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ABSTRACT4

The dissipation occurring below a moving tire in steady-state conditions in contact with5

a viscoelastic pavement is expressed using two different reference frames, a fixed observer6

attached to the pavement, and a moving observer attached to the pavement-tire contact sur-7

face. The first approach is commonly referred to as ‘dissipation-induced pavement-vehicle-8

interaction (PVI); the second as ‘deflection-induced’ PVI. Based on the principle of frame-9

independence, it is shown that both approaches are strictly equal, from a thermodynamics10

point of view, and thus predict the same amount of dissipated energy. This equivalence11

is illustrated through application to two pavement systems, a viscoelastic beam and a vis-12

coelastic plate both resting on an elastic foundation. The amount of dissipated energy in13

the pavement structure needs to be supplied by the vehicle to maintain constant speed; thus14

contributing to the rolling resistance, associated excess fuel consumption, and greenhouse15
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gas emissions. The model here proposed can be used to quantify the dissipated energy, and16

contribute to the development of engineering methods for the sustainable design of pave-17

ments.18

Keywords: pavement vehicle interaction, pavement dissipation, viscoelasticity19

INTRODUCTION20

In his famous book ”Viscoelasticity” (Flügge 1967), in conclusion of his analysis of the21

viscoelastic response of a Kelvin beam on elastic foundation to a moving load, showing22

that the vehicle load is on an upward slope, Wilhelm Flügge notes that ”the load moving23

with the velocity c has to do work”, and that the associated horizontal force ”supplies24

the energy needed for the viscoelastic deformation”. He continues that ”this phenomenon,25

well known and occurring in various situations, does not stand in common text books”. –26

The phenomenon has indeed been observed both experimentally and theoretically in many27

pavement mechanics studies (May et al. (1959), Chupin et al. (2010), Chupin et al. (2013),28

Greenwood-Engineering (2008), Ferne et al. (2009)); but gained some new attention more29

recently in the context of the development of engineering methods for the sustainable design30

of pavements, accounting and eventually reducing the generation of green house gas (GHG)31

emissions during the use phase of pavements (Akbarian et al. 2012), especially for roads with32

high traffic volume.33

Indeed, in addition to other sources of fuel consumption of road vehicles related to rolling34

resistance (roughness, friction, and so on; for a review see Beuving et al. (2004)), it has35

been argued that energy that is dissipated in the process of deforming when subject to a36

moving load, must be compensated by an external energy source; that is fuel consumption.37

While there is general agreement on the sources of this mechanically induced additional fuel38

consumption, there are two schools of thoughts to capture the mechanics of this intriguing39

phenomenon:40

1. Dissipation-induced Pavement Vehicle Interaction (PVI) (Figure 1(a)): The approach41

2



consists in evaluating the energy dissipated in a finite segment of a pavement during42

the passing time of the vehicle at a constant speed using the (viscoelastic) constitutive43

behavior of the pavement. This approach pioneered by Pouget et al. (2011), and44

further refined by Coleri and Harvey (2013), employs finite elements for estimating45

the time-history of the displacement field in a sufficiently large block of pavement (to46

minimize the effects of boundary conditions). Using classical finite element procedure47

stresses and viscoelastic strains are determined.48

2. Deflection-Induced Pavement Vehicle Interaction (PVI) (Figure 1(b)): The approach49

evaluates the dissipation for steady-state conditions of a moving load on a viscoelastic50

pavement (Chupin et al. 2010 and Chupin et al. 2013). In the vein of Flügge’s sugges-51

tion (Flügge 1967), it is realized that due to the presence of a dissipative mechanism52

in the system, the vehicle is always on an uphill slope, leading to an additional hori-53

zontal force supplied by the vehicle, that is added to the rolling resistance, and thus54

to fuel consumption. The approach is implemented by using a semi-analytical method55

based on wave propagation, via the code ”ViscoRoute”, in Chabot et al. (2010), and56

by using the theory of beam on (visco-) elastic foundation in Akbarian et al. (2012).57

While on first sight fundamentally different, it is shown in this paper that both ap-58

proaches are strictly equivalent from a thermodynamic point of view, the sole difference59

being the reference frame in which the dissipation is expressed. The mathematical proof60

of the equivalence of these two methods is illustrated through two analytical examples: a61

viscoelastic Euler-Bernoulli beam and Kirchhoff-Love plate on elastic foundation. By way62

of example, we also show the implementation of the two approaches for a three-parameter63

standard linear solid model for the viscoelastic behavior of the pavement.64

DISSIPATION RATE65

Any objective physics quantity must obey the frame-independence principle. That is,66

irrespective of the observer’s position measuring the physical quantity, the measurement67
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must be the same. This principle is used below to show that the so-called dissipation-induced68

PVI and the deflection-induced PVI model are just two ways of measuring the dissipation69

using two different frames: a fixed frame and a moving frame respectively.70

The dissipated energy herein is the one that occurs as a consequence of a tire exerting71

a surface stress over the tire-pavement contact area onto the pavement. The general defi-72

nition of the dissipation rate (under isothermal conditions) is given by the Clausius-Duhem73

inequality, expressing the Second Law of Thermodynamics (see e.g. Coussy 1995, Ulm and74

