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Abstract

Let r and n be positive integers with » < 2n. A broom of order 2n is the union of
the path on P,_,_1 and the star K ,, plus one edge joining the center of the star
to an endpoint of the path. It was shown by Kubesa [9] that the broom factorizes
the complete graph Ky, for odd n and r < |§]. In this note we give a complete
classification of brooms that factorize Ks, by giving a constructive proof for all
r < ”TH (with one exceptional case) and by showing that the brooms for r > "TH

do not factorize the complete graph Ko,.
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1 Introduction and definitions

Graph decomposition is a well established topic of graph theory. Various tech-
niques were introduced for decomposing graphs into edge disjoint subgraphs.

Definition 1.1 Let H be a graph with m vertices. A decomposition of the
graph H is a set of pairwise edge disjoint subgraphs G1,Gs,...,Gs of H such
that every edge of H belongs to exactly one of the subgraphs G,.. If each sub-
graph G, 1is isomorphic to a graph G we speak about a G-decomposition of
H. If G is a factor (i.e., a spanning subgraph) of H, then we call the G-
decomposition a G-factorization.
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In this paper we always take the complete graph K,, for H and a certain
spanning tree 1" for GG. There are some obvious necessary conditions for a 7-
factorization of K, to exist. First, since the number of edges m — 1 of T" must
divide the number of edges m(m—1)/2 of K,,, obviously m has to be even and
there will be m/2 copies of T in the factorization. Moreover, since every vertex
has degree at least 1 in every factor, A(T) < m/2. Further structure-based
necessary conditions are examined in Section 2.

Unlike the famous Graceful Tree Conjecture (all n-vertex trees have graceful
labelings, which enable them to decompose Kj,,), not all 2n-vertex trees fac-
torize Ks,. There is no easy necessary and sufficient condition known for a
T-factorization to exist, and we do not expect such condition to exist.

Sufficient conditions include several types of graph labelings. If a given graph G
allows a certain type of labeling, then there exist a G-factorization of Ks,.
One such labeling, the blended labeling, was introduced by Froncek [2]. A
fundamental notion in further constructions is the length of an edge.

We adopt the common convention of denoting vertices by their labels. More-
over, an edge xy we denote by (x,y) if x or y are integer expressions.

Definition 1.2 Let G be a graph with V(G) = Vo U Vi, VoNnVi = 0, and
Vol = [Vi| = m. Let X be an injection, X : V; — {0;,1;,...,(m — 1);} for both
t=0andi=1.

The pure length of an edge (x;,y;) with x;,y; € Vi, where i € {0,1}, for
Az;) = pi and My;) = q; is defined as

Ci(@i, y;) = min{|p — q|, m — |p — q|}.

The mixed length of an edge (xo,y1) with xo € Vi, y1 € Vi, for AN(zo) = po
and Ny1) = qu, is defined as

_fq—p fOTqZp
601(x07y1)_ {m+q—p fOTq<p7

where p and q are the vertex labels without subscripts and lie in {0,1,...,m—
1}. The edges (z;,y;) fori € {0,1} with the pure length ¢;; are pure edges and
the edges (xg,y1) with the mized length £y are mixed edges.

Definition 1.3 Let G be a graph with 4n+1 edges such that V(G) = VUV,
VonVi =0, and |Vo| = [Vi| = 2n + 1. Let X be an injection, \ : V; —
{0;,1;,...,(2n);} for both i = 0 and i = 1, and define lengths as in Defini-
tion 1.2.

We say G has a blended labeling (also called blended p-labeling) A if
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{1,2,...,n} fori=0,1,

(1) {li(xi, yi): (ziy vi) € E(G)}
) {0.1,...,2n}.

(2) {lor (2o ): (20, 31) € E(G)}

Froncek [2] showed that there exists a G-factorization of Ks, for odd n if G
has a blended labeling. Meszka [11] showed that having a blended labeling is
not necessary for a G-factorization to exist when G is a tree. Kovarova [6] (see
also [4]) introduced ‘swapping labeling” and showed that a G-factorization of
K, for even n exists when G has a swapping labeling.

Definition 1.4 Let G be a graph with V(G) = Vo UV, Vo NV = 0, and
Vol = [Vi| = 2n. Let A be an injection, A : V; — {0, 1;, ..., (2n—1);} for both
1 =0 and i =1, and define lengths as in Definition 1.2.

