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Abstract

Ina multi-input multi-output (MIMO) full-duplex network, where an in-band full-duplex infrastructure node
communicates with two half-duplex mobiles supporting simultaneous up- and downlink flows, the inter-mobile
interference between the up- and downlink mobiles limits the system performance. We study the impact of leveraging
an out-of-band side channel between mobiles in such network under different channel models. For time-invariant
channels, we aim to characterize the generalized degrees-of-freedom (GDoF) of the side-channel-assisted MIMO
full-duplex network. For slow-fading channels, we focus on the diversity-multiplexing tradeoff (DMT) of the system
with various assumptions as to the availability of channel state information at the transmitter (CSIT). The key to the
optimal performance is a vector bin-and-cancel strategy leveraging Han-Kobayashi message splitting, which is shown
to achieve the system capacity region to within a constant bit. We quantify how the side channel improve the GDoF
and DMT compared to a system without the extra orthogonal spectrum. The insights gained from our analysis reveal
(i) the tradeoff between spatial resources from multiple antennas at different nodes and spectral resources of the side

channel and (i) the interplay between the channel uncertainty at the transmitter and use of the side channel.

1 Introduction

Increasingly, mobile devices have multiple radios to simul-
taneously access different parts of the spectrum, e.g.,
cellular and ISM bands. The ability of simultaneous access
to multiple parts of the spectrum provides an opportunity
to use multiple bands in new and unique ways. A common
method is to use the two bands to access both cellu-
lar and ISM band networks (notably WiFi) at the same
time, which is now an integral part of cellular provider
data strategy to offload cellular traffic to WiFi networks
[1]. In this paper, we will consider the use of device-to-
device (D2D) wireless channels between mobile devices,
to serve as side channels to aid main-channel communica-
tion with the infrastructure nodes. For example, the main
network could be on a cellular band while the wireless side
channel could be on an unlicensed ISM band. The con-
ventional use of D2D involves establishing peer-to-peer
communication [2], forming virtual MIMO by coopera-
tive communication [3] or offloading cellular traffic [4].
In contrast, we propose to use the D2D side channel for
interference management to improve the cellular capacity,
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a scenario which we labeled as ISM-in-cellular communi-
cation [5-7].

In this paper, we will study how the side channel will
impact the system performance in a two-user MIMO full-
duplex network. In-band full-duplex operation promises
to double the spectral efficiency as compared to the half-
duplex counterpart which uses either time division or
frequency division for transmission and reception. It is
in fact feasible to design near-perfect full-duplex base
stations owing to the available freedom (bigger size, non-
battery-powered operation) in their designs (e.g., see
[8-10] and the references therein). And in-band full-
duplex has already become part of the ongoing standard
both in 3GPP [11] and 802.11-ax [12]. Thus, we envi-
sion that the first use of full-duplex capabilities might
be in a small cell infrastructure [13], supporting legacy
half-duplex mobile nodes.

In Fig. 1, a full-duplex-capable base station (BS) com-
municates with two half-duplex mobiles simultaneously
to support one uplink (UL) and one downlink (DL) flow.
A major bottleneck in this network is the inter-mobile
interference from uplink mobile (node M1) to downlink
mobile node (node M2), because of which the degrees-of-
freedom of the network collapse to one when all nodes
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Fig. 1 MIMO full-duplex network: inter-mobile interference becomes
an important factor when the full-duplex infrastructure node
communicates with uplink and downlink mobile nodes
simultaneously

are equipped with single antenna (SISO) [6]. As a result,
we proposed a distributed full-duplex architecture [6]
to leverage the wireless side channels to mitigate inter-
mobile interference. In the case of MIMO scenario which
has been widely studied for half-duplex system [14], one
driving question for distributed full-duplex system is if
and how the spatial degree-of-freedom, i.e., number of
antennas at the base station and mobiles, will be corre-
lated to the spectral degrees-of-freedom offered by the
side channel.

In our setup, we assume that uplink node M1 has My
transmit antennas, the downlink node M2 has Ny receive
antennas, the full-duplex BS has Mg and Ny transmit
and receive antennas, respectively. The bandwidth of the
side channel between the mobiles is W-fold compared to
the main-channel. We summarize the main results in this
work as follows.

1. In the time-invariant channels, we obtain the
capacity region to within a constant bit achieved by a
vector bin-and-cancel scheme. We also analyze the
role of channel uncertainty at the transmitter and
characterize the GDoF as a function of antenna
numbers and side-channel bandwidth under
different assumptions of CSIT. The insights gained
from GDOF reveal the tradeoff between spatial
resources from multiple antennas and spectral
resources of the side channels as well as the interplay
between the channel uncertainty at the transmitter
and the use of side channel. In the case when BS has
more antennas than mobiles, if there are more
downlink receive antennas than uplink transmit
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antennas, i.e., Nqj>My, there is no benefit to obtain
CSIT since with and without CSIT achieve the same
degrees-of-freedom. On the other hand, if My > Ny,
having CSIT require less side-channel bandwidth to
achieve no-interference performance. Thus, we
conclude that having more spatial degree-of-freedom
at the interfered downlink receiver or larger
side-channel bandwidth can simplify transceiver
design by ruling out the necessity to obtain CSIT.

. In slow-fading channels, we derive the general DMT

regarding different assumptions of CSIT. Specifically,
we quantify the bandwidth of the side channel
required to compensate for lack of CSIT such that
the DMT without CSIT achieves the optimal DMT
with CSIT. Interestingly, in the case when

My = Ny = M>My, Ng), the required bandwidth is
inversely proportional to the number of antennas at
the BS, i.e.,, W « % The caveat is that the
side-channel channel SNR, in the meantime, has to
grow with the number of antennas at BS. The result
provides guidance towards system design; larger
number of BS antennas, e.g., recent discussions on
massive MIMO [15], can help reduce the required
side-channel bandwidth to combat inter-mobile
interference.

We also observe the dependency of CSIT and the
antenna number ratio between the mobiles. For the
symmetric DMT, when My > Ng), without side
channel, the lack of CSIT will result in performance
loss. However, larger side-channel bandwidth will
help bridge the performance gap. On the other hand,
when Ng >My, there is no benefit to obtain CSIT to
achieve no-interference DMT since, with and
without CSIT, one requires the same amount of
side-channel bandwidth to completely eliminate the
effect of interference. Hence, in the protocol design,
the scheduler could possibly group downlink user
with more receive antennas to eliminate the
overhead of acquiring CSIT.

. We evaluate the required side-channel bandwidth to

achieve the no-interference GDoF and DMT under
different channel models such that the effect of inter-
mobile interference can be completely eliminated via
side channel. The key difference in the findings
between the two channel scenarios, for instance,
when My = Ny = M>My, Nqj, is that in GDoF
analysis under time-invariant channels, the required
W does not depend on the antenna number ratio
between the mobiles; while in DMT analysis under

slow-fading channels, the required W is a function of
max(M1,Na)
min(Myl,Nap)

W %. The impact on the system design is that we
should schedule up- and downlink user pair with

the antenna number ratio A = and
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higher antenna ratio to cancel out interference with
reduced side-channel bandwidth.

The rest of paper is organized as follows. The Section 2
presents the system model. In the Section 3, we show
that a vector bin-and-cancel scheme achieves within a
constant gap of the capacity region in time-invariant chan-
nels. We give a characterization of GDoF which reveals
tradeoff between spatial resources from multiple anten-
nas and spectral resources of the side channels under
both CSIT and no-CSIT assumptions. In the Section 4, we
derive the general DMT with and without CSIT in slow-
fading channels. We also study the spatial and spectral
tradeoff between multiple antennas and side channel on
the symmetric DMT. The Section 5 concludes the paper.

Notations We use AT to denote Hermitian of A, and |A|
to denote the determinant of A. We use (x)™ to denote
max(x,0). We use EN(0, Q) to denote a circularly sym-
metric complex Gaussian distribution with zero mean
and covariance matrix Q. We use Iy to denote identity
matrix of rank N. We use f(p) = g(p) to denote that

lim,_, o0 }gggﬁ; = 1. We use A < B to denote that matrix

B — A is a positive-semidefinite positive (p.s.d) matrix.

2 System model

In this section, we describe the system model to be used
for the rest of the paper. We assume the full-duplex BS
is equipped with My transmit antennas for the downlink
and Ny receive antennas for the uplink. The uplink mobile
M1 is equipped with My transmit antennas, and downlink
mobile M2 is equipped with Ny receive antennas. Besides
the main-channel which includes uplink, downlink, and
interference link, there also exists an out-of-band wire-
less side channel between the uplink mobile and downlink
mobile. We refer to the channel model shown in Fig. 2
as (Mq, Nqi, My, Ny1) side-channel-assisted MIMO full-
duplex network. Let W,,, and Wy denote the bandwidth of
the main channel and side channel, respectively. Parame-
ter W = %Sn represents the bandwidth ratio of the side
channel to that of the main-channel.

Since one of the transmitter and receiver is co-located
in the same node, the base-station BS, the uplink mes-
sage received by the BS is causally known to the BS
transmitter for downlink transmission. As a result, the
side-channel-assisted full-duplex network can be viewed
as a Z-interference channel with implicit feedback and an
out-of-band side channel.

We assume that the channel parameters in our system
model consist of two components: a small-scale fading
factor due to multipath and a large-scale fading factor due
to path loss. We denote the small-scale fading channels
matrix as H = {Hq, Hu, H1, Hs}, where each entry in H
represents the small-scale fading channel matrix for the
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Fig. 2 Channel model: (Mg, Ngi;, M1, Nui) side-channel-assisted MIMO
full-duplex network
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downlink, uplink, inter-mobile interference channel, and
the side channel, as shown in Fig. 2. We assume that all
entries in Hy, where k € {dl,ul,1, S}, are mutually inde-
pendent and identically distributed (i.i.d.) according to
CN(0, 1) and all channel matrices are full rank with proba-
bility one. We will consider two different scenarios for the
small-scale fading.

e Time-invariant channels: H is fixed during the entire
communication period.

e Slow-fading channels: { remains unchanged during
each fade duration or coherence time and varies i.i.d.
between distinct fade periods.

As for the large-scale fading factor, it captures the chan-
nel attenuation due to distance. Thus, the channel atten-
uation between the transmitter and receiver is the same
for every transmit-receive antenna pair. Hence, the chan-
nel attenuation for each channel is denoted by a scalar y,
where k € {dl,ul, L, S}. The transmitter at BS and uplink
node M1 have a maximum power budget Py and Py,
respectively. To simplify the notation, let pq1 = yaiPa,
pul = YulPul, ps = ysPul, and py = y1 Py, which denotes
the average signal-to-noise ratio and interference-to-noise
ratio at each receive antenna with additive Gaussian noise
of unit variance.

Next, we describe the channel input-output relation-
ships as follows.

2.1 Uplink

The node M1 will split the transmit power between main-
channel and side channel, i.e,, APy and APy for main-
channel and side-channel data transmission, respectively.
We define A = 1 — A, A € [0, 1]. Thus, the received uplink
signal Y, € CNu*1 at BS is given by

Yu(t) = v ApaHaXu (@) + Zu(t), 1)
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where Xy (£) € CMa*1 s the uplink vector signal; Hy €
CNuxMul yepresents uplink channel and Zy(¢) € CNux1 g
the receiver additive Gaussian noise which contains i.i.d.
CN(0, 1) entries.

2.2 Downlink

The received downlink signal Yy, € CNax1 at the node M2
is a combination of the downlink signal and the interfering
uplink signal and is given by

Ya(t) = /paHaXa () + v/ AptHiXu () + Zai(8),

()

where Xq(t) € CMaxl js the downlink vector signal,
Hy € CNaxMa jg the downlink channel matrix and H; €
CNaxMu ig the inter-mobile interference channel matrix,
and Zg(¢) € CNa*1 js the receiver additive Gaussian noise

which contains i.i.d. N(0, 1) entries.

2.3 Side channel
We assume that the number of side-channel antennas are
the same as those of the main-channel.

Thus, the received signal Ys € CNai<1 at the node M2 is
given by

Ys(t) = v/ ApsHsXs(t) + Zs(2), (3)

where Xs(t) € CMux1 is the side-channel vector signal,
Hg € CNaxMu ig the channel matrix of the side channel,
and Zq(t) € CNax1 js the Gaussian noise added to the
side channel which contains i.i.d. CN(0, W) entries. Note
that the noise variance of each entry in the side channel is
W times larger than that in the main-channel.

The power constraint of the input signals is given as:

1 L(k+1)
7Y Trace (E[X@Xi0']) <1, ke Ni e (diuls),
t=1+Lk

(4)

where in time-invariant channels, k = 0, and L denotes
the entire communication duration; in slow-fading chan-
nels, L denotes the coherence time.!

We define the strength level of different links with
respect to nominal SNR, p, in decibels?

logp;
o =
logp

Note that the above normalization allows different links
to have disparate strength.

