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TWISTED LEVI SEQUENCES AND EXPLICIT TYPES ON Sp,

JU-LEE KIM AND JIU-KANG YU

INTRODUCTION

Let G be a connected reductive group over a field F. A twisted Levi subgroup G’ of G is a reductive
subgroup such that G’ ®p F is a Levi subgroup of G @ F. Twisted Levi subgroups have been an
important tool in studying the structure theory of representations of p-adic groups. For example,
supercuspidal representations are built out of certain representations of twisted Levi subgroups (]20]),
and Hecke algebra isomorphisms are established with Hecke algebras on twisted Levi subgroups, which
suggests an inductive structure of representations (see [9] for example).

In this paper, we first classify rational conjugacy classes of twisted Levi sequences in a connected
reductive group over an arbitrary field via Galois cohomology. When F is a p-adic field, M. Reeder
([15]) gives a classification of maximal tamely ramified tori in G up to G(F)-conjugacy using Galois
cohomology and Kottwitz’s isomorphisms. We generalize this to classify twisted Levi sequences up to
rational conjugacy in p-adic groups.

In the second half of this paper, using the classification of twisted Levi sequences, when G = Spy,
we explicate the structure of tame supercuspidal representations and types (in the sense of Bernstein,
Bushnell and Kutzko [1, 3]). While the general structure of tame supercuspidal representations are well
understood thanks to recent progress in the classification of supercuspidal representations ([20, 10, 4],
see also [11] and its references), more explicit and specific informations are lost in this generality.
However, often more fine structural information would be necessary in applications (e.g. explicit local
Langlands correspondence, construction of L-packets, explicit Plancherel formula etc). Here, we give
a list of generic G-data from which supercuspidal representations are constructed for G = Sp4. This
list is complete when F' satisfies the hypotheses in [10]. When the residue characteristic is odd, we
also give a complete list of G-data for types on Spy (§3): starting from a cuspidal type o on a Levi
subgroup of Spy, we give a G-datum to construct a G-cover of o. The construction of tame types in
[12] is reviewed in §2.

In a sequel of this paper, we use these explicit data of types in a crucial way to establish Hecke
algebra isomorphisms as in [2, 5].

NOTATION AND CONVENTIONS. We use T, L, M, G etc to denote a connected reductive group over a
field F'. If there is no confusion, we will use the same notation for the group of F-points. That is, we
may write G for G(F). Therefore, we sometimes write F'* for the algebraic group G,,, and E* for
the algebraic group Rg,rGy, for any finite separable extension £ of F'. When F' is a nonarchimedean
local field of residue characteristic p, we will freely use most notation from [20], in particular, those
related to affine buildings B(G).

As usual, let Z, Q and R be the set of integers, rational numbers and real numbers respectively.
Let Z denote the set of strictly positive integers.
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1. Twisted Levi sequences
1.1. Classifying Levi Sequences.

In this subsection, we assume that G is a connected split reductive group over a field F. Let F be
the algebraic closure of F. By a twisted Levi subgroup of G, we mean a F-subgroup G’ of G such
that G’ @ F is a Levi subgroup of G @p F.

1.1.1. Let BRDg = (X*, A, X,,AY) be the based root datum of G, defined as a projective limit
following Kottwitz ([13]). We call X* the weight lattice of G. Let Z be the center of G and put
Gaa = G/Z.

There is a canonical split exact sequence

1 = Gag = Aut(G) — Aut(BRDg) — 1.

A splitting can be constructed from a pinning. Recall that Aut(BRD¢) is the subgroup of Aut(X™*)
stabilizing the subset

{(a,a”) :a € A}

in X* x X,. We can associate to each a € A a simple reflection in Aut(X*), and Wg C Aut(X™) is
generated by these simple reflections. Let Ag be the subgroup of Aut(X™*) which stabilizes the subset

{(a,a”) :a € R},
where R = {w.a : w € Wg,a € A} is the set of roots of G. Then Ag normalizes W and
Aut(BRDg) = Staba, (A).
Lemma 1.1.2. We have
Ag = Wg x Staby, (A) = Wg x Aut(BRDg).
More generally, for any subgroup H such that Wg C H C Ag, we have
H = Wg x Stabg (A).

PROOF. It is well known that {w.A : w € Wg} is a principal homogeneous space of Wg. Clearly H
acts on this set. It follows that every element of H is uniquely a product of an element of W and
an element of Staby (A). 1

It follows that if we choose a maximal split torus 7', and a Borel subgroup B D T, then X*
can be identified with X*(7T) (this identification doesn’t depend on B). W can be identified with
Na,,(Taa)/Taa, and Ag with N/Taq, where N is the normalizer of Toq := T/Z in Aut(G).

1.1.3. Automorphisms of (G,L). Let L be a connected reductive subgroup of G containing a
maximal split torus T" of G. Then we can identify the weight lattice of G with that of L, since both
are identified with X*(T"). Write BRD, as (X*, A, X., AY). If L is a Levi subgroup, we may choose
a Borel subgroup B of G, use (G, B,T) to form BRD¢, and (L, BNL,T) to form BRDy, then we get
an inclusion Ay, C A. However, this inclusion depends on our choice of (B,T).

Let Aut(G, L) be the subgroup of Aut(G) stabilizing L. Clearly, L/Z is a subgroup of Gaq N
Aut(G, L), and there is a group homomorphism Aut(G, L) — Aut(L) — Aut(BRDy).

Proposition 1.1.4. We have
AgNAp = Nag (WL) =W x StabAG(AL).

The image of the composition Aut(G, L) — Aut(L) — Aut(BRDy) is Staba,(AL) and the kernel is
L/Z. Therefore, we have a canonical exact sequence

1— L/Z — Aut(G,L) — Staba,(AL) — 1.
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PROOF. It is clear Ag N A C Na,(Wy). Let Ry, C X* be the set of roots of L. We have Ry, C R.
Consider w € Na, (W) and a € Ry. Then (w.a,w.a") = (b,bY) for some b € R. We have wr,w™! =
ry, € Wp, so b= cb for some b/ € Ry, c € QX. But the root system R is reduced, so b = b’ € Ry.
This shows that w permutes R; and hence w € A;. We have proved the first equality in the first
equation. The second equality follows from the preceding lemma.

Let N’ be the inverse image of N4, (W) under N — Ag. We observe that the diagram

N — StabAG(AL)

| H

Aut(G,L) —— Aut(BRDy)

is commutative, where the top arrow is defined by N’ — N4, (W) — Staba, (AL) using the semidi-
rect product decomposition we just proved. This shows that the image of Aut(G, L) — Aut(BRDy)
contains Staba, (Ar).