We say that G with 4n — 1 edges has a swapping blended labeling (briefly
swapping labeling) A if

(1) {li(@i,yi): (ziyys) € E(G)} ={1,2,....n}, fori=0,1,

(2) there exists an isomorphism  such that G is isomorphic to G', where
V(G") = V(G) and E(G') = E(G)\{(ko, (k+n)o), (I, (I4-n)1) }U{ (Ko, (I+
n)1), ((k+n)o,l1)} for certain k.1,

(3) {601({,50,@]1): (l‘o, yl) € E(G)} = {0, 1, c. ,277, — 1} \ {£01<k0, (l + n)l)}

We summarize the results by Froncek [2] and Kovéarova [6] in the following
theorem.

Theorem 1.5 If a graph G on m vertices allows a blended labeling or a swap-
ping labeling, then there exists a G-factorization of K,,.

Various other labelings such as the p-symmetric labeling, 2n-cyclic labeling,
fixing labeling, and recursive labeling were introduced by several authors as
sufficient conditions for certain G-factorizations to exist. For every admissi-
ble d > 3, a spanning tree of diameter d that factorizes Ky, o was found by
Froncek in [2]; the case for Ky, was completed by Kovarova in [6]. Among
the most general result there is the determination of spanning caterpillars of
diameter 4 that factorize Ky, (in a series of papers by Froncek [3], Kubesa
[9,10] and Kovérova [7,8]). Spanning caterpillars of diameter 5 that factor-
ize Ky, were determined through the years in a series of papers and finally
completed in [4] by Froncek et.al. A T-factorization of Ky, for every A(T)
possible, 2 < A(T) < n, was given by Kovar and Kubesa [5].

In this paper we give a complete characterization (analogously to the papers [4]
and [5]) in the case when a tree consisting of a path with many leaves attached
to one of its endvertices factorizes the corresponding complete graph. We show
that every such graph factorizes the corresponding complete graph unless the
number of attached leaves exceeds (n + 1)/2 or unless it is one exceptional
case. The primary motivation for studying this class was to examine graphs
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that do not have labelings of the types mentioned and yet do factorize the
complete graph. It turned out that there were only finitely many such graphs
in this particular class of graphs.

Let S, denote the star K ,, and let P denote the path with k vertices. For
1 <r < 2n—3, let By,(r) denote the graph formed from the disjoint union
of Py, ,—1 and S, by adding one edge joining the center of the star to an
endvertex of the path. The graph By, (r) is called a broom, the center of the
star is called centrum, the leaves of the star are called bristles, the path is the
broomstick, and its vertices are called broomstick vertices. See Fig. 1.

o—O0—O --- r bristles
broomstick
Fig. 1. A broom Bay, (7).
We seek a decomposition of K5, into n factors 13,75, ..., T, that are isomor-

phic to a single spanning tree 7', where T" = Bs,(r). Using the labeling of
the vertices of K5,, we designate the factors by isomorphisms ¢, @9, ... ¢,
writing T; = ¢;(Ba,(r)). This is an abuse of notation; actually, ¢; is the map
of the vertex set.

2 Non-existence of a broom-factorization

Let Ty, Ts,...T, be factors in K, that form a By, (r)-factorization of Ky,.
There are at most three different vertex degrees in the broom By, (7). More-
over, for r > 1 there are exactly three different degrees. The centrum has
degree r + 1, the bristles and one broomstick vertex have degree 1 and all
remaining (broomstick) vertices have degree 2.

Lemma 2.1 Let By, (r) be a broom, and let the trees T, Ty, ..., T, form a
By, (1)-factorization of Kay. If r > (n—1)/2, then each vertex of the complete
graph Ko, can be a centrum in at most one factor T;.

PROOF. We color the edges of K, so that all edges in one factor T; are
colored by the same color and we use a different color for each T;. If some
vertex u of Ky, is the image of the centrum v in two different factors 7T; and
T}, then u is incident to r + 1 edges in each of 7; and 7} and to at least one
edge in each other factor. Hence 2(r + 1) + (n — 2) < 2n — 1, which requires
r<(n-1)/2. O
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Theorem 2.2 If By, (r) factorizes the complete graph Koy, thenr < (n+1)/2.