Coussy 2002 among many other sources):75

D = δW − dΨ

dt
≥ 0 (1)76

where δW is the external work rate supplied to the system, while Ψ is the (Helmholtz) free77

energy; and d/dt denotes the total time derivative.78

Fixed Coordinate System79

We first evaluate the dissipation from the point of view of an observer attached to the80

pavement. The external work rate due to the contact force density (surface traction) supplied81

from the tire onto the pavement are expressed by surface traction T in terms of the Cauchy82

stress tensor σ; i.e. T = σ ·n (with n the unit outward normal to the (undeformed) pavement83

surface S.) Application of the divergence theorem (which cancels out inertia forces) readily84

yields:85

δW =

∫
V

σ :
dε

dt
dV (2)86

where u is the displacement vector, ε = ∂u is the strain tensor and V is the pavement87

volume. The free energy time derivative, in this non-moving coordinate system, is given by88

the volume integral:89

dΨ

dt
=

∫
V

dψ

dt
dV (3)90
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In the above, ψ is the free energy volume density. Substitution of Eqs. (2) and (3) into (1)91

readily yields the dissipation rate in the pavement structure (bulk) in the form:92

D =

∫
V

(
σ :

dε

dt
− dψ

dt

)
dV ≥ 0 (4)93

For pavement materials it is common practice to consider a (linear) viscoelastic constitutive94

behavior, characterized by the free energy density expression (for a detailed introduction to95

thermodynamic of viscoelastic behavior, see, for instance, Coussy (1995)):96

ψ =
1

2

(
ε− εv

)
: C :

(
ε− εv

)
+ U

(
χv
)

(5)97

where ε is the total strain, εv the viscous strain, C the forth-order elasticity tensor, while98

U(χv) denotes the frozen energy in function of internal state variables χv that accounts99

for microelasticity caused by different viscous mechanisms . For instance, for a generalized100

Kelvin-Voigt model (Figure 2(a)), employed by Pouget et al. (2011) for bituminous mixtures,101

µ = 1, N distinct viscous dissipation mechanisms in series, characterized by µ = 1, N internal102

variables, χv → εv
µ
, contribute to the overall viscous strain εv =

∑N
µ=1 ε

v
µ
, and thus to the103

dissipation rate
∑N

µ=1 σ
µ : dεv

µ
/dt (with σµ = −∂ψ/∂εv

µ
= σ − Cµ : εv

µ
); that is:104

D =

∫
V

N∑
µ=1

(
σµij
(
ηµijkl

)−1
σµkl

)
dV ≥ 0 (6)105

where ηµijkl are the components of the forth-order viscosity tensor characterizing the viscous106

strain rate of the µth viscous dissipative mechanism. Expression (6) still holds for a general-107

ized Maxwell model (Figure 2(b)), in which µ = 1, N distinct viscous dissipation mechanisms108

in parallel contribute to the overall stress σ =
∑N

µ=1 σ
µ, if one lets σµ = −∂ψ/∂εv

µ
= Cµ :109

(ε − εv
µ
)). In fact, in the absence of a frozen energy that characterizes the free energy of110

the generalized Maxwell model, the overall viscous strain is εv = C−1 :
∑N

µ=1Cµ : εv
µ
, with111

C =
∑N

µ=1Cµ. Whatever viscoelastic model herein employed, the evaluation of the dissipa-112
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tion in a fixed coordinate reference frame is at the core of the so-called ‘dissipation-induced113

PVI’ approach (Pouget et al. 2011, Coleri and Harvey 2013).114

Moving Coordinate System115

Consider next an observer attached to the tire-pavement interface (”where the rubber116

hits the road”), who is moving along the contact area with the tire at a constant speed c, so117

that the pavement passes by the observer with a velocity V 0 = −cex. The moving coordinate118

system is thus defined by:119

X = x− ctex (7)120

The time derivative of any function f(x, t) obeys the Lagrangian derivative, which for steady-121

state conditions (where ∂f(X, t)/∂t = 0) reads as:122

df

dt
= V 0 · ∂f (8)123

where ∂ represents the gradient operator and we note that ∂x = ∂X .124

The external work rate provided over the tire–pavement interface recorded by this moving125

observer is:126

δW =

∫
S

V 0 · ∂u · T dS = c

∫
S

∂u

∂X
· T dS (9)127

where we made use of ex · ∂u = ∂u/∂X, with X = x − ct defining the position of the128

observer moving in the x− direction with speed c. Similarly, in this moving coordinate129

system, the free energy change in the pavement the observer will witness is the free energy130

that is convectively moving past the observer; and which reads (analogous to the derivation131

of the J− integral by Rice (1968) in fracture mechanics):132

dΨ

dt
=

∫
∂V

ψV 0 · n da = c

∫
∂V

ψnx da (10)133

where ∂V is the boundary of the pavement volume V (used e.g. in (3)), with outward134

normal n. Accordingly, nx = ex · n is the projection of the outward normal onto the driving135
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direction (cosines director). Hence, the above integral on any (initially) horizontal surface,136

