spacecraft will be launched
on a Delta I 7925 and will use multiple lunar gravity assists to ma-
neuver the spacecraft onto leading and trailing heliocentric orbits.
The two spacecraft will then drift ahead of and behind the Earth on
free-drifttrajectories, with increasing Earth—sun—spacecraft angles.
One limitation of such free-drift trajectories is that the Earth—
sun—spacecraft angle is uncontrolled. It would be advantageous to
stop the spacecraftdrift at certain azimuthal positionsrelative to the
Earth to perform various observing campaigns. Different observa-
tions require different spacecraftangular separationsto optimize the
missionsciencereturn. In principle,such controlis possibleby using
chemical propulsionto start and stop the azimuthal drift. However,
as will be seen, such maneuvers can incur a large accumulated Av.
In this Note, the use of small solar sails is investigatedto control the
spacecraft azimuthal drift using solar radiation pressure. Because
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propellant mass is not an issue for solar sails, there are benefits in
launch mass reduction over chemical propulsion.

The problemis investigatedusing analytical methods by lineariz-
ing the solar sail two-body equations of motion in the vicinity of the
Earth’s orbit. When polar coordinates are used, only small depar-
tures in orbit radius are required to ensure that the linear solutions
provide a good representation of the solar sail trajectory. A simple
two-step sail steering strategy is then investigated and the sail atti-
tudeis optimized to providethe largestchange in azimuthal position
relative to the Earth for a fixed maneuver duration. Last, a compari-
son is made with chemical propulsion, and the benefits of solar sail
propulsion for such maneuvers is assessed.

II. Relative Equations of Motion

The heliocentric equations of motion for an ideal, planar solar
sail may be written in plane polar coordinates (r, 6) as'

F(t) = r()0(1)* = —[u/r®)*1(1 — B cos’ a) (la)
F(O6) + 2F()6(1) = Blu/r(t)*] cos® a sina (1b)

where 7 () is the heliocentric distance of the solar sail from the sun
at time ¢, 0(¢) is the polar angle of the solar sail measured from
some reference direction, and p is the gravitational parameter of
the problem. Because both solar radiation pressure and solar grav-
ity have an inverse square variation with heliocentric distance, the
sail performance can be parameterized by the sail lightness number
B, defined as the ratio of the solar radiation force to the solar grav-
itational force acting on the solar sail. The total sail mass per unit
area o is related to B using 8 =1.53/0 (g -m~2) (Ref. 1). The sail
pitch angle « is defined as the angle between the sun—sail line and
the sail normal.

Here, we are interested in trajectories that will result in a large
changein polarangle, butonly a small changein orbitradius. In orbit
to investigate such trajectories analytically,a new set of coordinates
will be defined to facilitate the linearization of Egs. (1), as shown in
Fig. 1. The coordinates will be referencedto the instantaneousposi-
tion of the Earth, given in polar coordinates (r, 6) by [R, @ (t — ty)],
where R is the orbit radius of the Earth and w = +/(11/ R?) is the or-
bital angular velocity of the Earth. When defining £(¢) =r(t) — R
and ¢ (1) =60(t) — w(t —ty), the equations of motion can be lin-
earized to allow analysis using analytical methods.

Equations (1) will now be expanded to first order, so that terms
of order (¢ /R)? and above are neglected. In addition, because only
small solar sails will be considered, terms of order (£ / R) are taken
as second order and so are neglected. Neglecting these mixed terms

0=0

v

Fig. 1 Solar sail polar coordinates transformed relative to the Earth.



is notin fact essential to the linearization, but greatly simplifies fur-
ther analysis. It can be shown that the resulting linearized equations
of motions may be now written as

E(1) — 2wRP(1) — 30E(t) = a; (22)

¢(t) + Qw/R)E) = (1/R)ay (2b)

where the forcing terms due to solar radiation pressure are defined
as

a: = B(u/R* cos’ (3a)

a, = B(u/R*) cos® asina (3b)

It can be seen that Eq. (2) are similar in form to the Clohessy-
Wiltshire equations? For a fixed sail pitch angle, Egs. (2) may now
be solved using standard methods to obtain the solar sail coordinates
as

£(t) = 4& + a; [ ® + 2Ry /w + (24, /w)(t — 1)

—3& coslw(t — 19)] — (2Reo /@) coslw(t — 15)]

+ (/) sinfo(t — 10)] = (2a, /) sin[w (1 — 1)]

— (as /@) coslo(r — 1)] (4a)
¢(1) = do +4a, /@’ R — 26 /wR — 3o (1 — 10)

