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Abstract

Standard analytic linear model of hydraulic cylinder usually comes from assumptions of
identical action piston areas on both sides of hydraulic cylinder (double piston rod) and suitable
operation point, which is usually chosen in the middle of piston. By reason of that volumes inside of
cylinder are than same. Moreover for control of that arrangement of hydraulic cylinder, usually
controlled by 4/3 servovalve, the same mount of flows comes in and comes out to each of chambers
of hydraulic cylinder. Presented paper deal with development of extended form of analytic linear
model of single piston rod hydraulic cylinder which respects different action piston areas and
volumes inside of chambers of hydraulic cylinder and also two different input flows of hydraulic
cylinder. In extended model are also considered possibilities of different dead volumes in hoses and
intake parts of hydraulic cylinder. Dead volume has impact on damping of hydraulic cylinder.
Because the system of hydraulic cylinder is generally presented as a integrative system with inertia of
second order: G, =K, / s-(T, s> +2-T, &, s+1), we can than obtain time constants and damping

of hydraulic cylinder for each of analytic form model. The model has arisen for needs of model
fractionation on two parts. Part of behaviour of chamber A and part of behaviour of chamber B of
cylinder. It was created for the reason of analysis and synthesis of control parameters of regulation
circuit of multivalve control concept of hydraulic drive with separately controlled chamber A and B
which could be then used for.

Abstrakt

Standardni analyticky linearni model hydraulického valce obvykle vychazi z predpokladu
shodnych ¢innych ploch na obou stranach pistnice (oboustranna pistnice) a vhodného pracovniho
bodu, ktery je obvykle volen uprostied pistnice. Z toho diivodu jsou pak objemy uvnitf jednotlivych
komor hydraulického valce stejné. Mimoto pro fizeni takovéhoto uspotfadavani hydraulického valce,
obvykle fizeného Ctyicestnym, tistavovym servoventilem 4/3 pritékaji a odtékaji stejna mnozstvi
prutokti do kazdé z komor valce. Presentovany pfispévek se zabyva vyvojem rozsitené formy
analytického linedrniho modelu hydraulického valce s jednostrannou pistnici, ktery respektuje
rozdilné ¢inné plochy na pistnici a rozdilné objemy uvniti komor hydraulického valce a rovnéz také
umozituje uvazovat oba dva vstupy prutokti do hydraulického vélce. V rozsifeném modelu jsou
rovnéz uvazovany moznosti riznych mrtvych objemti v hadicich a ptivodnich ¢astech hydraulického
valce. Mrtvy objem ma velky vliv na tlumeni hydromotoru. Protoze systém hydraulického vélce
mizZzeme obecné povazovat za integracni systém se setrvacnosti druhého fadu
Gy =Ky [s- (T, s> +2-Ty &y +1) > mizeme pro kazdy zanalytickych modelti obdrzet casové

konstanty a konstanty tlumeni hydraulického valce. Model vznikl pro potfeby rozdéleni modelu na
dvé casti, cast chovani komory A a ¢ast chovani komory B z diivodu potfeby analyzy a dale syntézy
fidicich parametrd regula¢niho obvodu viceventilové fidici koncepce hydraulického pohonu se
samostatné fizenou komorou A a komorou B hydromotoru, pro kterou mize byt nasledné vyuzit.

* Ing., Department of Control Systems and Instrumentation, Faculty of Mechanical Engineering, VSB-Technical
University of Ostrava,
17. listopadu 15, Ostrava, tel. (+420) 59 732 9398, e-mail Konarik.Petr@post.cz
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1 INTRODUCTION

For creation of standard analytical model of hydraulic cylinder we usually come out from idea
of symmetrical cylinder with two side piston and from the same action areas on both sides of cylinder
S=38,=35, see figure 1. In that case the changes of leakage Q;;, flows Oa a Op and volumes V, a V;,
inside of chambers of cylinder are the same. Than it is easy to obtain cylinder mathematical
formulation in form of analytically model described in working area point, which is usually chosen in
the middle of stroke of hydraulic cylinder. Described model generally present integration system with
inertia of second order with one input value Q, which is flow, and with one output value x, which is
piston position [Noskievi¢, P., 1999].
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Fig. 1 Situation scheme of double rod cylinder
Mentioned integrating transfer function with inertia of second order can be taken in form
Gy =Ky [s-(Ty* s> +2-Tyy - &y -5 +1). )