PROOF. By contradiction. Let T" = By,(r) be a broom with r > (n +
1)/2 bristles and suppose it factorizes Ks,. By Lemma 2.1 each vertex of the
complete graph Ks, is the map of the centrum in at most one factor F;. Since
there are only vertices of degree 1, 2, and r + 1 in the tree T, we distinguish
two types of vertices in Ky,. We say vertex u is Type A if it is the map of
the centrum (of degree r + 1) in one factor, the map of vertices of degree 2 in
n —r — 1 factors, and the map of leaves (not necessarily bristles) in r factors
(each vertex in Ky, is of degree 2n — 1). Type B vertex is not the map of a
centrum in any factor, but it is the map of vertices of degree 2 in n — 1 factors
and the map of a vertex of degree 1 in only one factor, since there are total
2n — 1 edges adjacent to it. There are n factors 7; which implies that there
are n vertices of each type in K.

Now we examine the edges between the centrum and the bristles. There is a
total of nr bristles adjacent to the n centrums. Among these leaves at most n
can mapped to some other Type B vertex. Since the centrum of each factor is
mapped always to a Type A vertex, there have to be at least nr—n = n(r—1) >
n ("7“ — 1) = (g) edges among the Type A vertices. But there are only (Z)
edges among the n Type A vertices which is the desired contradiction. O

3 Constructions of a broom-factorizations for odd n

Let n = 2k + 1. The following lemma was proved in [9]. We give a simpler
proof here.

Lemma 3.1 The broom Bygi2(r) allows a blended labeling for every k > 1
and 1 <r <k.

PROOF. The proof is constructive. We split the broom By o(r) into three
subtrees Tq, T, and T;. Ty will contain only pure 00-edges, Tp; only mixed
edges, and T} only pure 11-edges; see Figs. 2 and 3.

The subtree Ty is a broom By,i(r) with r bristles and the broomstick of
length k — r. The bristles are made by pure 00-edges ((k — %5~)o,z) for
T = k5r7 k— > : ((k r— 1)0,1,0) for
T = %%—1,’“_;_1 +2,...,%—1 when k£ — r is odd. In the both cases
the lengths of bristles are 1,2, ..., r

o

The broomstick is the path ko, 0o, (K — 1)o, Lo, ..., (
1)07 (k;

) (
)o, (k—%£51)o for even k—r and ko, 0o, (k — 1) (k=

+

k— 1+

l\')ﬁw

??‘
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Ty To1 Ty
0o (o] (o] 0
10 o o 11
((-1/2 o o ((k-1)/2-2)
(k=r)/2+1)0 o o ((k-1)/2-1)

: : o ((k=1)/2)
(k—(k-=r)/2-2)0 o ((k—-1)/2+1);
(k—(k—r)/2—1) 0 o ((k—1)/2+2)

(k—(k—1)/2)0 o o ((k—1)/2+3)
(k—1)o o o (k—1)
ko o o k1

o (k+1)o o) o (k+ 1) o

$(k+(k+1)/2—1)0<5 6(k+(k+1)/2—1)16

o (k+(k+1)/2) o o (k+(k+1)/2); o

o(k+(k+1)/2+1)0 o(k+(k+1)/2+1); 0

o 2o d b 2y o

Fig. 2. Broom By 2(r) for odd k and odd r.

D)o, (B=2=1 — 1), (k — E=2=1), (B=2=L), for odd k — r. The lengths of pure 00-

edges in the broomstick are k,k — 1,k —2,...,r+ 2,r + 1 in the both cases.

The subtree Tpy is the path ko, (2k)1, (k+ 1)o, (2k — 1)1,..., (k+ £ + 1)1, (k +
o, (k 4+ )1, (k + £ + 1)o,..., (2k — 1)o, (k + 1)1, (2k)o, k1 for even k and
ko, (2k)1, (k + 1)g, (2k — 1)1, ..., (k + B — 1)o, (k + EH), (k + B, (K +
B 1)y, ..., (2k — 1)o, (k + 1)1, (2k)o, k1 for odd k. In both cases the path
has mixed edges of lengths k,k — 1,k —2,...,1,0,2k,... . k+3,k+ 2,k + 1.