Let g € Aut(G, L). Then we can find a representative n in the coset g(L/Z) such that n acts on
L by a pinned automorphism (relative to (BN L, T, X) for some X). In particular, n stabilizes T, so
n € N. It is clear that n.Ap = Ap. This shows that the image of Aut(G,L) — Aut(BRDp) lies in
Staba, (AL), and we have n € N’. The image of g under Aut(G,L) — Aut(BRDy) is the same as
that of n. If it is trivial, then n € T,q and hence g € L/Z. This completes the proof of the proposition.
|

Remark. The above sequence splits when L = G, but not in general: the case of L =T was analyzed
by Tits.

1.1.5. The automorphisms of a Levi sequence. Let G= (G°, G, ...,G% be a Levi sequence in
G. That is, G* is a Levi subgroup of G**t! for i = 0,...,d — 1, and G = G. We define Aut((_j) to be
the subset of Aut(G) stabilizing each G, i = 0,...,d.

We choose a maximal split torus T in GY and a Borel subgroup B D T of G. Using these, we can
identify the weight lattice of each G* is with that of G. If we write BRDg: = (X*, A;, X,, AY), then
each A; is a subset of A, and we have Ag CA; C -+ C Ag = A.

Obviously, G°/Z c Aut(G) € Aut(G, G°), and hence Aut(G)/(G°/Z) maps injectively to Stab 4, (Ao).

Proposition 1.1.6. Let
d

d d
Ag = Aai = (| NacWer) = (WG@- »t Stab A, (Ai)).
i=0 i=0 i=0
There are canonical exact sequences
1 — Wgo — Az — Staba_(Ag) — 1,
1 — G°/2 — Aut(G) — Staba,(Ag) — 1.

The first one is split.

This reduces to the preceding proposition when d = 1. The proof remains the same.

Remark. For each ¢ =0, ...,d, there is a canonical commutative diagram

Aut(G) — Staba(Ao)

| |

Aut(G?) ——= Aut(BRDg:),

where the vertical arrow on the right is the composition of
StabAé (Ao) C Nag (WGz) — Staba, (Az) C Aut(BRDGi).
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Variant. Let N(G) ={g € G: gGig~' =G, for i = 0,...,d} be the normalizer of G in G. Let
d d
W = () Nve (War) = () (War x Stabu ().

i=0 i=0
There are canonical exact sequences

1= Wgo = Wg — Stabwé(Ao) — 1,

1 — G° = N(G) — Stabw,_(Ag) — 1.
The first one is split.
Remark. 1f 1 — Tag — N — Ag — 1 splits, then 1 — G°/2 — Aut(G) — Staba . (Ag) — 1 splits for
any G in G. Similarly, if 1 — T — Ng(T) — W — 1 splits, then 1 — G° — N(é) — Stabw (A) —
1 splits for any G.
Remark. Let G’ be another Levi sequence in G, corresponding to Ay C Ay Cc---C Al,. Then G is

conjugate to G by an element of Aut(G) (resp. of G) if and only if d = d’ and there exists w € Ag
(resp. w € W) such that w.A; = A fori=0,...,d.

1.1.7. Example. Let G = Sps. We have 3 Levi subgroups up to conjugacy. Choose a system of
simple roots consisting of a long root ajong and a short root asnere. Let M long (resp. M Short) be the
centralizer of the kernel of @iong (resp. @short). Then T, M long  p rshort represent the three classes of
Levi subgroups. Note that Mg ~ FX % STy and Mot ~ GL,.

We now enumerate the Levi sequences with d > 1 (up to conjugacy) and the exact sequences for
their normalizer groups, as given in the preceding proposition.

— —

(1) G=(T,G). Wehavel = T — N(G) = W — 1.

(2) G = (M'""s,G). We have 1 — M — N(G) — D'*"#* — 1, where DI°"8" is the subgroup
generated by the reflection associated to the root 2ashort + Giong-

(3) G = (M*"°* @). We have 1 — Mt 5 N(G) — Dshortl 5 1 where D5hortL s the
subgroup generated by the reflection associated to ashort + Glong-

(4) G = (T, M""s,@). We have 1 — T — N(G) — D" x D&+ 1,

(5) G = (T, Ms™r* @). We have 1 — T — N(G) — Dshort x pshortL _ 1,

1.2. Classifying Twisted Levi Sequences.

So far we have assumed that G and all the Levi subgroups in the preceding discussion are split.
We now drop that assumption. Hence G may be non-split and G is a twisted Levi sequence in G.
We would like to consider two problems:

e (lassify all twisted Levi sequences G’ over F such that G’ ®@p F ~ G @p F, up to F-
isomorphisms, i.e., to classify the F-forms of G. Here an isomorphism of a twisted Levi
sequence G in G to a twisted Levi sequence G’ in G means an isomorphism G — G’ inducing
an isomorphism G — (G')? for each i and that G and G’ have the same length. In particular
G’ is an F-form of G if G’ is an F-form of G.

e Classify all Levi sequences G’ in G, such that G’ is conjugate to G by an element of G(F),
up to G(F)-conjugation.

By a well-known principle in Galois cohomology, the first problem is to compute H*(F, Aut(G)),
and the second problem is to compute ker(H'(F, N(G)) — H'(F,G)). If G is an adjoint group such
that all automorphisms of G are inner, and H!(F,G) = 1 (e.g. if G is of type G5 and F is local
nonarchimedean), then the two problems are the same.

Galois cohomology of an algebraic group B is much better understood when the algebraic group is
connected. Here the main problem is to handle the disconnection. Let mg = B/B° be the component
group of B. Then we have a canonical map ¢ : H*(F, B) — H'(F,m). One can approach the problem
of computing H'(F, B) as follows:

e Identify the image of ¢.
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e For each c in the image of ¢, form a twist B of B corresponding to b € C'(F, B) such that
#(b) = c. Then the fiber ¢~(c) can be identified with H!(F,,B%)/(ym0)(F), where 7 is the
component group of ,B and is a twist of my ([18], page 52, Corollary 2). If I' = Gal(F/F)
acts on mo trivially, then (,mo)(F') is the just centralizer of ¢(T") in 7.

Remark. When F is locally compact non-archimedean, and B is a reductive group with root da-
tum (X*, A, X,,AV), Kottwitz showed that H'(F,B°) is isomorphic to the torsion subgroup of

(Xe/ (Caveav Za¥))p.