, i€ {d,ulLSs). (5)

3 Vector bin-and-cancel scheme

A full-duplex node can be viewed as “two nodes,” with a
co-located transmitter and receiver, which are connected
by an infinite capacity link. Inspired by this interpretation,
in [6], we proposed a distributed full-duplex architecture
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which is enabled by a wireless side channel of finite band-
width when the transmitter and interfered receiver are
not co-located. When channel knowledge is known glob-
ally, we showed that a bin-and-cancel scheme achieves the
capacity region to within 1 bit/s/Hz of the capacity region
for all channel parameters in SISO case [6].

In this section, we will study the capacity region in
MIMO case under different assumptions of channel
uncertainty at the transmitter. CSIT plays a critical role in
MIMO interference channels. With CSIT, the transmitter
can design the precoding matrix to steer the direction of
the transmit signal to achieve higher rate. However, the
cost of obtaining CSIT is also prohibitive since the receiver
has to feed back the channel knowledge within the coher-
ence time which incurs operational overhead. Thus, it
is crucial to explore the role of channel uncertainty at
the transmitter in system performance. We assume that
the receiver-side-channel information is always available
as the receiver can track the instantaneous channel from
the training pilots. In what follows, we will study the
capacity region in time-invariant channels. Next, we will
present how CSIT and the use of side channel is corre-
lated, we also characterize the spatial and spectral tradeoff
between multiple antennas at different nodes and spectral
resources provided by side channel.

3.1 Capacity region to within a constant gap with CSIT
3.1.1 Outer bound

Lemma 1 Given the channel realization I, the capac-
ity region C(H) of the side-channel-assisted MIMO full-
duplex network is outer bounded by

Ry < Wy, (log ‘INdl + pleleng £ Ca,

) £ Cu

Rat+ Ru = W,y (log |Ing + parHaH} + . piHiH] |

Ry < Wi (log ‘INM + % puHuH;)

APS o ot
+ Wlog |Iny, + WHSHS

+ log ‘INHI + hpaHa (I + »otH H) " YH

+Ndl) £ 6sum;
(6)

Proof See Appendix 1. Note that if the interference
channel (p1) or side-channel quality (W ps) exceeds cer-
tain threshold such that Csym>Cq + Cyi, the capacity is
just trivially outer bounded by the first two individual
constraints in (6). O

3.1.2 Achievable rate region
A vector bin-and-cancel scheme based on a simple Han-
Kobayashi coding strategy achieves the following rate
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region when CSIT is available. The scheme will be eluci-
dated later in the Section 3.2.

Lemma 2 The achievable rate region Rpc(H) of the
side-channel-assisted MIMO three-node full-duplex net-
work for time-invariant channels is

Ry < Cat — Wincr,
Ry < 6ul — Winca, (7)
Rq + Ry = 6sum — Wi (c1+¢c2),

where

c1 = min{Mgq| + My, Nai}log (max {Mq, My}) + 711,
c2 = (my + Wmy) logMy) + mxlog (My + 1),

)
My ’

mq = min {Mq, Na} , my = min {My, Nu},

m1 = milog (1 +

myx = max {My), Nqi}, m1 = min {My, Nqi} .

(8)

Proof See the Section 3.2 for the description of the
achievability and Appendix 2 for the rate calculation. [

Based on the lemmas above, we will state the result of
constant-bit gap to capacity region under time-invariant
channels in the following theorem.

Theorem 1 For the side-channel-assisted two-user
MIMO full-duplex network under time-invariant chan-
nels, the achievable rate region Rpc(H) is within
max{ci, co} bit/s/Hz of the capacity region C(JH), where
¢i, i =1,2is given in (8).

Proof The proof is straightforward. From Lemmas 1 and
2, we can calculate the rate difference and divide it by the
total bandwidth W,,, + W; of the system.

In other word, for any given rate pair (Rq,Ry) €
C(H) (bit/s), the rate pair ((Ra — (Wi + W)™, (Ru —
(Wi + Wy)ea)™) is achievable in Rpc (H). O

In the SISO case, we can easily verify that the vector bin-
and-cancel achieves the capacity region to within one bit.

3.2 Achievability

In this section, we will describe the vector bin-and-cancel
scheme used to show the achievability in Lemma 2. In
vector bin-and-cancel, we use Han-Kobayashi [16] style
common-private message splitting with a simple power
splitting. The common message can be decoded at both
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receivers while the private message can only be decoded
at the intended receiver. The downlink message wq; only
consists of private message for the downlink receiver,
which is of size 2R, and is encoded into codeword Xj.
The uplink message is divided into the common part wyj,
of size 2"Rulc and the private part wy)p of size 2"Rip The
uplink codeword is then obtained by superposition of the
codewords of both wy,c and @y p,

Xul = Sul + Uy,

where Sy and Uy are the codewords of uplink common
message wy,c and private message wyy,, respectively.

Next, we partition the uplink common message wy) .: the
common message set is divided into 2”8 equal size bins
such that B(J) = [(I — 1)2"Rae=Rs) 41 ; 2" Rae=RS)] ] ¢
[1 : 2"Rs]. The total number of bin indices 2"%s is deter-
mined by the strength of the side channel, as, and the
bandwidth ratio W. The bin index / is then encoded into
codeword Xg and sent from the uplink transmit antenna
arrays over the side channel, which is shown in Fig. 3.

All the codewords are mutually independent complex
Gaussian random vectors with covariance matrices given
as follows to satisfy the power constraint given in (4):

1 .
T f
E (XledI) = %IMdl’ E <uuluu1)
B ~1
_ Iy + ApIHTHI>
s (v 1
1
E (SHISL) = mlMul —-E (UuluL) , E (XSIXED
1
= 1My
Mul !

)

where A € (0,1),A + A = 1. The parameter A denotes
the fraction of power allocated to the side channel. For the
power splitting between the uplink private and common
message, we set the power of the private message such

Bin Index
o ° bin 1 }size o (Fut,c—Hs)

Wul,c

binl [e[l:2"%]

« | bin 27fs

Fig. 3 Binning of the common message at uplink transmitter
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that its received signal strength is below the noise floor
at each unintended receiver’s antenna. And we allocate
the power of the codewords equally among the transmit
antenna array.

Now, we describe the decoding process. The decod-
ing at the BS is straightforward. Upon receiving Yy, the
BS decodes (wul,c, wulp). The achievable rate region of
(Rul,es Rup) is the capacity region of multiple-access chan-
nel denoted as €1, where

Rule < I(Sui YailXa)

Rul,p < I(Uy; YulSu)
Ryl + Rul,p <1 (Su, Uni; Yur)

(10)

The decoding at the downlink receiver has two stages as
shown in Fig. 4. In stage one, upon receiving Ys, the down-
link receiver first decodes the bin index / from the side
channel. In stage two, upon receiving Yq;, the downlink
receiver decodes (wdi, wul,c) with the help of side-channel
information while treating uplink private message wy] as
noise.? This is a multiple-access channel (MAC) with side
channel whose capacity region denoted as C is given in
[6] ; hence, we have

Rai <1 (Xai; YailSw)

Rue <1 (Swi; YalXa) +1 (Xs; Ys)
Ryl + Rule <1 (Xai, Suis Yar) +1(Xs; Ys) .

(11)

The achievable rate region of side-channel-assisted full-
duplex network is the set of all (Rq,Ry) such that
Ry, Ry = Ryic + Ry)p satisfying that (Ryc, Rup) € €1
and (Rq1, Rulc) € Ca. Using Fourier-Motzkin elimination,
the achievable rate pairs (Rq), Ry) are constrained by the
following rate region

Ra < I (Xai; YarlSun)
Ry < min {1 (Sy, Uyt; Yur) » 1 (Uut; Yur|Sw)
+I (Suis YarlXa) + I (Xs; Ys)}
Ry + Ry < I (Uyp; YalSw) + I (Xa1, Suts Ya1)
+1(Xs;Ys).

(12)

First decode
Then

Decode

binl |®

Treated as
noise

Fig. 4 Decoding at downlink receiver
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The achievable rate region given above is calculated in
Appendix 2; thus, we can obtain the explicit achievable
rate expression in Lemma 2.

3.3 High SNR approximation

From Theorem 1, vector bin-and-cancel scheme achieves
the capacity region to within a constant bit for all val-
ues of channel parameters under time-invariant channels.
In the high SNR limit, a constant number of bits (which
do not vary with respect to SNR) are insignificant and
can be ignored on the scale of interest. Therefore, we can
establish the high SNR capacity region approximation to
within O(1) in the following corollary.

Corollary 1 For a given the channel realization I,
vector bin-and-cancel is asymptotically capacity achiev-
ing and the asymptotic capacity approximation C(H) is
given by

CH) = {(Rdl:Rul) :Rq < Wiylog ’INdl + pleleL( £ Ca

Ry < Wilog In, + X/OulHulel £ Culs

Rat+ R = Wiy (log Iy + parHaH + nHiH] |

Iy
+ Wlog | I + %Hng

— _ -1
+log |In, + ApuHu (IMul + )»pIHITHI) HL

)

(13)

2 Coum|

The high SNR capacity approximation can be used to
derive the generalized degrees-of-freedom (GDoF). The
GDoF captures the asymptotic behavior of the capacity
and the corresponding optimal schemes, allowing differ-
ent links to grow at disparate rates.

The GDOF region is defined as follows *

(DoFq;, DoFy)) : DoF; = lim

R. .
im Ry
p—o00 W,logp

and (Rq, Ry) € C(SH)} ’

(14)

where W), logp is the point-to-point main-channel capac-
ity with nominal SNR in bit/s. DoFq and DoF, denote
the degrees-of-freedom (DoF) of downlink and uplink,
respectively. Using high SNR capacity approximation, we
state the GDoF region as follows.
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Corollary 2 Assuming aq = oy = 1, the GDoF
region of (Mq1, Na1, M1, Nu1) side-channel-assisted MIMO
Sfull-duplex network satisfies the following constraints

DoFq < mq, DoFy < my,
DoFgy + DoFy < f (Nu, (1 — ap™, mi), (1, My — Na)™))
+f (Nay, (e, My) , (1, Mq))) + Wf (Nai, (as, My1))
(15)

where mq, = min{Mq, Nai}, mq = min{My), Ny}, m =
min{My, Nai} as defined in (8); function f(x,(y1,x1),
(y2,%2)) = min{x, 21}y +min{(x —x1) ¥, x2}y5 for y1=.

Proof The proof is akin to [17] (see Appendix 3), so we
will only provide an interpretation of the GDoF result here.

First, the DoF of downlink and uplink is limited by
the number of transmit and receive antennas, much like
the point-to-point MIMO channel. Next, we will explain
the sum GDoF. Let DoFy and DoFy, denote the DoF
of the uplink common message and private message,
respectively.

Adopting the singular value decomposition (SVD), we
can decompose the interference channel as Hy = UA V™,
where U and V are Ng x Ng and My x My unitary
matrices, respectively, A is Nq; x My diagonal matrix con-
taining singular values of Hj. Thus, Hj is decomposed into
my parallel channels, leaving (My — mp) ™ = (My — Nq)™
effective inputs at uplink transmitter that do not cause any
interference to the downlink receiver. The uplink trans-
mitter divides the private streams into two parts. The first
part is sent along the (M) — Ng)) " -dimensional null space
of interference channel H; and reaches BS at an SNR of
p with Ny receive antennas. In the remaining m; dimen-
sions, the second part is transmitted at a power level of
p % such that it reaches the unintended receiver at the
noise floor and reaches BS at an SNR of,o(l_"l)+. The pro-
cess can be viewed as a combination of signal space and
signal scale interference alignment. Thus, the DoF of the
uplink private message is

DoFuy =f (Nu, (1 — ™, mi), (1, My — Nap¥)) .
(16)

Since the common message can be decoded at both
receivers, the downlink receiver with Ny receive anten-
nas is a side-channel-assisted multiple-access channel
receiver. The downlink message wq reaches the down-
link receiver at an SNR of p with My transmit antennas.
The uplink common message wy reaches the downlink
receiver through both main-channel at an SNR of p* and-
side channel as an orthogonal spectral space at an SNR of
pVes with My transmit antennas. Thus, we have

DoFq + DoFy1c = f (Nay, (eer, M) , (1, Mar))

(17)
+ Wf (Nai, (as, My1)) .
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Combining (16) and (17) leads to the sum GDoF. O

Remark 1 When W = 0, i.e., there is no side channel, the
GDOoF is the same as that of MIMO Z-interference channel
in [17]; hence, we conclude that the implicit feedback at the

full-duplex capable BS does not help improve GDoOF regime
in the two-user MIMO full-duplex network.

This is due to the fact that there is only one-sided interfer-
ence. When W > 0, the implicit feedback is still not useful
in terms of GDOF, because our scheme does not rely on any

feedback.