for which the outward normal is orthogonal to the driving direction is zero. Furthermore,137

one can always choose the volume V such that its vertical boundaries are far away from138

the contact area (system choice in thermodynamics), where ψ = 0. Thus, under steady-139

state conditions, the moving observer will not record any change of the free energy. Then140

it is readily recognized that the dissipation recorded by the moving observer is given by the141

integral over the tire contact area C:142

D = δW = c

∫
C

∂u

∂X
· T dS ≥ 0 (11)143

Note that for an elastic behavior, for which D = 0, thermodynamics defines the possible144

fields of pressure and displacement distributions. For instance, for a beam and plate on145

elastic foundation, if the pressure over the contact area is replaced by a concentrated point146

force P = −
∫
C ez · T da, the dissipation rate would read:147

D = δW = −cP ∂w
∂X
≥ 0 (12)148

where w is the pavement deflection (positive downward). For the three dimensional media,149

where slope under a concentrated load is undefined, the dissipation must either be evaluated150

from the integral in (11) or approximated from:151

D = δW = −cP
〈
∂w

∂X

〉
≥ 0 (13)152

where 〈∂w/∂X〉 is the average slope along the area of surface load. Hence, for the case of153

elastic material with no dissipation, the slope is ∂w/∂X = 0, which means that the tire154

is at the bottom of the deflection basin. However, if dissipation occurs in the pavement155

structure (for instance, due to viscous deformation mechanisms), the non-negativity of the156

dissipation (12) requires that ∂w/∂X < 0. This is precisely Flügge’s conjecture which he157
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based on solving the viscoelastic beam problem (Flügge 1967): ”Where the load is applied,158

the beam has an upward slope”. Based on the analysis presented here, it turns out that159

this conjecture is in fact a thermodynamic requirement, required to satisfy the second law160

of thermodynamics. It is at the core of the so-called ‘deflection-induced PVI approach’161

(Akbarian et al. 2012, Chupin et al. 2010, Chupin et al. 2013).162

By way of conclusion, the two schools of thoughts about accounting accurately for the163

dissipation of energy within a pavement structure due to Pavement-Vehicle Interactions just164

differ in the chosen reference frame to calculate the same physical quantity: dissipation;165

that is the amount of mechanical work supplied from the outside that is not stored into the166

pavement structure; but dissipated into heat form. Since the amount of dissipated energy167

is independent of the selected reference frame, the dissipation recorded by a fixed observer168

and by a moving observer must be strictly the same; that is:169

D =

∫
V

(
σ :

dε

dt
− dψ

dt

)
dV

!≡ c

∫
C

∂u

∂X
· T da ≥ 0 (14)170

Relation (14) states that any local dissipation within the pavement structure induced by a171

moving load, is equal to the work rate induced by the stress vector T on the tire–pavement172

interface along the displacement gradient along the driving direction in a moving coordinate173

system. In what follows, we will illustrate the equivalence of the two approaches for some174

simplified pavement models, the viscoelastic beam model and the viscoelastic plate model175

both resting on elastic foundations. The visco-elastic beam and plate are typically used to176

model different layers of the pavement except for the subgrade, which is represented by the177

elastic foundation. For illustration only, the approach can be extended to more complex178

multi-layer models of pavement structures.179

VISCOELASTIC EULER-BERNOULLI BEAM ON ELASTIC FOUNDATION180

Consider a viscoelastic Euler-Bernoulli beam on an elastic foundation subjected to a181

vehicle load moving in the x− direction. While the beam-model is certainly the simplest182
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(and oldest) 1-D representation of stress and strain in a pavement, it serves here to illustrate183

the thermodynamic result (14). Specifically, for the considered system, there exist a priori184

two possible thermodynamic systems to be considered:185

1. Total System: The thermodynamic system associated with the derivation here above186

corresponds to the total system, that is beam plus elastic foundation. The external187

work rate is generated by the stress vector T (n) = −pez:188

δW = b

∫
C

p
dw

dt
dx (15)189

where C is the tire-pavement contact zone and w = −u · ez is the vertical displace-190

ment (positive downward) of the beam (which within the context of classical beam191

assumption is equal to the beam deflection; i.e. uz = −w), and b denotes a unit192

width. The free energy to be considered for this system is the sum of the free energy193

of beam and elastic foundation, Ψ = ΨB + ΨF . For a linear homogeneous beam194

element, whose viscous behavior is defined by a Maxwell model, the free energy is195

conveniently expressed by:196

ΨB =

∫
(`)

ψS dx =
1

2

∫
(`)

∫
S

E0 (ε− εv)2 dSdx =
1

2

∫
(`)

E0I (χ− χv)2 dx (16)197

where I =
∫
S
z2dS, and where we made use of the linearity of the viscous behavior,198