Remark. The group (,m)(F) naturally acts on the right of H(F, BY) ([18], page 52), which is the
one used above. When B is abelian, there is also a left action of (,m)(F) on H'(F, BY) ([18] page
53). The left action is compatible with the group structure of H*(F, B®) and easier to compute. If
BY is a torus, mo acts on X, = X.(B?), and hence Zg,(c(I')) acts on (X.)cr). This agrees with
the left action of Z,(¢(I')) on H'(F,B%) when we identify H'(F, B%) with (X.,).r) by Kottwitz’s
isomorphism (assuming F' local nonarchimedean ([13])).

We continue to assume that B? is abelian. The right action of (ym0)(F) on H*(F, BY) is related to
the left one by the connection homomorphism & : (,m0)(F) — H'(F, B°) ([18], page 53, Proposition
40). When 1 — B° — B — my — 1 is a split exact sequence with B? abelian, we have 6 = 0.

Remark. When 1 — B — B — 1y — 1 splits, ¢ is clearly surjective.

1.3. Classification of Tamely Ramified Maximal Tori in Spy.

A special case of twisted Levi sequences is of the form (7', G) where T is a tamely ramified maximal
torus. Then, the results in the previous section specializes to a classification of embedded tori in G,
which is identical to that in [15]. Reeder found additional features of this case by exploring the fact
that Aut(G)° is abelian. We summarize his results ([15, Section 6]), in view of what we established in
the previous section, as follows. Fix a maximal split torus 7' in G. Let N = Ng(T) and W = N/T.
Let ¢ : HY(F,N) — HY(F,W) be the map induced by the projection N — W. We refer to [15,

Section 6] for the definition of stably classes of tori.

Proposition 1.3.1. Suppose H'(F,G) = 1. Then, the stable classes of maximal tori in G are in
bijection with H*(F,W). Moreover, for a given class ¢ € H'(F,W), the set of rational classes of
maximal tori in the stable class corresponding to c is in bijection with ¢~*(c).

Hence, to classify embedded tori in G, it suffices to compute H*(F, W), and for each c € H(F, W),
to compute the fiber ¢~1(c). Let U = ¢(I") and Zy (U) be the centralizer of U in W. Then, via Tate-
Nakayama duality ¢~1(c) is in bijection with (X.)v.tors/Zw (U), the Zy (U) orbits in the torsion
subgroup of U covariants of X,. A subtlety is that the action of Zw (U) on (X.)u tors is what Reeder
called the “affine action”, which depends on choosing a cocycle b € C1(F, N) lifting ¢ (we refer to
[15, §6] for details; it is the right action mentioned in the second Remark of 1.2). However, the size
of $71(c) does not depend of the choice of b. See [15] for some explicit computation.

When G = Spy, the following is Theorem 6.9-(2) in [15].

Theorem 1.3.2. The W -conjugacy classes of continuous homomorphisms c : I' — W are in bijection
with the stable classes T, of maximal tori in G. Denoting this correspondence by ¢ — T., we have
the rational classes in T, are in bijection with the orbits of Zw (U) in (Xi)usors under the affine
action obtained by twisting the coinvariant representation by a cocycle belonging to the class of A, in

HI(ZW(U)v (X*)U,tors)'

In the rest of §1, let F' be a nonarchimedean local field of odd residue characteristic and G' denote
Sps. Fix a maximal split torus T in G. We use T to denote a torus in G.

1.3.3. Subgroups of W and their coinvariants. We list subgroups U of W (Sp4) = D, (dihedral
group of order 8) up to conjugacy, and give (X, )uv tors; Zw (U), and Ny (U).
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’ U ‘ D4 ‘ Dlgong ‘Dahort Dllong ‘ Dihort 04 ‘ 02 ‘ 1 ‘
(X vsors | Z/27 | (Z]22)* | Z/2Z | Z/2Z 0 727 | (Z)22)* | 0
ZW (U) 02 D120ng D;hort DIZOUE; D;hort 04 D4 D4
Nw(U) | Dy D, D, |Dy"s | Dghert [ D, Dy | D4

TABLE 1.3.3.

Here, C,, is the subgroup of order n in the subgroup of rotations in W(Sps) = Dy, and D12Ong
(resp. D§Pot) is Cy.DI°™8 (resp. Cy.D5hort),

1.3.4. The set H*(F,W) and H'(F,N). Let I C T be the inertia subgroup. Suppose that ¢ : T' — W
is a homomorphism with image U. Then Uy := ¢(I) is a cyclic normal subgroup of U such that
U/Uy is cyclic. For each pair of (U,Up) (up to W-conjugacy) with these properties, we compute
Hllj’U0 ={c e Hom(I, W) : ¢(T") = U, c(I) = Up}/Nw (U, Uy), where Ny (U,Uy) = Nw (U) N Ny (Up).
Then H'(F,W) is the disjoint union of these Hf, ;. For each ¢ € H{; , the size of ¢~'(c) is given
by Theorem 1.3.2.

Each b € ¢~ (c) corresponds to an embedded torus Ty, C G. The torus T} is elliptic <= X =0
— ¢(I') # 1,D'°"8 Dshort In that case, B(T}) is a singleton {z}}, and z;, € B(G). We give the
Kac coordinates ([7]) of z up to conjugacy. For a z € B(G) with asnore(2) = y1 and aiong(x) = yo
with y; € @, one can find a strictly positive integer m € Z, such that m(1 — 2y, —y2), my1, mys are
relatively prime. Then, the Kac coordinates of = are given by (m(1 — 2y1 — y2), my1, myz).

’ Label ‘ U > Uy ‘ #Hlll,Uo ‘ #o1(c) ‘ Tp
T[1] Di>Cy 0 =1 (mod4) 1 (1,1,1)
2 g=-1 (mod 4)
4 =1 4 2 =1
T[2] Cy D Cy ¢=1 (mod 4) ¢ =1 (mod ) (1,1,1)
0 g=-1 (mod 4) 1 ¢=5 (mod 8)
T[3] Cy D Oy 1 2 (1,0,1)
T[4] Cio1 1 2 (1,0,0), or (0,0, 1)
4 ¢g=1 (mod 4
T[5) | DY 5y 1 q=1 (mod 4) (1,0,1)
1 ¢g=-1 (mod4)
4 qg=1 (mod4)
T[6] | Dy 5 Dlovs 2 2,1,0), or (0,1,2
[6] 2 1 {2 4= 1 (mod 4) ( ), or ( )
= d4
T | oG 2 3 a=1 (modd) (1,0,1)
1 ¢g=-1 (mod 4)
T[]] Cy o1 1 3 (1,0,0), (0,1,0) or (0,0,1)
T[] | DiPort 5 Cy 1 2 (1,0,1)
T[10] | Dshert o5 Dshort 2 (1,0,1), or (0,1,0)
T[l” Dllong S Dllong 9 2 q= 1 (mod 4)
1 g=-1 (mod 4)
T[12] D™ 51 1 2
T[13] | D"t S Djtert 2 1
T[14] DiPort 5 1 1 1
T[15] 151 1 1
TABLE 1.3.4.