Finally, the subtree Ty is the path k;, 01, (k—1)1,11,..., (5 =2);, (54+1)1, (54—
—f

2
1)y, (%)1 for even k and k1,01, (k — 1)1, 14, ..., (kgl + 2)4, (% — 1)y, (’“2 +
1)1, (%5%)1 for odd k. In both cases the path T} contains pure 11-edges of all

lengths from 1 up to k.

Notice that the subtrees Ty and Tj; share only a single vertex, namely ky, and
To1, Ty also share a single vertex ki. Therefore, we obtain a blended labeling
of a broom By o(r) for every 1 <r <k. O

Lemma 3.2 The broom Bygio(k + 1) allows a blended labeling for k > 2.
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Ty To1 Ty
0 o o 01
10 o o 11
(—r=1/2 o o  (2-2)
(k—r—-1)/2+1) 0 o (k/2—1);
: : o (k/2)1
(k+7r—1)/2—1) 0 o (k/2+ 1)
(k+7r—-1)/2)0 © o (k/2+2),
(k-2 o
(k — 1)0 (o] (o] (/{J — 1)1
ko o o k1
o (k+1)o o o (k+ 1) o
o (h+k/2y oo  (h+k/2i o
o (k+k/2+1) o o (k+k/2+1); o
o 2ko o) o 2k o

Fig. 3. Broom Byi42(r) for even k and odd 7.

PROOQOF. The proof is constructive. We divide the construction into two
cases.

Case 1. Let k be even. We split the broom By,io(k + 1) into four subtrees
Ty, Ty, T5, Ty, and a single edge. T} is a star K y41, 15,15 are paths of length
k and T} is a path of length £ — 1. Finally, we add one missing edge; see Fig 4.

The subtree T contains pure 00-edges (ko, o), (ko, 1o), (ko,20), - - ., (ko, (k —
1)o) of lengths k,k — 1,k — 2,...,1 and the mixed edge (ko, k1) of length 0.
The subtree Ty is the path ko, (2k)1, (k+1)o, 2k —1)1, ..., (k+5+1)1, (k+%)o
with mixed edges of lengths k, kK — 1,k — 2,...,1. The subtree T3 is the path
(k+1)1,01, (k—1)1, 11, (k—2)1,21, ..., (£ = 1)1, (£); with pure 11-edges of all
lengths from 1 up to k. The subtree T} is the path (k+1)1, (2k)o, (k+2)1, (2k—
Do, -, (k+§)1, (k—|—§+1)0 with mixed edges of lengths k+2, k+3, k+4, . . ., 2k.
Notice that Tj, T5 share only the vertex ky and Tj, Ty also share only a
single vertex (k + 1);. Moreover, T together with T, form one component
and T3 together with 7T, form another component. By adding the last mixed
edge ((k+ %)o, (%)1) of the so far unused length k 4+ 1 we obtain the broom

2
Bygi2(k + 1) with a blended labeling.

Case 2. Let k be odd. Again we split Byi2(k + 1) into four subtrees T3, T,
T3, Ty, and a single edge; see Fig. 5. T} is the star K 1, T3, T3 are paths of
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0o o o 0
10 o o 11
(k/2—1)g 6 6 (k/2—1);
(k/2)o (k/2)1
(k/24 1)o (k/2+ 1)1
(k—1)o (k—1)
k() kl
(k+1)o (k+1)
o (k+2)o (k+2) o
° (k+k/2—1), (k+k/2— 1), o
o (k+k/2)o (k+k/2), o
o (k+k/2+1) (k+k/2+1)1 o
o (k+k/2+2) (k+k/2+2) o
(2k — 1), (2k — 1), o
2ko 2k o

Fig. 4. Broom Byj12(k + 1) for even k.
lengths £ and T} is a path of length k£ — 1.

The subtree T contains pure 00-edges (ko, 0o), (ko, 1o), (Ko, 20), (ko, (kK — 1)o)
of lengths k,k — 1,k — 2,...,1 and the mixed edge (ko, k1) of length 0. The
subtree Ty is the path ko, (2k)1, (k+1)o, (2k—1)1,..., (k+5L = 1), (k+ 2L,
with mixed edges of lengths k, k — 1,k — 2,...,1. The subtree T} is the path
(k+ 1)1, (2k)o, (k +2)1, 2k — D)o, ..., (b + 52 — 1)1, (b + £ + 1), (k + E2),
with mixed edges of lengths k+2,k+3,k+4,...,2k. Observe that the vertex
(k + %)0 is isolated and T5, Ty share only the vertex (k + %)1 and T, T,
share the vertex k.

