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Abstract. Mazwell’s equations governing the propagation of electro-magnetic fields are
considered in conjunction with a class of material relations, which are capable of repre-
senting memory effects and time delay.
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1 INTRODUCTION

Maxwell’s equations are usually given in the form

curl H — 00D = j,
curl E+0yB = 0,

where curl is the usual vector-analytical differential operator and Jy denotes the derivative
with respect to time. The electric field is here denoted by E, D denotes the displacement
current density, H the magnetic field, B the magnetic induction and j a known current
density. In addition a non-linear and non-local material relation

(5)=<()

is assumed. The system can be written in the form
D EN [ —J
w5 )2 ) =)

0 curl
M '(—Curl 0 )

A class of material relations of the form
0y ¢ = (o0 + P,

completes the system. Here ® is a non-linear abstract Volterra type operator (defined
later) and ( linear. Under weak assumptions the solution theory of initial boundary
value problems for this system are considered in the frame work of extrapolation spaces
— see e.g. |7] for the general setting — associated with the time-derivative dy as a normal
operator and a skew-selfadjoint realization A of the formal Maxwell operator (;* M in a
suitably weighted space. The approach expands on ideas previously presented in [4].

with

2 Formulation of the Problem Class
2.1 Abstract Volterra Operators

By supp, we shall denote the so-called time-support given by
suppof = |J{supp (6~ f(o@m) |n e H)

o

/
for f in (C’OO(R) ® H) , the linear space of complex linear functionals acting on the

algebraic tensor product C(R) ® H, H a Hilbert space. Here ¢ — f(¢ ® n) is the

obvious linear functional on C(R).
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Definition 1 Let Hy, H, be Hilbert spaces and

W/:D(WQQ;(8@{R)®Zﬁ>/—»<5;{R)®fh)ﬂ
If
inf supp, (f —g) < inf supp, (W (f) =W (9)) (1)

for all f,g € D (W) then we shall call W causal.

Here we interpret inf supp, f = 400 if supp,f empty and inf supp, f = —oo if supp, f
is not bounded below, so that (1) is only restrictive if we take f with supp, f bounded
below.

For defining abstract Volterra operators we also need a suitable topology, which we shall
base on a discussion of properly established operators 0y and A. First we define 9y :=

0o + v, where the operator 0y, is initially given as the closure of (Jy — v) ‘é RSH
¢S} 0

considered as an operator in L? (R, exp (—2vs) ds) ® H,.

Let A: D(A) C Hy — Hy be a densely defined, closed, linear operator with non-empty
resolvent set - say \g € p(A). Then, the appropriate structure for discussing an operator
equation of the form

(aO - A) u=g,
g € Hy given, is the lattice of Hilbert spaces

(HV7j7k>j7k;eZ )

where H, ;. abbreviates the Hilbert space H(;x (0o, + v, A — Ag), which is given as the
completion of Coo(R) ® (e D (A*) with respect to the norm

0 |G+ 1 (A= 20)" 0]
of H,00 = L*(R,exp (—2vs) ds) ® Hy, j,k € Z, v € Ry (see |5, 7] for details of this
construction). We shall also use Hj, as an abbreviation of Hy (A — X\g), k € Z, which in
turn is the completion of [,y D (A*) with respect to the norm

k
¢HMA—%)ﬂd
By construction dy = 0y, +v and A extend continuously to operators mapping from H, ; x
to H, ;1 and H, 1, respectively, 7,k € Z. We shall use the same names for these
extensions. In the following, however, only the cases k = —1,0, 1, j = —1, 0, 1 will be
relevant.
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Definition 2 We shall call a family of operators (@, : H,p0 — H,00)

an abstract Volterra operator if there is a causal operator

VERZV#; Vy € R>0;

D COJOO(R) @ Hy C (5OO(R)®H0>/ — (COJOO(R) ®H0),

a a

satisfying the following requirements:

1. for the range of ® we have

) {COO(R) ®Ho] C ﬂ H, o0,

vy

2. there is a constant C € R such that

| (u) — @ (U>|y,0,o <C |u— U|y,o,0
for all u,v € C'o(R) ® Hy and all v € Rs, |

3. the mappings @, : H, 9o — H, 0 are given as the (Lipschitz) continuous extension
of ® the considered as a mapping in H, 0, v > V4.

Since all the ®, are generated by the same ®, we shall write ® instead of ®,, v € R>,,,,
leaving it again to the context, which particular v is intended. In this sense we shall speak
of ® as an abstract Volterra operator in H, oo for v € R>,,,.