We mention some facts underlying the calculation. There exists a surjection I' — C,, such that
the image of inertia is of order e if and only if ¢ = 1 (mod e), in that case, the number of such
homomorphism is ep(e)p(n/e). There exists a extension E/F with Galois group D,,, and ramification
index e = n, residue degree f = 2, exactly when ¢ = —1 (mod e). In that case the extension is unique.
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The number of isomorphisms Gal(E/F) — D,, sending the inertia subgroup to C,, is n - ¢(n).
Finally, the action of Ny (U,Uy)/Zw (U) on {c € Hom(I', W) : ¢(T') = U, ¢(I) = U} is faithful.

The most laborious part of the calculation is the determination of #¢~!(c). To carry out the
method outlined in Theorem 1.3.2, one may start with an explicit torus in each stable class. Such an
explicit torus is given in 1.3.5 and 1.3.6.

‘We conclude

49 ifg=1 (mod 8)
#H'(F,N)=<45 ifq=5 (mod8)
32 ifg=-1 (mod 4).

22 ifg=1 (mod4)

1 _
#H(EW) = {20 ifg=—-1 (mod 4)

1.3.5. Compact tori. Although we have a classification of embedded tori in Sps; up to rational
conjugacy as above in terms of Galois cohomology, using another description given in [8, 14], we can
give a more explicit description of each tori. Stating the result in loc.cit., let { , ) be the symplectic
form on V = F* to realize Spy.

Theorem. Let T be a tamely ramified compact mazimal torus in Spy(F). Then, we have one of the
following:

(1) There is a tower F C E C E' with (E' : E) = (E : F) =2, a unitary form (, ) on E' over
E and an F-linear isomorphism j : E' — F* so that

(1), j(w)) = Tre: p(o(v, w))

for a nonzero o € ker(T'rg//g). Moreover, j induces an embedding from the unitary group of
(,) onE ontoT.

(2) There are quadratic extensions E1, Ey equipped with a Hermitian form ( , ); on E; over F,
and an F-linear isomorphism j : E1 & Ea — F* such that

(j(v1,v2), j(w1,w2)) = Tre, /p(a(vi,wi)1) +Tre,r(az(v, w2)2)

for nonzero a; € ker(Trg,/p), i = 1,2. Moreover, j induces an embedding of the unitary
group of (, )1 @ (, )2 on E1 & E5 onto T.

Conversely, any unitary group in (1) and (2) embedds onto a mazimal anisotropic torus in Spy.

In the above cases, we will say that T is the “isometric image” of the unitary group U and write

T ~ U. From now on, we write F*/F*2 = {1,e, @, ew} where ¢ € O} is a nonsquare and w is a
uniformizer in F.

Analyzing U and Uy in TABLE 1.3.4., we see that T[5], T[6], T[7], T[8] belong to cases (2) and we
can find F1, F» in each case. To be more explicit, for a,b € F*/F*?, let U, be the unitary group of
one variable in F[/a] with respect to the unitary form (v,w) = bvw where w is the Galois conjugate
in F[y/a] over F. We can list all possible unitary groups (up to isometry) in one variable as follows:

Ue,l» Ue,wa Uw,lv Uw,sy Usw,lv er,s-

These embed in SLy(F). If ¢ = 1 (mod 4), they are not rationally conjugate. However, if ¢ = 3
(mod 4), Ug,1 and Uy . are rationally conjugate, and so are Ugr 1 and Uew o (see §6.4 in [15]).
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’ ‘ Eq, Ey ‘ T é ‘ parameters ‘ Tp
TP5) | FIv&), FIVER] | Vs X Uy ey (1,0,1)
w € {w,ew} e
7 / ) (2,1,0) ifb=1
T[6] | FI[V@], FIvel | UpraxUep | (&,a,b): Z 2 ng}} {(0’ 1'2) b=
(@', a,b):
T[7] | FV@], FINV©'] | Ugra X Uiy | (a,b) € {(1,1),(1,¢), (g,¢)} (1,0,1)

w € {w,ew}

(1,0,0) if (a,b) = (1,1)
T[8] | Flve]l, Flve] Uea X Uep {(1,1)’((5‘7’2)76@@)} (0,1,0) if (a,b) = (1, =)
(0,0,1) if (a,b) = (w,w)

TABLE 1.3.5-1.

The parameters in the above table will label rational conjugacy classes of embedded tori with same
U and Uy in TABLE 1.3.4. For example, T[5](a, b) labels the torus in T[5] which is an isometric image
of Uw’a X Uwgyb.

Remark. 1f ¢ = 3 (mod 4), T[5](a,b) are all rationally conjugate to each other. Similarly,
T[7](w,a,b) are all rationally conjugate. Likewise, the labeling of T[6], T[1], T[2] and T[11] is re-
dundant (see TABLES 1.3.5-IT and 1.3.6). For a uniform description incorporating cases both cases
g=1and ¢ =3 (mod 4), we keep the redundant labeling. Moreover, this redundancy is necessary in
describing G*[4] (see TABLE 1.4.4), since two rationally conjugate T[7](«w’,1,1) and T[7](w’, 1, ) give
rise to non conjugate twisted Levi sequences.

Comparing the above with TABLE 1.3.4., T[1], T[2], T3], T[4] belong to case (1). In each case, E’
associated to the torus satisfies e(E'/E) = #(Uy), f(E'/E) = #(U/Uy). Moreover, E’ has a unique
subextension E of degree 2.

T[9] and T[10] also belong to case (1) with E' = F[/e,/w], the abelian extension of degree 4
which contains all quadratic extensions of F. In this cases, E’ contains three quadratic extensions
Fl\/a],a € F*/F*?2—{1} and each E’/F[/a] has two unitary forms (up to equivalence) of 1 variable,
which accounts for all 6 tori in T[9] and T[10]. For o € E* /Ng//g(E"™), let Ug/p() denote the
isometry class of the unitary group on E’ over E with respect to (v, w) = cww. In the following table,
o runs over EX /Np/ p(E"™).