For needs of linear analysis of behaviour of hydraulic circuits is usually this model sufficient, but
some differences between behaviour of single rod cylinder and double rod cylinder are not taken on
account. Than it is obvious, coefficients of characteristic polynomial and calculation of cylinder
damping and time constant can be different. Linear model, which can respect mentioned differences
should be used to easy synthesis of control of hydraulic drive, multivalve control concept of hydraulic
drive, to computing of variable constants of gains during piston stroking and operation parameters
changing.

If we are thinking about single rod cylinder, another situation as with the previous double rod
cylinder arises. Due to another construction design of cylinder and different action areas of piston S,
and Sy, state values are changing and also flows, leakage and volumes inside of cylinder chambers are
different according as the piston position is changing. These differences and characteristics are
necessary take into account and consider them in model.

2 ORIGINAL MATEMATICAL MODEL OF HYDRAULIC CYLINDER

Nonlinear mathematical model of cylinder and its movement equation (3) comes from balance
of forces of pressures in chambers A and B on relevant action areas, from load force F, eventually
from friction, viscous and other forces.

Equations (4) and (5) are valid for pressure definitions. Equations (4) and (5) are possible to
express pressure as an integration of relevant flows in each of chambers of cylinder multiplied with
reciprocal value of hydraulic capacity C. Hydraulic capacity depends on relevant piston position,
eventually on temperature changes and on the other characteristics, and it can be generally defined as

,
c=2, @

like ratio between volume ¥ [m’] and liquid bulk modulus K [N m™].
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m-X+b-x=S,-p,=S, py—F; —F -sgn(x), S

pA:VEA '[QA_Sa'X_Gli'(pA_pB)_Gle'pA]’ @)
Py 15,50, + G, (p=p) =Gy} ©)
B

where m = Reduced mass of piston of cylinder

b = Coefficient of damping of cylinder

X = Piston position of hydromotor

X max = Maximal piston stroke of cylinder

F, = Load force on piston of cylinder

Fr = Friction force of piston of cylinder

S,,S, = Action areas of piston of cylinder

p4-Py = Pressure in chambers A and B of cylinder

K = Oil bulk modulus

Va, Vs = Volumes in chambers A and B

0,0 4,05 = Flow, flow to chamber A, flow to chamber B of cylinder

Gy, = Internal leakage between chambers A and B of cylinder

G, = External leakage.

3 EXTENDED MATHEMATICAL MODEL

If we neglect friction forces Fr and external leakage on cylinder G, and if we will take initial

conditions of state variables as absolute conditions p o, Ppo>X,,X, =0, than from previous

equations (3, 4, 5) we could obtain new equations by L-transformation with complex variable s. And
furthermore with supplementation and expansion about parts of V, =V, +S§, -X, and

(s)
Vy =Vop + Ve — Sy - X, CaN be written relations (6, 7, 8):

max

m-X, - +b- X -5=8,-P, =S, Py, —Fy, (6)
Piy-s= V()A"‘;i’X(s) ‘[QA(S) =S, "Xy S— Gy, '(PA(s) _PB(S))] (7)
PB(s) S = £ '[Sb 'X(s) -S _QB(S) + Gli '(PA(s) _PB(S))]’ ¥
VOB + VBmax _Sb ‘X(s)
where Vag, Vg0 = Dead volumes in intake parts of pipelines to the chambers A and B of cylinder
V, Vemax = Volume, maximal possible volume in chamber B, Vimax= X ax - S5 -

Than for forces difference in consequence of pressure drop on cylinder is possible to define:
Pa(s)-Sa — Pb(s)-Sb = " s )

