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ABSTRACT

In this paper, we obtained some new cyclic type  generalize, improve and enrich some recent results
fixed point theorems using C-class functions in the in the existing literature.
framework of metric spaces. Our results extend,
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1. INTRODUCTION AND PRELIMINARIES

Very recently, ((Chandok et al., 2016), Theorem  (3) f (s,t) = 1i+t ;
14.) proved the following result: log(t+aS)

Theorem 1.1. ((Chandok et al., 2016), Theorem @f=—7"
1). Let A and B be two closed subsets of complete  (5) (s,¢t) = in(1+a%) ,a>e;
metric spaces (X,d) such that AnB # @ and let ’

1
T:AUB - AUBbe a mapping such that TA c B ©) f (S’ht) =| (s + é)m _rl]’l > 1 £ all
and TB < A. Assume that: Further, let y denote the set of all monotone

increasing  continuous  functions  Y: [0, +o) -

Y (d(Tx,Ty)) < f(¥ (d(x, ), ¢(d(x,¥))), (1.1) [0, +00), with =1 ({0}) = {0}, as well as let ¢

for all x €A andy€B, wheref €C,i) €¥ denote the set of all continuous functions ¢ :

and ¢ € ¢. Then T has a unique fixed pointin A N B. _[0' *_'°°) = [0,4+00),  with im0 ¢(ts) = 0
In this paper, using C-class functions, we prove  IMPlies limy_q.t, = 0.

a>1;

some new cyclic type fixed point theorems. Our In the sequel, let X be a nonempty set,
results extend, generalize, improve and enrich recently ~ 41, 4z,...,Ap be its nonempty subsets. Recall that
ones in existing literature. Y =uU?_, 4, is said to be a cyclic representation of Y

First, we recall some notions and properties that ~ with respect to a mapping T:Y — Y if:
will be needed throughout the paper.

T(A) c A,,...,T(4,) C A;. 1.2

Definition 1.1. ((Chandok et al., 2016), Definition (A1) © Az, - T(4) < 4 (1.2
5). One can say that f:[0,+%)? — R is called C We will use the following auxiliary result.

—class function if it is continuous and satisfies the Lemma 1.2. ((Radenovi¢, 2015b), Lemma 2.1).

following axioms: Let (X,d) be a metric space, T: X - X be a

Q) f (s,t) <sforall s, t = 0. mapping and let X = u!_, A, be a cyclic representation

() f (s,t) = s implies that either s=0ort =0 for of Xw.r.t. T. Assume that:
all s,t > 0.
We denote C—class functions as C.

Example 1.1. ((Chandok et al., 2016), Example 6). ~ Where x,,q = Txp,x; € A;,n € N. If {x,,} is not a
The following functions f:[0,+)2 - R are Cauchy sequence, then there exist an ¢ > 0 and two

limy e d(Xn,Xn41) =0,

elements of C. sequences {n(k)} and {m(k)} of positive integers
WD f(s,t)=s—t; such that n(k) > m(k) > k and the following
() f (s,t) = ks, k € (0,1); sequences tend to * as k — oo:
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A (Xm0 %m0 )» A (Xmicr—j )+ 1 ¥t )
d(Xmo)— iy Xn+1) ACmi)— oy +10 Xy +1)s (1.3)

where j (k) € {1,2,...,p} is chosen so that n(k) —
(m(k) —j (k)) = 1(mod p), foreach k € N.

If p =1 we obtain very significant, important as
well as useful result in the framework of metric space
for standard fixed point results ((Radenovi¢ et al.,
2012), Lemma 2.1.). Hence, Lemma 1.2. is its
generalization.

2. MAIN RESULTS

Our main result is the following improvement of
Theorem 1.1. that is, Theorem 14 from (Chandok et
al., 2016). It also generalizes several enough known
results in existing literature.

Theorem 2.1. Let (X,d) be a complete metric
space, and let Y = Ul_, A; be a cyclic representation
of Y € X with the respect to a mapping T:Y - Y,
where the sets A; are closed. Assume that:

Y(A(Tx, Ty)) < f (@ (d(x, ), ¢(d(x,¥))), (2.1)

for all x€ A;,y € Ay, where fe€C, Yy e¥, and
¢ € ¢. Then, T has a unique fixed point z € Y and
z enf=1 A;. Moreover, each Picard sequence
x, = T™x,x €Y converges to z.

Proof. First of all, if T has a fixed point say z € Y,
using (1.2), we have z en’_, 4;. (for more details see
(Van Dung & Radenovié¢, 2016), (Kadelburg et al.,
2016), (Radenovi¢ et al., 2016), (Radenovi¢, 2015a),
(Radenovi¢, 2016), (Radenovi¢, 2015b). Further, if T
has another fixed point z; # z, we get by (2.1)

Y (d(Z, Z1)) = (d(TZ, Tzl)) <
f (¢ (d(z,zl)),zp(d(z,zl))) < (d(z2)) (22

Now from (2.2) follows f (1 (d(z.21)), ¢(d(z 21)))
= (d(z, 2,)), which implies either y(d(z,z,)) = 0
or ¢(d(z,2,)) =0. Since z, # z then both cases
follows a contra diction. Hence, if T has a fixed point
then it is a unique as well as belongs N_, 4;.