Now we add the mixed edge ((k + %t')o, (£51)1) of the only missing length
k + 1 and show by induction that we can construct the path 75 so that it has
the endvertices (k+1); and (£1);. Moreover, T3 will have k pure 11-edges of
all lengths from 1 up to k and V(73) is the set {01,11,21,...,(k—1)1, (k+1):}

for every k > 3.

First, we show that above mentioned path T3 exists for k = 3,5, 7.

3: T3 is the path 41, 11, 01, 21.
5% T3 is the path 61, 11,41701,21,31.
7 T3 is the path 81, 11,51,01,61,31,21,41.

o k
o k
o k
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0o o o 01
10 11

(e]
(o]

o ((k+1)/2—-2)
o ((k+1)/2—-1)
((k+1)/2)1
(k+1)/2+1)
((k+1)/2+2)

((k+1)/2 = 2)o
((k+1)/2=1)o
((k +1)/2)o
((k+1)/2 + 1)
((k+1)/2 +2)o

0O 0O 0O 0 O ---

o ---

k() kl
o (k+1)o o (k4 1)1

O (k’ + 2)0

)

(k+2), o

> (it (k+1)/2— 1)1 0
(k+((k+1)/2)1 o
Mo (k+ (k+1)/2+1), 0

$(k+(k+1)/2—1)06
o (k+(k+1)/2)
o(k+(k+1)/2+1)

o (2k — 1), o
(o] 2k (o]

(o] (2]{} — ].)0
2ko

Fig. 5. Broom Byji2(k+1) for odd k, k=1 (mod 6).

Assume that T3 exists for an arbitrary odd k > 3. We show that T3 also
exists for k = k + 6 The endvertices of T3 are (1), and (k + 1), V/(T3) =
{04,11,2y,...,(k—1)1,(k+1)1}. There are k 11-edges of all lengths from 1 up
to k in T5. Now we relabel the vertices in V' (7T3). If a vertex was labeled by i,
then it gets the label (i+3);. Hence, V(T3) = {31,41,51,..., (k+2)1, (k+4):}
and all lengths of edges remain the same. To construct a path T's, for k, we
add six vertices with labels 01, 11, 21, (k+3)1, (k+5)1, (k+ 7)1 and the pure
11-edges ((k+7)1,11), (11, (k+5)1), ((k+5)1, 01) of lengths k+6, k+4, k+5 and
the edges (01, (k+3)1), ((k+3)1,21), (21, (k+4);) of lengths k+3,k+1, k +2.
Thus, V(T3) = 01,11,21,..., (k+5)1, (k+7);. Notice that the vertex (k+ 3);
is not incident with the mixed edge of length 0, while the vertex (k + 6); is.

We obtain the path T3 and the proof is complete. O

Eldergill [1] proved that (n,2,n — 1)-caterpillar (the numbers n,2,n — 1 are
the degrees of the vertices along the spine) of diameter 4 does not factorize
Ky, for every n > 3. The broom Bg(2) is a special case of such caterpillar for
n = 3.

Lemma 3.3 The broom Bg(2) does not factorize Kg.

Theorem 3.4 If n is odd and at least 3, then Bs,(r) factorizes K, if and
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only if r < ™ and Bay, (1) 3 Bg(2).

The proof follows immediately from Lemmas 3.1-3.3 and Theorem 1.5.

4 Construction of a broom-factorization for even n

In this section we consider even n and let k = n/2.

Lemma 4.1 The broom By(r) allows a swapping labeling when k > 2 and
1<r<k-1.

PROOF. The proof is constructive. We split the broom By (r) into three
subtrees Tg, Ty, and T7; see Figs. 6 and 7. T will contain only pure 00-edges,
Th will contain only mixed edges and 7} will contain only pure 11-edges. Pure
edges of length k in Ty and T will be swapped with mixed edges of length &
in accordance with the swapping labeling.