3.4 Special cases
In this section, we give several special cases to illustrate
the GDoF results above.

Theorem 2 (Case A) When Mg = My = M,Ngq =
Nuy = N, and ayy = aq = 1, the sum GDoF per
antenna denoted as % for the symmetric side-

channel-assisted MIMO full-duplex network is given by

GDOFgum
min(M, N)
+
min{2,2— (2 mCiN) o + Was} ar <1,

min [2,0{1 + % -1+ Wozs)}

ar>1.

In this case, one can observe that the sum GDoF per
antenna increases linearly with the antenna ratio %
and side-channel quality Wasg.

Another case of interest is when the BS has more
antennas than mobile clients, i.e., M1, Nu>My, Ng. This
scenario is almost always true in practical systems and
the ongoing trend is that the BS can accommodate many
antennas such as in massive MIMO systems [15], while
the small-form factor mobiles will have a relatively fewer
antennas due to its physical size constraint.

Theorem 3 (Case B) When BS has more antennas than
mobiles, i.e, Mq, Ny>My, Nq with oy = aq = 1, the
sum GDOF per antenna denoted as % is given as

GDoFgym
min(My, Nq1)
min[%’l(—i—l,:”n—)f—i—l—al—f—Was} ar <1

. m m
mln[ﬁ—i—l,?x —14ar+ WO[s} ar>1.

I

where my = max(My, Nq1), m1 = min(My), Nq)).
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Figure 5 illustrates how the sum GDoOF per antenna
varies as the side-channel quality changes when M, = Ny
given an excess of antennas at BS. When Was = 0, i.e,
there is no side channel, the curve maintains “V” shape as
in the Z-interference channel. When Wag increases, the
curve gradually becomes a lifted “V” and finally reach the
maximum sum GDoF per antenna of 2 for all regimes that
one can achieve without interference.

We also give an example to clarify the DoF of vec-
tor bin-and-cancel in Case B assuming o1 = ag = 1.
Using the standard MIMO SVD of channel matrices, the
interference channel and side channel can be converted
to m; = min{Nq, My} parallel paths from uplink node
Txy to downlink node Rxp. In Fig. 6, the diagonalized
interference and side-channel paths are depicted in bold.

In Fig. 6, the base station Txp sends Ng independent
streams to downlink node Rxp, which is indicated by the
black circles. Uplink node Txy sets (1 — W)m effective
inputs5 to zero, which is indicated by the white circles;
Txy then sends (M, — Ng) T-independent private streams
in the null space of the signal from Txg and Wmj com-
mon message which can be heard at Rxp. Using vector
bin-and-cancel, each transmitter sends W streams of
its common message to the interfering receiver through
the side channel, which is indicated by the blue circles.
At the downlink receiver Rxp, Wiy streams of the inter-
fering message can be canceled out; thus, downlink can
achieve Ny DoFs and uplink can achieve min {(My —
Nt + WmI,Mul} DoFs. Thus, in total, we can obtain
min { max{Nq, Mu} + Wmy, Ng + Mul} DoFs.

3.5 GDoF without CSIT

Acquiring the CSIT incurs a large overhead, especially in
a MIMO system with many antennas. Hence, it is of prac-
tical interest to study the GDoF performance of the system
without CSIT.

2 ;
©
cC
S 1.8} .
T
®©
@ 1.6} .
Q
T — S_O
a =1/4
o 1.4} .- S_ ]
U§) . S—1/2
1.2 .
_WocS 1
1 ‘ ‘ ;
0 0.5 1 1.5 2 2.5
o
Fig. 5 The sum GDoF per antenna for My = Ng when BS has an
excess of antennas
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T M { P
M Ndl{g } Wing
TXU

Common  Wmy {

Private (M — Nai)™

. , O
Side-channel Wmy { O min {(Mul — Na)™ + Wy, Mul}

Fig. 6 The DoF-optimal scheme of two-user side-channel-assisted
MIMO full-duplex network when My >Ng

We first describe the encoding and decoding strategy
under the no-CSIT assumption. Both transmitters encode
their messages using independent Gaussian codebooks for
the main-channel. The uplink transmitter sends common
message only and applies vector bin-and-cancel scheme.
The side-channel bins all the uplink message and encodes
the bin indices using an independent Gaussian code-
book. From the downlink user’s perspective, the channel
is a MAC with side channel. At the decoding process,
the downlink user uses joint maximum likelihood (ML)
decoder to decode both downlink message and uplink
messages with the help of side channel. Hence, we can
obtain the achievable rate region RNO-CSIT g5

i Pdl T
RNo-CSIT _ {(Rdl:Rul) :Rai < Winlog |Iny + delHdl ’

in 1 Apul 1 A1 +
Ry < Wy, min {log|In, + My HulHl og |Iny + 1\/[—ulH1Hl
+
"rWlOg INdl WM HsH }
x
Ral + Ry < Wy, <log Ing + %H H + ﬂHIHIT
Wlog |I I HsH]
+Wlog |Iny + WM S )}
(18)

where A € (0, 1), for instance, we can fix A = A = 0.5. The
achievable rate region given above can be calculated easily
from Eq. (12) with uplink private message set to null and
equal power allocation among transmit antennas which
does not require any CSIT.

Now, we can obtain the lower bound of the GDoF under
the no-CSIT assumption.

Corollary 3 Assuming aqg = oy = 1 and no-
CSIT, the achievable GDoF region of (Mq1, Nai, Mul, Nu1)
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side-channel-assisted MIMO full-duplex network satisfies
the following constraints

DoFgq < mq, DoFy < min {my), arm; + Wasmi},
DoF g1 + DoFy < f (Na, (e, M), (1, Ma))
+ Wf (Nai, (ers, Mu)).
(19)

Proof The achievable GDoF region without CSIT can be
derived following the same argument as in the case with
CSIT. O

Remark 2 Comparing Corollaries 2 and 3, we conclude
that when a1>1 and Nq>M,, acquiring CSIT is of no use
as the GDoF without CSIT achieves the optimal GDoF with
CSIT. In the strong interference regime where INR > SNR,
larger number of receiver antennas is sufficient to null out
the interference to achieve the optimal GDoF regime.

3.6 Spatial and spectral tradeoff in GDoF

In this section, we will compare three systems: (i) the side-
channel-assisted full-duplex network with CSIT, (ii) the
side-channel-assisted full-duplex network without CSIT,
and (iii) an idealized full-duplex network without inter-
ference, i.e., a parallel uplink and a downlink channel;
the last network provides us the benchmark for the best
possible performance. By comparing these three systems,
we aim to quantify the relationship between the spatial
resources of multiple antennas and spectral resources of
the side channel. We start by presenting several corollaries
to Theorems 2 and 3.

Corollary 4 (Case A with CSIT) The effect of interfer-
ence can be completely eliminated if the bandwidth ratio of
the side channel to the main channel satisfies the following
condition,

+
o max(M,N)
Wesit = i(2_m> ’ foron <1,
= +
1 max(M,N)
@(3— ‘min(M,N) —oq) ,foroqzl.
(20)

From Corollary 4, we can see that the required band-
width ratio is a linearly decreasing function of the antenna
number ratio %ﬁm to achieve the interference-free
performance. Therefore, the spatial resources of the num-
ber of antennas at transmitters and receivers is inter-
changeable with the spectral resources of the side-channel
bandwidth to eliminate interference. The intuition behind
it is that the additional spatial signaling dimension to
perform transmit/receive beamforming is equivalent to
leveraging the extra spectral signaling dimension of the
side channel for interference cancelation.
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From Corollary 3, we can also find out the required
bandwidth ratio under the no-CSIT assumption in order
to achieve the no-interference upper bound. The required
bandwidth ratio without CSIT in Case A for o = 1 is
given by

L(2-¥)7, forN=M, o
L for M > N.

as’

WNo-csIT =

Corollary 5 (Case B with CSIT) The effect of interfer-
ence can be completely eliminated if the bandwidth ratio of
the side channel to the main channel satisfies the following
condition:

o

ag’

_ +
Qo)™ a";l) , for ar>1.

foray <1,
WesiT =

We observe that in Case B, the required side-channel
bandwidth to achieve the no-interference sum GDoF is
not affected by the number of antennas in the system
but received interference signal strength and side-channel
signal strength levels. For oy < 1, lower interference
level requires less side-channel bandwidth while for o;>1,
higher interference level leads to smaller side-channel
bandwidth requirement.

In Case B, we can also derive the required bandwidth
ratio under the no-CSIT assumption from Corollary 3,
to achieve the no-interference performance. The required
bandwidth ratio without CSIT in Case B for o1 = 1 is given by

&, for Ng=My,

Ols’

WiNo-csIT = (22)

Myl
Ny for My > Ny

In Figs. 7 and 8, we show the spatial and spectral trade-
off in both Case A and Case B when o = 1. We observe

Without CSIT

1 /

" With CSIT

1 2

N =

Fig. 7 Spatial spectral tradeoff in Case A when ¢ = 1
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A
2
as ‘\ Without CSIT
\
. /
\
\
w 1 S
as T :
With CSIT%
0 | .

1 2

Nai
Mul

Fig. 8 Spatial spectral tradeoff in Case Bwhen ¢ = 1

N |—

that when there are more downlink receive antennas than
uplink transmit antennas, obtaining CSIT is unavailing
since with and without CSIT requires the same amount
of side-channel bandwidth to completely eliminate inter-
ference. However, when we have more uplink transmit
antennas, if we do not have CSIT, the extra spatial degrees-
of-freedom are wasted and we need more side-channel
bandwidth to achieve the no-interference performance.
In Fig. 9, we give an illustration of the comparisons of
the three systems in DoF as a function of the side-channel
bandwidth when there is an excess of BS antennas.

4 Diversity and multiplexing tradeoff of
MIMO-distributed full-duplex

In this section, we consider a slow-fading scenario. When
the channel experiences slow fading, an important metric
to characterize the MIMO system performance is the
diversity and multiplexing tradeoff (DMT), which delin-
eates the asymptotic tradeoff between data rate and
reliability in the high SNR limit. The optimal DMT, first
introduced in MIMO point-to-point channels [18], rep-
resents the optimal diversity gain d*(r) for each mul-
tiplexing gain  among all possible schemes. Similar to
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our definition of GDoF, we define the multiplexing gain
of both downlink and uplink channels in our system as
follows:
R. .
r; = lim M, i € {dl,ul},

= 23
/)Loo Wilogp @3)

where R4 and Ry are the achievable rates (bit/s) of down-
link and uplink, respectively.

Assuming the overall average error probability is
P,(rq, ru1), the DMT is

d(rq,rq) = lim ——logPe (ra, rat) .
p—>00 logp

We define d°Pt(rq), ry) as the supremum of d(rqj, rul)
computed over all possible schemes. Thus, d°Pt(rqy, ry) is
the optimal DMT of the system.

In this section, we will study the DMT performance
under different assumptions regarding the availability of
CSIT. We assume that the channel knowledge is known
at the receivers. In the following, we will first obtain the
optimal DMT with CSIT which can be achieved by vec-
tor bin-and-cancel as described in the Section 3. Next, we
study the case without CSIT and derive the correspond-
ing achievable DMT. Finally, based on the DMT result, we
will investigate the spatial and spectral tradeoff as well as
the interplay between CSIT and side channel.

(24)

4.1 With CSIT case

In a slow-fading scenario, the channel matrices remain
fixed over a fade period with a short-term power con-
straint given in (4); thus, the capacity region in time-
invariant channels can serve as instantaneous capacity
region in each fade period. We define the outage event
as the target rate pair not contained in the instantaneous
capacity region: B = {(Rq, Ry) ¢ C(H)}, where C(H)
is given in Corollary 1. From [18], it can be easily shown
that P} (rq;, ra) = Pr(®B), where P} (rq), ru1) is the infimum
of the overall average error probability among all possible

schemes. In the high SNR limit, we can obtain that
Pr(B)= max Pr(C;<R), = p ¢ an
ie{dl,ul,sum}

= max
ie{dl,ul,sum}

Pr(C; < R)),

No-CSIT = CSIT

No-CSIT = CSIT = No-interference

No-CSIT < CSIT

No-CSIT = CSIT
| = No-interference

-
W

Fig. 9 Comparison of the three systems in DoF as a function of the side-channel bandwidth when o = 1.a Ng >My, b My > Ny

>
CSIT
= No-interference

1 My
as Najas

b

w
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where C; is given in (13) and Rgymy = Rq1 + Ry- Thus the
optimal diversity order is
min
ie{dl,ul,sum}
logPr(C; < W, rilogp)
logp '

d*(rai, ru1) dss,(r;), where dss,(r;)

(25)
lim —
p—>00

In the Section 3, we showed that vector bin-and-cancel
achieves the asymptotic capacity region. Hence, in the
asymptotic DMT characterization, the optimal DMT with
CSIT can be achieved by vector bin-and-cancel which
only requires CSIT of the interference channel between
the up- and downlink nodes since the uplink message
splitting depends on the interference channel. The deriva-
tion of the optimal DMT curve of side-channel-assisted
MIMO full-duplex network follows from two steps. In
[18], we know that the optimal DMT for MIMO point-
to-point channel is dyyny(r) = (M — r)(N — r), which
is a piecewise linear curve joining the integer point r €
[0, min(M, N)]. For a general channel level «;,i € {dl, ul}
of a point-to-point channel, we will invoke Lemma 6 (in
Appendix 3) for our calculation. Hence, we first obtain the
optimal diversity order of each individual downlink and
uplink given as

deg, (1) = idm N, (:) ,Vr; € [0, min{M;, N;}«;],

i € {dl,ul}.
(26)

Next, we evaluate dogs_, (Fsum) in the following lemma.

