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A UNIFIED ANALYSIS OF BALANCING DOMAIN DECOMPOSITION BY CONSTRAINTS
FOR DISCONTINUOUS GALERKIN DISCRETIZATIONS

LASLO T. DIOSADY * AND DAVID L. DARMOFAL f

Abstract. The BDDC algorithm is extended to a large class of discontinuous Galerkin (DG) discretizations of second order elliptic
problems. An estimate of C(1 + log(H/h))? is obtained for the condition number of the preconditioned system where C' is a constant
independent of h or H or large jumps in the coefficient of the problem. Numerical simulations are presented which confirm the theoretical
results. A key component for the development and analysis of the BDDC algorithm is a novel perspective presenting the DG discretization
as the sum of element-wise “local” bilinear forms. The element-wise perspective allows for a simple unified analysis of a variety of DG
methods and leads naturally to the appropriate choice for the subdomain-wise local bilinear forms. Additionally, this new perspective
enables a connection to be drawn between the DG discretization and a related continuous finite element discretization to simplify the
analysis of the BDDC algorithm.
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1. Introduction. Domain decomposition (DD) methods provide efficient parallel preconditioners for solving
large system of equations arising from the discretization of partial differential equations. The development of domain
decompositions methods for the solution of elliptic problems using conforming finite element methods has matured
significantly over the past 20 years. Toselli and Widlund provide a detailed overview of domain decomposition
methods in [22]. In this paper we consider a class of non-overlapping domain decomposition methods based on
the Neummann-Neumann methods originally introduced by Bourgat et al. [6]. These methods were improved by
introducing a coarse space based on the null-space of the local Schur complement problems, leading to the Balancing
Domain Decomposition (BDD) method of Mandel [17]. Dohrmann extended the BDD method by selecting a coarse
space formed by enforcing continuity of a small set of primal degrees of freedom [11]. This Balancing Domain
Decomposition by Constraints (BDDC) method was later proven by Mandel et al [18] to have a condition number
bound of k < C(1 + log(H/h))? for preconditioned system of a continuous finite element discretization of second
order elliptic problems. Further analysis of BDDC methods as well as the relationship between BDDC methods and
dual-primal Finite Element Tearing and Interconnecting (FETI-DP) methods has been presented in [16, 7, 19].

In this paper we present a BDDC method for the solution of a discontinuous Galerkin (DG) discretization of a
second-order elliptic problem. While domain decomposition methods have been widely studied for continuous finite
element discretizations, relatively little work has been performed for discontinuous Galerkin discretizations. Feng
and Karakashian presented a two-level Schwarz preconditioner for an interior penalty DG discretization of the
Poisson problem [15]. Feng and Karakashian considered both overlapping and non-overlapping preconditioners and
obtained condition number bounds of O(H/¢) and O(H/h) respectively. Antonietti and Ayuso considered additive
and multiplicative Schwarz preconditioners for a large class of DG discretizations of elliptic problems in [1, 2, 3].
Antonietti and Ayuso employed the unified framework of Arnold et al. [4] to analyze these DG methods and showed
that condition number bounds of order O(H/h) could be obtained with these preconditioners for symmetric DG
schemes.

In the context of Neumann-Neumann type methods for DG discretizations, Dryja et al employed a conforming finite
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element discretization on each subdomain while using an interior penalty method across non-conforming subdomain
boundaries [14, 12, 13]. Using this discretization Dryja et al were able to leverage results from the continuous
finite element analysis to obtain condition number bounds of x < C(1 + log(H/h))? for particular BDD and BDDC
methods. In this work we present a BDDC method applied to a large class of DG methods considered in the unified
analysis of Arnold et al. [4]. A key component for the development and analysis of the BDDC algorithm is a novel
perspective presenting the DG discretization as the sum of element-wise “local” bilinear forms. The element-wise
perspective leads naturally to the appropriate choice for the subdomain-wise local bilinear forms. Additionally, this
new perspective enables a connection to be drawn between the DG discretization and a related continuous finite
element discretization. By exploiting this connection, we prove a condition number bound of x < C(1 + log(H/h))?
for the BDDC preconditioned system for a large class of conservative and consistent DG methods.

In Section 2 we gives a classical presentation of the DG discretization. In Section 3 we present our new perspective on
the DG discretization. In Sections 4 and 5, respectively, we discuss our domain decomposition strategy and present
the BDDC algorithm. The analysis of the BDDC algorithm in presented in Section 6, while in Section 7 we present
numerical results confirming the analysis.