εv = zχv, introducing the viscous curvature χv. In return, the free energy of the199

elastic foundation is simply:200

ΨF = b

∫
(`)

kw2

2
dx (17)201

where k is the spring constant. The dissipation is then defined by the Clausius-Duhem202

inequality (1); which we recall:203

D = δW − d

dt
(ΨB + ΨF ) ≥ 0 (18)204
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2. Beam System: If one isolates the beam from the elastic foundation as the thermody-205

namic system, the external work rate needs to account for the work generated by a206

force line density:207

f = fz ez = (−pY + kw) bez (19)208

where p is the tire pressure, Y is the characteristic function; such that Y = 1 in the209

tire-pavement contact zone C, and Y = 0 elsewhere. The external work rate thus210

generated by fz reads as:211

δWB = −
∫
(`)

fz
dw

dt
dx = δW − b

∫
(`)

kw
dw

dt
dx (20)212

where δW is given by (15). In return, the free energy to be considered for this system213

is only the one of the beam, ΨB, defined by (16); and the dissipation rate is evaluated214

from:215

D = δWB −
dΨB

dt
≥ 0 (21)216

Due to the non-dissipative nature of the support, it is readily understood that expression217

(18) and (21) must be equal; and hence:218

δW − δWB =
dΨF

dt
(22)219

The focus of this section is to develop the dissipation expressions for the two reference220

frames.221

Fixed Coordinate System222

We start with the fixed reference frame. We employ as thermodynamic system the223

isolated beam system. A combination of the beam stress field σ = σ ex ⊗ ex + τ (ex ⊗224

ez + ez ⊗ ex), and the Navier-Bernoulli assumption (axial strain ε = zχ; curvature χ =225

10



−d2uz/dx2 = d2w/dx2), allows us to develop expression (20) analogous to (2) in the form:226

δWB =

∫
Vb

σε̇ dV =

∫
(`)

Mχ̇dx (23)227

where we used the classical moment–stress relationship, M =
∫
S
zσ dS. Taking, in the fixed228

reference frame the time derivative of the beam free energy (16), and subtracting the result229

from the external work rate (23), the dissipation rate is obtained:230

D =

∫
(`)

(
Mχ̇− dψS

dt

)
dx =

∫
(`)

Mχ̇v dx ≥ 0 (24)231

together with the state equation for the beam:232

M =
∂ψS
∂χ

= −∂ψS
∂χv

= E0I (χ− χv) (25)233

As expected, we identify the bending moment as the thermodynamic driving force associated234

in the dissipation (24) to the viscous curvature rate. For a linear viscous behavior of the235

Maxwell-type, dεv/dt = σ/η (where η is the uniaxial viscosity), this relationship between the236

thermodynamic force and the associated internal variable rate is readily found to be:237

χ̇v =
1

τ

M

E0I
(26)238

where τ = η/E0 is the characteristic relaxation time of the Maxwell material. Whence the239

dissipation rate for the fixed reference frame:240

D =
1

τ

∫
(`)

M2 (x, t)

E0I
dx ≥ 0 (27)241

Moving Reference Frame242

Consider now the moving coordinate system X = x − ct attached to the tire-pavement243

contact surface, which moves with speed c along the beam. For steady-state conditions, the244

11



time derivative follows the Lagrangian derivative, so that with the help of (20) the external245

work rate in the moving coordinate system for the beam system reads:246

δWB = c

∫
(`)

fz
dw

dX
dx = −c

∫
(`)

M
dχ

dX
dX (28)247

Consider then the constitutive law (26) with (25) in the moving coordinate system:248

χ̇v = −cdχ
v

dX
= −c d

dX

(
χ− M

E0I

)
=

1

τ

M

E0I
(29)249

A substitution of (29) in (28) yields:250

δWB =
1

τ

∫
(`)

M2

E0I
dX − c

E0I

∫
(`)

M
dM

dX
dX (30)251

Due to the choice of the beam system as thermodynamic system, we also need to consider252

the free energy variation of the beam in the moving coordinate system; that is:253

dΨB

dt
= −cdΨB

dX
= −c 1

E0I

∫
(`)

M
dM

dX
dX (31)254

Then, taking the difference between the external work rate and the free energy variation, we255

readily find:256

D = δWB + c
dΨB

dX
=

1

τ

∫
(`)

M2 (X)

E0I
dX (32)257

Finally, the comparison of (27) and (32) shows the equivalence of the two approaches. In258

addition, if we note that in the moving coordinate system the total free energy variation, i.e.259

of both beam, ΨB, and elastic foundation, ΨF , is zero (see Eq. (10)), we proof –with the260

help of (22)– relation (14) for the beam system:261

D =
1

τ

∫
(`)

M (x, t)2

E0I
dx =

1

τ

∫
(`)

M (X)2

E0I
dX

q.e.d≡ −cb
∫
C

p
dw

dX
dX ≥ 0 (33)262
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For purpose of clarity we considered here a Maxwell-beam on an elastic foundation. The263

principle yet holds for any other linear viscoelastic constitutive behavior of either beam or264

foundation. For instance, for a beam whose constitutive behavior is described by a Kelvin265

Chain (the 1-D version of the generalized Kelvin-Voigt model), the proof reads:266

D =

∫
(`)

N∑
µ=1

1

τµ

M2
µ (x, t)

EµI
dx =

∫
(`)

N∑
µ=1

1

τµ

M2
µ (X)