Lemma 3 The diversity order with CSIT given the sum
multiplexing gain of both uplink and downlink is the min-
imum of the following objective function:

mdl
A5 gm (Fsum) = min Z (Ma 4+ Nai + 1 — 20)

1,0,0,0 =1
Ml

+ Z (Mul +Nul +1-—- 2]) 0j — (Mdl +Nul) mog
=1
]

+ D (Ma + Nu + Mu + Nai + 1 = 2K) 6;
k=1

my

+ ) (Ma+Na+1-20y
I=1
mq; min{Ngj—i,Mu}

+Y Y (@—mi—opt
k=1

i=1
my min{My—j.Nai}

+Z Z (O‘I_Uj_ek)Jr;
j= k=1

j=1
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mdi My] mp

Subject to Z (1 — )t + Z (az — (7,')+ + Z (o1 — )™
i=1 j=1 k=1
my
+ WD (s =)t < rams
=1
0<p1 < Umg; 0501 < -0y 05601
<O 0 SV S s
i +O=a1, V(i + k)=Ng + 1;
0j + Ok =>ay, V(G + k) =My + 1,

(27)
where i = {1, lhmgh,0 = {o1,--- ,Umul}yé =
01, 0}, v = {v1, -, vy} and mqi, my and my are
defined in (8).

Proof We provide the proof in Appendix 4. O

With dg; for i € {dl, ul,sum} derived above, we have
the following theorem which gives the optimal DMT in
its most general form, allowing different channel parame-
ters and multiplexing gains for uplink and downlink with
arbitrary number of antennas at each node.

Theorem 4 The optimal DMT of (Ma, Nai, My, Nyp)
side-channel-assisted MIMO full-duplex network with
CSIT denoted as d“S'°Pt s given by

CSITopt

(Mai,Nai,Mul,Nu) (rai, ra) = min

ie{dl,ul,sum

| d%i (ri),
where dsg,(1;) is given in (26) and Lemma 3.

The optimization problem in Lemma 3 is a convex opti-
mization problem [19] with linear constraints, which can
be solved using linear programming. The general form of
the optimal DMT with CSIT in Theorem 4, though can be
calculated using numerical methods, does not result in a
closed-form solution. In the following corollary, a closed-
form DMT result is derived in the case of single-antenna
mobiles communicating with multiple-antenna BS with M
transmit and receive antennas, i.e., Mq = Ny = M.

Corollary 6 In the case of (M, 1,1, M) with symmetric
DMT ry = rqe = r when aqy = oy = oy = 1. The closed-
form optimal DMT with CSIT is given which completely
characterizes the optimal DMT under all side-channel
conditions:

1
e whenW < vEnt and Wag < 1,

CSIT,opt
d(M,l,l,M) Q)
M+1+2M+1)Wag
_ | ma-n, 0<r==—gmy—
@M + 1)(1 + Was) — (4M +2)r, MHEEHEEDTEs < < L

(28)
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e when 2M+1 <W< %,asz%,and Was < 1,
CSITopt (r) = M(l ), 0<r=<p*
danran + (1 —2n), Br <7< HPe

(29)

e when WZWIH’O‘S < %, and Wag < 1,

CSITopt
(MllM)( r)
M+1+o
M1 —r), 0<r=< Gy

=1 2M+1+as— @M+ 2)r, 1S < < 1

1 1 1+Wa
as + 17 (1 — 2r), QEVETS
(30)
e when W> 2M+1’°‘5 < 2 ,and Wag>1,
CSITopt
(MllM)( r)
M(1—r), 0<r<¥tes

_J2M 1t as— @M+ 2, M < <]

as + 3 (1 —27), T<r<p
M@ —r), B*<r=<i
(31)
e when Olsz% and Wag>1,
Ao () =M1 =71),0<r <1 (32)
% 065-0-7—1\/1
where * = 77—/\4

Proof The DMT of the point-to-point channel is M (1 —
r),Vr € [0,1]. Thus, we only need to solve for the opti-
mization problem given sum multiplexing gain. One way
to find the minimum of the optimization problem in
Lemma 3 is to apply the Karush-Kuhn-Tucker condition.
Here, we will provide another approach which is the key
to the proof of a general case. The method we adopt is
gradient descent which finds the local optimum. Since
the optimization problem we have is convex with linear
constraints, the local optimum is actually the global opti-
mum in convex optimization [19]. Hence we can obtain
the global optimum via gradient descent algorithm.

We first simplify the objective function of the diversity
order in Lemma 3 given sum multiplexing gain. By sub-
stituting vl’ = Wy in (27), we can express the objective
function as

/

v
dSST = min Muq + Moy + M + 1)6; + Wl —2M,

sum
Subjectto (1 —u)t+ @ -0t + 1 —-6p*
+ (Was —v)™ < roums
1,01, 61,01 >0;
u1+601>1; o1 +61>1.
(33)
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Next, we differentiate the objective function in (33) with
respect to different variables

0dSSIT 1 i~
v W
94CSIT

ﬂ oM + 1;
001

94CSIT 94CSIT 94CSIT

sum sum M sum

8;“ 8(71 391

(35)

(36)

Comparing the gradient of each variable, when W <
WIH’ the steepest descent of the objective function is
along the decreasing value of vi with6y = u; =01 =1,
for reum < Wag. Thus, we have dsCu%T(r) =2M + 1+
og — 5“"‘ Vrsum € [0, Wag]. This also implies that for
Fsum > Wozs, v = 0 in the optimal solution. Now, the
steepest descent of the objective function in (33) is along
the decreasing value of 6; with u; = o7 = 1, and the
corresponding minimum is dSCuSélT (rsum) = CM + 1)1 +
Was) — QM + 1)rsym, Y¥sum € [Was, 1 + Was] .

When W> 2Ml T the steepest descent of the objective
function is along the decreasing value of 6; with u; =

o1 = Lv = Was, for ryqm < 1. Thus, we have
AT (reum) = 2M +1+as — (2M + 1) rsym, Y7rsum € [0, 1]
Again, for rgym>1, the optimal solution has 6; = 0. We
will rewrite the objective function as
!
dSSIT — min My + Moy + Lv; — oM,
Subjectto (1 —p)" + 1 -0 + (Was —v)*

< 7eum — L;

©1,01,v1>0;

n1>1; o1>1.

(37)

To minimize the objective function above, we should
let u; = o1 = 1. Hence, the minimum of the objective
function is dSST (Feum) = s + 37 (1 — sum), Vrsum €
[1,1 + Was]. Now, combining all the results above, we
have

CSIT t .
Aoy, ff}’w) (r) = min{M(1 — r),dscus;;T(M,M ™)

for0<r<1.

(38)

CSIT P
where dsum( MM (r) is given as

e when W < ﬁ
CSIT
dsum(M 11,00 (1)

M+ 1+as— 2, Vos

M + 1)1 + Wag) —

0<r<
(4M +2)r, W5 < p < e

(39)
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1
e when WZW

CSIT
dsum(M,l,l,M) (r)

| 2M+1+as— (4M+2)r, 0
T es+ pa—2n), 3

(40)

Further simplification of (38) will lead to the analytical
expression in Corollary 6. O

Remark 3 The optimal DMT with CSIT in the no side-
channel case is a special case of Corollary 6 when W =0,
and is given as

M+1

ANOSCCSITopt MQA —r), 0<r< g

(M,1,1,M) M+ 1)1 —2r), 3/\]/\14112 <r< %
(41)

From Corollary 6, we can completely quantify the
improvement of DMT with side channel under all side-
channel conditions. Figure 10 depicts the comparison
of DMT with/without (w/wo) side channel when W =
WIH’ as = 1\2—4 We define the light loading threshold as
the multiplexing gain threshold within which the system
error event is dominated by single-user performance. In
the case with CSIT, the light loading threshold of the sys-
tem without side channel is B shown in Fig. 10. When r >
B, the dominant error event is that all users are in error.

With the help of side channel, the light loading threshold

Point to point

—

no Side-channel, no CSIT

no Side-channel, with CSIT
1 M

( 279 )

with Side-channel, no CSIT
\

Diversity Gain

with Side-channel,

\\/ with CSIT
\

A B AIC A3D

Symmetric Multiplexing Gain

Fig. 10 DMT comparison w/wo side-channel w/wo CSIT when
W=

1 M
W ¥ =7
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is increased by A, where A; = % Moreover,

we can see that the side channel also improves system
maximum multiplexing gain (when the diversity order is
zero) by Az, where Az = % Both improvement amount
A1 and As will scale with side-channel quality Wag ( for
W < Wlﬂ) till either point C or D reaches the symmetric
maximum multiplexing gain of one which corresponds to
the no-interference point.

— 1 _ M M
When W = m,(xs = 7 we have Al oM+4
and Ag #H' We conclude that in this case, both

improvement amount A; and Ajs will scale with the
number of antennas at the BS. In the limit of M (as
in massive MIMO, BS has unlimited number of anten-
nas), we will have improvement of limy;_, o0 A1 = % and

: 1
hmM_mo Ag =3

4.2 Without CSIT case

We define the outage event O in the case without CSIT
as the target rate pair does not lie in the achievable rate
region RNo-CSIT. O £ {(Rq;,Ry) ¢ R}, where R is given
(with A = 1 = 0.5)

£dl +
Iny + —HaH
dl My dl

’

R= {(Rdl,Rul) :Rqp < Wilog

Apul
Ing + “SSHgH (5

Ry < Wylog My
u

A1
My

£dl

+
HqH; +
Ma dl

Ing + HH,

)}

Ry +Ry =Wy, (log

Aps

+Wlog Wiy
u

-
Ing + HsHS

(42)

The difference between (42) and the achievable rate
region in (18) is that (42) does not have a constraint on Ry
for the transmission from up- to downlink mobile. This
is because the downlink mobile is not interested in the
uplink’s message, thereby the failure of decoding uplink’s
message alone will not be declared as an error event at the
downlink receiver.

Under the no-CSIT assumption, the diversity order of
each MIMO downlink/uplink channel is still the same
as given in (26). As for the diversity order for a given
sum multiplexing gain, it is characterized by the following
lemma.

Lemma 4 The diversity order at a given sum multiplex-
ing gain in the case without CSIT is the minimum of the
following objective function:
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mdi

o (Fsum) = min > (Ma + Na +1 = 20) g
M5V i1

mi

+ Y (My + Na+ Ma + 1 — 2k) 6,
k=1
mj

+ Z (Mul + Nai + 1 = 20) vy — Mamion
=1
mgl min{Ng—i,Myi}

+Z Z (o1 — i = )™
=1 k=1

md| mj

D a—p)t+ Y (e — 60"

i=1 k=1

Subject to

mi
+ WD (s — )t < roums
=1
0< i< < fmg; 0561 <---
femli 0<wn = S Vs
i+ Ok=>ay, Y(i +k)>Nq + 1;
(43)

Proof We provide the proof in Appendix 5. O

Theorem 5 A lower bound of the DMT of (Mq, Nq,
My, Ny) side-channel-assisted MIMO full-duplex net-
work without CSIT is given as

dNo—CSIT

(rd,ru) = min
(Ma,Nai,Mu,Nup) u ie{dlul,sum}

da,'(ri)'

where d,,(r;) is given in (26) and Lemma 4.

While the general form of the lower bound of DMT
without CSIT is given in Theorem 5, we provide
the closed-form no-CSIT DMT in the following corol-
lary when single-antenna mobiles communicate with
multiple-antenna BS in line with the analysis in the
Section 4.1.

