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Abstract. We consider the nonlinear discrete Volterra equations of non-convolution type
n
A"z, = by, —I—ZK(n,i)f(i,xi), n>1.
=1

We present sufficient conditions for the existence of solutions with prescribed asymptotic
behavior, especially asymptotically polynomial and asymptotically periodic solutions. We use
o(n?), for a given nonpositive real s, as a measure of approximation. We also give conditions
under which all solutions are asymptotically polynomial.
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1. INTRODUCTION

Let N, Z, R denote the set of positive integers, all integers and real numbers respectively.
Let m € N. We consider the nonlinear discrete Volterra equations of non-convolution

type
A"xy = by + ZK(nvz)f (val) ;o n=>1, (E)
i=1

f NxR—>R, K:NxN—=R, K(n,i)=0forn<i, and b: N — R. We regard
N x R as a metric subspace of the Euclidean plane R2.

By a solution of (E) we mean a sequence x : N — R satisfying (E) for all large n.
We say that x is a full solution of (E) if (E) is satisfied for all n. Moreover, if p € N
and (E) is satisfied for all n > p, then we say that z is a p-solution. For the sake of

convenience, throughout this paper, we use the convention Zf gj = 0, whenever j > k.
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Volterra difference equations describe processes whose current state is determined
by the whole previous history. They are widely used in the process of modeling some
real phenomena or by applying a numerical method to a Volterra integral equation.
Asymptotic behavior of solutions of first order Volterra difference equations has been
studied by many authors. In particular, the boundedness of solutions was studied by,
i.e., Crisci et al. [2], Diblik and Schmeidel [6], Gronek and Schmeidel [7], Gy6ri and
Horvath [10], Gyéri and Awwad [8], Kolmanovskii and Shaikhet [12], Migda and Migda
[19], Migda and Morchato [20] or Morchalo [21]. Asymptotically periodic solutions
were studied, for example, by Baker and Song [1], Diblik et al. [4,5] or Gy6ri and
Reynolds [11]. To the best of our knowledge, there are a few papers dealing with
the asymptotic behavior of solutions of higher order Volterra difference equations,
for example, the second order difference equation of Volterra type was studied in
Medina [13].

In this paper we study the nonlinear equation (E). We establish sufficient condi-
tions for the existence of solutions with prescribed asymptotic behavior, especially
asymptotically polynomial and asymptotically periodic solutions. As in [15], we use
o(n?®) as a measure of approximation. For example, we give sufficient conditions under
which, for real constants cgp,c1,...,¢n-1 and s € (—o0, 0], the difference equation (E)
has a solution x of the form

Tp = Cpnan™  Fepon™ 2 4 -+ en + co + o(n®). (1.1)

Next, we provide a procedure for finding a full solution of (E) with the above asymp-
totic behaviour. Finally, we give sufficient conditions under which all solutions are
asymptotically polynomial.

The results devoted to the study of asymptotically polynomial solutions of ordinary
difference equations can be found, for example, in [15,17,18,22] or [23]. In 1986,
Popenda [22] gave sufficient conditions under which for any polynomial of degree at
most m — 1, there exists a solution x of the form (1.1) with s = 0 for a difference
equation

A"z, = f(n,z,).
In 1995, Zafer [23] studied a difference equation of the form
ATn'rn = f(na xo‘(n)) + bn
and obtained a sufficient condition for the solution of the above equation to satisfy
T, = @(n) + o(n™~1), where ¢ is a polynomial of degree m — 1.
Recently, J. Migda obtained in [15] and [17] various results concerning solutions of
the form (1.1) with arbitrary s € (oo, 0] of the equation

A"z = anf(n,To(n)) + by

In [9], Gyéri and Hartung considered asymptotically quasi-polynomial solutions.
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2. PRELIMINARIES

For p,k € Z, let
N(p)={p,p+1,...}, N(p,k) ={p,p+1,...,k}.
The space of all sequences x : N — R we denote by SQ. For m € N(0) we define
Pol(m — 1) = KerA™ = {z € SQ : A™z = 0}.
Then Pol(m — 1) is the space of all polynomial sequences of degree less than m. Let
S(0) ={z €SQ: limz, =0},

S(1) = {x € SQ : the series an is convergent}.