’ Label ‘ ECF ‘ T ‘ parameters ‘ Zp ‘
T, T2 | B = Flle)i], B = Fle)t] | Uspl) | (o e (1.L1)
T[?)] E= F[\/aa 124 7£ F[\/g, \/E} Ug (a) o (1a 0, 1)
T[4] F(E'/F) =4 Ups (@) a (1,0,0) "ifa=1
B E'/E (0,0,1) ifa#1
T[] E=F[Ve, E'=Fl\e,v@] | Up/p(e) a (1,0,1)
= w|, = g, Vw E'/E w’e{w,aw} (071’0) ifoz;ﬁl

TABLE 1.3.5-11.

1.3.6. Non compact tori The rest of the tori in T[11]-T[15] are non compact and they are either
embedded in M'°"& ~ X x SLy(F) or Mt ~ G'Ly(F). Although the tori in SLo(F) and G Ly(F)
are well known, we will make a list here for completeness. In the following, let E denote the splitting
field of T.
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’ Label ‘ E ‘ T ~ ‘ parameters ‘

(w',a):

T[] | FV@'] | F* xUgr o | @' € {w,ewm}
a€{l,e}

T2] | FIVe] | FX X U., a€{l, @}

T[13] | F[V&'] EX w' € {w,ew}

T[14] | F[/e] E*

T[15] F FX X F~

TABLE 1.3.6.

1.4. Classification of twisted Levi sequences in Spy.

1.4.1. Classifying twists of M, We compute H'(F, N(G)), where G = (M'°"%, 3). Note that
we have M'"8 = T x SLy(F) C SLy(F) x SLy(F) C Spy(F) and N(G) ~ Nsp,(Tsz,) x SLy
where Tsr,, is a maximal split torus in SLy. Hence, we have

HY(F,N(G)) ~ H (F,Nsp,(Tsr,)) x H'(F,SLy) ~ H'(F,Ng1,(Tsz,))-

HY(F,Nsp,(TsL,)) classifies the embdded twists of Tisr, in SLo and it is known that #(H*(F, Nsr,(Ts1,))) =
7if g=1 (mod 4) and 5 if ¢ = 3 (mod 4) (see §6.4 in [15]). Hence, we have 7 embedded twists of
M'mg We can list them as follows:
Mlong7 Ua,l X SLQ, an X SLQ, Uw,l X SLQ,
Uw,s X SLQa Usw,l X SLQa Usw,s X SLQ
Similarly as in SLy case, if ¢ =3 (mod 4), Ug 1 X SLg, and Ug . X SLy are rationally conjugate and
5o are Uzp1 X SLy and Uegm,e X SLa.

1.4.2. Classifying twists of M"'*, We now compute H!(F, N(G)), where G = (M*'"* | G). Since
1 — Mttt N(G) — Dshertt 5 1 gplits, we have a surjection

Hl(F7N<é)) — HI(F7 Dihortl) — FX/FXQ.

The fiber at a € F*/(F*)? can be identified with H'(F,Us), where U, is the quasi-split unitary
group in 2 variables for the quadratic extension F'(y/a)/F (which may be a split étale algebra). When
a=1, HY(F,Uy) = H'(F,GLy) = 1.

If a € F* is not a square, Kottwitz’s formula gives #H'(F,U,) = 2. Hence, #H*(F,N(G)) = 7
and there are at most 7 embedded twists of A/short,

It is easy to see that every unitary group in 2 variable occurs as a twisted M2 in Sp,. More
precisely, let E = F(y/a) be a nontrivial quadratic extension of F. Let V = E @& E be a E-vector
space equipped with a Hermitian form (, )g with respect to the Galois involution on E. Let U be
the group of isometries of (V,(, )r). Regarding V as a four dimensional F-vector space, define a
skew-symmetric form (, )p on V as follows ([8]):

(v,w)p = Trg/p(Va(v,w)g).
Then, Uy preserves (v,w)p and it is embedded in the group of isometries of (V,( , )r), which is
isomorphic to Spy(F).

There are 6 such unitary groups up to isometry and each is unique up to G(F)-conjugacy. Together
with AP we have 7 embedded twists of M*"°™ up to G(F)-conjugacy.

For a € F*/F*2 let U,(1,1) be the quasi split unitary group and U,(2) be the compact unitary
group in two variables in F(y/a). Writing as X /F*? = {1,¢,w,ew} as before, we may list the twists
of M3hort as follows:

Mt U (1,1), Uo(2), Ug(1,1), Us(2), U (1,1), Uero(2).
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1.4.3. Classifying twists of G = (T, M'™"& ). The exact sequence for N(é) is1l—>T — N(é) —

DY — 1. In particular, we have a homomorphism N(G) — N = Ng(T).

HY(F,N(G)) in the same way we compute H*(F,N).

We can compute

|

’ U ‘ D120ng ‘ CQ ‘ Dllong ‘ DllongJ_ ‘ 1
(X vsors | (Z)22)% | (Z)27)? | Z)2Z | Z/2Z 0
ZDlzong (U) D120ng D120ng DIQOHg Dlgong DlQong
NDlzong (U) DIQong D120ng D120ng Dl20ng Dlzong

In the following the parameters run over those in TABLE 1.3.5-1 and 1.3.6.

1.4.4. Classifying twists of G = (T, Mt Q).

N(G) — Dghort — 1,

| Label | U DU | #H{ .y, | #¢~1(c) \ G° \ G!
- 4 q:l (m0d4) U. /XSLQ
G'n DY™8 5 ¢ 2 T[5)(a, b , oy e
g 2 2 2 g=-1 (mod 4) [5l(, ) (w',d') = (w,a) or (¢w,b)
~ : 4 =1 4
G'2] | Dlre 5 plons 2 =1 (modd) | po o p) Uep x SLo
2 ¢g=-1 (mod 4) ’
~ 4 =1 4
G3] | D" 5 plonst 2 a=1 (modd) | 0 p) Usr o % SLo
2 g= -1 (mod 4) '
. 4 g=1 (mod 4 o
G4l Co o Co 2 g=1(modd) | o i o b) Ustiar X Sk
1 g=-1 (mod 4) a"=aord
- Uz o X SL
¢ €,a 2
G[5] ;o1 1 4 T[8](a, b) A
GU6] | D" > Dlove 2 2 q=1(modd) Mlons
1 g=-1 (mod 4)
G D8 51 1 2 T[12](a) Mons
GU[8] | Dlst 5 plemet | 9 2 =1 modd) |y g Usr o X SLo
1 g=-1 (mod 4) '
G D"EE 51 1 2 T[12](a) U..q x SLy
G[10] 151 1 1 T[15] Mong
TABLE 1.4.3.