Corollary 7 In the case of (M, 1,1, M) with symmetric
DMT rq = rq = r when aqy = oy = o = 1. The
closed-form lower bound of the DMT without CSIT is given
that completely characterizes the achievable DMT under
all side-channel conditions:

e when W < ﬁ and Wag < 1,

No-CSIT
datiimn ™

M1 —1), 0 <r< LMD Wes

M+ 1)(1 + Was) — M +2)r, ZELEUVes < < LHos
(44)
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e when ﬁ <W< ]\27,05521\2—4, and Wag < 1,

M@A —r), 0<r<p*
as+ w(1—2r), p* <r < 1

(45)

No-CSIT _
dsum(M,l,l,M) (r) =

1 M
e when W=smg s < 5 and Wag < 1,

M(1 —r), 0<r=<is

dﬁﬁ(cg\‘%{l,m(r)= M4+14+as— QM+ 2)r, %575%
1 1 1+Wa.
as + & (1 —2r), g<r<=5=
(46)

1 M
e when Wzm’“s <3, and Wag>1,

M1 —71), 0<r=< s
ghocsit 0 | M L4as— @M +2)r, s <r<i
sum(M,1,1,M)
as + (1 —2r), l<r<p
M1 —r), pr<r<1
(47)
e when aszj\z—/[ and Wag>1,
Ay i =M1 -r,0<r=<1 (48)
* as+%—M
where 8* = —z o

Proof The proof is similar to that in Corollary 6 which
uses gradient descent method. O

Remark 4 The lower bound of the DMT without CSIT
in the no side-channel case is a special case of Corollary 7
when W = 0, and is given by

M1 —r), 0

JNo-SCNo-CSIT () _ =TS 32

M1,LM =

¢ ) M+1DA-2r), oy <r<1
(49)

Remarks 3 and 4 describe the DMT without side chan-
nel under CSIT and no-CSIT assumptions. One can easily
verify that the no-side-channel cases in [20, 21] w/wo
CSIT are special cases incorporated in our derivation of
DMT.

Now we compare the lower bound of the DMT w/wo
side channel under the no-CSIT assumption. When W <
ﬁ, in the case without CSIT, with the help of side chan-
nel, the light loading threshold over the no-side-channel
system is increased by Aj, where A; = % In
Fig. 10, the DMT without CSIT w/wo side channel is given
when W = ﬁ and as = % Compared with the light
loading improvement under the CSIT assumption, we can
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see that the side channel is more effective in increasing the
DMT performance in the lack of CSIT as Ay>A;.

4.3 Spatial and spectral tradeoff in DMT

In this section, we will derive symmetric DMT in closed
form for a more general case where the mobiles have mul-
tiple antennas communicating with the BS with M trans-
mit and receive antennas. Using the closed-form DMT
expressions, again we will compare the three systems:
with and without CSIT and the no-interference-idealized
full-duplex network. We will characterize the relationship
between the spatial degrees-of-freedom of the antenna
resources and the extra spectral degrees-of-freedom due
to the side channels under slow-fading channels.

We still assume that BS has more antennas, i.e.,
M=>My, Nq. The closed-form symmetric DMT of the
general (M, Nqj, My, M) system with agq = oy = o1 = 1
and rq = ry = r are given under CSIT and no-
CSIT assumptions in Lemmas 9 and 10 (in Appendix 6),
respectively.

First, we ask the question that how much side-channel
bandwidth is required to compensate for the lack of CSIT
such that the DMT of the system without CSIT achieves
that of the system with CSIT. The sufficient condition is
given in the following theorem.

Theorem 6 In case of (M, Nq,, My, M), sufficient con-
ditions such that no-CSIT DMT is the same as full CSIT
DMT are given by

+
i Ng+My—1 1 _ Na
1. W = min { MNg—Mg 17 as 2 My

M,
dptaty (3 )-MNa-Ma)
where ag> NG
ul

My=12

, when Nqi>My,

My
dMul’M(T)
2. W =0, when Ng>—2"2 22 4 My, My =1,2.

Proof With the conditions given above, we can verify
that the symmetric DMT with CSIT in Lemma 9 is the
same as the DMT without CSIT in Lemma 10. O

Corollary 8 When My > Ngq, if W < é, the DMT
without CSIT is strictly smaller than that with CSIT.

Corollary 8 can be readily obtained by comparing
Lemmas 9 and 10. If M;; > Ngiand W < é, the availabil-
ity of CSIT is crucial in performing transmit beamforming
to yield higher DMT.

The next question we will ask is how much side-channel
bandwidth is required to eliminate the effect of inter-
ference such that the DMT of the system w/wo CSIT
achieves that of a system without interference. The follow-
ing theorem characterizes the effect of the side-channel
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bandwidth on the performance of the symmetric DMT to
reach no-interference DMT.

Theorem 7 In case of (M,Nq, My, M), the suffi-
cient conditions are given under CSIT and no-CIST
assumptions, respectively, where the effect of interference
can be completely eliminated to achieve the optimal no-
interference DMT:

+
1. Wesir= = (2— ﬂ) S ag> GO Momitl)

as my my(2|Ng—Mu[+2) ’
2. Wno-csiT =
1 o M—Ng+1
as’ Y= My —Na+D)’
1 (2 _ m) Q@ —mx) (M= +1)
as my

P OSZ Ny 42y When Na=Mu
where mx = max(Myl, Na1), m1 = min(My, Nq1).

when My >Ngq

Proof We need to show that with the conditions above,
the DMT of our system w/wo CSIT is not domi-
nated by the diversity order given sum multiplexing gain
d;’fl/;vz’]\;%;rl MM (rsum), V7 € [0, my]. It is sufficient if we
show that the conditions above indicate that the decay
slope of @ﬂ;}ﬁi}; Mo M) (rsum) is larger than that of the
PTP channel djg,, (r)Vr, and the maximum symmet-
ric multiplexing gain of ‘QAXX?A%JS\EMHI M) (rsum) is larger
than my.

The decay slope of the piecewise linear function dﬁ,l, N
is (M + N — 2k + 1) in each interval r € [k —1,k],
where k € [1,min(M, N)] is an integer. Thus, the decay
slope of d’j/LN(r) decreases as the interval k increases.

Also, the decay slope difference between d];/; Ib(r) and

d’j,LN (r) is a constant of 2. We know that the DMT per-
formance will be improved as side-channel bandwidth
ratio W increases. Therefore, with W large enough,
d“s"l’l/r"r‘l'&/?ig Moy, M) (rsum) will lastly be dominated by side-
channel condition in the last admissible interval. With the
special structure of the decay slope, in order to find the
conditions where DMT w/wo achieves PTP performance,
it suffices to show the following: (A) the decay slope of
side channel given sum multiplexing gain is larger than
dpt,m; (1) in their last admissible intervals, respectively, and
(B) max(rsym)>2my.

Under the CSIT assumption, from Corollary 3, we know
the maximum sum multiplexing gain is my + mWas.

We set my + miWas = 2mj to meet condition (B);

thus, W = a—ls (2 — mW)I( . Next to meet condition (A),

the decay slope of the side channel in the last interval
Ysum —M".

anMul,Ndl (W) , Yrsum € [mx, my +mWas], ie.,

% (|Mu — Nai| + 1), should be larger than the decay slope
of dat (1), Yr € [0, my] in its last interval, i.e, M —my+1.
Hence, 2 (|My — Nai| +1)>(M — my + 1). By substituting

+
W= 41 (2 — m—)‘> into the inequality above, we have

as mi
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QS>W With the side-channel condition
derived above, lithe DMT with CSIT achieves the PTP
DMT.

Under the no-CSIT assumption, when Ngq>M,, the
results can be derived similarly. When M, > Ng, the
maximum multiplexing gain is Nq;(1 + Was) according to
Corollary 3. To satisfy condition B, we set Nq (1 + Was) =
2Nyq;; hence, we have W = ai To meet condition (A),
the decay slope of the side-channel in the last interval

asdp,, Ny (’”{}}7@?‘“) Vrsum € [Na, Na(1 + Wag)], ie.,

% (Mu — Ngi + 1), should be greater than the decay slope
of dyny (1) in its last interval, i.e.,, (M — Nq + 1). By

substituting W = M—Ng+1 0

as we obtain that og> My —Ng+ D) *

4.4 Discussion of the results
Figure 11 illustrates the comparison of the three systems
in DMT as a function of the side-channel bandwidth.
When Ng>My, there are three regimes in comparison
to DMT. In the first regime, the performance the system
without CSIT is worse than that with CSIT. In the sec-
ond regime, with side-channel bandwidth ratio W greater
than a threshold, CSIT is of no use. In the last regime, the
use of side-channel helps reduce the probability of outage
event where all users are in error such that the domi-
nant error event is a single-user error. On the other hand,
when My > Ny, the availability of CSIT always provide
an additional gain in performing transmit beamforming.
However, larger side-channel bandwidth aids the no-CSIT
system to achieve the no-interference upper bound. Note
that the strength of the side-channel level ag is implic-
itly incorporated in Theorems 6 and 7, thus is omitted in
Fig. 11.

In the following section, we will elaborate the findings
in single-antenna mobiles and multiple-antenna mobiles
cases, respectively.

No-CSIT = CSIT
No-CSIT < CSIT | | = No-interference
[ >
0 | No-CSIT = CSIT | W
+M,
W= M+Nd1 u1+1 (2 E‘u)
for My =1.2 Ma
a
No-CSIT = CSIT
No-CSIT < CSIT = No-interference
® >
0 | CSIT w
= No-interference
Ng )t 1
L(2-42) &
Fig. 11 Comparison of the three systems in DMT as a function of the
side-channel bandwidth. a Ng>M b My > Ny
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4.4.1 Single-antenna mobiles

We first show the symmetric DMT w/wo side-channel and
w/wo CSIT when g = oy = o1 = 1. From Fig. 12,
we can see that in the two-user uplink and downlink
system, the full-duplex capable BS is always superior to its
half-duplex (HD) counterpart where the BS adopts either
time-division multiplexing (TDM) or frequency-division
multiplexing (FDM) for uplink and downlink. In the spe-
cial case of W = 0, i.e,, no side-channel, having CSIT
always yields a better DMT performance.

However, with the help of side-channel, as shown in
Fig. 12, when W = ﬁ and ag> %, there is no benefit to
obtain CSIT as the DMT without CSIT already achieves
the optimal DMT with CSIT. Such result indicates that as
BS accommodates more antennas (tens or hundreds of BS
antennas as in massive MIMO), the required side-channel
bandwidth can be reduced superinearly to combat inter-
ference.

Figure 13 illustrates the side-channel bandwidth ratio
required to compensate for CSIT as stated in Theorem 6
with single-antenna mobiles. The required W is inversely
proportional to the antenna resources at the BS. The
caveat is that the side-channel level ag, in the meantime,
has to grow with the increasing number of antennas at
the BS.

To understand the result above, let us look at the dif-
ferent decay slopes in DMT in the network. From the
downlink’s viewpoint, the channel is MAC with side chan-
nel. The decay slope of MAC without CSIT is M+ 1,
while the the decay slope of the side channel is \X/hen
the symmetric multiplexing gain r < 2, if W >3 +1, the
users in MAC will first be in error followed by the users’
error event in the side channel. Moreover, if ozsz%/[, the

M Point to point
= i W=0, without CSIT
g ‘
o \
2 L\ . W=0, with CSIT
b
z M N\
A 2 \ \ 3 \ W=1/(M+1), w/wo CSIT
M1 - p) /\ \ ;

s M\
: \\
0

1 * 1+ Was
g ATl
Symmetric Multiplexing Gain

Fig. 12 DMT of (M, 1,1

O(gz%, where g* =

, M) w/wo side-channel w/wo CSIT when
0(3+7—M
&M
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0.5

0.45 —&-Single— antenna Mobiles 1

0.4 ——Two/Four— antenna Mobiles

Side channel Bandwidth Ratio

4 5 6 7 8 9 10
Number of Antennas at BS

Fig. 13 The required side-channel bandwidth ratio to compensate

for CSIT as a function of the number of antennas at the BS with equal

number of antennas at mobiles when as = %

error event w/wo CSIT is dominated by single-user per-
formance whenr < % And when r> %, the dominant error
event is determined by the side channel, which is the same
for both CSIT and no-CSIT cases®.

In order to eliminate the effect of interference such
that the DMT w/wo CSIT achieve no-interference upper
bound, it is sufficient if the side-channel condition sat-
isfies that Wag>1 according to Theorem 7. Hence, the
required side-channel bandwidth is inversely proportional
to the strength of the side channel as to eliminate the
effect of interference. The implication of such result is
that in a highly clustered urban scenario, when the mobile
devices are close to each other indicating higher side-
channel strength, less side-channel bandwidth is required
to achieve the single-user DMT performance.

4.4.2 Multiple-antenna mobiles
Figure 14 shows the DMT in the absence of the side chan-
nel when both the mobiles have multiple antennas. First,

(3,3,2,3) [Point-to-point] or (3,2,3,3) [Point-to-point]
6
N
\ (3,2,3,3) [HD] or (3,3,2,3) [HD]
R \
S \ (3,2,3,3) [W=0 without CSIT]
21031y
g \ (3,2,3,3) [W=0 with CSIT] or
>
A 2 ' (3,3,2,3) [W=0 w /wo CSIT]
32 \ \
\ %
\ *
172 2/3 1 5/4 372 2

Symmetric Multiplexing gain

Fig. 14 The symmetric DMT of MIMO full-duplex network without
side channel forag = ay = o) =1
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we can find out that the gains due to the full-duplex
capable BS over half-duplex BS is particularly larger for
MIMO channels. Second, a larger number of downlink
receive antennas alone can completely eliminate the effect
of CSIT such that the DMT w/wo CSIT have the same
performance as stated in Theorem 6. For example, the
DMT of (3, 3,2, 3) without CSIT is the same as that with
CSIT. While in the case of (3,2, 3, 3), the lack of CSIT will
result in significant loss.