(Viso+ SbXma SaQu(5) + (V) SbQp(s) + Sb:Sa Qp(s) ~ Qu(9)) X(s) + [( Sa2-5b - Sa-Sb) X(s)2 - (VAO»SbZ + VgySa+ Saz-Sb-Xmag -X(s)} s

PARE]
(VAO‘VBO"' V¢ Sb-Xmax—Vp Sb-X(s) + Vg(ySa-X(s) + Sb-XmaxSa-X(s) — Sa-Sb-X(s) )i + Gli'(VBO+ SxxXmax+ VAO)

Area Sy, € <S S B) is area, which can takes values between values of areas Sy, a S, or which
can be equal and which is also depend on direction of leakage flow inside of cylinder. Its effect is
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negligible. Inception and introduction of area Sy, arisen due to simplification of relation in area of
internal leakage influence, where assumption of identical piston areas, S, = S, was established. Due to
this it was possible to express equation (9) and mentioned area is marked as parameter Sy, which is
able to correct leakage than with.

If we consider knowledge of equation of continuity and constant density of medium, than in
equation (9) is possible to consider

Sy S Ousy Xy =S5 S, s X,)" and similarly S, - S, - Opyy X5y =S, Sy 5 X2 (10)

Expressions marked as * and ** we can consider as the identical with opposite sign, so we can
suspend them out of equation (6) and than obtain complete equation of movement of cylinder piston
(11). The equation is only function of input flows variables, force variable and function of piston
position of cylinder.

—m-Sa-Sh m-Sa-Vgo—m-VpoSb+ m-Sa-Sb-Xmax m-VpogVpg m-Vp( Sb-Xmax
{ Mo X9 + - X(s) + ¥ - SX(s) +

b~Sa~V —b-V (ySb+ b-Sa-Sb-Xmax
BRI Bo A0 X(s)+ |:m~Gli~(VBO+ SxxXmaxt V) +

b-VaoVRo bVppSb-Xma P
+ s X(s) +

K K K

an

|:b Gh Vpo+ Sxx-Xmax+ VAO) (VAOSb2 + VBO-Sa2 + Sa2~Sb~Xmax):|~s-X =

VBO -Sa + Sb-Sa- Xmax) QA(S) + VAO Sb- QB(S) —
F(s) E -[—Sa-Sb-X(s)z + (Sa-VBO— VaoSb+ Sa~Sb-Xma))~X(s) + (VA0~VB0+ VAO.Sb.Xmaﬂ + Gli-(VB0+ SxxXmax+ V Aoﬂ

From equation (11) is possible and to solve fragmental coefficients of characteristic
polynomial of wanted transfer function between output X(s) and fragmental inputs Oa, Og and F7.
Namely by charge with s.X(s) from left side of equation (11) and by solving of roots of square and
linear sub-equations and by help of more adjustments was possible to express piston position of
cylinder X, equation (12). During all mathematical adjustments physical dimension and
mathematical units were watched, controlled. It is necessary to make remark, that due to
consideration of continuity equation, variables that should be used as a tool to define different
operation point are suspend out of equation. Whole equation of movement is now similar to original
mathematical model, built only for one operation point. Differences between them are mainly in
number of inputs variables in numerator of overall transfer function, where is now featured load force
F, on piston of cylinder and two flows O, and QOg.

\% \% )
KQu] 22 B0 Xmax) K'QB{Sbj Faf aps + KGyf - 1 B0 SbXmax

s a msz+a bs+£a)
1 2 Sa 3

where

s 2
b-Gr Vnn-Sa” 2o v
. . i 2 Vmo Sa”-Sb Xm
Vg + Sb-Xmax a3 = — (Vpg + Sb Xmax + Vo) +{ 56° + 2 T
—_— \.-' ] \.-' \.'
Sb AD AD AD

a; =

2 2 2 2 2 2 2 2 2
Sa-Vpp — 5b-Vap+ Sa-Sb-Xmax /SE_VBU_ +5b"Vyup +5a -Sb” Xmax + 2-5a-8b-Vy o Vpg+2-5a-8b -Vy Xmax + 2-5a° -5b- Vg Xmax +
apy = +
2-8a-Sb