2. DG Discretization. We consider the following second order elliptic equation in a domain 2 C R", n = 2, 3.

u=0 on 0% (2.1)
with positive p > 0 € L>(Q), f € L?(Q2). Following [4] we may rewrite (2.1) in mixed form in order to motivate the

DG formulation. In practice, the fluxes are locally eliminated to obtain the DG discretization in primal form. The
mixed form of (2.1) is given by:

prq+Vu=0
V-g=f in Q,
u=0 on 0. (2.2)

Prior to introducing the exact form of the discrete equations, we introduce the functional setting and notation.
Denote by 7, the family of triangulations obtained by partitioning € into triangles or quadrilaterals (if n = 2) or
tetrahedra or hexahedra (if n = 3), with characteristic element size h. We make the usual assumption that the family
of triangulations 7}, is shape-regular, and quasi-uniform [22]. Define £ to be the union of edges (if n = 2) or faces (if
n = 3) of elements x. Additionally, define £ C £ and £2 C € to be the set of interior, respectively boundary edges.
We note that any edge e € £ is shared by two adjacent elements st and s~ with corresponding outward pointing
normal vectors nT and n~.

Let PP(x) denote the space of polynomials of order at most p on k and define P?(x) := [PP(k)]". Given the
triangulation 7j, define the following finite element spaces
WP = {wy € L*(Q) : wp|s € PP(k) V€ T} (2.3)
VP = {v, € L*(Q) : vi|, € PP(k) Vk € Ty} (2.4)

Note that traces of functions u, € W} are in general double valued on each edge, e € &', with values uz and u;,
corresponding to traces from elements k* and k= respectively. On e € £7, associate u; with the trace taken from
the element, k™ € 7j,, neighbouring e. The DG discretization of (2.1) obtains a solution uj, € W} such that for all
k€ Tp,

(pVun, Vwn)x — (pt (uf —an)n®, V), + (@, win®), = (fiwn)s  Ywn € PP(k) (2.5)
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where (-,-), = [ and (-,-),, = [,.. Superscript * is used to explicitly denote values on Ok, taken from .
For all w, € W}, @), = uﬁh(w;{,w;) is a single valued numerical trace on e € &', while w, = 0 for e € &°.
Note that @, = 0 on e € £9, corresponds to weakly enforced homogeneous boundary conditions on 9. Similarly
q, = qh(w;, Vu,, u;f, u, ,pT, p7) is a single valued numerical flux on e € £. Summing (2.5) over all elements gives
the complete DG discretization: Find up € W} such that

a(uh,wh) = (f, ’U}h)Q Ywy, € W}f (2.6)

Following [4], a piecewise discontinuous numerical approximation of the flux, g;,, may be evaluated locally as:

@, = ~(pVun = prri(p?” (uf —wn)n?)), (2.7)
where r(¢) € PP (k) is defined by:
(r(0), Vi)s = (0, Vi ). Vv, € PP(k) (2.8)

We note that while Vuy, and r,g(p%+ (u;f —@p)n™T) lie in the polynomial space PP(k), g, in general, does not when
p varies within an element k. The DG discretizations presented in this paper lift p%Vu (as opposed to Vu or pVu)
to ensure that the discretization is symmetric for any p € L*(f2). In the case of piecewise constant p the DG
formulations lifting Vu, p%Vu or pVu are identical.

The choice of the numerical trace 4y and flux q;,, define the particular DG method considered. Table 2.1 lists the
numerical traces and fluxes for the DG methods considered in this paper. In the definition of the different DG
methods, the following average and jump operators are used to define the numerical trace and flux on e € £%

{un} = %(UZ +uy) and  up] =uint +ugn” (2.9)
Additionally we define a second set of jump operators involving the numerical trace a:
[un]" =win® +amn~  and  [un]” =dnt +uyn” (2.10)
such that we may express g, as:

1+
2

[ur]™)) (2.11)

an = —(pVun — p2r4(p

Method Up, a

Interior Penalty {un} —{pVup} + 5 {p [[uh]]i}

Bassi and Rebay [5] {un} —{pVun} +ne {pre(o? [un]) }

Brezzi et al. [8] {un} {an} +ne {pére(p% [[uhﬂi)}

LDG [9] {w} =0 Tw]  {an}+Blanl + 5= o ]

CDG [20] {wn = 6-[un]  {gi} +Blail + 5= (o [un]”
TABLE 2.1

Numerical fluzes for different DG methods

We note that in the definition of the different DG methods, 7. is a penalty parameter defined on each edge in &,
while r.(¢) € PP(k) is a local lifting operator defined by:

(re(@),vi)e = (¢, v}, vy, € PP(k) (2.12)
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Additionally g° is given by:

+

[]7)) (2.13)

For the Local Discontinuous Galerkin (LDG) and Compact Discontinuous Galerkin (CDG) methods, [ is a vector
which is defined on each edge/face in £ as

1 1
@y = —(PVun = pZre(p?