2.2 On Skew-Selfadjoint Realizations of (;'M

In order to turn ¢; ' M into a skew-selfadjoint operator, which in turn will then fill the role
of the above operator A (with e.g. A\g = —1), we first have to modify the inner product of
the complex Hilbert space (L?(Q) @ L? () @ L* (Q))® (L? () & L* (Q) @ L?(R)), which
we shall denote simply by L? (2), thus leaving here and in the following the number of
component spaces to be determined from the context. Here € is an open set in R3 to
which we which to confine our considerations. The resulting Hilbert space will serve as
Hj and the appropriate inner product is simply given by

<¢|77>0 = <¢‘COT]>L2(Q)

for ¢,m € L*(12), where (- |- >L2(Q) denotes the standard inner product in L? (Q) (assumed

to be linear in the second factor). For this construction we assume that ¢, : L? (Q) —
L?(Q) is a positive definite and continuous linear mapping. Thus, in particular, the norm

4
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|- [y of Hy and the norm |- |2, of L?(Q) are equivalent and Cé/Q may be interpreted as a

unitary mapping between Hy and L2 (), i.e. Hy = (5 /* L2 (). By a simple integration
by parts argument it can now be seen that

¢ 'M

Coo(9)

is skew-symmetric in H,. Here é’OO(Q) abbreviates the subspace of
(L2 e L* (e L* Q) (L () e L*(Q) e L* ()

consisting of elements with components being infinitely smooth functions having compact
support. Noting that this is equivalent to saying that M being skew-symmetric in L? (Q),
we also see that a skew-selfadjoint realization of (;' M in H, gives rise to one of M in
L? () and vice versa. To find such a realization amounts to choosing a suitable boundary
condition. The standard choice of the boundary condition of vanishing tangential com-
ponents of the electric field £ on smooth boundaries — on which we shall focus here — can

be generalized to the general case of boundary points €2 of the open set €2 in the following
simple way. We require

E € H(curl),
where H( curl ) denotes the domain of the closure curl of the operator

o]

@) Co(Q) CL*(Q) — L*(Q),
¢ +— curlg.

curl

. |2
curl ¢| .

Recall that H (curl) is a Hilbert space with respect to the graph norm ¢ +— \/|gb!(2) +
0

in L? (Q) motivates the definition of the operator

5OO(Q)>

with domain denoted by H(curl). With these definitions we have that M !H(

The symmetry of curl &)

curl := (curl
curl )@ H (curl)
as a skew-selfadjoint realization of M in L?(Q). Consequently, this yields

A = (M

o
‘ H( curl )®H (curl)

as a skew-selfadjoint realization of (;' M in H,.
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2.3 The Evolution Problem

We are now able to formulate the law governing electro-magnetic field in the the particular
class of media considered here as

(O —A)U=F+0U;+ o), (2)
The term 6 ® Uy € H, _1 o represents here initial data Uj at time zero and is defined by

(F@U) (p@h) = ¢(0) (Uo|h),

for all h € Hy, p € C(R). In 2 it is assumed that ® is an abstract Volterra operator in
HZ/,O,U and
F € Hl,’()’() s suppOF Q Rzo, U() < HO . (3)

forall v € Rs,,.

We recall now from [7] the following — slightly adapted — version of the linear solution
theory in the frame work of Sobolev lattices.

Theorem 3 Let Ro(A) be bounded above by vy € R\ Ro(A), vy € Rog, and forv > vy
(A+v—A)"": Hy— H,
is uniformly bounded for all A € R>o + B8R, and moreover
Sup{||(A+V—A)_1}H)\€R20+BR}:0(1) Jor v — oo. (4)
Then (0p — A) is continuously invertible in H, ;, ,
(G0 — A)™ 2 Hyjix — Hyjil| = o(1) for v — o0

and

(80 - A>_l . Hyyjyk — Hy,j,k
is (forward) causal for every v > vy, j, k € Z.

3 The Solution Theory

Theorem 4 Under the stated general assumptions problem (2) has for all sufficiently
large v € Ry, a unique solution' V' € H, ¢, which depends continuously on the data
F and Vjy in the sense that there is a constant C' € Ryq such that

Vi = Valyoo < C (1B = Balyg + Vo = Voals ) -

where V; denotes the solution associated with the forcing term F; and the initial data Vy
1=1,2.

!'Note that the solution V' does not depend on v as long as v is sufficiently large.