1o To1 T

0o Q o Ul
].0 O, //O 11

(k=120 o)
(k—7)/2+1)0 © \ |

(k=1)/2=2)
(k=1)/2—=1)
((k=1)/2)
(k=1)/2+1)
(k—=1)/2+2),
((k=1)/2+3)

. (kf(szr)/QfQ)o(.) //\\
(k—(k—1)/2—1)0 // \\
(k—(k—=7)/2)y o // \\

- \ L

0O 0O 0O 0 0 O -

(k—1)o
ko
O (k’ + 1)0

(k—=1)
ky
(k+1), o

(k+(k-1)/2)1 O
(k+(k-1)/2+1), 0

<; (k+(k-=1)/2)0
o(k+(k—1)/2+1)

o (2k — 1)o (2k — 1), o

Fig. 6. Broom By (r) for odd k and odd r.

The subtree Tj is a broom By1(r) with 7 bristles and a broomstick of length

k—r. The bristles are made by pure 00-edges ((k—*5")o, zo) for z = 5= Er 4

10
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To To1 Ty
0o Q o 01
1o o, fS 1L
AU
(k=r—1)/20 o\ [o  (k/2-2)
(k—r—1)/2+1) 0 \\ // o (k/2-1)
: S\ o (k/2)1
(k+r—1)/2—1) 0 //X\\ o (k/2+1)
((k4r=1/20 o |\ o  (k/2+2)
(k—2)o
(k—1)o (k=1
ko ky
o (k+1)o (k+ 1), o
o (k+k/2—1) (k+k/2-1); o
o (k+k/2)o (k+k/2) o
o (k+k/2+1)0 (k+k/2+1)1 o
o (2k — 1), (2k — 1), o

Fig. 7. Broom Byj(r) for even k and odd r.

1,... ,k—k;’"—l when k—r is even and ((k r=1Yg, x¢) for x = k_g_l—i-l, k_;_1+
2,...,k— k’g’l 1 when k£ —r is odd. In both cases the lengths of bristles are
1,2,...,r. The broomstick is the path kg, 0o, (K — 1)o, 1o ... (u — 2)o, (k —
BT 4 1), (555 )0, (k — 55%)o for even k — r and ko, Oy, (k — 1)o, Lo, - .., (k —
horol 1)0,(]“ =1 1)0,(k: — A==y, (B2 for odd k — 7. In the both

cases the lengths of the pure 00-edges along the broomstick are k, k — 1,k —
2,...,r+2,r+ 1.

The subtree Tp; is the path ko, (2k—1)1, (k+1)0, (2k—2)1, ..., (k+£—1)o, (k+
i, (k+5)o, (k+ £ —1),...,(2k —2)o, (k + 1)1, (2k — 1)0, ki for even k and
ko, (2k — 1)1, (k+1)g, (2k — 2)1, ..., (k+ 52 + D)1, (b + 5510, (K + E2)1, (k+
L4 1)o, ..., (2k—2)0, (k+ 1)1, (2k 1)o, l{:l for odd k. In both cases the path
has mixed edges of lengths k—1,k—2,k—3,...,1,0,2k—1, ... k+3,k+2, k+1.
The mixed edge of length k is missing.

Finally, the subtree T} is the path ky,01, (k—1)1, 14, ..., (% —2)4, (§+1)1, (2—

1)1, (%) for even k and k:l,()l, (I{I — 1)1, 11, cvey (kgl + 2)1, (% — )1, (kg
1)1, (%5%)1 for odd k. In the both cases the path T} contains pure 11-edges of

all lengths from 1 up to k.

an SIES]
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Now based on the labeling described above we obtain 2k pairwise edge disjoint
factors of Ky by adding 0,1, ...,2k — 1, respectively, to all vertex labels (ad-
dition is performed modulo 2k) According the definition of swapping labeling
the first k& factors contain pure edges (0g, ko) and (01, k1) (both are of length
k). For the next k factors these will be replaced by mixed edges (0o, k1) and
(01, ko) of length k for each parity of k.

It is easy to observe (Figs. 6 and 7), that subtrees Tj and Ty, share only
one vertex, namely kq in the first k factors and k; in the next k factors. Also
To1, T share a single vertex k in the first & factors and kg in the next k factors.
Therefore, broom By (r) has a swapping labeling for every 1 <r < k—1. O

Lemma 4.2 The broom Buy(k) of order 4k with k bristles has a swapping
labeling for all k > 4.