1 _
=3 (Szont +8:in7) (2.14)
where S, € {0,1} is a switch defined on each face of element £ shared with element x~, such that

SF4 55 =1 (2.15)

3. The DG discretization from a new perspective. A key component, required for the development and
analysis of the algorithms presented, is to express the global bilinear form a(up,w;) as the sum of element-wise
contributions a (up, wp) such that

a(up, wp) = Z ay(up, wp) (3.1)

ke€Th

where a, (up, wyp,) is a symmetric, positive semi-definite “local bilinear form”. In particular, we wish the local bilinear
form to have a compact stencil, such that a,(up,wy) is a function of only up, Vuy, in &k, and uz, Vuz, p~ and Uy on
Ok. In particular, we note that in (2.5), which is summed over all elements to give a(up,wp), ¢ depends in general
upon u™, u~, Vut, Vu~, pT and p~ . We write that local bilinear form as:

ar(un, wy) = (pVun, Vr)x — (pt (uf — ap)n™, Vw;{>6ﬁ +{a, (v — wp)n"),

= (pVup, Vwp), — <pJr [[uﬂz ,Vw;{>an + <(A1;, [[Whﬂ+>6/< (3.2)

where (A]Z = (A]Z (Vu;t, uZ, Qp, pT) is a “local numerical flux”. In particular, in order to recover the original global
bilinear form, g; must satisfy the following relationship on each edge, e:

ay, lwn] = @ lwal ™ + @, Twa]” Vwy, € Wy (3-3)

Table 3.1 lists the numerical traces and local fluxes for the DG methods considered, while Table 3.2 lists the corre-
sponding local bilinear forms. It is simple to verify that (3.3) holds for each of the DG methods considered by using
the identities:

[un]™ = [un]l™ = 4 [ua] if 4y, = {un} .
[un] = [un]™ + [un]” and [un] " = [un], [ua]” =0 if 4, = {un} — Bus] and S%, =1 (3.4)
[unl™ =0,  [ual™ =[un] i @in = {un} — Bus] and & =0

We now make an observation on the degrees of freedom involved in the local bilinear form, a,(up,wy). We consider
using a nodal basis on each element « to define W}. For the Interior Penalty (IP) method and the methods of Bassi
and Rebay, and Brezzi et al., the numerical trace @, on an edge/face depends on both uz and u,, . Hence the local
bilinear form corresponds to all nodal degrees of freedom defining u;, on k as well as nodal values on all edge/faces of
Ok N E' corresponding to the trace of uy, from elements neighbouring x. On the other hand, for the LDG and CDG
methods, the numerical trace 4, takes on the value of uZ if S®. =0 or u, if S, = 1. Hence the local bilinear
form corresponds only to degrees of freedom defining u; on x and nodal values corresponding to the trace of uj on
neighbouring elements across edge/faces of dx N &' for which Sr=1.
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Method ap, ap
Interior Penalty {un} —ptVul + Zept un] T
Bassi and Rebay [5] {un} —ptVu + nep? re(p? [un]™)
Brezzi et al. [8] {un} gl + 77ep%+1"e(p%+ [un] ™)
LDG [9 fun} - B [w] gt +2p* [un]*
CDG [20] {un} — 0 - [un] g+ %ot fun]”

TABLE 3.1

Numerical fluxes for different DG methods

Method a(up, wp,)

Interior Penalty 9+ D ccon 1 <pJr [un] ™, [[wh]]+>€

Bassi and Rebay [5] g+ ,co. e (re(p? [un]")re(o? " [un] ™))

Brezzictal [8] g+ (ne(p? [und")rulp? Twnl)) +Seconne (relod” Tunl M)orelpd” [wnl M)

LDG [9] g+ (re(p? " [unl)ra (0 [wnd ")) + Yoo e (o lunl ™ Teonl ™).

CDG [20] 9+ econ (re(p%+ [[uh]]Jr),Te(P%+ [[whﬂJr))K + 2 econ £ <P+ lun] ™, [[wh]]+>P
Where g = (pVun, Van),, = (p* [un] Vi) = (pVun, fun] ™)

TABLE 3.2
Elementwise bilinear form for different DG methods

We denote by p,; the average value of p(x) on each element x and assume that the variation of p(x) within an element
is uniformly bounded as:

copr < p(x) < Cphpye Vx €r, VK (3.5)

where the constants ¢, and C), are independent of pj.
We now give the following lemma regarding the local bilinear form a, (up, wp).

LEMMA 3.1. The element-wise bilinear form a,(up,up) satisfies
ax(up,up) >0 (3.6)

with ay(up, up) =0 iff up, = 4, = K for some constant K.

Proof. We proceed to show that Lemma 3.1 holds for all of the DG methods considered. The proof of Lemma 3.1
closely follows the proof of boundedness and stability of the different DG methods presented in Arnold et al. [4],
though here we consider the contribution of a single element.

For each of the DG methods considered we can show uj, = 4, = K = a,(up,up) = 0 by recognizing up, = K =
Vuy, = 0 and substituting into the different bilinear forms. It remains to prove a, (up, up) > 0 and a,; (up,up) =0 =
Up = ﬁh =K.