25a-5b
2
J* 4.G;K-Sa-Sb” Kmarm + 4.GK-Sa-5b-Vygm + 4-G;K-Sa-Sb-Vgm

b-2-5a-Sb

From equation (12) we can than express time constant and also coefficient of damping of
hydraulic cylinder defined like:
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m-Sa b-Sa-ay

Ty = J m-{\-’30+ Sb-xmax__] e = TR

3 M3 (13)

Therefore experimental measurements and experience results shows, the cylinder damping is

changing during cylinder piston movement. From previous it appears, that for computation of

different course of cylinder damping is necessary not to use compensation which is coming from

equation (10), but solve the given model together with rest of variables. X can’t be than quite

suspend out of movement equation (12) and stay there as variable. In consequence of that variable is

possible to define different operation point of cylinder and obtain courses of damping and time

constants, both dependent on piston position changing of cylinder. These solutions are not analyzed
here in the paper.

4 MODEL’S COMPARISON IN MATLAB/SIMULINK ENVIRONMENT

Extended mathematical model was modelled, simulated and compared in simulation program
Matlab/Simulink together with original nonlinear and linear model of cylinder. Nonlinear model
realization of cylinder could be found in [Noskievi¢, P., 1999]. Simulation scheme with all designed
three model’s realizations can be seen in figure 2. Simulation results of pistons positions from
nonlinear, original linear and extended linear model are compared in figure 3. From figure 3 is
obvious small improvement of piston position compare to original linear model. The piston position
course of extended linear model is more similar to nonlinear one.

b

Lockup Table

S ’b’“ U@ : Nonlinearmodel

1000~ pA

Fz

Transfer Fenl
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e8

Hydraulic Cylinder

Extended
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o ((m"Va0"Saal K2 +{s2"b Va0 Sa)Ks+Va0 a2 M
Transfer Fon G(Qav1)
b Val"St v |1 A:I—DIE‘
bl w2 - o - 'l
((m*Va0*Sa*a1 VK2 +(22"b"Val Sa)ks+Val a2 3 Xnew
Transfer Fon G[Qbw2)
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Fig. 2 Model’s comparison in simulation program MATLAB/Simulink

In figure 2 we can see simulation scheme and its realization in open loop and we can also see
there a simplified modelled course of input flow(s) to models of systems of hydraulic cylinders. Flow
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QOa comes into the chamber A and flow Qg comes into the chamber B. Qg is equal with flow O,
multiplied with ratio of different action areas on side of chambers A and B under the expression (14).

S
0 =0, (14)
SLJ
Input to the original linear model, which is assuming only one input flow Q, is modelled like
mean value of flows Q4 and Qg. All models are loaded by constant load force F, = 1000N on piston
of hydraulic cylinder.

Comparison of Nonlinear model with Original linear model Comparison of Nonlinear model with Extended linear model
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Fig. 3 Comparlson of piston positions of nonlinear model with or1g1nal linear model (left)

and comparison of piston positions of nonlinear model with extended linear model (right)

-0.02

5 CONCLUSION

In the paper extended analytical linear model of hydraulic single rod cylinder with different
action areas on piton and with different working volumes in chambers of hydraulic cylinder was
described. Extended model form presented in equation (12) is describing piston position of cylinder,
which is generally expressed by three linear transfer functions. These transfer functions can be easy
mathematically modelled and simulated by the help of linear block algebra. From type of system and
from de-numerator of transfer function can be then calculated time constant a damping of hydraulic
cylinder under the equation (13). Extended model was modelled, simulated and compared in
simulation program Matlab/Simulink together with original nonlinear and linear model of cylinder.
Results and piston position during ejection and retraction of cylinder rod are viewed and compared in
figure 3. Extended model should be later used for analysis and synthesis of control parameters of
regulation circuit of multivalve control concept of hydraulic drive, where separate control of each
chamber A and B is required.

The research work was performed to financial support of grant reg. No. HS352805
Preliminary study of the project Identification and regulation hydraulic drive.
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