EµI
dX

q.e.d≡ −cb
∫
C

p
dw

dX
dX ≥ 0 (34)267

where τµ = ηµ/Eµ is the characteristic time of the µth Kelvin element characterized by a268

spring of stiffness Eµ in parallel with a dashpot of viscosity ηµ; while the moment Mµ is the269

thermodynamic force that drives the dissipation Mµχ̇
v
µ:270

Mµ = −∂ψS
∂χvµ

= M − EµIχvµ (35)271

In the above M = E0I (χ− χv) is the total moment, with χv =
∑N

µ=1 χ
v
µ.272

Numerical Results273

By way of example, we present here below numerical results for an infinite viscoelastic274

beam on elastic foundation, the constitutive behavior being described by respectively a275

Maxwell model (with stiffness E0 and viscosity η) and a three-parameter standard linear276

solid model (Kelvin chain with N = 1(E1, η1)). In this numerical approach, the equations277

of motion of the beam are solved in frequency domain and by using the elastic-viscoelastic278

correspondence principle.279

For the evaluation of the dissipation, we realize from (33) and (34), that the dissipation280

in a fixed coordinate system can be evaluated from the moments calculated in either fix or281

moving coordinate system. Since finding the beam response in a moving coordinate system is282

less computationally expensive, we evaluate the dissipation from (32) for the Maxwell beam;283

D =
1

τ

∫ +∞

−∞

M (X)2

E0I
dX (36)284
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and from285

D =
1

τ1

∫ +∞

−∞

(M − E1Iχ
v)2

E1I
dX (37)286

for the standard linear solid model with τ1 = η/E1.287

To illustrate the numerical solution procedure, we remind us of the equation of motion288

for an infinite elastic beam on an elastic foundation in a moving coordinate system (Kelly289

1962, Frỳba 1999 among many sources):290

Eh3

12

∂4w

∂X4
+mc2

∂2w

∂X2
+ kw = p (38)291

where m is surface mass density. Taking the Fourier transform of the above equation results292

in:293

ŵ =
p̂

Eh3λ4/12−mc2λ2 + k
(39)294

where λ is the transformed field of X. The inverse Fourier transform of the above gives the295

elastic solution for a beam on elastic foundation. To evaluate the deflection of a viscoelastic296

beam, we employ the elastic-viscoelastic correspondence principle (Read 1950, Christensen297

1982, Pozhuev 1986), and substitute the complex modulus for its elastic counterpart E298

in (39). For a Maxwell material with the constitutive equation (σ + τ σ̇) /E0 = τ ε̇ where299

τ = η/E0, we have in the moving reference frame, (σ − cτ dσ/dX) /E0 = −cτdε/dX. Then,300

taking the Fourier transformation, i.e. σ̂ (1− cτ iλ) /E0 = −cτiλε̂, the complex modulus is301

obtained:302

Ê = − iλcτ

1− icτλ E0 (40)303

Proceeding analogously for a three-parameter solid, the complex modulus reads:304

Ê =
(1− iλcτ1)E0

(E0/E1 + 1− iλcτ1)
(41)305
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where τ1 = η1/E1. Substituting Ê for E in Eq. (39), we obtain for the Maxwell beam:306

ŵ =
p̂

k

( −iλ̄c̄ζ
1− iλ̄c̄ζ λ̄

4 − c̄2λ̄2 + 1

)−1
(42)307

and for the standard linear solid model:308

ŵ =
p̂

k

(
E1/E0 − iλ̄c̄ζ1

1 + E1/E0 − iλ̄c̄ζ1
λ̄4 − c̄2λ̄2 + 1

)−1
(43)309

where we introduced the following non-dimensional variables:310

c̄ =
c

ccr
, λ̄ = Lsλ, ζ = τ (k/m)1/2 , ζ1 = τ1 (k/m)1/2

E1

E0

(44)311

with Ls = 4
√
E0h3/12k the characteristic Winkler length (2πLs is the width of the deflection312

basin) and ccr = Ls
√
k/m is 1/

√
2 times the critical (resonant) velocity (Kim and Roesset313

2003). Then, if we note that the curvature in Fourier domain is χ̂ = −λ2ŵ, an inverse314

transformation (F−1 (·)) provides the total bending moment:315

M = F−1
(
−λ2ŵÊI

)
(45)316

Expression (45) can be readily employed in (36) to evaluate the dissipation of the Maxwell317

beam:318

D =
1

τ

1

E0I

∫ +∞

−∞

(
F−1

(
−λ2ŵÊI

))2
dX (46)319

In return, for the three-parameter standard linear solid model, the use of (45) in (37) entails:320

D =
1

τ1

1

E1I

∫ +∞

−∞

(
F−1

(
−λ2ŵÊI

)(
1 +

E1

E0

)
− E1IF−1(−λ2ŵ)

)2

dX (47)321

where we used χv = χ−M/E0I = F−1(−λ2ŵ)−F−1
(
−λ2ŵÊI

)
/E0I.322

In return, the dissipation rate in the moving coordinate system is evaluated directly from323
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the r.h.s. of expressions (33) or (34); that is:324