Comparing Figs. 14 and 15, we can quantify the gains
due to the extra side-channel bandwidth, which is signif-
icant especially in MIMO. In the case of (3,2, 3,3) when
the system is lightly loaded, for instance, r < 2/3, there is
no additional gain due to CSIT or r < 5/4, there is no gain
due to the side channel since the error event is dominated
by single-user error. Beyond those points, the dominant
error event is that all users are in error; thus, leveraging
the CSIT for transmit beamforming or side channel to
perform vector bin-and-cancel will reduce the probability
that such outage event happens.

The required side-channel bandwidth ratio for compen-
sation of CSIT in the case of two-antenna mobiles is also
depicted in Fig. 13, which again demonstrates that the
required W A%I similar as in the single-antenna-mobile
case.

From Theorem 7, we conclude that with CSIT, as the
antenna number ratio %% increases, the side-
channel bandwidth required to completely eliminate the
effect of interference reduces. Hence, the spatial resources
of the multiple antennas at mobiles is interchangeable
with the spectral resources of the side-channel bandwidth
to reduce the outage probability at a given multiplexing
gain such that single-user DMT can be achieved.

We also infer from Theorem 7 that when My > Ny,
the system with CSIT always outperforms that with-
out CSIT by requiring less side-channel bandwidth to
reach single-user performance’. However,Please check

(3,3,2,3) [Point-to-point or W=1/2 w/wo CSIT]
6 (3,2,3,3) [Point-to-point or W=1/2 with CSIT or
= W=1 without CSIT]
an
2z
A (3,2,3,3) [W=4/5 without CSIT]
[
B B
0

1 5/3 9/5 2

Symmetric Multiplexing gain

Fig. 15 The symmetric DMT with side channel for ag) = oy = ) =
as =1
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if the edit to the sentence “However, when Ng>My,
there is no advantage..” retained its intended mean-
ing. Otherwise, please modify. when Ng>AM,, there
is no advantage due to CSIT achieving the single-
user DMT since, with and without CSIT require the
same amount of side-channel bandwidth to achieve
interference-free performance. Thus, we conclude that
having more spatial degree-of-freedom at the interfered
downlink receiver or larger side-channel bandwidth can
simplify transceiver design by ruling out the necessity
of obtaining CSIT to null out the effect of inter-mobile
interference.

5 Conclusion

In this paper, we propose the use of wireless side chan-
nel to manage inter-mobile interference in MIMO full-
duplex network where the BS supports both an up- and
downlink flow in the same band simultaneously for the
half-duplex mobile nodes. We study if and how the anten-
nas resources at nodes will impact the spectral resource
from the side channel under different channel models. For
time-invariant channels, we derive a constant-gap capac-
ity region by a vector bin-and-cancel scheme and the
corresponding GDoF region. And for slow-fading chan-
nels, we obtain DMT w/wo CSIT of the system. Both the
GDoF and DMT results reveal various insights about the
effect of the side channels and the spatial and spectral
tradeoff between antenna resources and bandwidth of the
side channels. Our future work will be to develop practical
protocols guided by our analysis.

Endnotes

'1n the rest of the paper, we omit the time-index t in the
expressions.

2We can set p = pq or py such that either agg = 1 or
oy = 1.

3With the assistance of the bin index, more uplink
common message can be decoded which otherwise is
restricted by the interference link.

*Notice that our definition deviates slightly from the
conventional definition of GDoF in that we account for the
asymmetric bandwidths of different links and the rate is
calculated as bit/s instead of bit/s/Hz.

5The effective input is a product of the unitary matrices
by SVD and the initial input vector.

¢The DMT of MAC channel with CSIT is different from
that without CSIT as shown in Fig. 12.

7 The system with CSIT also has a weaker requirement
of the side-channel strength level as compared to that
without CSIT.

$When W = 0, we define Wlog (1 + ) = 0.
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Appendix 1

Proof of Lemma 1

First, we complete the converse part. Transmitters uni-
formly and independently generate the downlink and
uplink messages wq and wy, respectively. The messages
will be delivered over # time blocks. Since the full-duplex
BS has an implicit feedback of infinite capacity link, BS
encodes the wq by codeword Xg;; which is a function of
(wq1, Ylil_l), for i € [1, n]. The point-to-point outer bounds
on Rq and Ry can be easily obtained following the same
argument in Lemma 1 of [22], which are given by

Ra < Wi, (10g ‘INdl + plelejl‘ )

)

Next, we need to prove the sum-capacity upper bound.
We define a genie Vyy = \/)TOIHIXul + Z4. The sum-
capacity upper bound is derived by providing the genie V|
to the BS. By Fano’s inequality, for any codebook of block
length #,

(50)
Ry = Wy, (10g ‘INUI + )_hpulHulel

n(Ra + Ryl — €x)

< I (wa; Y5, YY) + 1 (0w Yiloa) (51)
=1 (wa; Y3) + 1 (oa; YIYE) + 1 (0w Ya"loa)  (52)
=1 (wa; Yq) + 1 (Y31Yg) — h (Y$1Yg, wa)
+ I (wu; Yjloa) (53)
<I(oa; Y}) +h (YY) — h (YOIXE, Y, wal)
+ I (wyl; Vo) (54)
=h(Yg) +h(Yg) — h(Y31X5)
+h (Yilwa) — h (Yjloa) =k (Yilowoa)  (55)
u

where (51) follows due to the independence of messages;
(54) follows because conditioning reduces entropy; (55)
follows because (Yy, wa)) — X — Y¢ forms a Markov
chain.

We can rewrite (Y}|wyl, @q) in (55) in U as

Zh< Yal Yy ,wulrwdl>

= Z h (Yul,i Xurir Yo s o, wdl) (57)

i=1
= > h(Zu,)
i=1

where (57) follows because Xy, is a function of wy and
conditioned on Xy;, Yy, is independent of everything
else.

h (Y)ilww, odi) (56)

(58)
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We also rewrite 2(Yj|wa) — h(Y{j|wa) in (55) in U as

h (Y]loa) — b (Yiloa) (59)
= h(Yy Ygloa) — b (Y§ Yy, wa) — (7 (Y, Yiloa)
h (Y31 Y, @ar)) (60)
= h (Y)Y 0a) — b (Y31Y], o) (61)
n
= Z h <Yu1,,-|Y£'1, Ylifl,wd1>
- Zh (Yaul Y, Vi oa) (62)
<3 (Yadl Y i wa)
=1
L ., |
- Z h (Ydl,i X, Xani Y00, Yo wdl) (63)

i=1

=Zh< ulz|Xdln uIerdp ul ,wdl) Zh Zdll

i=1
(64)

(65)

n n
< Z h (Yl V) — Z h(Zai)
i=1 i=1

where (63) follows because conditioning reduces entropy,
(64) follows since Xqj; is a function of (wqy, Y, 1 1y and
the genie Vyy; can be determined by Xq; and Yq; as
Ya = /paHaXa + Vu. Also conditioned on (Xyy,;; Xa1,),
Yq1,; is independent of everything else; (65) follows since
removing condition does not reduce entropy.

Thus U can be upper bounded as

n

U<y h(YuilVai) =Y (h(Za) + 1 (Za)) - (66)

i=1 i=1

Combining the results above and applying the chain
rule, we have

n

1
Ry + Ry — €, < - Z (h (Yai) + 1 (Ys,)
=1

+h (Yaril Vai) — [7(Za) + 7 (Zai) + 7 (Zs,)]) -

Now by applying the standard time sharing argument,
we can obtain

Ry + Ry < h(Yq) — h(Za) +h(YulVa) — h(Zw)
Rus,l Rus,Z
+ h(Ys) — h(Zs).
Rus,?:

(67)

Page 19 of 28

We denote the covariance matrix of Yy as Ky, =
E (YdlY gl) that is maximized by Gaussian input in the
presence of Gaussian noise. It can be easily shown that

Kyy = Ing + paHa leHc-}l-l + )_LPIHI QulHIT

+ )_LpleIHded,uHI-}-‘i‘ A pdiPtH1Qu aH, dl,
(68)
where le = E(XaX 1) Qu = EXuX)),Qau =

E(XaX, o) Qud = E(Xulel)
Let] = [‘; :|, the covariance matrix of / denoted by Kj
ul

can be maximized with Gaussian inputs, it can be verified
that

Ing + AptH1 QuH] )_u/pumlHIQulHL }

5‘\/ :OulpII_[ulQull_[IT INul + XpulHulQulel
(69)

Ky =E(g/") = [

Likewise, the covariance matrix of Yg will be maximized
by Gaussian input and computed as

Ky =B (YY) = Wiy, +3osHsQsH],  (70)

where Qs = E(XsX{).
Using the result in (68), we can upper bound the first
term R, (bit/s) in (67) as

Rus,l

Ing + plechle;

< log

m

4—5»/>11‘1’1Qull‘7ﬁT + v/ ApdiprHaQd,uH;

+/ ApaptHiQuaH) (71)
< log |Iny + Gai + Gul (72)
= log |(Iny + Ga)Uny + Ung + Ga) " 'Gw)|  (73)
= log |Iny + Gal| + log |Ing + Uny + Ga) ™' Gull

(74)
<log |Iny + Gal| + log |21, (75)
= log |Iny + Gai| + Nai, (76)

where Gq = paHaHy + 5»,01HIHfr Gu = vVApaptHa

Qd,uH;r + \/):,odl,oIHIQu,ngl; (72) follows because
trace(Q;) < 1,i € f{ul,dl}; thus, Q; < I, and log|.| is

an increasing function on the cone of positive-definite
matrices; (75) follows from the following lemma.

Lemma 5 For p.s.d. matrices Gq and Gy, we have

lOg ‘INCU + (INd[ + Gd1)71 Gul (77)

< log |21Ndl|.

Proof First, we show that Gy =< Ggq. Let A =
VPaHaQdu — v ApiHi, the product of matrices AA"
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is always p.s.d., because for any vector x, x'AATx =
(At%)T(ATx)>0. Hence, we have the following

Pleded,qul,qul + AptHiH, >/ ApaiptHa QauH,

+ \/ ApaipiH QII,qul‘

Since Qd,qu w =1, and QZ u = Qu,d, now we can obtain
that

(78)

plelejl + AptHiH] =/ ApaiptHa Qd,uHIT (79)

+ / ApaiptH1QuaH ;.

Hence, we have verified that G, < Gqj, which also leads
to the fact that Gy < Iny + Gai. As a result, for any given
vector x, we have

# [+ Ga? (1= U+ Ga) 2 Gull + Ga)™?) U+ Gan? |«
>0, or

(0+Gwtx) [1- 0+ Gy 3 Gatt + Gay 4] (U + Gan'x)
>0.

(80)

From the definition of partial order of p.s.d. matrices
[23], we have (I + Ga)~2Gu(l + Ga)~2 < L. Hence, we
have

log [Iny + (Ing + Gan ™' Gull (81)

[T

= log

_1 _
(INdl + Gdl) : (INdl + (INdl + Gdl)

[SIT
o=

xGul (Ing + Ga1)~

) (Ing + Gai)

_1 _
=log |Iny + (Ing + Ga) * Gul (Iny + Ga)

[N

<log|2Iny]|-

The second term in (67) can be written as
Rysp = h (Yu, V) = h(Va) — h(Zy). (82)

Using the covariance matrix, we derived in (69), and
invoking Lemma 8 in [22], we can upper bound (82) as
follows:

Rus,2

_ _ " -1 .
Ing + Apub (I +ApH{H) - HY|.

(83)

<log

m
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Finally, we can upper bound the third term in (67) with
the covariance matrix in (70),

Rus,B
W

< log ‘ Wi, + )»psHng’ —log |Win,| (84)

A
= log |In, + %HSHST . (85)

Combining all the results we derived above, we can
prove Lemma 1.