6
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Proof: The result follows by the obvious contraction mapping argument. Indeed, for
sufficiently large v € R>,, the mapping T, : H,00 — H, 0 (note thatHy — H, 00, Vo —
(00— A)' d®@Vj ) given by

Ty¢ = (9 — A)™ (F+5® Vo + (0))
is Lipschitz continuous with

|TV|Lip < sup {||()\ +v— A)flm A€ Ry +BR} sup {|(I)u|up

MEI/}-

Since assumption (4) is clearly satisfied in our case, indeed we have

sup {H()\—J—V—A)AH‘)\ERZ()#—BR} S%,

the right-hand side can be made smaller than 1 for all sufficiently large v. For such a
choice of the parameter v € R>,, the mapping T, becomes a contraction and the unique
existence of a fixed point V € H, o follows together with the continuous dependence
estimate. The fixed point V' satisfies

V=T,V=(0 A" (F+52V,+dV)).

Applying now (9 — A) |H . H,o0 € H,_1-1— H,_1_1 (in the sense of the Sobolev
lattice construction above) to both sides we obtain (2). It remains to determine uniqueness
of a solution to (2). But if

(Oo—A)V=F+5Vy+ (V)
then we have by applying (0y — A)_1 cH, 11— H,_ 11
V=0 —A) " (F+sxV,+o(V)).

By the assumptions on V' we see that the right-hand side is however just 7, and by
the uniqueness of a fixed point we obtain that the solution of (2) is unique in H, o for
sufficiently large v € R, O

It is frequently desired that the data prior to the initial time zero are assumed to be
known, so that the actual solution of interest is of the form

. 1% on R>0
v = {V—oo on RSO

with V_ = Xe_, (mo) V_w the given pre-history. The initial data are then induced by
assuming U to be continuous at zero, i.e.

Vo= Voo (0—).

7
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This requires suitable assumptions on the pre-history to ensure the existence of this limit
and a match with the initial data, such as

¢ (mo) (V—oo + Xe, (Mo) ® Vo) €Hi0, (5)

where ¢ = ;!4 for some 1) € O (Rp), which we shall assume to hold throughout. Also
the other terms on the right-hand side usually contain some form of dependence on the
pre-history encoded as a modification of F. In the next section we shall illustrate this in
more detail.

4 Applications

To illustrate the utility of the developed frame work let as look at several more specific
forms of material laws.

4.1 The Nimitzky Operator Case

® is induced by a Lipschitz continuous mapping
F . HO — H(],
i.e.

(V) = te V(1)

for V€ C(R)® Hy. In this case there is clearly no dependence on the pre-history other

than the information encoded in the initial data.

4.2 Fixed Time Delay

If ® is given in terms of s +— (7, ¢(s)) with a fixed delay time t, > 0 then the needed
uniform Lipschitz continuity is also easily seen:

‘U(T*toqso)_n(Tfto(bl)’i,O,O < |77’iip/R|Tto¢0(S)_Tt0¢1(8)‘§exp(_2ys> ds,

— [nf2,, e / 60(5) — du(s)2 e ds,
2 2
< |77|Lip [P0 — ¢1|y,0,0’

for all ¢o, 91 € H, 0. Here |77|2Lip is the best Lipschitz constant of nn : Hy — Hy. In this
case the pre-history can be taken into account by letting

O(V) = Xao,, (M0) 1(T1V) + Xpo, 1) (M0) 1 (T-15V00)

8
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which can again be interpreted as a modification of the source term F'. Clearly, here only a
pre-history with time support in [0, o] is relevant. To ensure that Xio.1o) (mo)n (T4, Vooo) €
H, o we observe that

2

‘X[O,to] (mo) n (T—togbo) ~ Xo, to] (mo) n (T—t0¢1> 0.0 <

IA

to
’n‘iip / |0 (t — to) — ¢ (t — to)|> e 2" dt
0

IN

0
|n|izp / |¢O (S) — Cbl (S)|§ e-?u(8+t0) dS
to

0
e, [ () - o () e ds

—to

0
_ 2t m@ip / ’¢0 (s) — ¢y <S>|(2) e~ wos o —2(v—ro)s g
to

0
< et / 160 (5) — 61 (s)[2 € 2° ds
to

for all ¢, 91 € Hyy 00, 1o € Re,,. Thus, it suffices to ensure that V_ € H,, oo for some
1o € R to obtain unique solvability and continuous dependence on the data (including the
pre-history) for all sufficiently large v > v.