The exact sequence for N(G) is 1 — T —

’ U ‘ D;hort ‘ 02 ‘ D?hort ‘ D?hortl ‘ 1 ‘
Xo)vrors | Z/2Z | (Z)22)2] 0 0 0
ZDZhort (U) Dahort Dghort Dghort Dghort Dghort
ND;hort (U) D;hort Dahort Dahort Dghort D;hort
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’ Label ‘ U > Uy ‘ #H} U ‘ #o1(c) ‘ GO ‘ Gt ‘
. TI) UUW((12)1)
G*[1] Dshort 5 Cy 2 2 o )

Tl a#1 o)

T[10](w, 1) Uew(1,1)

s shor shor T[lo}(wﬂa% o 7& 1 UEW( )

G2 | D3 o Dy 2 2 T[10](ewm, 1) Uo(1,1)
T[10|(ew, ), a #1 | Ux(2)
T110](w, 1) Ue(2)

~Ns shor shor T[lO](w,a), o 7é 1 U€<17 1)
G°[3] | D3t > Dot 2 2 T[10](cw, 1) U.(2)
T[10|(ew, ), a« #1 | U(1,1)

65[4} 02 D 02 2 3 q= 1 (HlOd 4) T[7](w/7 a, b)7 a = b Uw’(]" 1)
2 ¢g=-1(mod4) | T[7)(=’,a,b), a #b | Ugy(2)

s T8](a,b),a=0b | U(1,1)
G*[5] Gyl 1 3 T8](a,0), a Zb | U.(2)
C_js [6] D?hort ») Dihort 9 1 T[13](w’) Mshort
G°[1] Ditert 5 1 1 1 T[14 Mhort

G*[8] | DshortL 5 pshortl 2 1 T[13)(=') Ui (1,1)
G*[9] Dsbortl 5 1 1 T[14] U.(1,1)
G*[10] 1o1 1 1 T[15] Mshort

TABLE 1.4.4.

2. Review of construction of types

2.1. Notation and Conventions.

2.1.1. From now on, let F' be a fixed non-archimedean local field with residue characteristic p. Let
G be a connected reductive group over F, split over a tamely ramified extension of F'. We adopt all
notation and conventions from [20]. For simplicity, we assume that p is not a torsion prime for ¥(G)V,
the root datum dual to the root datum ¥(G) of G ®r F. See §7 in [20] for relevant notation. Then,
p is not a torsion prime for any twisted Levi subgroup G’ of G.

2.1.2. Let G = (G°,GY,--- ,G?%) be a tamely ramified twisted Levi sequence in G. Let M° be a
Levi subgroup of GY and Z,(M°) be the maximal F-split torus of the center Zy 0 of M. To G, we

associate a sequence of Levi subgroup M = (MO, ... M?) where M is a Levi subgroup of G* given
as the centralizer of Z4(M?) in G*.

2.2. Generic embeddings of buildings. Recall that if G’ is a twisted Levi subgroup of G, then
there exists a family of natural embeddings of buildings B(G') — B(G), which is an affine space
under X, (Zs(G")) @ R.

Definition 2.2.1. Let M be a Levi subgroup of G, y € B(M), and s € R. We say that the embedding
t: B(M) — B(G) is (y,s)-generic, or s-generic with respect to y, if Uy ,(y).s a,u(y),s+ for all
a € ®(G,S, F)\ ®(M,S, F), where S is any maximal F-split torus of M such that y € A(M, S, F)
and ®(G, S, F) and ®(M, S, F) are the corresponding root systems.

Here, U, is the root subgroup of G associated to a, and we are referring to [17] for the filtration
{Ua,u(y),r }rer o0 Uy, For v > 0, we have Uy ,()r = Ua N Gyy),»- Given a twisted Levi sequence G
and M as in (2.1.2), consider a commutative diagram of embeddings:
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B(GY — BGYH) — - — B(GY
{e}: 1) ) T
BM®) — BMY) — - — B(M?
Definition 2.2.2. Let § = (so,---,54) be a sequence of real numbers, and y € B(MY). We say

that {.} is §-generic (relative to y) if v : B(M?) — B(G?) is s;-generic relative to i(y) € B(M?) for
0<i<d.

From [12], given é, S-generic commutative diagrams of embeddings exist.
2.3. G-datum and construction of types.

Definition 2.3.1. A depth-zero datum is a triple ((G, M), (y,¢), (K, par)) such that
e (G is a connected reductive group over F' and M a Levi subgroup of G.
e y € B(M) is such that M, ¢ is a maximal parahoric subgroup of M, and ¢ : B(M) — B(G) is
a 0-generic embedding relative to y.
e Ky is a compact open subgroup of M containing My o, and pys is an irreducible smooth
representation of K such that pys|M, ¢ contains a cuspidal representation of My o/M, o+.

Definition 2.3.2. The G-datum X consists of a 5-tuple

(G, M), (y,0),7, (Ko, paro), &)
satisfying the following:

D1. G = (G°,GY,--- ,G?%) is a tamely ramified twisted Levi sequence in G, and M° a Levi sub-
group of GY. Let M be associated to G as in (2.1.2).

D2. yis a point in B(M°) and {¢} is a commutative diagram of 5 generic embeddings of buildings
relative to y, where §= (0,79/2, -+ ,74-1/2).

D3. 7= (rg,71, - ,7q) is a sequence of real numbers satisfying 0 < ro < r; < .- <rg_1 < rq if
d>0,0<ryifd=0.

D4. (Ko, ppo) is such that ((G°, M), (y,t : B(M°) — B(G)), (Kpro,paro)) is a depth zero
datum.

—

D5. ¢ = (¢, 01, , Pa) is a sequence of quasi-characters, where ¢; is a quasi-character of G* such
that ¢; is G;41-generic of depth r; relative to « for all x € B(G;).
2.3.3. The construction. For a given G-datum X as above, let K* = KMUGS o+ and p the trivial
extension of pyo to K% Following the recipe in [20], we can construct a pair of an open compact
subgroup

Ky = K¢= K°G! _...G¢

Y,s0 Y;8d—1
and the irreducible representation py, := p¢ of K¢
Theorem 2.3.4. ([12]) Let K¢, := Ks N M? and p, = ps|(Ks N M?).
(1) (K¢, p4,) is a supercuspidal type on M?.
(2) (Kx,px) is a G-cover of (Kj‘\l/[, pﬁlw) and hence it is a type in the sense of Bushnell and Kutzko.