We define the remainder operator r : S(1) — S(0) by
r(z)(n) = ij.
j=n

For m € N we define, by induction, the linear space S(m + 1) and the linear operator
rmtl o S(m + 1) — S(0) by

Stm+1) = {z € S(m): (@) €S}, (@) = r(r™ (@),

The value r™(z)(n) we denote also by r/**(x) or simply r'z.
Some basic properties of the iterations of the remainder operator are presented in
the following lemma. This lemma will be useful in the proofs of our main results.

Lemma 2.1. Assume xz,y € SQ, m,p € N and s € (—o0,0]. Then

(a) if |z| € S(m), then x € S(m) and |[r™x| < r™|x|,

(b) |z| € S(m) if and only if > 0o, n™ z,| < oo,

(©) if lal € S(m), then 7] < S5 wm =]z,

(d) if x € S(m), then A™r™z = (—=1)"x,

(e) if x = o(1), then A™z € S(m) and r"™A™z = (—=1)"z,

f) if z,y € S(m) and x,, <y, forn >p, then rz <ry forn > p,
(g) if v n™ 175z, | < oo, then x € S(m) and r™x = o(n®).

For the proof see [16, Lemma 4.1]. The next lemma is a consequence of [16, Lemma 4.7].

Lemma 2.2. Assume y, p € SQ and lim p, = 0. In the set

S={ze€SQ: |z—y[<|pl}

we define the metric by the formula d(x, z) = sup, ey |Zn — 2n|. Then any continuous
map H : S — S has a fized point.
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3. MAIN RESULTS

In this section, in Theorems 3.1, 3.2 and 3.5, we present results on the existence of
solutions of equation (E) with prescribed asymptotic behavior. As in [15,16], and [17]
we use o(n®) as a measure of approximation. The idea of the proofs of Theorems 3.1,
3.2 and 3.5 is based on the results obtained in [17]. In the proof of Theorem 3.7, we give
a procedure for finding a full solution of (E) which is asymptotically polynomial. In the
last theorem, we establish conditions under which all solutions are asymptotically
polynomial.
We will use the following conditions:

(Al) s € (—00,0], k € N(O,mm — 1), g:[0,00) = [0,00),
(A2) f is continuous and |f(n,t)] <g<| |> for (n,t) e Nx R,
(A3) >2  nm s K (n,d)| < oc.

Now, we state and prove our main result. We establish conditions under which a
given solution y of the equation A™y = b is asymptotic to a certain p-solution of (E).

Theorem 3.1. Let conditions (A1), (A2) and (A3) be satisfied. Assume p € N,
Q,L,M >0,

g(t) <M for t<L and Manflz]K(n,i)\gQ. (3.1)

n=p i=1
Then for every solution y of the equation A™y = b, such that
lynl < Ln* — Q
for any n, there exists a p-solution x of (E) such that
x =y+o(n’).

Proof. Define sequences U, a and a subset T of SQ by

U= n"" "y |K(n,i), (3.2)
n=j i=1

an =Y |K(n,d)|, T={zeSQ: |z—yl<Q}

If x € T and n € N, then

Tn

nk nk o pk

_|%n Yn Yn

<9 Il
nk

< L.
nk =

1
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Hence

ol <o (150) <o (33
By (A3), we have |a| € S(m). Let p = r™a and
S={zxeSQ: |x—y| < Mp and z, =y, for n < p}.
We define a metric d on S by
d(z,z) = ||z — z|| = sup |zn, — 2n|-
neN
By Lemma 2.2, any continuous map A : S — S has a fixed point. If z € S and n > p,
then, using Lemma 2.1 (c), we have
|zn — yn| < Mp, = Mr'a < MU, < MU, < Q.

Hence S C T. For x € SQ and n € N, let
i=1
If x € S and n € N, then, by (3.3),

s < YK (n, )£y 20)| < Ma,. (3.4)
i=1

Hence, |2*| < Ma. Therefore, z* € S(m). For x € S we define a sequence A(z) by

_ Yn for n<p,
AW ={ s K tn nop

If x € S and n € N, then, using Lemma 2.1 (a) and (3.4), we obtain
[A(@)(n) = yn| = |ry'="| < rptfa’| < Mrj'a = Mpy.
Thus, A(S) C S. Let £ > 0. Choose ¢ € N and 8 > 0 such that

q n

2M i n™mt i |K(n,i)| <e and B Z nm1 Z |K (n,1)] < e. (3.5)
n=q i=1

n=1 j=1

Let
Z={(n,t) eNxR: neN(0,q) and |[t—yn| < Mp,}.