Now, to prove that T has a fixed point, take
arbitrary x, € Y. It belongs to some of the subsets
A;, i €{1,...,p}, for example x, € A;. It is clear that
then the Picard sequence x, =Tx,_,,n €N, is
divided into the following p subsequences, each
belonging to some 4;,i € {1,...,p}:

{xnp} € A {xnps1} € Agreo s {Xnpip-1} € 4,.(2.3)
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If x,,., = x;, for some k € N then x; is a unique
fixed point of T and it belongs to N?_, A;. Therefore,
suppose that x,,, # xn for each n. Further, it can be
proved in a standard way (e.g., as in the proof of
(Chandok et al., 2016), Theorem 8) that d (x,,, X,41) IS
a decreasing sequence and convergesto 0 asn — oo.

Further, we have to prove that {x,} is a Cauchy
sequence. If it is not case, then, using Lemma 1.2, we
have that there exist an € > 0 and two sequences
{n(k)} and {m(k)} of positive integers, with n(k) >
m(k) > k, such that the sequences (1.3) tend to &*
when k — co. Putting in (2.1), = Xmm)-jx)y ¥ =
Xn(k), We get:

Y(d X j o) +1 Xno+1)f (W (d(xm(k)—j(k)' xn(k)))'
¢(d(xm(k)—j(k)x xn(k))))- (2.4)

Passing to the limitin (2.4) as k — oo, we get:
Y(e) = f@ (o) < (o),
which  implies that  f (@ (¢),d(e)) = ¢ (¢).

According to the property of C-class function f, we
get either Y (&) = 0 or ¢(&) = 0. In both the cases we
obtain that ¢ = 0, which is a contradiction. Therefore,
we obtain that Picard sequence {x,} is a Cauchy.
Since (X,d) is a complete then (Y,d) is also
complete, that is, there exists z € Y =ul_; A; such
that x, —» z as n — co. This means that z € 4; for
some [ €{1,...,p} and, hence, Tz € 4;,,. Consider
the subsequence {x,p+1} © A1 of {x,}. Applying
(2.1), we get:

Y(dXnps141,T2)) = P (d(TXnp41, T2)) <
f @ (d(Xp+1,2)), $(d(Knp+1,2))) <
1/’ (d(xnpﬂ'z))x
that is, ¥ (d(xnp+141,T2)) < Y (d(Xnp+1,2)). Since
subsequences {X,p4;} and {xp,4;4+1} COnverges to z
also, then passing to the limit as n — co we get that
Tz = z. The proof of Theorem 2.1. is complete.o
Corollary 2.1. Let (X,d) be a complete metric
space, and let T: X — X be a mapping such that:

Y(d(Tx, Ty)) < f(d(x,¥)), d(d(x, ¥))),

for all x,y € X, where feC, Yy €e¥, and ¢ € .
Then, T has a unique fixed point z € X. Moreover,
each Picard sequence x, = T"x,x € X converges to
Z.

Proof. Putting in Theorem 2.1. A; =X for all
i=1,...,p we obtain the result. o

Similarly as in (Kadelburg et al,
(Radenovic¢ al., 2016),

2016.),

et (Radenovi¢  2015a),



(Radenovi¢ 2016), (Radenovi¢ 2015b), one can easily
prove that Theorem 2.1 and Corollary 2.1 are
equivalent, that is, Theorem 2.1 holds if and only if
Corollary 2.1 holds.

We now announce the following very significant
as well as new result with new concept of C—class
functions:

Theorem 2.2. Theorem 2.1 and Corollary 2.1 are
equivalent.

Proof. Method as well as ideas for the proof are
the same as ones in (Radenovi¢ et al., 2016),
(Radenovi¢, 2015a), (Radenovi¢, 2016), (Radenovic,
2015b).

Remarks 2.1. (a) Putting p =2, A, =A,4, =B
(but without assumption A N B = @) we get Theorem
14 from (Chandok et. al., 2016).

(b) Putting p=2, 4, =4, A, =B,f(s,t)s —
t, () =t o) = (1-k)t,k € (0,1) get
Theorem 1.1 from (Kirk et. al., 2003).

For more new details regarding recent results for
cyclic cases see ((Van Dung & Hang, 2016), (Van
Dung & Radenovi¢, 2016), (Kadelburg et al., 2016.),
(Radenovi¢ et al., 2016), (Radenovi¢, 2015a),
(Radenovi¢, 2016), (Radenovi¢, 2015b)).

Finally, we have the following open question:
Does the following Theorem holds?

Theorem 2.3. Let (X,d) be a complete metric
space, and let Y = UL_, A, be a cyclic representation of
Y € X with the respect to a mapping T:Y — Y, where
the sets A; are closed. Assume that for all x € 4,,
y € A; 4, there exists u(x, y) € {d(x,y),d(x, fx),

aly, fy), w} such that:

we

Y (d(Tx,Ty)) < f(ulx y)), ¢ ux,y))), (2.7)

where f € C,3) € ¥, and ¢ € ¢.Then, T has a unique
fixed point z € Y and z en!_, A;. Moreover, each
Picard sequence x, = T™x,x € Y converges to z.
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