PROOQOF. To construct the swapping labeling we consider three cases.

Case 1. Let k > 7 be odd. The following k edges make bristles of By (k):
k—1edges ((k+42)o,zo) forx =0,1,k+3,k+4,...,2k — 1 and moreover the
edge ((k 4+ 2)o, (k + 1)1). In this way all pure 00-lengths except k& and mixed
length 2k — 1 are accommodated.

In the next step of the construction we divide the broomstick P of length
3k — 1 into three segments T}, Ty, T3, and one single edge. The first segment
of P is a path T7 of length 3: (k + 2)g, 20, 21, (k + 2);.

The second segment, a path T, of length 2k — 4 has endvertices (k + 2);
and 0;. The edges of T are: ((k+2 —2)o, (k +2+2);) for x = 1,... 5L

3
(k+2—=y)o, (k+1+y)) fory=1,2,. AL HS 5 f 1 and((k:—i—
2 —2)o, (k+2)1) for z =52 B2k —1.

The third segment, a path T, has endvertices (% 5 1)1, 01, internal vertices in

the set {1y, 31,44, .. .,(k23)1, (’“2“) ,...,k1} and consists of k — 1 edges. To

construct T3 we apply induction on k. T3 exists for k = 7,9, 11:

7 T3 is the path 31,41,71,51,11,61,01,
9: Ty is the path 4,91, 51, 31,61, 71, 11, 81, 01,
11: T3 is the path 51, 111,41,81,31, 61, 71, 91, 11, 101,01.

o k
o k
o k

Now suppose that assertion is true when k£ is even and at least 10. We are going
to construct a path T'5 for k = k-+6. Apply the following relabeling for vertices
of Ty: i — i+ 3, fori = 0,1,3,4,...,k. Let T3 include all edges of T; and a

path of length 6: 31, (k — 1)1, 51, kl, 11, (k — 2)1,0;. Thus T'5 has endvertices
(k; 1

2
Fig. 8.

)1, 01 and its internal vertices are 1y, 31,44, .. ., (k23)1, (k;rl)l, ..., k1; see
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The last part of P is the single edge ((2£2)o, (551)1). One can easily check
that 17 covers pure lengths k of both types and mixed length 0, 75 covers all
mixed lengths except 0, k, 2k — 2 and 2k — 1, T3 covers all pure 11-lengths
except k, and the single edge has mixed length 2k — 2.

01 o
11 (o]
27 o
AN
31 \\
44 N
51 o \\
0o 0, 61 \ \
1o 11 71 / \\
20 21 o 81 |
N I
30 31 9 |
4 44 \ 10, //
50 51 \I 11; o /
/
60 61 | 121 (o] /
7o 8 / 13,0 )/
8o 81 o / 14, o //
/ s
90 91 o’ 151 o
100 10; o 16, o
110 ].].1 (o] ].71 (o]
124 12, o 18; o
]_30 131 O ].91 O
25, o

Fig. 8. Broom Byj(r) for odd k > 7 and r = k along with the induction on k.

Case 2. Let k > 10 be even. The following k edges make bristles of By (k):
k—1 edges ((k+2)o,m) forx =0,1,5 5+ 1 k+3 k+4,... 242 3% 4
5,28 4+6,...,2k — 1 and moreover the edge ((k + 2)o,4;). In this way all pure
00-lengths except k£ and mixed length k£ + 2 are accommodated.

Next we construct a path P of length 3k —1 composed of four segments 77, 15,
T3, and Ty. The first segment of P is a path 77 of length 3: (k+2), 20, 21, (k+

2);. The second segment, a path T3 of length 2k — 6, has endvertices (k + 2);
k

and 0;. The edges of T are: ((k+2 —x)o,(k+2+2),) forz =1,...,5 —
L (k+2=y)o,(k+1+y)) fory =1,2.... 5843544 k-1,
(k+2—2),(k+2)1) for = = £ +3%5+4 ... k—1 and moreover the

edge ((4%)o, (25%);). The addition is performed modulo 2k, if necessary. The

2
third segment, a path T3, has endvertices (%)1, 01, internal vertices in the

set {11,31,51,61,..., (EE10), (B£14), ..., (k+1)1} and consists of k— 1 edges.