D = −cb
∫
C

p
dw

dX
dX = −cb

∫
C

pF−1(iλŵ)dX (48)325

with ŵ given by (42) for the Maxwell beam, and by (43) for the the three-parameter standard326

linear solid model. Clearly, from a functional point of view there is no reason that Eqs. (46)327

or (47) should coincide with expression (48). It is the thermodynamic proof that defines328

the equality. The dissipation rate is calculated from equations (46)–(48), where the inverse329

transformations are calculated numerically by Fast Fourier Transform (FFT). The result is330

shown in Figure 3 in non-dimensional plots for a wide range of vehicle speeds and relax-331

ation time for both the Maxwell and the three-parameter standard linear solid. The results332

evaluated from the two approaches are close to numerical accuracy in perfect agreement.333

VISCOELASTIC KIRCHHOFF-LOVE PLATE ON ELASTIC FOUNDATION334

A first refinement of the beam model for pavement structure is the plate model on elastic335

foundation. Proceeding as for the beam model, we note the difference in the definition of the336

external work rate supplied to an infinite plate in the (x, y) plane subjected to the pressure337

action of the tire T (n) = −pez. The work rate supplied to the total system (plate + elastic338

foundation) is still given by (2), which can be specified for the plate model in the form:339

δW =

∫
C

p
dw

dt
dS (49)340

where w (x, y) = −u · ez is the vertical displacement (positive downward) of the plane341

(which within the context of classical plate assumption is equal to the plate deflection; i.e.342

uz = −w). In contrast, isolating the plate from the elastic foundation, the external work rate343

is due to the tire pressure and the work rate by the elastic spring forces; that is, analogous344

to (20):345

δWP = δW −
∫
(S)

kw
dw

dt
da (50)346
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With the same reasoning as applied for the beam model, we thus realize that the difference347

between (49) and (50) is attributable to the change of the free energy ΨF of the elastic348

foundation; that is:349

δW − δWP =
dΨF

dt
(51)350

Fixed Coordinate System351

We consider the isolated plate system to derive the dissipation expression in the fixed352

coordinate system. Specifically, we consider a Kirchhoff-Love plate model, for which the353

in-plane strain components ε = (εxx, εxy, εyy) relate to the second-order curvature tensor354

χ = −∂2w:355

ε = zχ = −z ∂2w; εij = −z ∂w
∂i∂j

(52)356

A substitution of (52) in (2) provides:357

δWP =

∫
Vp

z σ : χ̇ dV =

∫
S

M : χ̇ da (53)358

where M = (Mxx,Mxy,Myy) is the (2-D) second-order moment tensor:359

M =

∫
(h)

−z σdz (54)360

The free energy of a (homogenous) Maxwell viscoelastic plate can also be written in terms361

of the curvature tensors:362

ΨP =

∫
S

ψP da =
1

2

∫
S

(
χ− χv

)
: D0 :

(
χ− χv

)
da (55)363

17



where ψP is the the surface free energy density and D0 is the plate stiffness tensor of com-364

ponents:365

(Dijkl)0 = D0


1 ν 0

ν 1 0

0 0 1− ν

 (56)366

where D0 = E0h
3/12 (1− ν2) is the (instantaneous) elastic bending stiffness and ν is the367

Poisson’s ratio. The dissipation is then obtained from substituting (53) and (55) in (1):368

D = δWP −
dΨP

dt
=

∫
S

M : χ̇v da (57)369

together with the state equation of the Maxwell model:370

M =
∂ψP
∂χ

= −∂ψP
∂χv

= D0 :
(
χ− χv

)
(58)371

The evolution law for the viscous curvature rate relates the thermodynamic force M to χ̇v;372

hence for a Maxwell material with constant creep Poisson’s ratio is given by:373

τD0 : χ̇v = M (59)374

where τ = η/E is the relaxation time. Whence the dissipation of the viscoelastic Maxwell375

plate on an elastic foundation in the fixed coordinate system reads:376

D =
1

τ

∫
S

M (x, y) : D−10 : M (x, y) dx dy (60)377

18



Moving Coordinate System378

In the moving coordinate system (X = x− ct;Y = y), the external work rate of the379

isolated plate system reads as:380

δWP = −c
∫
S

M (X, y) :
dχ

dX
dXdy = −c

∫
S

M (X, y) :
d

dX

(
D−10 : M + χv

)
dXdy (61)381

where we made use of state equation (58). Then, consider the viscous evolution law (59) in382

this moving frame,383

−cτD0 :
dχv

dX
= M (62)384

A substitution of (62) in (61) yields:385

δWP =
1

τ

∫
S

M : D−10 : M dXdy − c
∫
S

M : D−10 :
dM

dX
dXdy (63)386

Then applying the same reasoning as for the beam model, with the help of (51) we realize387

that the first term in (63) represents the work rate of the total system (plate and foundation),388

while the second term is due to the additional work rate provided by the foundation to the389

isolated plate system. The dissipation in the moving frame is thus expressed by:390

D = δWP + c
dΨP

dX
= δWP − c

dΨF

dX
=

1

τ

∫
S

M (X, y) : D−10 : M (X, y) dXdy (64)391

Whence, using (49) through (52) the proof for a viscoelastic Maxwell plate is:392