Z is a compact subset of the Euclidean plane R2. Hence, f is uniformly continuous
on Z and there exists 6 > 0 such that if (n,s), (n,t) € Z and |s — t| < ¢, then

[f(n,s) = f(n,t)] < B. (3.6)
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Let z,y € S, ||z — y|| < 6. Then, using Lemma 2.1 (a) and (c), we have
|Az — Az|| = ||r" (x* — 2")|| = sup [rit(x* — 2*)| < supr)|a* — 2*
n

=r"z* — 2 |<an Yok — 27

n=1

- ZK n ) (f (i) = £(G20))

n=1

g 1Z|Kn2 (i, 2i) — f(i,2))]

8

Q

oo

Z IZ\K n,0)(f(i,2;) — f(i,2))]-

Hence, using (3.3), (3.6) and (3.5), we obtain

d(Az, Az) < B z": z”: nz|+2Man 1Z|an\<25
n=1 i=1 n=q =1

Hence, the map A : S — S is continuous and there exists a sequence z € S such that
& = A(x). Then for n > p we have

Ty = Yn + (=)™ 2".
Using Lemma 2.1 (d), we obtain

n
ATz, = Ay, + (=1)"A™rtx* = b, +x, = b, + ZK(n,z)f(z,xL)
i=1
for n > p. Hence, z is a p-solution of (E). Moreover, using (A3) and Lemma 2.1 (g),
we have r"x* = o(n®). Hence, x = y + o(n®). The proof is complete. O

Theorem 3.1 generalizes the results obtained by J. Popenda [22] and M. Migda,
J. Migda [18].

Let X be a metric space. A function ¢ : X — R is called locally bounded if for
any x € X there exists a neighborhood U of z such that |U is bounded. Note that if
X is a closed subset of R, then a function ¢ : X — R is locally bounded if and only if
it is bounded on every bounded subset of X.

The next theorem is a consequence of Theorem 3.1. We show that if starting point
p of the solution is not fixed, then the strong condition (3.1) may by replaced by the
condition: g is locally bounded. On the other hand, if we assume that g is bounded,
then we can take p = 1.

Theorem 3.2. Assume (Al), (A2) and (A3) are satisfied. If g is locally bounded,
then for every solution y of the equation A™y = b such that y = O(n*) there exists a
solution x of (E) such that

r =1y +o(n®).
Moreover, if g is bounded, then we may assume that x is full.
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Proof. Choose @ > 0 and L > 0 such that
lyn| < LnF —Q (3.7)

for any n € N. Choose M > 0 such that g(¢t) < M for t < L. Let U be a sequence
defined by (3.2). Then U,, = o(1) and there exists an index p such that MU, < Q.
Hence, by Theorem 3.1, there exists a p-solution = of (E) such that x = y + o(n®).
Now, assume g is bounded. Choose M > 0 such that g(¢) < M for any ¢. Let U be
defined by (3.2). Choose @ > Uy M and L > 0 such that inequality (3.7) is satisfied
for any n. By Theorem 3.1, there exists a 1-solution z of (E) such that z =y + o(n®).
The proof is complete. O

Remark 3.3. Assume the conditions of Theorem 3.2 are satisfied, ¢ € N and a
sequence w : N — R is g-periodic. Let b = A™w. Then, by Theorem 3.2 for any
constant ¢ there exists a solution x of (E) such that

x=c+w+o(n’).

Note that all such x are asymptotically ¢-periodic.

Example 3.4. Let us consider the third order nonlinear Volterra equation
3 _ n+1
APz, =8(—1)" + ) o o (3.8)

Here f(n,t) = t2, g(t) = t?> and b, = 8(—1)"" . Let k = 0, s € (=2, 0] and w,, = (—1)".
Then A3w,, = 8(—1)"T! = b,,. Moreover,

anilisz |K(n,2)] = Z n3+s Z 5 S Z s <o
n=1 i=1 n=1 i=1 n=1

Hence, all assumptions of Remark 3.3 hold. So, for any constant ¢ there exists a
solution z of (3.8) such that z, = ¢+ (—1)" + o(n®). This solution is asymptotically
2-periodic.