— (680w /R)(t — 19) — (2a: /wR)(t — 1o) — (3ay/2R)(t — 1,)°

+ 250/ wR) cosl(t = 1g)] + (46 /) sin[w(t — 1)]

+ (65 /R) sinfw(t — 10)] + (2a; /@ R) sin[w(t — 1)]

— (4a,/@*R) coslw(t — 1)] (4b)

where the initial state (&, ¢§ é) of the solar sail at the initial time
to is defined by (&, ¢o, &0, ¢o). The solar sail velocity components
can easily be obtained by differentiatingEqs. (4). It can be seen that,
when starting from rest, the forcing terms will induce an azimuthal
drift. There is quadratic term 3a, /2R due to the azimuthal forcing
term, as expected, but there is also a linear term 2a; /wR due to the
radial forcing term. This is a more subtle effect that occurs because,
for a fixed sail pitch angle, inverse square solar gravity is modified
by the radial, inverse square component of solar radiation pressure.
The resulting modification to the effective radial force acting on the
solar sail leads to a small increase in orbit period, which appears as
an azimuthal drift.

III. Optimum Drift Trajectories

To generate an azimuthal repositioning maneuver, the mission
requirements must be considered to set the boundary conditions of
the problem. First, rest-to-resttrajectories will be consideredso that
at the maneuver final time 7, the solar sail is returned to a circular,
one-yearorbit. Therefore, the solar state (£, ¢, £, ¢) begins at initial
time 7, as (0,0, 0, 0), whereas at final time 7, the required solar
sail state is defined as (0, A¢, 0, 0), where A¢ is the change in
azimuthal position of the solar sail relative to the Earth. A simple
sail steering law will now be defined to induce this required change
in azimuthal position A¢. To induce drift ahead of the Earth on
a leading trajectory, the solar sail will be pitched at some fixed
angle —a* for a duration (f; — 5)/2 and then 4+« for a duration
(t; — 1)/2. In doing so, the solar sail will reduce its heliocentric
orbit radius, hence, shortening its orbit period and so drift ahead of
the Earth, before returning to a circular one-year orbit. Similarly, to
induce drift behind the Earth on a trailing trajectory, the solar sail

will be pitched at some fixed angle +«~ for a duration (t; —#;)/2
and then —a~ for a duration (¢, — £,)/2. In doing so, the solar sail
willincreaseits heliocentricorbitradius, hence,lengtheningits orbit
period and so drift behind the Earth.

It can be shown from Eq. (2a) that using the control law just
defined, the solar sail will only return to a circular orbit, and so
£(ty)=0,if w(ty — 1)) =4mm, for some positive integer m. There-
fore,if m = 1 arest-to-restmaneuverwill require a minimum of two-
years duration. When o (f; — ty) =4m is substituted in Eq. (4), it
can be shown that

E(ty) =E(ty) =¢(t)) =0 5)

Similarly, if we now set m =1 to define a two-year rest-to-rest ma-
neuver, and use the sail steering law just described, the total change
in azimuthal position of the solar sail relative to the Earth on the
leading trajectory is found to be

At =4nBcos’ at Brsinat —2cosat) (6a)

whereas using the alternate sail steering law, the total change in
azimuthal angle relative to the Earth on the trailing trajectory is
found to be

A¢p~ = —4dmBcos’a” (3w sina” 4 2cosa”) (6b)

The sail steering angles can now be optimized to maximize the
change in azimuthal position relative to the Earth over the fixed two-
year maneuver duration. Using Eqgs. (3) and differentiating Egs. (6)
with respect to the sail pitch angle yields the optimum pitch angle
for the advancing trajectory as

cos’ ot = [2/@+97)](1+37% = V1+212)  (Ta)

whereas the optimum pitch angle for the trailing trajectory is given
by

cos’a” = [2/@+97)](1 + 372 + V1 +272)  (7b)

where o™ ~41.48 deg and o~ ~29.43 deg. The functional form of
Eqgs. (6) is shown in Fig. 2 with the optimum sail steering angles
indicated. It can be seen that an azimuthal drift will also be induced
with o = 0. Again, for a fixed-sail pitch angle, inverse square solar
gravity is modified by the radial, inverse square componentof solar
radiation pressure. The resulting modification to the effectiveradial
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Fig. 2 Angular displacement of solar sail as a function of sail pitch for
m=1:—— 3=0.005and —---, 3=0.01.



force acting on the solar sail leads to a small increasein orbit period,
which appears as an azimuthal drift. Also note that the solar sail can
be used to stationkeep at any azimuthal distance around the Earth’s
orbit because the solar sail can generate an artificial equilibrium
point at the end of a lead or lag trajectory.?