Appendix 2

Rate calculation in Lemma 2

For the Gaussian inputs with the covariance matrices
given in (9), the achievable rate in (12) can be calculated as

I (Xai; YalSu)
odl -
= Wi <10g Ing + ~=HgH} + AptHi K, Hf
Ma
“log ’1Ndl + 3 pLH K H D (86)
Odl Y i A
>Wu (log Iny + FHledl + AptHI K, HY | — m1>
di
(87)
>Win (10g ‘INdl + plean(L\ — mqlogMq) — ﬁﬁ) )
(88)
where K, = ﬁ(lMul + )_\pIHITHI)’l,ﬁfq = milog
(1 + M%ﬂ)’ mp = min{My, Nai}, ma = min{Mai, Nai},

which are the rank of Hy and Hyj, respectively. Step (87)
is established because of the following argument, apply-
ing the singular value decomposition to Hj such that H} =
UAVT, where U and V are unitary matrices, A is Ngi x My
diagonal matrix containing singular values of H;. Now, we
can rewrite 5»,01H1KMHIJf as

_ x
S oL HIK, H = zvf !

ul

_ . -1 N
UA (1Mul T apAT A) Atut. (89)

Since )_L,OIA(IMul + 2o ATA)TIAT < In,, for p.s.d. matri-
ces, given a vector x, we can show that

xf ()_L,oIHIKuHIT) X

Vo' oata) ATt
- (u x) RoiA (IMUI + oA A) AU x)

My 00)
< N}ul (L[Tx)TINdl (u's). (o1)
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Thus, XpIHIKuHIT < M%,IINdl’ which implies that

log ‘INdl + L oL HIK, H] ‘ < min{My, Na}

1
log |1+ ) £ /. (92)
& ( My
Next, we compute I(Sy, Uy; Yu) as follows:
)_\pul T
I (Su, Uyss Ya) = Wmlog INul + mHUIHul (93)
u
> Wiy (10g Iy + %puHuaH))
—mylogMy) , (94)
where my = min{My), Ny}, which is the rank of Hy.
Similarly,
1(Xs; Ys) = Wilog |Iny + ﬂHSHT (95)
4T MW 5
A
> W, (Wlog Ing + %HSHQ
—m WlogMu1> . (96)
And
I(Uy; YulSw)
— W,,log ‘INul + ApuHuK,H| 97)

_ _ B -1
>W,, (log Iny + *puHua (IMU1 + ApH] HI) H)
_mullogMul) ’ (98)
I(Sw; YailXa)
)_»,OI +
=W, lo ]N + 7HIH
m < g [{Nq M 1
—log llNdl + AotHi K H] ‘ ) (99)
)_\,01 + N
u

=W, (log ‘INdl + 3o HiH] ’ — mlogMy — i) (101)

=W, (log ’1Nd1 + }_»PIHIHI-I-‘ — mylog(My + 1))
(102)

where (100) follows from step (92).
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Now, we can calculate I(Uy; Yu|Sa) + 1(Su; Yai|Xa) as
I(Uy; YatlSw) + I(Sws Yail Xa) (103)

_ _ -1
>Wu (log In, + ApuHy (IMul + )»,OIHITHI> HZl

+log| I, + AoiHiH] |
—mylogMy — milog@My + 1)) (104)

= Wi <log [t + RpuHyHa (s + %oH] H ™!

+ log ’IMul + XpIHITHI‘

— mylogMy — milogMy + 1)) (105)
=W, (log ‘IMul + )_\pulelHul + )_»,oIHITHI‘

— mylogMy + milog(My + 1)) (106)
>Wy, (10g‘1Nu1 + hpuHaH,)| — mulogMy

— milogMu + 1)), (107)

where (105) and (107) follow from Sylvester’s determinant
theorem.
Finally, we compute /(Xqj, Sui; Ya1) as follows:

I(Xa1, Sw; Ya)

pdi Y
= Wyl log |In, + — HaH; + — HH,
m ( g |{Na My a I

—log ]1Nd1 + AotHi K H] ‘ ) (108)

>Win (log ‘INdl + ,Olele;l + XPIHIHF' —

— min {Mq + My, Na} log(max{Mg, Mul})>,
(109)

where (109) holds because the rank of the matrix
Ing + %Hle;l + %HIH; is less than the rank of an
enhanced multiple-access channel matrix by allowing full-
cooperation between transmitters which is min{Mq +
Muyj, Nai}-

Combining all the expressions we derived above, we can
obtain the capacity region inner bound as® Rpc(H) =
{(Rdl; Ry) : Ra < Cai — ¢1, Ry = Cut — €2, Rsum < Csum—
(c1 + ¢2)}, where ¢; and ¢y are given in (8).

Appendix 3

Useful Lemmas

Random matrix theory plays a critical role in the analysis
of MIMO wireless networks. Here, we will restate some
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important properties of random matrices in the following
lemmas which will be used for our derivation.

Lemma 6 (Lemma 3 in [21]) For a PTP channel, where
H e CMXN with iid, CN(0,1) entries and the channel
level is «, the optimal DMT is equivalent to the minimum
of the following optimization problem,

min(M,N)
d(r)=min Y (M+N+1- 20
i=1

min(M,N) (110)
s.t Z (@a—x)t<r
i=1
0<x < < XminM,N)»

and the optimal solution is d(r) = adM,N(g), for 0 <
r < min(M,N)«, where dyyn(r) = (M — r)(N —r)
is a piecewise linear curve joining the integer point r €
[0, min(M, N)].

Lemma 7 (Theorem 4 in [18]) Let H € CM*N haye
i.i.d, CN(0, 1) entries. Suppose the nonzero-ordered eigen-
values of R = HH are denoted by p1=>--- By > 0, where
q = min(M,N). Let B; = p~HM,i € [l,q], assuming
that all the eigenvalues vary exponentially with SNR. Let

= {11, , [hq}, thus the asymptotic distribution of i is
p(in) = p= SLAMANFI-20 400 < iy <o pug
0 Otherwise,

(111)

Lemma 8 (Theorem 1 and 2 in [24]) Let H; € CN2xN1
and Hy € CN2XN3 po tyg mutually independent random
matrices with i.i.d, CN(0, 1) entries. Suppose the ordered

. N —1
eigenvalues of Vi = Hj (IN2 +p°‘H2H;) Hi,Vy =
H2H;f are denoted by p1> - -- B; > 0,n1>---np > 0 where
q = min(N1,Ny),p = min(Ny, N3). Let B; = p"“,z €
(La]im = p~ %k € [0,p) and i = {p1,-- 1q}, 0 =
{61, -, 0p}. Hence, the conditional distribution of [i given 0 is
p~ELD i (1,0) € Dy

112
0 Otherwise, (112)

p(alf) = {

where

q q min(Ny—i,N3)
B0 =y (Ni+No+1=20pm+y Y
i=1 i=1 k=1
r
x (o — i = 6" = N1 Y (o= 60"
k=1
Di={0<mi<---<p; 0<61<--- <6
wi+ 0=, V(i + k)=Ny + 1}.
(113)
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Appendix 4
Proof of Lemma 3
From Corollary 1, we can express the high SNR asymp-
totic sum-capacity as

Coum (30 = max F(32,2) (114)
where

FOGALT) = Wiy (log [Ina + paHaHy + ZpHiH] |

Aps o
=+ Wlog INdl =+ WHSHS

+1og I + &puHuy + Lot H) ™ H)y

= W (log [Tt + paH g + 7oiHiH]) ™ Ha
+1og Ing + AptHiH] |
+log Iy + & puHu(ly + oH H) ' H

The ordered eigenvalues of G; = H;l<INdl +

Aps o
+ Wlog INdl =+ WHSHS

_ N\ —1 _ - -1 .
AotHiH] ) Ha, Go = Ha(Iny + RotH{ i) HJ), Gs =
HIHIT and G4 = Hng are denoted by B1> - By
0,12 Vmy > 01>+ Ny > Oand &1>---&y >
Let B; = p7#,i € [Lmal;y; = p™%,j € [1,mul;nk
p %, k € [0,mi]; & = p~",1 € [0,m1]. When p — o0,
we have

eV

p*d%mm(rsum) = Pr (Csum < ersumlogp)

= Pr|{ max
0<r<1

mdy My|

[T +p ) [T+ 20y

i=1 j=1

" - w
_ A
X | |(1 + 2% k) (l | (1 + pa5§l>) < prs“m)

k=1 =1

A Wmy Mdl G .
- Yyratmy (2 adl—Hi
= e o e () [Tr
i=
nyl

m my
x l_[p(a“l_al)+ 1_[ p(oq—(9k)+ l_[pW(ozs—vl)+ < prsum>
j=1 k=1 =1

(115)

where mgq), my and m are defined in (8).

For any channel realization J{ in a particular fade
period, we have F(J,A» = L = 05) < Coam(H) <
F(3,» = A = 1); hence, the sum-capacity outage event
Bsum 2 {Rsum ¢ Csum(3)} can be bounded as {Rsym ¢
FH,h =21 =1} C Bsum S {Raum ¢ F(H, L = 4 =

0.5)}. Consequently, we have
Pr (Rgum & F(3, 0 = & = 1)) < p~ @B sum Tsum)

- (116)
< Pr(Rsum ¢ F(3,1 =1 =0.5)).
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From (116), we can see that when p — 00, p~ @B sum ("sum)
converges to the following result as %, 2 do not grow at
the same rate as p thus can be ignored on the scale of
interest

md| Myl

p 4B Tsum) = pr (Z(adl — )T+ (e — ot

i=1 j=1

my my
+Y =0T+ WY (s —v)T < rsum) :

k=1 =1
(117)

Let ,ll = {Ml,"‘ ’lu’mdl}’ o = {Ulr"' ramul}r 9_ =
{01, ,6uy},and v = {v1, - - -, vy }. The joint distribution
of 1,6,0 and ¥ can be calculated as

= p(a310)p©@)p(v) (119)
= p(RlO)p@G10)p@)p()  (120)

where (118) follows from the fact that matrix Gy is inde-
pendent of other matrices; (120) follows from the random
matrix theory that the dependence of G; and Gy is only
through the eigenvalues of Gs. Thus, given the eigenval-
ues of G3, the eigenvalues of G; and G are conditionally
independent.

By invoking Lemmas 7 and 8, we have

= pE@eOD) if (7,5,0,7) €D
, ,9’ = ,0 ’ ’ ’
P, 0,6,7) { 0 Otherwise,

where

mq

E(i,5,6,7) = !Z(dezvdw 1-20)
i=1
Myl

+ ) (Ma + Na + 1 — 2)) 0j — (Mai + Nu)mios
j=1

my

+ Z(Mdl + Nyl + My + Nai + 1 — 2k)6
k=1
mq) min{Ng —i,My}

my
+Y Ma+Na+1-2Dvy Y. >
I=1 k=1

i=1
my min{My—/.Nqi}

X —pmi—6"+y
j=1 k=1

x(—oj— 0t ¢,

(121)
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mdi Myl mi
D={2km—mﬁ+§}w—mﬁ+§]m—@ﬁ

i=1 j=1 k=1

mi
+ WY (s — )t < roum;

=1
0< 1< < fhmg; 001 <+ < Oy
0<61 < <O 0< V1 <o < vy

Wi+ Ok=0, V(i + k)=Nai + 1; 0j + O >au,
(122)
With the joint distribution of p(f,d, 8,9), we have
obtained above, the outage probability is as follows:
Pr(Bsum) = / p(,5,6,9) = / pERE8T),
D D
(123)

Using Laplace’s principle, step (117) can be calculated by
minimizing the SNR exponent E(ii, 5,0, v) which has the
dominant probability. Thus, we have
min  E(j1,5,60, ),
(71,5.,0,9)eD

AP g = (124)

which proves Lemma 3.
Appendix 5
Proof of Lemma 4

We first express the asymptotic achievable sum-rate (with
A = A = 0.5) as follows

Lum =W,y (log vt + paHy (g + AptHiH) ™ Hal

; 1 Aps ¥
+ log INdl + )»,OIHIHI + Wl()g INdl + WHSHS

).
(125)

We still use the same notations defined in Appendix 4
to represent the ordered eigenvalue of G; = Hgl <[Ndl +

- -1 .
ApHiH] ) Ha, Gs = HiH] and Gy = HsH]. Thus, we
obtain that

mq) mi
p 4O sum sum) = Py (Z(Oldl —u)t+ Z(Oél — 0t
i=1 k=1

mi
+W D (as—vpT < rsum) :

=1

The joint distribution of (1,8, ) can be derived by fol-
lowing the same steps in Appendix 4. Likewise, Lemma 4
can be proved and we omit the steps to avoid redundancy.
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Appendix 6
DMT calculation of (M, Ng;, My, M) with and without CSIT

Lemma 9 For the (M, Nqi, My, M) side-channel-assisted full-duplex network with aq) = oy = o1 = 1 and with CSIT,
the optimal DMT at multiplexing gain pair (rqy, ru1) is

CSIT,opt . 1T
(M»NdfjwulvM) (rdl, ru) = min {dM,Ndl (ra), dMul,M(rul)r dsclﬁn(M,NdlMul,M) (”'sum)} . (126)

CSIT o )
where dsum( MNg, Mg, M) (rsum) is given as follows:

[My1—Ngi|+1

e when W < M NG =T’

asduya (F2) + MaNa+MMa + Na), ream < mWas

CSIT _
ANy Mo, d) Tsum) =V o ag e (Feum — miWas) + MMy — Nail, miWas < ream < mi(1 4 Was)
A\ay—Ny M Fsum — m1(1 + Was)), mi(1 + Was) < rgm < mx +mWoas
My +Ngi—1 [My—Ng|+1
* whenW e [2M+|Mu1—Nd1|+1’ M+|Mu1—Nd1\—1]’

dm1,2M+mx (rsum) + MuNqias + MMy — Nail, 7sum < 1y
d;%{M,NdlMulvM) (rsum) = O(SdMul,Ndl (Vsu‘/;;gsml) + MMy — Nall, m1 < reum < mi(1 4+ Was)
AMy—NalM Tsum — m1(1 + Was)), mi(1 + Was) < rsam < mx +mWag

My+Ng—1
[ ] > ru ot -
when W= g SNG T

dm1,2M+mx (rsum) + MuNgoas + MMy — Nail, Fsum < m1

dgxﬁ{M,l,l,M) (Fsum) = dlMurNdl\,M (rsum — my1) + MuNaqias, my < rsym < mx

T —m
asdaty Ny Was X) , My < Feum < mx +mWas

where m; = min{My), Nq}, mx = max{My, Nqi}
Proof The details of the proof can be found in Appendix 7. O
The achievable DMT of (M, Nqi, My, M) without CSIT is given in the following lemma.