Remark. When Zgo /Z¢ is F-anisotropic, the condition on ¢ is empty and the above G-datum reduces
to a generic G-datum in [20]. In this case, our construction gives a supercuspidal type in [20].

3. Types on Spy
3.1. Supercuspidal representations.

Yu’s construction of supercuspidal representations starts from a generic G-datum ¥ = (@, x, T, ¢7, )
(see [20] for details). Here, we give a list of all possible (é, x,T) to give a supercuspidal representations
via Yu’s construction. We define the length £() of ¥ to be d where G = (G°,G',--- ,G? = G). In
our case G = Spy, d is at most 2.

In the following, d(m)(= r4) denotes the depth of the supercuspidal representation constructed
from ¥ with given (G, z, 7).
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3.1.1. Case 1: d=0.

These are depth zero supercuspidal representations. Then, ¥ = (0), 6= (1) and the Kac coordi-
nates of x are (1,0,0), (0,1,0) or (0,0,1). If z = (0, 1,0), p is inflated from a cuspidal representation
of SLy(Fy) x SLy(Fy). Otherwise, p is coming from a cuspidal representation of Sps(F,).

3.1.2. Case 2: d =1.

The second column in the table indicates where r; should belong. To simplify writing, by r¢ € iZJr,
we mean that rg € iZJr — %Z, and o € %ZJF means ry € %ZJF — Z. In each case, the parameters run
over those in TABLES 1.3.5-I and II.

G° 72 :(;)1 parameters T
Tca) | 12 ©.a) LL1)
T[2](¢, @) 17 (¢, @) (1,1,1)

T[3](a) 37 a El,o, 1;
= 1,0,0
T[4)(x) y/ e 71 (0.0.1)
T[5](a,b) %Z+ (a,b) (1,0,1)
T[?le,a, b) %Z+ (w/aavb) (LO’]-)
(1,1) (1,0,0)
T[8](a,b) Z+ (a,b) =1 (1,=) (0,1,0)
(w, @) (0,0,1)
Ue(2) Zy (0,1,0)
Un(2) A w € {w,ew} (1,0,1)
U.(1,1) Z, (1,0,0) or (0,0,1)
Us(1,1) 27 w € {w,ew} (0,1,0)
A -
1 | (1,0,0) or (0,1,0)
Uea X Sk L “= = | (0,1,0) or (0,0,1)
TABLE 3.1.2.

3.1.3. Case 3: d =2.
As before, the parameters in the table run over those in TABLES 1.4.3 and 1.4.4.
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G T0 2 ;(7:)2 parameters T
ée[l](a, b, w/)) %Z_;,_ %Z-F (av b) (L 0, 1)
- , b=1 2,1,0
G2, a,b) | 37+ Ly (=, a,b) —— E(), I 2;
_. b=1 2,1,0
GBI, ab) | Ze | 3Ze | (#hab) T
G_:Z [4] (wlv a, b) %Z-‘r %Z'F (w/a a, b) (17 0, 1)
} (1,1,d") | (1,0,0)
G'5)(a,b,a’) | Zy Z, (a,b,a") | (1,w,d") | (0,1,0)
(w,w,a’) | (0,0,1)
és[l](a7w/) %Z-‘r %Z-‘r (Oé,w/) (1107 1)
S a=1 (07 170)
GR@a) | Zr | e | (®0) o100
- o= 0,1,0
GBI a) |32+ | L+ | (@) o El,O, 1%
Gol4)(w,a,b) | 22, | Lz, (@, a,b) (1,0,1)
B (1,1) (1,0,0)
G*[5](a,b) Zy Zy (a,b) (1,w) (0,1,0)
(w,w) |(0,0,1)

TABLE 3.1.3.

Remark. The above G-datums give inequivalent supercuspidal representations ([4]).

In the rest of the paper, we construct non supercuspidal types of Sps. Let M be a Levi subgroup
of Spy. Suppose (Ky,,, px,,) is a supercuspidal type constructed from a generic M-datum ;. The
classification of supercuspidal representations (hence supercuspidal types) of all proper Levi subgroups
in Spy is well known. For each supercuspidal type on M with a generic M-datum X, we can construct
a G-cover. In the rest of the paper, we give a G-datum for a G-cover in each case. The choice of ¢ is
not unique. We will give one choice of ¢ satisfying genericity in each case. Once a G-datum is given,
one can follow §2 or [12] to construct the G-cover.

In the following, we define the depth of a supercuspidal type as the depth of the supercuspidal
representation with the same generic G-datum.

3.2. Supercuspidal types on M'°"¢ and G-covers.

To simplify notation in this section, we will write M for M'"8 if there is no confusion. Since
M ~ F* x SLy, we can write px,, = ¢ ® py; = for a character ¢ of ['* and a supercuspidal type py;
of SL,. Note that we can extend ¢ trivially to a character of M. We will still use ¢ for the extended
character.

3.2.1. Depth zero case.

Suppose py; . is a depth zero supercuspidal type on SLy. Then, ¥y is of the form (M,y, é,r, par)
where M, o is a maximal compact subgroup of F* x SLy and r = depth(¢) is an integer. Moreover,
we have (Kx,,, px,,) = (My70’ ¢ ® pur)

Note that M, o, y € B(M) is determined by aiong(y). In this case, we may assume that aiong(y) =0
or 1. Moreover, ¢ is uniquely determined by ¢(y). We choose ¢ as follows:

! y | u(y)

(1,0,0) if r is odd
1n, = O
long (Y) {(27 1,0) if ris even
(0,0,1)  if ris odd
on = 1
long (Y) {(2’ 1,4) if r is even
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Then, we can choose X as follows to construct a G-cover of (M, 0,9 ® par).