In the next theorem, which is a consequence of Theorem 3.2, we establish conditions
under which any polynomial ¢ € Pol(k) is an approximative solution of (E).

Theorem 3.5. Assume (Al), (A2), (A3) are satisfied, g is locally bounded and

> T by, < oo, (3.9)
n=1
Then for every polynomial ¢ € Pol(k) there exists a solution x of (E) such that
x = p+o(n®).

Moreover, if g is bounded, then we may assume that x is full.
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Proof. By Lemma 2.1 (g), we have b € S(m) and r™b = o(n®). Let
z=(=1)"r"b, y=p+z
Then y = O(n*), z = o(n®) and
ATy =A"p + AT (=1)"r™b = b.
Hence, by Theorem 3.2, there exists a solution x of (E) such that = y + o(n®). Then
=@+ z+0(n®) =¢+o(n’).
If g is bounded, then, by Theorem 3.2, we may assume that z is full. O

Example 3.6. Let m =2, k=1, s € (-1,0],

2 1—(n+3)3 . i t
b, = , K(n,i) = —, ,0) = —, t) =1.
(n+2)3 + nb (n, 1) no fn,t) n g(t)
Then equation (E) takes the form
2 1—-(n+332 &K
A2z, = — x;, > 1. 3.10
v (n+2)§+ nb +i:1 né = (3.10)
It is easy to check that
> = 2 1—(n+3)3
bp| = <
; n | | ; n (n T 2)§ 6 0
and
[e9) . n . 0 . n i oo o oo 1
D "I WKl =) nt Ty 5 <) niT =) o <o
n=1 i=1 n=1 i=1 n=1 n=1

Thus, by Theorem 3.5, for any real ¢, d, equation (3.10) has a solution x such that
Ty = cn+d+ o(n’).

One such solution is z,, = n + %L

Let k € N(0,m — 1). Let us consider the n x n matrix A(n) of the form

ai ai12 . A1n
a1 a2 . agn

A)=1 . . . | (3.11)

anp1  Aap2 . Ann
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where
a; =i FK(ii) + (-1)™' for i€ N(1,n),
a;; = j K (i,j) for j<i, i€N(2,n),
) for jeN@G+1,m+1),

a; = (1)t (m +i—j

a;; =0 for jeN(m+i+1,n).

m

Now, we establish conditions which allow us to change the first p terms in the
p-solution so that a full solution is obtained.

Theorem 3.7. Let conditions (A1), (A3), (3.9) be satisfied, g(t) =t and
t
flnt) = 5. (3.12)
Assume the matriz A(n) defined by (3.11) is such that
det A(n) 20 for all mneN. (3.13)
Then, for every polynomial o € Pol(k) there exists a full solution x of (E) such that
z =@+ o(n’).

Proof. Note that, by (3.12), the condition (A2) is also satisfied. Let us choose a
polynomial ¢ € Pol(k). From Theorem 3.5 it follows that there exists a number p € N
and a p-solution 2’ of (E) such that 2’ = ¢ + o(n®). Using this 2/, we will construct a
full solution x such that x = ¢ + o(n®). Let

~

z, =, for n>p. (3.14)

We can find the p first terms of the sequence x. These terms are the solutions of the
following system of p linear equations

Amxl :b1—|—K(171)l‘1,
2
AMry =by + Z i_kK(Q, i)xh

=1

(3.15)

P
AMx, =b,+ ;i_kK(p,i)a:i,

where 1,22, ..., 7, are unknowns. Using the formula

m - m—1 m
A, =Y (-1) (m_i)xnﬂ,

=0
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we can write system (3.15) in the form

A(p)X(p) = C(p), (3.16)
where A(p) is defined by (3.11),

S () Y — by

i=p
71 2 (D) i — b
T9 1=p—1
X(p) = ., Clp) =
Tp g(_l)m_i(m@i)xiﬁﬂ?—l — bp—1
)y (71)m7i(mn1i)xi+p — by

i=1

By (3.13), we have det A(p) # 0. Thus, by Cramer’s rule, we obtain a solution

L1, L2y---,Tp
of system (3.15). The proof is complete. O
Example 3.8. Let us consider the second order linear Volterra equation
Az, :bn+ZK(n,i) x;, n>1. (3.17)
i=0