In order to prove the result for the interior penalty method we employ the following result from Arnold et al [4]:

1

c (7°€(p%w),re(p§w))N < hie (pw,w), < C (re(p%w),7°e(p%w))ﬁi Yw e WY (3.7)
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where ¢ and C' are constants which depend only upon the minimum angle of x the polynomial order p and the
constants in (3.5). Hence, choosing 7. sufficiently large for the interior penalty method we have

1P (Un, Un) > aw BR2(UR, UR) (3.8)

and hence it is sufficient to show that Lemma 3.1 holds for the method of Bassi and Rebay [5]. Specifically, 7. may
be chosen for the interior penalty method as described in Shahbazi [21]. For the method of Bassi and Rebay,

1+

an,Bm(uh,uh)=(quh,Vuh)K—2<quh,[[uh]}+>a + Zm (re 2 funl ™) re(p? [[UhﬂJr))ﬁ

= (pVun, Vun), = 3 2 (02 Vurre(pd [nl") + 3 me (re(o? Tunl)orep? " [un] M)

e€ok e€ok ¥

> 3 (i =t [l ). pEVun = )

eean
F 3 (e = No) (o [unl Yoot )
e€ok

>0 (3.9)

K

K

given 1. > N, where N is the number of edge/faces of k. In order to show a, pra(un, up) = 0= u, = 4, = K, we
note a. Br2(un,up) = 0 implies

> Ni (P#Vun = re(p*" [unl®), o2 Fun = re(p? ] "))+ D (e = No) (rep? " [un] ™), v [n] ")) =0

ecor = € " ecok K
(3.10)
1+ + 1 1+ + . . . N + .
Hence rc(p? [up]") =0 and p2Vuy, —re(p? [up] ™) = 0 which implies %), = u;, on 0k and Vuy, =0 in k.
Proof of the method of Brezzi et al. [8] follows in a similar manner. Namely:
+ +
Qy;, Brezzi et al. (puh7 uh) - (Pvuh, vuh),.i -2 <P+Vuh, [[uh]]+>6 + (TK(P% [[uh]]+); Tn(p% [[uh]]+))
+
+ 3 me (el [l )oreo3” [unl ™))
e€ok "
+ +
> (pEVun = (ot [unl ), 02 Vun = ot [ual M) + D7 me (reo [und ). [ual )
e€ok "
>0 (3.11)

provided 7. > 0. In order to show ax Breszi et al(Un,un) = 0 = up = Uy = K, we note ax Breszi et al(Un, ) = 0
implies

(#9un =ralp® unl D)o p3 T =l Lunl ")) + 37 e (e Ll oo [unl ) =0 (312

K
e€Cokr

Hence re(p%+ [un]™) = 0 and pzVuy, — r,g(p%+ [un]™) = 0 which implies @, = ;" on dx and Vuy, = 0 in k.
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For the LDG method we have
ar,Loc(Un, up) = (pVun, Vuy), — 2 <p+Vuh, [[Uh]]+>8 + (m(p
K
e " ln] Tl )
+ Z n \P [un]™, [un] .

ecor ¢

E fud D)ot "))

K

- (p%vuh —ra(p? " [unl™), p? Vus, — ru(p? [[Uhr))H +2 Z_ <p+ [un] ™, [[Uhﬂ+>e
>0 - (3.13)
Setting ne > 0 ensures a, oG (un, up) = 0 = up = 4y, = K. Namely, a. 1o (un, up) = 0 implies
(P2 Vun = 1 (0 [un] ), 05 Vun = 1 (03 [un]®)) + D7 2= (o [unl " [unl F) =0 (3.14)
ecdr ¢

Hence [up]t = 0 and p2 Vuy, + r,{(p%+ [un]t) = 0, which implies Vuy, = 0.

Finally for the CDG method, we again use (3.7) and note that if 7. is chosen sufficiently large for the CDG method
then we have

,cDG (Uh, Un) > @ BR2(UR, UR) (3.15)

Hence, proof of Lemma 3.1 for the CDG method thus follows directly from the proof for the method of Bassi and
Rebay. O

We now parameterize the space W} using a standard nodal basis defined at nodes x on each element . The following
lemmas show that the bilinear form is equivalent to a quadratic form based on the value of u; at the nodes x.

LEMMA 3.2. There exist constants ¢ and C independent of h and p, such that for all u, € W}

ca(up, up) < peh 2 Z (un(x;) — un(x;))* < Cay(un, un) (3.16)

’
Xi,X;€ERUR

where x;,%; are the nodes on k defining the basis for up and nodes on ox’ defining a basis for the trace u, from
neighbours K of k. (We note that for the LDG and CDG methods nodes x;,x; include nodes defining a basis for u,,
only on faces for which S, =1.)