Lemma 10 Consider the case in Lemma 9 under no-CSIT assumption, the achievable DMT at multiplexing gain pair
(rdi, ra) is

No-CSIT

. No-CSIT
A Ny My, (Fdls Tul) = min {dM,Ndl (ra), Ay, m (ra), dgyy

sum(M,Ng, My, ) (Tsum) } :

where dé\fl‘;fﬁg[dl My, M) (rsum) is given as follows: if My >2(Ngq — 1),

My —Ngi+1

° < _Ma—Ndirl
when W < Mg TNy =T

asduyNg (F2) + Na(Mu + M), ram < NaWas
AngM+My Tsum — NaWas), NaWoas < rsam < Na(1 + Wag)

CSIT _
A am(M N My, d) Tsum) =

My +Ng—1

° > MurNdi—1
when W—M+Mu17Nd1+1'

No-CSIT (o) ANgM+My (Fsum) + MuNaies, 7sum < Nai
14 = _
sum (M, Ny, My, M) ' sum osAn Ny (Vsuvmmi\’m) , Nai < rsum < Na(1 + Was)

And if Ng>M,y, and My < 2:

Nq—My+1
o W W < ——d—FulT>
hen W' < 3N =1

asdiry Ny (= ) + Nat(Mu + M), Fsum < MyWas
No-CSIT s
dsum(M,NdlMul,M) (rsum) = dMul,}VI+Nd1 (rsum — MuWas) + M(Ng — My), MuWas < rsym < Mu(1 + Was)

del—Mul,M (rsum — Mu (1 + Was)), Mu(l + Was) < rsym < Nai + My Was
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My +Ng—1 Nai—My+1
o whenW e [M+Ndl_ W1’ M+Ng—Mg—1 |’

Apy,MiNg Tsum) + MuNaas + M(Nq

No-CSIT ( sunvly ) + M(Ny —

sum (M N, My, M) (F'sum) = asAMy,Ny

My+Ng—1

] > —C  ——
when W= M—Ng+My+1’

dMul,MJrNdl (rsum) + MuNqiaes + M(Nal

del_MulvM (rsum -
N,

OlSd/\/IulJ\[dl (rsu{nVa dl) N4 < rsum < Ng + My Was

CSIT _
dsum(M Nai,Mu1,M) (Fsum) =

Proof The results can be derived by following the similar steps in the proof of Lemma 9.

Appendix 7
Proof of Lemma 9

— M), Tsum < Myl
My, My < rsum < My (1 + Was)
del—Mul,M (rsum — Mu(1 + Was)), Myl + Was) < rsum < Nai + MuWas

— Mu), Tsum < Myl
w)) + MyuNgas, My < rsum < Nai
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As demonstrated in the proof of Corollary 6, we use gradient descent method to find the local optimum value for
each value of the multiplexing gain which is equivalent to global optimum in the convex optimization problem. This
method is also used in [21] to derive the DMT for MIMO Z-interference channel for some special cases. In our setting

of (M, Nqi,
sum multiplexing gain. We will first give the analysis when My >Nq. By substituting v; =
the objective function as

Na Nai
deml =min Y "(2M + My + Na + 1 — 2k)6 + % > (M + Ng+1—2)v]
k=1 =1
Nai My
+ Y M+ Na+1 -2+ Y (M + My + 1 — 2))0; — 2MNg
i=1 j=1
Nai Nai—i My min{My —j,Nai}
+Y Y A—pi—67T +Z Z 1—o0—607,
i=1 k=1 j=
Nai Naq Nai
Subjectto (1 — )" + 2(1 —o)t + 2(1 — 0T+ (Was — )T < rums
i=1 j=1 =1
O0<pi < <pungy 0<o1 < - <opm; 0<6 < <On;0<V <--- <

Wi +6=1, Yi+k)>Nq + 1;
0j + 6>1, V(i + k) >My + 1.

Next, we differentiate the objective function in (127) with respect to different variables,

CSIT
9 dsum

v, f
dCSIT

sum

90
dCSIT

sum

o1
94CSIT

sum

80’1

%(Mul +Na +1-2), | <Ng;
= 2M + My + Nq + 1 — 2k, k < Ng;;
ni=0oj=1Vij
CSIT
=M+ Ng — 1 < 2 Vk;
Ok=1,Yk 30k
CSIT
= M4+ My — 1 < —SUM yp
O0xr=1,Yk 30k

My, M) with aq) = ay = o1 = 1 and rq = ry = r, we can simplify the objective function in Lemma 3 given
Wy in (27), we can express

(127)
V]/\[dl;

(128)

(129)

(130)

(131)

Since the slope of the objective function decreases with the increasing index of u;, 0j, it suffices to only consider the
decay of the function with u1,01. We can also easily verify that the decay slopes of 11 and o7 are smaller than that of

Qk, Vk.
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Case 1
3dCSIT 3dCSIT
In this case, ”1 has the steepest descent, i.e., e sum 2 391

My —Nqi+1 _
Thus, when W < < AT NG = 7, for ( l)Wag < Fsum <

IWas , VI, the steepest descent of the objective function
is along the decreasing value of v; with u; = 0; = 6y =
1,Vi, j, k. Now, the optimization problem becomes

Nai
dgm = min % ;(Mul + Na + 1 = 2Dy,
+ MyNa + MMy + Nq),
Ngi
Subject to Z(Was —v)* < roums
=1
Ofvin-fvl’vdl.

Invoking Lemma 6, the solution to the optimization
problem above is

T
dcssﬁ = asdm, Ny <v;1;n ) + MuNq + MMy + Na),

Vrsum < NaWas.

If reum>Nq Was, it can be implied from the solution
above that v; = 0, V/ are in the optimal solution. We
can see that now the steepest descent of the objective
function in (127) is along the decreasing value of 6; with
u; = 0j = 1,Vi,j, and the corresponding optimization
function becomes

Nai
dgonl =min Y "(2M + My + Nay + 1 — 2k)6;
k=1
+ MMy — MNq
Na
Subjectto Y (1= 60" < raum — NaWes;
k=1
0<6; <---<0pny-

(132)

Again, invoking Lemma 6, we have

dCSIT

B = ANa2M+My Tsum — NaWas) + MMy — Nap),

NaWas < rsum < NaWoas + Nyi.

Likewise, when rs>NqWas + Nq, 6r = 0 Vk, the

optimization problem is given as
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Nqi
dsCuS,LT =min Z(M + Na +1—2)u;
i=1
My
+ ) (M + My +1—2j)o;
j=1
Nqi Nqi—i
—2MNg + Y Z(l—,u,)Jr—l-Z
i=1 k=1
min{My—j,Nai}
Yoo a-oh
k=1
Nqgi
Subject to Z(l —u)T+ Z(l - a,) < Fsum
— NqgWas — Ndl;
O<pu = =unyp 0<o01 <--- <omy;
wi>1, Vi+ k>Ng + 1,Vk
0;>1,Vj + k=M + 1,Vk.
(133)

Apparently, to minimize the objective function above, we
should let u; = 1,Viand o; = 1, Vj>M — Ngq + 1. Hence,
the last term in (133) can be rewritten as

My min{My—j,Nai}
> Z (1=op*
j=1

My —Na
= Y min{Ma -, Na)d —op*
My —Na

Z Na(1—op)*

Combining the results above, the objective function in
(133) reduces to

My —Na
deml =min Y (M + My + 1 - 2))0;
j=1
My —Nqi
+NaWNa —Ma) + Y Na(l—op*
j=1
My —Nai
> (M+ My —Na+1-2j)o;
j=1
My —Na
Subjectto Y (1= 0" < reum — NaWes — Nay,
j=1
0<o01 < < oumy-Ny

(134)
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Thus, the optimization problem above has the following
solution

d%SS{In = dMul—NdI,M (rsum - Nd[(WO[S + 1)) )

Na(Was + 1) < rsum < NaWas + My.

Case2
In this case, ¢ has the steepest descent, i.e.,

deNdl — 3!)1
_ My+Ng—1
Thus when W> T My Ny 117 fork — 1 < reum < k, the

objective function in (127 decays fastest first along the

CSIT CSIT
sum_ > ddsum

decreasing values of 6y with u; = 0; = 1, "1 = Was, Vi, j, I
The optimization problem becomes
Nai
dgml =min Y "(2M + My + Nai + 1 — 2k)6;
k=1
+ MuNaas + MM — Nab),
Nai
Subject to Z(l — 0T < Fsum)
k=1
0< 91 = - =< QNdl'
(135)

Invoking Lemma 6, the solution to the optimization prob-
lem above is

CSIT
dg, - = ANg2m+My (Fsum) + MuNaios

+ MMy — Na), Y7rsum < Nqi.

If rsum>Nq|, the optimal solution has 6 = 0 Vk. We
rewrite the objective function as

Na
dgon’ =min Y (M + Na + 1 - 2i);
i=1
My
+ Y (M + My + 1 - 2j)oj — 2MNa
j=1
Nai
+ 3 > (M + Na + 1 - 2Dy,
=1

Nqi Nai—i My min{My—j,Nai}
SIS Z 1—-op*,
i=1 k=1 j=1
Na
Subject to Z(l — )T+ Z(l — cr,)+
Na

+ ) (Was =)t < rum — Na,
=1
0=<pp=<--

SMNdl;OSO-lS"'SUM

ul;
0<v]<--<vyn

ui=1, V(@i +k)=Nq + 1, Vk,
0j=1, V(j + k)=Mu + 1, VK.

(136)
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Again, in order to minimize the objective function above,
it is clear that u; = 1,Viand 0; = 1,Vj>My — Nq + 1.
Hence, the objective function in (136) reduces to

My —Nq
Ayl =min Y (M + My — Na + 1 — 2))0;
j=1
1 Nai
/
+ o ZZ;(MM + N + 120y,
My —Ng Na
Y A—opt+ )Y (Was—vp*t < ram — Nay

j=1 =1

Subject to
/ /
0<o1<--- < OMy—Ny» 0< vy <--- =< del'

(137)

Now, we have two subcases for the optimization prob-
lem in (137) when rgym>Ny.
Subcase A: Let vl’ have steeper descent than o7, ie.,

ddgin” dCSIT My —Na+1
< ul dl
T . Thus, when W < Mo Ny =T’

est descent of the objective function in (137) is along the
decreasing value of v with o; = 1,Vj. Thus the soluti on
problem above is

the steep-

CSIT __ Tsum — Nai
d —— asAM,,Ny ( W,
og

Nyl < rsum < Na(1 + Was).

) + MMy — Na),

It is obvious that when r>Ng (1 + Was), v; = 0,VI]. We
can further simplify the optimization problem in (137) as

My —Na
deml =min > (M + My — Na + 1 — 2)o;
j=1
My —Na
Subject to Z 1- aj)+ < rsum — Na(1 + Wag),
j=1
0=< oy <---= OMy—Ng

(138)

Hence, the solution to the optimization problem above
is
dCSIT

sum

= dpry—NgM Fsum — Na(Was + 1)),
Na(Was + 1) < rsym < NqWoas + My.

Subcase B: Let o; have steeper descent than vi,

ddgi g’ Mu+Na—1
> Thus, when W> W’ the

- oMy -Ng = V]
steepest descent of the objective function in (137) is along
the decreasing value of o; with v; = Was, VI. Now, the
solution is given as

dCSIT

Boum dMul—NdlM (rsum — Na1) + MuNaas,

Nqi < rsum < My
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The result above implies that when r>My, 0; = 0,V};
hence, the optimization problem in (137) further reduces
to

Nai

1
CSIT :
dgm = min I;(Mul + Nai + 1 — 2Dy,
Na
Subject to Z(WO{S — Ul/)+ = Fsum — Mul,
=1

/ /
0<v---= VN -
Consequently, we have

T — Mu
dgil = aSAMyNy _— .
sum Was

< My + NaWeas.

); Myl < Fsum

The proof will be complete with the analysis for Nq >
My, which can be derived following the same argument
and thus is skipped to avoid redundancy. By combining all
the cases above, we will obtain the results in Lemma 9.
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