Let g : [0,00) — [0,00), g(t) =t, f(n,t) =t, k=0, s € (—1,0]. Assume

G 1
anbn|<oo, K(n,n):m,

n=1

K(n,i) =0 for i # n and A(n) is defined by (3.11). Then

oo 1 n ' o0 3 o0 nl_s oo 1
ST ST K (nyi) = Y 0t K (n,n)| = Zin?urn? < ZTQJrs < 0,
n=1 i=1 n=1 n=1 n=1
K(1,1) -1 2 -1 0 0 0 0
0 K(2,2) -1 2 1 0 0 0
A(n) = 0 0 KG3,3)-1 2 -1 0 0
0 0 0 0 0 ... 0 Knmn)—1

and
u 1
det A(n) = — -1 0
et A(n) 1;[1 (i2(1'—|— 1) ) 7
for all n. Hence, by Theorem 3.7, for any real constant ¢ there exists a full solution z
of (3.17) such that z,, = ¢+ o(n®).
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Finally, we establish conditions under which all solutions of equation (E) are
asymptotically polynomial. We need two lemmas. Lemma 3.9 is a consequence of
Theorem 1 in [3] and Lemma 3.10 is a consequence of Theorem 2.1 in [15].

Lemma 3.9. Assume that ¢ : [0,00) — [0,00) is a continuous and nondecreasing
function such that ©(t) > 0 fort > 1 and floo ﬁds =00. Let ¢ > 0 be a nonnegative

constant and let h, u be sequences of nonnegative real numbers such that

n—1

i hyp < 00 and Uy < ¢+ Z hip(us)
n=1

i=1
for alln > 1. Then the sequence u is bounded.

Lemma 3.10. Assume s € (—oo,m — 1], € SQ and

o0
Z n™ S AM g, | < oo,

n=1
Then there exists a polynomial ¢ € Pol(m — 1) such that x = ¢ + o(n®).

The idea of the proof of our last theorem is based on the proof of Theorem 4.1
in [15]. Note that we extend the range of s from (—o0,0] to (—oo, m — 1].

Theorem 3.11. Assume s € (—oo,m — 1], g : [0,00) — [0,00) is nondecreasing,
S i
n=1 i
< dt

|f<n,t>|Sg(n,'j'1) pr penxr [T

and x is a solution of (E). Then there exists a polynomial ¢ € Pol(m — 1) such that

n

e}
| K (n,i)| < oo, Z n™"175b,,| < oo, (3.18)
1 n=1

x =@+ o(n®).

Proof. As in the proof ot Theorem 4.1 in [15] one can see that there exists a constant
A such that

|I"‘ n—1 .
e SATD AT, (3.19)
j=1
Moreover, by (E), we have
J
A™zj =b;+ > K(j.i)f(i, ;) (3.20)

i=1
for any j. Let

an =Y |K(ni)l,  z=antlbal.  e=A+D[bl.
i=1 =1
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Note that, by (3.18), we have

Dm0z | < oo (3.21)
n=1
Let
|i -
i jm—1° hi = ZlK(jle
=1

Using (3.19) and (3.20) we obtain

n—1 7 n—1 j
un SA+Y b+ Y KGOS )| <c+ YD K i)lg(u)
7j=1 1=1 =1 11=1

n—1

et Y [ S IKGI o) < et 3 higlu)

i=1

Hence, by Lemma 3.9, the sequence u is bounded. Therefore, there exists a constant
M > 1 such that g(u;) < M for any ¢ and we obtain |f(i,z;)] < M for any i. Hence

A" | = by + Y K (n,0) f(i,20)| < [bal + MY [K(n,i)| = [bn] + May < Mz,
=1

i=1
Therefore, by (3.21) and Lemma 3.10, there exists a polynomial ¢ € Pol(m — 1) such
that

x =@+ o(n®). O

Acknowledgments
The second author was supported by the project PB-43-081/1/DS of Ministry of Science
and Higher Education of Poland.



Asymptotic behavior of solutions of discrete Volterra equations 277

REFERENCES

[1] C.T.H. Baker, Y. Song, Periodic solutions of non-linear discrete Volterra equations with
finite memory, J. Comput. Appl. Math. 234 (2010) 9, 2683-2698.

[2] M.R. Crisci, V.B. Kolmanovskii, E. Russo, A. Vecchio, Boundedness of discrete Volterra
equations, J. Math. Anal. Appl. 211 (1997), 106-130.