Proof. Lemma 3.2 is a direct consequence of Lemma 3.1 and a scaling argument. See [10] Lemma 4.3 for the
equivalent proof for a mixed finite element discretization. O

We note that constants ¢ and C' in Lemma 3.2 depend, in general, on the polynomial order p. Throughout this paper
all generic constants will, unless explicitly stated otherwise, depend on the polynomical order p.

LeMMA 3.3. Consider a region w C €2 composed of elements in Tp,. Denote by p,, the average value of p on w and
suppose that p is uniformly bounded on w such that exists constants c, and C, independent of p,,

Cppw < p < Cpp. (3.17)

Then there exist different constants ¢ and C independent of h, |w| and p., such that for all u, € W}

ca,(un, up) < poh" 2 Z Z (up(x;) — uh(xj))2 < Cay,(up, up) (3.18)

!
KEW Xi,X; ERURK
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Proof. Lemma 3.3 follows directly from Lemma 3.2 and a summation over all element x € w. Note, we have used the
assumption of a quasi-uniform family of triangulations ( namely, h, < Cjh for C}, independent of h) to replace h,
with A while ensuring that the constants in Lemma 3.3 are independent of h. Similarly, the bound in (3.17), allows
us to replace p, with p, while ensuring the constants are independent of p,. Clearly, the constant in Lemma 3.3
will depend in general upon C}, ¢, and C,.

d

4. Domain Decomposition. In this section we present a domain decomposition of the discrete form of the
DG discretization and derive a Schur complement problem for the interfaces between subdomains. The presentation
of the BDDC algorithm follows that presented in [16] for the case of continuous finite elements. We consider a

partition of the domain € into substructures €; such that Q = Uf\LlQi. The substructures €2; are disjoint shape
regular polygonal regions of diameter O(H ), consisting of a union of elements in 7j,.

We denote by p; the average value of p(x) on ;. We assume that large jumps in p(x) are aligned with the subdomain
interfaces such that p(x) and p, may be uniformly bounded as:

copi < p(x) < Cphp; vx € Q;, VY (4.1)
cppi < pr < Cppi Vi € Q;, V8

with constants ¢, and C), independent of p;. We also make the following assumption:

ASSUMPTION 4.1. Each element x in §; with an edge/face e on 082 N O, has neighbours only in Q; U;.  We
note that while this assumption may appear limiting, in practice it is always possible to locallly split elements on
corners/edges in 2D /3D respectively in order to satisfy this requirement.

We next define the local interface I'; = 9€,;\0 and global interface I' by I' = UY  T;. We denote by Wp(i) the
space of discrete nodal values on I'; which correspond to degrees of freedom shared between §2; and neighbouring

subdomains €2;, while Wl(i) denotes the space of discrete unknowns local to a single substructure €2;. In particular,

we note that for the Interior penalty method, and the methods of Bassi and Rebay, and Brezzi et al. ngi) includes
for each edge/face e € T'; degrees of freedom defining two sets of trace values u™ from x* € Q; and u™ for k= € Q;.

Thus, Wl(i) corresponds to nodal values strictly interior to £2; or on 9Q;\I';. On the other hand, for the CDG and
LDG methods ngi) includes for each edge/face e € T'; degrees of freedom defining a single trace value corresponding
to either u™ from x* € Q; if S®, =0 or u™ from k= € Q; if S®. = 1. Hence, Wl(i) corresponds to nodal values
interior to €; and on 9Q;\I'; as well as nodal values defining u* on e € T; for which S, = 1.

Similarly, we define the spaces Wr and W; which correspond to the space of discrete unknowns associated with
coupled degrees of freedom on I' and local degrees of freedom on substructures €2; respectively. We note that Wy

is equal to the product of spaces Wl(i) (ie. W= Hij\ilWl(i)), while in general Wr € W := Hilelgi). We define

)

local operators Rl(f ) Wr — Wp(l which extract the local degrees of freedom on I'; from those on I'. Additionally we

define a global operator Ry : Wp — Wr which is formed by a direct assembly of ng ),

We write the discrete form of (2.6) as:
A]] A%I ur br
= . 4.3
[ Arr  Arr ur br (43)

where u; and up corresponds to degrees of freedom associated with W; and WF respectively. Since the degrees of
freedom associated with W are local to a particular substructure we may locally eliminate them to obtain a system

SA’F’U,F =dgr (44)
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where
Sp = AFF — AF[A;;A%I gr = bFF - AFIAjjleI (45)

Additionally we note that Sp and gr may be formed by a direct assembly:

i=1
where
SO G AQAYT AT 0 A (47
Here | A1 AT

(i
40 40 and [ b{i) ] correspond to the contributions of a single substructure to the global system
r1 rr
(4.3). We may also write Sp as
Sr = RESpRr (4.8)
where
s
Sr