D =
1

τ

∫
S

M (X, y) : D−10 : M (X, y) dX dy
q.e.d≡ −c

∫
C

p
dw

dX
dXdy ≥ 0 (65)393

For the generalize Kelvin-Voigt model (with same Poisson’s ratio for all Kelvin units), the394

proof would read:395

D =

∫
S

N∑
µ=1

1

τµ
M

µ
(X, y) : D−1µ : M

µ
(X, y) dX dy

q.e.d≡ −c
∫
C

p
dw

dX
dXdy ≥ 0 (66)396
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Herein, τµ = ηµ/Eµ is the relaxation time of the µth Kelvin unit, while M
µ

is the thermody-397

namic force that drives the rate of viscous curvature:398

M
µ

= −∂ψP
∂χv

= M − Dµ : χv
µ

= τµDµ :
dχv

µ

dt
(67)399

with M = D0 :
(
χ− χv

)
, χv =

∑N
µ=1 χ

v

µ
, and Dµ = (Eµ/E0)D0 (for the considered case of400

a constant creep Poisson’s ratio).401

Numerical Results402

By way of example, consider a viscoelastic plate on elastic foundation. The constitutive403

behavior of the plate is described by respectively a Maxwell model and a three-parameter404

standard linear solid model (Kelvin chain with N = 1). Proceeding analogous to the beam405

example, one can use the moments calculated in the moving coordinate system to evaluate406

the dissipation in a fixed coordinate system. That is, with the help of (66), for a Maxwell407

plate:408

D =
1

τ

∫ +∞

−∞

∫ +∞

−∞
M (X, y) : D−10 : M (X, y) dX dy (68)409

And for the standard solid plate with τ1 = η/E1:410

D =
1

τ1

E0

E1

∫ +∞

−∞

∫ +∞

−∞

(
M (X, y)− E1

E0

D0 : χv
)

: D−10 :

(
M (X, y)− E1

E0

D0 : χv
)
dX dy

(69)411

To illustrate the numerical solution procedure, we recall the equation of motion for an412

infinite elastic plate on an elastic foundation in a moving coordinate system (Frỳba (1999)):413

D

(
∂2

∂X2
+

∂2

∂y2

)2

w +mc2
∂2w

∂X2
+ kw = p (70)414

where D = Eh3/12 (1− ν2) is the elastic bending stiffness, and m is the mass per unit area415
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of the plate. Taking the two dimensional Fourier transform of the above equation results in:416

ŵ =
p̂

D (λ21 + λ22)
2 −mc2λ21 + k

(71)417

where λ1 and λ2 are respectively the transformed fields of X and y. To evaluate the deflection418

of a viscoelastic plate, using the elastic-viscoelastic correspondence principle, we determine419

the complex modulus D̂ and substitute for D in (71). For a 3-D creep-behavior characterized420

by a constant creep Poisson’s ratio, the complex modulus is still given by (40) and (41) for the421

Maxwell model and the three-parameter standard linear solid, so that D̂ = Êh3/12 (1− ν2).422

Whence, for the Maxwell plate:423

ŵ =
p̂

k

( −iλ̄1c̄ζ
1− iλ̄1c̄ζ

(
λ̄21 + λ̄22

)2 − λ̄21c̄2 + 1

)−1
(72)424

and for the standard linear solid plate:425

ŵ =
p̂

k

(
E1/E0 − iλ̄1c̄ζ1

1 + E1/E0 − iλ̄1c̄ζ
(
λ̄21 + λ̄22

)2 − λ̄21c̄2 + 1

)−1
(73)426

where the non-dimensional variables defined in (44) are used, with λ̄1 = Lsλ1, λ̄2 = Lsλ2427

and Ls = 4
√
D0/k; while ccr = Ls

√
k/m is 1/

√
2 times the critical (resonant) velocity428

(Kim and Roesset 1998). Then, if we note that the curvature tensor in Fourier domain is429

χ̂ = (−λ21ŵ,−λ22ŵ,−λ1λ2ŵ), a two-dimensional inverse transformation provides the total430

bending moment:431

M (X, y) = F−1
(
D̂ : χ̂

)
(74)432

where D̂ = D̂/D0 D0 with D0 given by (56). Expression (74) is readily used in (68) to433

evaluate the dissipation of the Maxwell plate:434

D =
1

τ

∫ +∞

−∞

∫ +∞

−∞
F−1

(
D̂ : χ̂

)
: D−10 : F−1

(
D̂ : χ̂

)
dX dy (75)435
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For the three-parameter standard linear solid model the dissipation can be evaluated from436

(69) with:437

M (X, y)− E1

E0

D0 : χv =

(
1 +

E1

E0

)
F−1

(
D̂ : χ̂

)
− E1

E0

D0 : F−1(χ̂) (76)438

where we used χv = χ− D−10 : M = F−1(χ̂)− D−10 : F−1
(
D̂ : χ̂

)
.439

In return, the dissipation rate in the moving coordinate system is evaluated directly from440

the r.h.s. of expressions (65) or (66); that is:441

D = −c
∫
C

p
dw

dX
dXdy = −c

∫
C

pF−1(iλ1ŵ)dXdy (77)442

with ŵ given by (72) and (73) for the Maxwell plate and the three-parameter standard443

model, respectively. Again, from a functional point of view, there is no reason that Eqs.444