[3] V.B. Demidovi¢, A certain criterion for the stability of difference equations, Diff. Urav.
5 (1969), 1247-1255 [in Russian].

[4] J. Diblik, M. Ruzickovd, E. Schmeidel, Asymptotically periodic solutions of Volterra
difference equations, Tatra Mt. Math. Publ. 43 (2009), 43—61.

[5] J. Diblik, M. Ruzickovd, L.E. Schmeidel, M. Zbaszyniak, Weighted asymptotically periodic
solutions of linear Volterra difference equations, Abstr. Appl. Anal. (2011), Art. ID
370982, 14 pp.

[6] J. Diblik, E. Schmeidel, On the ezxistence of solutions of linear Volterra difference
equations asymptotically equivalent to a given sequence, Appl. Math. Comput. 218
(2012) 18, 9310-9320.

[7] T. Gronek, E. Schmeidel, Existence of bounded solution of Volterra difference equations
via Darbo’s fized-point theorem, J. Difference Equ. Appl. 19 (2013) 10, 1645-1653.

[8] I. Gyéri, E. Awwad, On the boundedness of the solutions in nonlinear discrete Volterra
difference equations, Adv. Difference Equ. 2 (2012), 1-20.

[9] I Gyéri, F. Hartung, Asymptotic behavior of nonlinear difference equations, J. Difference
Equ. Appl. 18 (2012) 9, 1485-1509.

. Gyori, L. Horvath, Asymptotic representation of the solutions of linear Volterra

10] 1. Gy6ri, L. H h, A j j f th luti f Ui Vol
difference equations, Adv. Difference Equ. (2008), ID 932831, 22 pp.

. Gyéri, D.W. Reynolds, On asymptotically periodic solutions of linear discrete Volterra

11] 1. Gyéri, D.W. R, lds, O icall jodic soluti f li di Vol
equations, Fasc. Math. 44 (2010), 53-67.

[12] V. Kolmanovskii, L. Shaikhet, Some conditions for boundedness of solutions of difference
Volterra equations, Appl. Math. Lett. 16 (2003), 857-862.

[13] R. Medina, Asymptotic behavior of Volterra difference equations, Comput. Math. Appl.
41 (2001) 5-6, 679-687.

[14] J. Migda, Asymptotic properties of solutions of nonautonomous difference equations,
Arch. Math. (Brno) 46 (2010), 1-11.

[15] J. Migda, Asymptotically polynomial solutions of difference equations, Adv. Difference
Equ. 92 (2013), 16 pp.

[16] J. Migda, Approzimative solutions of difference equations, Electron. J. Qual. Theory
Differ. Equ. 13 (2014), 1-26.

[17] J. Migda, Approzimative full solutions of difference equations, Int. J. Difference Equ. 9
(2014), 111-121.

[18] M. Migda, J. Migda, On the asymptotic behavior of solutions of higher order nonlinear

difference equations, Nonlinear Anal. 47 (2001) 7, 4687-4695.



278 Janusz Migda and Malgorzata Migda

[19] M. Migda, J. Migda, Bounded solutions of nonlinear discrete Volterra equations, accepted
for publication in Math. Slovaca.

[20] M. Migda, J. Morchalo, Asymptotic properties of solutions of difference equations with
several delays and Volterra summation equations, Appl. Math. Comput. 220 (2013),
365-373.

[21] J. Morchalo, Volterra summation equations and second order difference equations, Math.
Bohem. 135 (2010) 1, 41-56.

[22] J. Popenda, Asymptotic properties of solutions of difference equations, Proc. Indian
Acad. Sci. Math. Sci. 95 (1986) 2, 141-153.

[23] A. Zafer, Oscillatory and asymptotic behavior of higher order difference equations, Math.
Comput. Modelling 21 (1995) 4, 43-50.

Janusz Migda
migda@amu.edu.pl

Adam Mickiewicz University
Faculty of Mathematics and Computer Science
Umultowska 87, 61-614 Poznan, Poland

Matgorzata Migda
malgorzata.migda@put.poznan.pl

Poznan University of Technology
Institute of Mathematics
Piotrowo 3A, 60-965 Poznan, Poland

Received: February 22, 2015.
Revised: August 10, 2015.
Accepted: August 14, 2015.