4.3 The Volterra Integral Operator Case

This case has been dealt with in generality already in [4]. However, for illustration pur-
poses we recall the main arguments here. We take n: Hy — Hj to be Lipschitz continuous.
Then let ® be given by

Ve K(- = s)n(V(s)) ds

R>o

such that
K(t)=0fort <0 (K causal)

and
/ IK(@)|| e *"dt < oo
R
for some vg € Ryy.

Here
7l / 1K) e ¥=tdt < oo (6)
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features the desired Lipschitz constant. Indeed, noting that e=2(—*x)(t=5) < | for v > v
and t > s, we may estimate

K(-—s)n(é(s)) ds — K(- —s)n(y(s)) ds

RZO ]RZO

<
v,0,0

< lnlLip \I/R (/R Kt = )l [¢(s) =¥ (s)], ds> et dt <

< il | [ VKON etar [ [ [ (= ) e ) 20 2 dt g(s) — w2 ds <
R R>0 YR>o

gmmﬁéqunfwwu¢—mwﬁ

for all ¢, ¢ € H, 00 uniformly in v for v > vg. Assumption (K causal) yields causality.
If we would want to consider a dependence on the pre-history of the same form, i.e.

(V) = Xa, (mo) ( K(-—s)n(V(s))ds+ [ K( - S)U(VOO(S))CZS>
R>o R<o
then the desired uniform Lipschitz continuity is seen in the same way. Alternatively, the
term x,_, (mo) fR<0 K(- — s)n(V_(s)) ds could be considered merely as a modification

of F'. In any case we need the pre-history to be such that this term is in H, . By an
analogous calculation we obtain

<
v,0,0

Xayq (mo) [, KC =) no(o)ds = xq g (ma) [ (= o)mw() ds

. 2
Shilpip [ ([ IKGE=9l166) = w(@)g ds) e tar <
R>0 \"E<o

< Inlpip \// K@) e VK tdt $/ / K (t — )| e VK (E=9) e=2(v=VE) (1=5) ¢ =2(v=v0) = gt |§(s) — 1b(s)|2 20 = ds <
R Rco /R>q

< Inlpip /R K@) e VK dt ¢/R<0 [6(s) — ¥(s)|F e 20 % ds

for every vy > vi as a Lipschitz type estimate for the pre-history. Thus we only have
to ensure that e.g. x,_ (mo) fR<0 K(- —s)n(0)ds € H, 0, which can be obtained if we
additionally assume 7 (0) = 0. Thus, the above general solution result applies. However,
here the additional question arises if the solution also depends continuously on the pre-
history. But since we may consider the term x,  (mo) fR<o K(-— s)n(V_w(s))ds as
part of F' also this question has a positive answer according to the above Lipschitz type
estimate for the pre-history.

4.4 Delayed Reaction

In this case, which has also been briefly considered in 4], we let ® be based on a mapping
of the form f o7, where

() (x) = P(z +1)

10
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for t,z € R for e.g. ¥ € (OL’OO(R) ® Hp, and

I Huo,o,o — Hy
Lipschitz continuous for some 1y € R and

f=1r OXRSO(mO)‘
To take a non-trivial pre-history V_., into account, we let

OW) = Xe, (mo) f <T<-) (XR>0 (mo) V+ V“”))‘

The Lipschitz continuity of ® follows now in the following way
2

v,0,0

:14 1 (rgo) = f (mgn) e dt (7)

X< (mo) f(7() ¢o) — Xrso (mo) f(7() 1)

2 2 —zlg S —alV
§|f|up/]R /R 0o (s + 1) — @1 (s + )2 720 dse " dt

>0 <0

- |f‘iip / / o (s +1) — @1 (S—i-t)]g e s dse Wt +

Reo JR<_,
2 2 2ups —2vt
+|f|up/ / o (s+1) — 1 (s+1)|g e > dse " dt
R>o [7t70]
= |f|izp / / |g00 (u) — 1 (u)|(2) e~ ou Iy, 6—2(11—1/0)1& dt +

+ |f|i7,p / / |S00 (S + t) — o (S + t)|§ e~ 2w (t+s) qp o =2(r0—v) s g
Reo J[—s,000]

1 2
<|fp, ———
— ’f|L2p 2 (V _ VO) ( I/,0,0)

for all ¢g, ¢1 € Co(R) ® Hy and uniformly for — say — v > 1y + 1. As a consequence
is @1 X, (mo) Hioo = Xe_,(mo) Hypp for a fixed pre-history V_o indeed (uniformly)
Lipschitz continuous -

2

+
v,0,0

Xks g (mo) (¢1 — ¢2) Xrq (mo) (¢1 — 2)

Wi
V2

for all V; € H,pp, © = 1,2, uniformly for all v > 1y +1 > 1. Moreover, we also
obtain continuous dependence on the pre-history, which follows with (7) by subtracting
corresponding fixed point equations and estimating.