IV. Comparison with Chemical Propulsion

The Av requirements to perform azimuthal repositioning using
impulsive chemical propulsion will now be investigated, so that
az =0and a, = 0. In addition, a rest-to-rest maneuver will again be
considered so that the initial state (&, ¢, é 45) of the spacecraft is
defined by (0, 0, 0, Av/R), where a transverse impulse Av has in-
ducedaninitial azimuthal driftrate of Av/R attime fy. Equations(4)
then reduce to

E(t) = QAv/w){1 — cos[w(t — 1p)]} (8a)
$(1) = —(BAv/R)(t — 1g) + (4Av/wR) sin[w(t — )] (8b)

To provide a direct comparison with the solar sail azimuthal repo-
sitioning maneuver we will again define w(f; — %)) =4m so that
&(;)=0and

AP = —12n Av/wR 9)

Again, if Av >0, then A¢ <0 because the orbit semimajor axis
will be raised, leading to an increase in orbit period relative to the
Earth and, hence, a trailing trajectory. For a rest-to-rest maneuver,
two transverse impulses of equal magnitude and opposite sign are
required, so that the total Av required to maneuver the spacecraftis
given by

lAvr| = (wR/67)Ad (10)

Therefore, assuming a specific impulse and propellant tank mass
fraction for the propulsionsystem, the mass of the chemical propul-
sion subsystem can be obtained for a given final spacecraft mass.
Similarly, Egs. (6) can be used along with Egs. (3) and (7) to deter-
mine the required solar sail lightness number for a given azimuthal
displacement on either a lead or lag trajectory. For a given sail as-
sembly loading (mass per unit area of the sail film and booms), the
total sail mass can then by obtained.!
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Fig. 3 Propulsion subsystem mass requirements for solar sail and
chemical propulsion with a final payload mass of 250 kg: ——, solar
sail propulsion and —-—, chemical propulsion.
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Fig. 4 Two-year azimuthal repositioning through 30 deg on a lag tra-
jectory: ——, solar sail propulsion and —-—, chemical propulsion.

Figure 3 shows the propulsionsystem mass requirements for both
chemical and solar sail propulsion for a range of specific impulses
and sail assembly loadings. The final mass to be delivered is as-
sumed to be 250 kg (similar to the STEREO mission) and a propel-
lant tank mass fraction of 10% has been assumed. A sail assembly
loading of 30 g- m~2 represents current ground tested capabilities,
whereas 10 g-m™2 represent likely near-term performance capa-
bility. Similarly, a specific impulse of 220 s is representative of a
monopropellanthydrazine system, whereas 330 s is representative
of abipropellanthydrazine/itrogen-tetroxidesystem. It canbe seen
that the solar sail propulsion system mass is significantly lower than
that for chemical propulsion, particularif a sail assembly loading of
order 10 g- m~2 is available.

A two-year azimuthal repositioning maneuver through a lag of
30degis shownin Fig. 4 for both solar sail and chemical propulsion.
Such a mean drift rate of order 15 deg/year on the lag trajectory is
equivalentto the STEREO mission trajectory. Again for a delivered
mass of 250 kg, a bipropellant chemical propulsion system would
requiresa mass of order 130 kg, whereas a solar sail with a assembly
loading of 10 g- m~2 would require a mass of order 17 kg, corre-
spondingto a 41 x 41 m solar sail. Further repositioningmaneuvers
would show even greater benefits for solar sail propulsion.

V. Conclusions

It has been shown that a small solar sail can be used to reposition
a large science payload with a smaller propulsion system mass than
chemical propulsion. The maneuver is well suited to solar sailing
becausethere is a relatively long duration over which solar radiation
pressure can act, resultingin only a modest sail size and mass. Such
open-ended propulsion allows multiple-rest-to-rest maneuvers and
controlled stationkeeping.

Acknowledgment

This work was undertaken with the kind support of the Lever-
hulme Trust.

References

"MclInnes, C. R., Solar Sailing: Technology, Dynamics and Mission Ap-
plications, Springer-Verlag, London, 1999, pp. 56-119.

2Clohessy, W., and Wiltshire,R., “Terminal Guidance System for Satellite
Rendezvous,” Journal of the Aero Space Sciences, Vol. 270, No. 9, 1960,
pp. 653-674.

3MclInnes, C. R., McDonald, A. J. C., Simmons, J. G. L., and
MacDonald, E. W., “Solar Sail Parking in Restricted Three-Body Sys-
tems,” Journal of Guidance, Dynamics, and Control, Vol. 17, No. 2, 1994,
pp- 399-406.