(4.9)
sV

5. BDDC method. In this section we introduce the BDDC preconditioner for the Schur complement problem
given in (4.4). In order to define the BDDC preconditioner we reparameterize WF(Z) into two orthogonal spaces Wl({)
and W( . The primal space Wr(f) is the space of discrete unknowns corresponding to functions with a constant value

of @ on each edge (face if n = 3) F¥ of substructure ;. The dual space, WX ) is the space of discrete unknowns
corresponding to functions which have zero mean value of @ on I';. We note that the reparameterization to obtain
WI(IZ) and Wg ) may be performed locally on each subdomain as described in[16]. We next define the partially
assembled space

Wr = Wi @ (HfLWX)) (5.1)

where Wiy is the assembled global primal space, single valued on I'; which is formed by assembling the local prlmal
spaces, Wl(ji). We define additional local operators R( 0 :Wp — WIE) which extract the degrees of freedom in Wr
corresponding to I';. The global operator R : W — Wr is formed by a direct assembly of R(l) We also define the
global operator Rr : Wr — Wr. We now define the partially assembled Schur complement matrix S, given by:

N
& ()T (i) pi
§r =Y RO SO RY (5.2)

We note that we may also write gp as gp = R?SFRF where Sp is given in (4.9). In order to complete the definition of
the BDDC preconditioner we define a positive scaling factor (53 defined for each nodal degree of freedom on 9€2; NS,
corresponding to ngl) by

Y
Pi
o = = v € [1/2,00) (5.3)
e J
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where A, is the set of indices of subdomains which share that particular degree of freedom. We define the scaled
operator RD r : Wr — Wr which is obtained by multiplying the entries of Rr corresponding to WA) by (5T( ). Using
Rp and RD r we define the interface averaging operator Ep : Wp — Wp as

Ep =RrR} - (5.4)
The BDDC preconditioner ME;SDC :Wr — Wr is given by:
Mgppo = BprSp ' Bpr (5.5)

We note that this preconditioner can be efficiently implemented in parallel, as the only globally coupled degrees of
freedom of S are those associated with the primal space Wiy. Additionally, in the following section we will show
that this preconditioner is quasi-optimal in that the condition number of the preconditioned system, MBDDCS is
independent of the number of subdomains and depends only weakly upon the number of degrees of freedom on each
subdomain.

6. Analysis. In the following section we present the technical tools required to obtain the condition number
bound. The analysis presented in the section closely follows that presented in [23] for mixed finite element methods,
which in turn builds upon [10]. In particular, we note that all of the results presented in this section are simply the
DG equivalents of similar results presented in [23] or [10]. The innovation which allows us to extend these results to
DG discretizations is the new perspective presented in Section 3.

The main tools developed in this section connect the DG discretization to a related continuous finite element dis-
cretization on a subtriangulation of 7. Using these tools we are able to leverage the theory for continuous finite
element to obtain the desired condition number bound. In order to define the related continuous finite element
discretization we consider a special reparameterization of the space W} on each subdomain ;. Specifically, a nodal
basis is employed on each element using a special set of nodal locations on each element x. Specifically, on elements,
K, which do not touch 9€2; nodal locations are chosen strictly interior to k. On elements x which touch 0f2; nodal
location are chosen on 0k NI, such that i|sxnaq, is uniquely defined by nodal values on dx, while remaining nodal
location are chosen interior to k. We use this reparameterization so that each node defining the basis corresponds
to a unique coordinate X, and 4|sq, is determined by nodal values on 9);. The following Lemma connects the two
different parameterizations of the space W} .

LEMMA 6.1. There exist constants ¢ and C independent of h such that for each element k.

e PP <D B <C D p(x))? V$ € PP (k) (6.1)

X;ER X; €K X;ER

and

¢ Y () —d(x))? < Y (b)) - d(F))P<C D (d(xi) — b(x;))’ V¢ € PP(k)  (6.2)

Xi,X; ER Xi,X;ER Xi,Xj;ER

Proof. Proof of Lemma 6.1 follows directly from the fact that using either nodes x or x we can form a Lagrange
basis for ¢ € PP(k), with basis function bounded as in [22] Lemma B.5. O

We now define the subtriangulation T, of Ty, by considering each element x € 7;,. The subtriangulation on each
element « consists of the primary vertices used to define W}, and secondary vertices corresponding to nodes on 9x\9€2;
required to form a quasi-uniform triangulation of k. We note that such a subtriangulation may be obtained on the
reference element & then mapped to 7;. As an example, Figure 6.1 shows the nodes defining the reparameterization
as well as the subtriangulation for a p = 1 triangular element.
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o Primary Vertex defining u/,+cq,
X Primary Vertex defining U\Ammmj
O Secondary Vertex