B(VA) — B(Va)l00 < 2 |V; — Vs

v,0,0

11
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4.5 Material Laws given by Systems of Ordinary Differential Equations

Frequently, the material relation ( is given via a separate system of differential equations,
see e.g. [1] for the case of Maxwell equations in ferro-magnetic media. More specifically
C(U)=U—-W (U), where U — W (U) is given as the solution of the system?:

QW = Go(UW,I), )
I = Gi(UW,I).

Thus, with a known pre-history V_,, this® turns into

W = Xe_,(mo) Go(Vooo + Xs_, (m0) Vi Wooo + Xa, (m0) W T oo + X (m0) I) + 0@ W_oo (0—),
Al = Xay,(m0) G1(Vooo + Xy, (m0) Vi Wooo + Xa_ (m0) Wi T oo + Xa,  (m0) 1) +6 @ T o0 (0-),

where W_.., I_. are the causal solutions* — say — in Hyy 00, Vo € Ry, of the system

aOW—OO - GO(V—omW—oo;]—oo)a
a0-[—00 = Gl(v—ooyw—ooaj—oo>

restricted to R.y. The evolution problem now becomes

0V — AV = F+ 5@ Vo + (V)

O(V) = Xp,,(m0) Go(Vooo + Xz, (1m0) V, T0 L(Voco + X, (m0) V), T L(Vooo + Xz, (10) V)

with U +— L (U) denoting the solution operator of the system (8) and 7, 7 the canonical
projectors on the components (i.e. mg ( V}/ ) =W, m ( V;/ ) = I). Causality and a
uniform Lipschitz continuity of

(VoW I) = X (m0) Gr(Vooo + Xa (10) Vi Weoo 4 e (10) W L oo + Xg (M0) 1),

in H,p0 for k =0,1, v > vy, is sufficient to ensure a suitable abstract Volterra operator
®. Note also that W_, (0—), I_ (0—) € Hy are well-defined, since W_.,, I_o € Hyy 10 -

2The component functions of I are referred to as interior variables.
3If the right-hand sides Gy, G are e.g. of Nimitzky type and the initial state (W, Ip) is known (e.g.
directly from V_.,) the system simplifies to solving

QW = Xa,(mo) Go(V.W,I) +0®Wo,
ol = X]R>O(m0)G1(‘/aW,I)+(S®Io.

4In the more simple situation mentioned in the previous footnote only the initial data Wy and I, are
relevant to represent the pre-history of W and I before time zero.

12
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There is an alternative view on this problem, which may be even more natural. We may
look for the solution V' directly as the solution of the system

(G — A) -9 O Vv F+60V_o(0-)
0 d 0 W | = Go(Veoo + VW oo + W I_ oo +1)+ 00 W_oo (0—) | .
0 0 o I Gl(V,OO—H/,W,OO—kW,LOC+I)+5®LOO (0—)

The solution can now be given by a similar contraction argument involving the inverse
of the linear part

Bo—A) =8 0\ Bo—A)7"  B-A4" 0
0 9% 0 = 0 oyt 0 ,
0 0 o 0 0 ot

which can be estimated

(Bo—A)""  (G—A" 0 Fy
0 o 0 Fy
0 0 Iyt Py

for all Fo, Fl, F2 € HV,O,O-

IN

1 2 1
— | Fq — | F} — | F
> | 0|1/,0,0 + v | 1|u,0,0 + v | 2‘1/,0,0

Fy
F
e

Even partial differential equations are used to describe media with memory. As a promi-
nent example we refer to the discussion of ferroelectric media, see e.g. |3, 2|. Such a
system is — after suitable adaptation — also covered by the above approach. With this last
observation we conclude our investigation into the described class of material relations.
Although, the results have been illustrated for electromagnetic fields, which indeed has
been the main motivation for inspecting this type of material laws, it is clear from the
setup of the problem that these results transfer to a larger class of problems covering also
other evolution problems of mathematical physics.

v,0,0

23

14

v,0,0

13
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