(77) and (75) should coincide. They do, however, due to the given proof that the dissipation445

rate evaluated in two different reference frames is strictly the same. To numerically show446

the above equivalence, the dissipation rate is calculated from equations (69) and (75)–(77)447

where the inverse transformations are evaluated using two-dimensional FFT. The results448

are illustrated in Figure 4 where the non-dimensional dissipation rate is plotted over a wide449

range of vehicle speeds and relaxation time for both the Maxwell and the three-parameter450

standard linear plate. The results evaluated from the two approaches perfectly agree close451

to numerical accuracy.452

CONCLUDING REMARKS453

The thermodynamic analysis developed in this paper thus reveals that the existing two454

approaches to accounting for the dissipation as a source of extra-fuel consumption are strictly455

the same, and differ only in the chosen reference system —fixed vs. moving coordinate456

frame—; thus confirming Flügge’s 1974 conjecture that the upward slope on which a moving457

load on a viscoelastic beam in steady-state conditions is situated is an added rolling resis-458
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tance. There are thus different mechanistic means available to quantitatively consider this459

extra source of fuel consumption related to material deformation in the design of sustainable460

pavement systems. The model development calls for the following conclusions:461

1. Given the (stress, force) linearity of the assumed viscoelastic behavior, the dissipation462

rate scales with the force magnitude D ∼ P 2, and thus with the vehicle or axle load.463

This is readily depicted from (14) for the continuum system, (33) for the beam system,464

and (65) for the plate system. However, this scaling may change if any other stress-465

induced nonlinear mechanism may occur in the system; for instance due to debonding466

or cracking in the pavement system.467

2. A further dimensional analysis of the governing equations allows us to establish a link468

between the dissipation rate and structural and material properties of the pavement.469

Specifically, for a Maxwell beam:470

Π =
DbL2

sk

P 2ccr
= Fb

(
Π1 =

c

ccr
,Π2 = ζ

)
(78)471

and the Maxwell plate:472

Π =
DL3

sk

P 2ccr
= Fp

(
Π1 =

c

ccr
,Π2 = ζ

)
(79)473

where the dimensionless function F depends on the structural system. A close look474

at Figures 3(a) and 4(a) reveals that the non-dimensional dissipation rate of the475

beam and plate are constant over the applicable range of vehicle speed. Furthermore,476

Figures 3(b) and 4(b) show that the non-dimensional dissipation rate is inversely477

related to ζ and hence the relaxation time. Therefore the scaling relationship can be478

readily obtained as:479

D ∝ τ−1P 2E∗−d/4h−3d/4k−1/2+d/4 (80)480

for both beam and plate models. In the above d = 1 and E∗ = E for beam model481
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and d = 2 and E∗ = E/ (1− ν2) for plate model.482

These scaling relations are in agreement with a recent North American calibration of the483

World Bank’s HDM-4 model for vehicle operating energy costs, δE=D/c, that reported sta-484

tistically significant effects of surface texture for heavier trucks (δE=D/c ∝ P 2) and for low485

speeds (δE ∝ c−1). As such, it is expected that mechanistic-based models of the kind pre-486

sented here can help to optimize the fuel efficiency of pavement systems. Further studies are487

required to validate the above scaling relationship which is the subject of ongoing research488

(Louhghalam et al. 2013). The impact of pavement structural and material properties con-489

sidered herein needs to be separated from the effect of pavement texture characteristics such490

as pavement roughness on fuel consumption (Zaabar and Chatti 2010). In fact, roughness491

leads to dissipation of energy by the vehicle’s suspension system; while deflection-induced492

dissipation, the focus of this paper, results from energy dissipation by deformation mecha-493

nisms within the pavement structure. These two sources of energy dissipation need to be494

separated in the validation. The scaling relations here derived are expected to be useful for495

this purpose.496
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FIG. 1. Pavement Vehicle Interaction (PVI) in (a): fixed and (b): moving coordinate
systems, (c): moving coordinate system adapted from Flügge 1967
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FIG. 2. Typical visco-elastic models (a): generalized Kelvin-Voigt model, (b): gener-
alized Maxwell model.
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FIG. 3. Non-dimensional dissipation rate of an infinite Maxwell and standard linear
solid (SLS) beam v.s. (a): non-dimensional velocity c/ccr for ζ = ζ1 = 1 and E1/E0 = 1
(b): non-dimensional relaxation time ζ for c/ccr = 0.2 and E1/E0 = 1
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FIG. 4. Non-dimensional dissipation rate of an infinite Maxwell and standard linear
solid (SLS) plate v.s. (a): non-dimensional velocity c/ccr for ζ = ζ1 = 1 and E1/E0 = 1
(b): non-dimensional relaxation time ζ for c/ccr = 0.2 and E1/E0 = 1
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