——  Original Edge

- - — New Edge

Interface Element for IP, BR2 and Brezzi et al. Interface Element for CDG and LDG with Sy, =0 Interface Element for CDG and LDG with S¥, =1

F1G. 6.1. Examples of subtriangulations of p = 1 triangular elements

Define Up(€2) to be the continuous linear finite element space defined on the triangulation 75,. Additionally we define
Un(€;) and Up(092;), as the restriction of Up () to Q; and 09; respectively. We now define a mapping [ ,?i from any
function ¢ defined at the primary vertices in £2; to Up(€);) as

¢(x), if x is a primary vertex;

the average of all adjacent primary vertices on 0€;,
if x is a secondary vertex on 0€2;;
Q; _
Iy o(x) = the average of all adjacent primary vertices on ;, (6.3)
if x is a secondary vertex in the interior of €2;;

the linear interpolation of the vertex values,
if x is not a vertex of 7j,.

Since (I ,?1 ®)|oq, is uniquely defined by ¢|gq,, we may define the map I ,?Qi from a function defined on the primary
vertices on 9; to Uy (9€;) such that 17 ¢|an, = (I}Y ¢)|an,. We define Uy () C Uy () and Uy, (9) C Up(0Q;)
as the range of I, ,?i and [ ,?Qi respectively.

We now connect the original DG discretization to the continuous finite element discretization on T by showing that
both discretizations are equivalent to a quadratic form in terms of the nodal values on 7j,. The following lemmas
and theorems are the equivalent of similar theorems for mixed finite element discretizations presented in [10] and
[23]. These results are a direct consequence of Lemma 3.1, which is the DG equivalent of Lemma 4.2 of [10]. We list
the relevant results from [10] and [23] and refer to these papers for the proofs.

LEMMA 6.2. For Q; composed of elements k in Ty, there exist constants ¢ and C independent of h, H and p, such
that for all up, € WY

ca;i(up,up) < Z prh™ 2 Z (un(%;) — un(%;))* < Cai(up, up) (6.4)

KESY; %;,%; €RUK'

Proof. Lemma 6.2 follows directly from Lemmas 3.3 and 6.1. O
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LEMMA 6.3. There exists a constant C' > 0 independent of h and H such that

‘I;?Qi(b e <C |¢|H1(Qi) Vo € Uh(Ql), (65)
12,7 ¢ 22y < Cll & llz2cany V6 € Un(S), (6.6)
Proof. See [10] Lemma 6.1. O
We define the following scaled norms:
1
16132 0y = 1817 @) + ellé 1Z2(0,) (6.7)
1
2

613172000 = 19517200, + EH ¢ 12200 (6.8)

LEMMA 6.4. There exist constants ¢, C > 0 independent of h and H such that for any ¢E € Uh(aﬂi).

cll & /200, < , iﬂf )H ¢l @) < Cll @ N2 (a0, (6.9)
h 3
dlon,=¢
b < inf < OH 6.10
H/2(89;) _¢EI¥:(Q¢)|¢|H1(Q” - ¢H1/2(aﬂi) ( )

dloa,;=¢

Proof. See [10] Lemma 6.2. O

LEMMA 6.5. There exists a constant C > 0 independent of h and H such that

II2% 6| 1200,y < Cll & |20 Vo € Up(09) (6.11)

Proof. See [10] Lemma 6.3. O

LEMMA 6.6. There exist constants ¢ and C' independent of h, H and p; such that for all u(Fi) € ngi),

2
1%, (6.12)

2
I,?Q"ui
H1/2(0Q;)

H1/2(8%;)

cp; < |ui|5§i) <Cp;
Proof. See [10] Theorem 6.5. O

LEMMA 6.7. There exist constants ¢ and C independent of h and H such that for all up € WF

|Epur|%. < C(1+log(H/h))? lur 3, (6.13)

Proof. The proof of Lemma 6.7 closely follows that of [23] Lemma 5.5. We note Assumption 4.1 is essential for this
result. In particular, if Assumption 4.1 were not valid then (Epur); the restriction of Epur to degrees of freedom on
; would necessarily depend on degrees of freedom uj, corresponding to a subdomain 2, which does not neighbour
); however are connected through the element x in €; which has edges/faces on both 9€Q; N 9Q; and 0Q; N 0. O
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(a) p=1 (b) p=3 (c)p=5
I 1 I
H H H
212 4 8 16 32 L]12 4 8 16 32 L2 4 8 16 32
2 4 16 24 29 29 2 8 17 25 30 30 2 8 20 25 31 31
4 13 20 30 31 31 4 13 21 29 31 31 4 12 21 30 33 31
8 15 21 32 34 34 8 13 22 31 33 32 8 11 23 32 35 33
16 | 15 24 34 35 35 16 | 12 23 33 34 33 16 |11 26 34 36 35
TABLE 7.1
Iteration count for BDDC' preconditioner using Interior Penalty Method
(a)p=1 (b) p=3 (c)p=5
T T T
H H H
12 4 8 16 32 )12 4 8 16 32 )2 4 8 16 32
2 4 19 28 33 33 2 8 21 29 34 33 2 9 23 30 35 34
4 14 24 34 36 36 4 16 25 33 35 35 4 16 26 34 36 36
8 18 26 36 38 38 8 16 27 34 36 36 8 15 28 35 36 36
16 | 18 28 37 40 40 16 | 15 28 36 37 37 16 | 14 29 37 38 38
TABLE 7.2

Iteration count for BDDC' preconditioner using the method of Bassi and Rebay

We now give the main theoretical result of the paper.