Cases: Xy

- | m L(y) )
_ aong( ):0 (2,1,0)
r=0 aiong(z) — 1 (—2,1,4) (G, M), (y, ), (My,0,0 @ pur))
r # 0, even @ong(y) =0 || (2,1,0)
Along (Y) i 1| (—-2,1,4) (((Mlong7 G), ]\Jlong)7 (y,0), (9 ®1,1),(r,0), (M0, pm))
r odd along(y) =0 (1, 0, 0)
along(y) =1 (0, O, 1)

TABLE 3.2.1.
3.2.2. Positive depth cases.
Suppose py;,, is a supercuspidal type of positive depth on SLy. Write Xy = (M,y,f', , PMO)-
Then, we have the following:
e (X)) =1and M = (M°, M) where MY is either T[11](=’, a’) or T[12](a) with @’ € {w, cw},
a’ € {1,¢e} and a € {1,w} (see TABLE 1.3.6).
e Without loss of generality, one may assume that
3 if MO =T[11)(=’,d)
aong(y) =< 0 if MO =T[12](1)
1 if MO =T[12](w).
e Writing q’_; = (¢o, ¢1), ¢1 is a character which is trivial on SLy. Without loss of generality, we
may assume that either ¢; is trivial or nontrivial of depth 7.

In all cases, specifying G and ¢ as in the table below,

2= ((é’ MO)’ (yv L)7 (¢07 ¢1, 1)7 (7“0,7‘1,7‘1), (M3707P1v10))

gives a G-cover of (Kx,,, ps,,)-

Cases: Xy

My | o1 | 70,71 G 2
s o lo=1]ro=relz| GBI, a)| (1,0,1)
glilnl]((; ,:al) by £ 1 1 even2 G'6](=’,a") | (2,1,4)
¢ 2 |7 r1 odd G'l6)(=",d’) | (0,1,2)
6y =1 | To=r1even G'9)(1) (2,1,0)
T[12](1) ! ro = r1 odd ée[g](l) (1707 O)
long (y) = 0 6y 41 |__rieven G(1) (2,1,0)
! r1 odd G711 | (1,0,0)
6y =1 | To=T1even G'9)(w) | (—2,1,4)
T[12)(w) ' ro=r10dd | G'9)(=) | (0,0,1)
Along (y) =1 6y 41 |__rieven G'(w) | (=2,1,4)
! 71 odd G'[7(=) | (0,0,1)

TABLE 3.2.2.

3.3. Supercuspidal types on M*"™ and G-covers.
In this section , to simplify the notation, write M for M3 if there is no confusion.

3.3.1. Essentially depth zero cases.
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Suppose px,, is an essentially depth zero supercuspidal type on M, that is, it is a supercuspidal
type up to twisting by a character of M. Then, Xy is of the form (M, y, ¢, 7, par) where Kx,, = M,
is a maximal compact subgroup of GLs and r = depth(py,,) is an integer. If r = 0, we may assume
¢ = 1 without loss of generality.

Note that M, o, y € B(M) is determined by ashort (). In this case, we may assume that aghors (y) =
0. Moreover, ¢ is completely determined by ¢(y). Then, we can choose ¢ and ¥ as follows to construct
a G-cover.

oy ] 5 |
r=20 (1’071) ((G7M)’(y7L)v(My,0apM))
L2 e LG o (M), M), (4.0 1,0, (6.1, (My. par)

TABLE 3.3.1.

3.3.2. Positive depth cases.

Write Xy = (M, Y, T (E, paro) as before. Then, we have the following:

e ((Xy) =1 and M = (M° M) where M is either T[13](=’), @' € {w,ew}, or T[14] (sce
TABLE 1.3.6).

e Without loss of generality, one may assume that asport(y) is 3 if M =T[13](z’,a’), and 0 if
MO =T[14].

e Write 7 = (rg,71) and (5 = (¢, ¢1). If ro = r1, we may assume that ¢; is the trivial character.

o Let 29, be the maximal compact subgroup of the center of M. If ¢¢|Z$, are trivial, ¢¢ can
be extended to a unitary group U containing M°. That is, ¢o can be extended to a character
of Uy (1,1) if M =T[13](=’), and to a character of U.(1,1) if M° =T[14]. We use the same
notation ¢q for the extended character.

—

In all cases, for a given X, as above, we take & = ((G, MY), (y,.),7, ¢, (M) o, paro)) as in the
following table:

Cases by
M [gol23 [ o1 | rom (y) | d 7 [ 4

=1 | =1 ro =11 (1,1,-1) | (Ux(1,1),G) (ro,m0) (o, 1)

T[13}(w’) 75 1 =1 o = T1 (0, 1,0) EMU, G) (7”0,7“0) (¢0, 1)
# 1 To <T1 (15 27 71) _ ?]\4[2],(]57)6;’) (T07 1, Tl) (¢07 ¢1a 1)

=1 =1 To=T1 :11 ;i(i E}:g:?% (Ug(l, 1), G) (TQ,’F()) (¢0, 1)

T[14] #1 | =1|ro=mn :11 :\ii 8’8’?; (M°,G) (ro,70) (¢0,1)
# 1 To < 71 :11 eo\:ie(rll E}:g:?; - (]\5037[’5\]47 G) (7"077“1,7'1) (¢07¢1a 1)

TABLE 3.3.2.

3.4. G-covers of principal series.

The types for principal series are constructed in [16]. We will merely restate the result in loc. cit.
in terms of the language in this paper. The supercuspidal representations of M = T ~ F* x F*
are of the form y; ® x2 for characters y; and x2 of F* . Without loss of generality, we may assume
that d(x1) > d(x2). and By = (T, y,x1 ® X2,d(x1),1) for any y € B(T). Let ' = d(x1x5 ") and
r1 =d(x1). Fix ¢ so that

[~1,1,1] if ) 7 € 2Z

oy) = [1,0,0] ifr', rp€22+1
[1,0,1] ifr' €2Z+1, r € 2%
[0,1,0] ifr' € 2Z, ri € 2Z+1



TWISTED LEVI SEQUENCES AND EXPLICIT TYPES ON Spy 17

— —

In each case, 2 = ((é, ), (y,¢), g;, 7, (To, 11,)) with (G, ¢, ¢, ) in the table gives rise to a cover of
(To, (x1 ® x2)|To)-
’ cases H G ‘ 0] ‘ 7 ‘ u(y)

=711 || G10] | (Lpx ® Yo, X1 ® Lsz,, 1) | (d(x2),71,71) [-1,1,1] ifr', r €2Z

1,0,0] ifr, €22 41
[1,0,1] ifr' €2Z+1, 1 €2Z
[

0,1,0] ifr' €27, 1 €2Z+1

r' <y | GE[10] | (1@ X7 X2, x1 0 det, 1) (r',r1,m1)

TABLE 3.4.1.
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