To construct T3 we apply induction on k. T exists for £ = 10,12,14,16 and
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18:

o k£ =10: Tg is the path 01,91, 11,71,81,51,31, 101,61, 111,

k = 12: Ty is the path 01,61, 111, 71,91, 81, 51, 131, 31, 104, 14, 12,

k=14: T3 is the path 01, 71,91, 101,51, 111,81, 121, 11, 141, 61, 151,31, 131,

k = 16: T3 is the path 01,131, 11, 161,51,81, 121,61,151,71, 171,31, 101,111,
91, 144,

k = 18: Ty is the path 0y, 14;, 11, 184,31, 194, 71,91, 121, 51, 131, 81, 171, 61,
161,104,114, 15;.

Now suppose that assertion is true when k£ is even and at least 10. We are
going to construct a path T5 for & = k + 10. Apply the following relabel-
ing for vertices of T5: ¢ — ¢+ 5, for « = 0,1,3,5,6...,k + 1. Let T3 in-

clude all edges of T3 and a path of length 10: 51, (k — 2)1, 3, (k+1)1, 71, (k-
1)1,91, k1, 11, (k — 3)1,01. Thus T has endvertices (¥£2);, 0; and its internal

vertices are 11,31, 51,61, ..., (B512),, (B£14), (k4 1),; see Fig. 9. The last

segment of P is the path Tj: (E£12),, (3%;6)0, (31), (2258)4 of length 3.

One can easily check that T7 covers pure lengths k of both types and mixed
length 0, T, covers all mixed lengths except 0, k, k + 2, k + 3, 2k — 2 and
2k — 1, T3 covers all pure 11-lengths except k, and T covers mixed lengths
k + 3, 2k — 1 and 2k — 2. Notice that if we replace in previous cases in the
broom By (k) two pure edges ((k+2)o,20) and ((k+2)1,2;) of the pure length
k by two mixed edges ((k + 2)o,21) and ((k + 2)1,2) of the mixed length k
then we obtain a broom isomorphic to By (k).

Case 3. Let k = 5,6 or 8. The following k edges make bristles of By (k):
k—1 edges (ko, xo) for x = 1,2, ...k —1 and moreover the edge (ko, (2k —2);).
The remaining part of By (k) is a path of length 3k — 1 and one endvertex k:

the pa“th 1s 507007017 517907617 707917807217 117317 717417607

o k=17
[ ] ]{3 = 6: the path 18 60,00,01,61, 110, 11, 100,31,70,51,80,91,41,21, 111,71,81,

907

e k= 8: the path is 8070070178171507 117 1407217 130741710079171107617907517
317 1017 1117 1517 1217 717 1317 120

It is routine checking that all lengths except mixed length k are used in By (k).

Finally let k = 4. A swapping labeling of Byg(4) is given in Fig. 10. O
Theorem 4.3 Ifn is even, then By, (r) factorizes Ko, if and only if r < §.

PROQOF. For k > 4 the assertion follows from the constructions given in the
proofs of Lemmas 4.1 and 4.2 and from Theorem 1.5. A construction found
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Fig. 9. Broom Byj(r) for even k > 10 and r = k along with the induction on k.

0o
1o
20
30
4o
50
6o
7o
80
9
100
11,
129
130
14,
150
169
179
189
19¢

10,
11,
12,
13,
14,
15,
16,
17,
18,
19,

o8
o
o
o
o
o
o
o
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01
1y
21
31
44
91
61
71
81
9
104
114
12,
134
14,
15
164
174
184
19,
20,
214
224
231
244
251
261
271
281
29,

391

o

-OOOOOOOQOOOOO

o

by brute force for £k = 2 is in Fig. 11 and for £ = 3 in Fig. 12.

5 Conclusion

Theorems 3.4 and 4.3 yield our main result:

DSpace VSB-TUO
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Fig. 10. A swapping labeling of Bjg(4

Y 5 Z 64

Fig. 11. Bg(2)-factorization of Kg.

Rl

Fig. 12. By2(3)-factorization of Kjs.
Theorem 5.1 The broom By, (1) factorizes Ks, if and only if r < "TH and

Ban(r) # Bs(2).

The above theorem gives a complete classification of brooms that factorize
the complete graph Ks,. In this way another step into solving the wide open
general problem of tree factorizations of complete graphs is made.
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