THEOREM 6.8. The condition number of the preconditioner operator Mgll)DCS’ is bounded by C(1+log(H/h))? where
C' is a constant independent of h, H or p;, though in general dependent upon the polynomial order p.

Proof. Theorem 6.8 follows directly from Lemma 6.7. (See for example [23] Theorem 6.1). O

7. Numerical Results. In this section we present numerical results for the BDDC preconditioner introduced
in Section 5. For each numerical experiment we solve the linear system resulting from the DG discretization using
a Preconditioned Conjugate Gradient (PCG) method. The PCG algorithm is run until the initial I3 norm of the
residual is decreased by a factor of 101°. We consider a domain 2 € R? with Q = (0,1)?. We divide Q into N x N
square subdomains €2; with side lengths H such that N = % Each subdomain is the union of triangular elements
obtained by bisecting squares of side length h, ensuring that Assumption 4.1 is satisfied. Thus each subdomain has

2
n; elements, where n; = 2 (%) .

In the first set of numerical experiments we solve (2.1) on  with f chosen such that the exact solution is given by
u = sin(mx) sin(7y). We discretize using each of the DG methods discussed in Section 2 for polynomial orders p = 1,
3, and 5. Tables 7.1- 7.5 show the corresponding number of PCG iteration required to converge for the considered
DG methods. As predicted by the analysis the number of iterations is independent of the number of subdomains
and only weakly dependent upon the number of elements per subdomain. In addition we note that the number
of iterations also appears to be only weakly dependent on the solution order p. Finally, we note that the number
of iterations required for the solution of the LDG and CDG discretizations is smaller than those of the other DG
methods. For the LDG and CDG methods the Schur complement problem has approximately half the number of
degrees of freedom as for the other DG methods, hence it is not surprising that a smaller number of iterations is
required to converge.

In the second numerical experiment we examine the behaviour of the preconditioner for large jumps in the coefficient
p. We partition the domain in a checkerboard pattern and set p = 1 on half of the subdomains and set p = 1000 in
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(a)p=1 (b)p=3 (c)p=5

7 7 7
212 4 8 16 32 L]12 4 8 16 32 L2 4 8 16 32
2 |4 16 23 25 24 2 |7 17 25 26 26 2 |8 18 26 27 27
4 113 19 27 28 28 4 |14 20 28 29 28 4 |14 22 28 29 29
8 |15 20 28 30 29 8 |15 22 29 31 30 8 |15 23 30 32 32
16 |16 22 30 32 32 16|14 24 31 33 33 16|14 25 33 34 33

TABLE 7.3
Iteration count for BDDC' preconditioner using the method of Brezzi et al.

(a) p=1 (b) p=3 (c)p=5

T T T

H H H
212 4 8 16 32 L]12 4 8 16 32 HL]2 4 8 16 32
2 |12 18 20 20 20 2 |11 20 22 22 22 2 [12 21 24 24 23
4 |13 20 23 23 23 4 |12 22 25 25 25 4 |12 23 27 28 27
8 |14 23 26 26 26 8 |12 24 28 28 27 8 |11 25 29 30 30
16 |14 25 28 29 28 16|12 25 29 30 30 16|11 26 31 32 3l

TABLE 7.4
Iteration count for BDDC preconditioner using the LDG method

the remaining subdomains. We solve (2.1) with f = 1. We discretize this problem using the CDG method. Initially
we set 63 = ITlm\’ where |N;| is the number of elements in the set N,. We note that this choice of 53 corresponds
to setting v = 0 in (5.3), which does not satisfy the assumption v € [1/2,00). Hence, we obtain poor convergence
of the BDDC algorithm as shown in Table 7.5(a). Next we set 53 as in (5.3) with v = 1. With this choice of 5;‘ the
good convergence properties of the BDDC algorithm are recovered as shown in Table 7.5(b).

8. Conclusions. We have extended the BDDC preconditioner to a large class of DG discretizations for second-
order elliptic problems. The analysis shows that the condition number of the preconditioned system is bounded by
C(1+1log(H/h))?, with constant C independent of h, H or large jumps in the coefficient p. Numerical results confirm
the theory.
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