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ABSTRACT: We prove in this paper the existence of solutions of strongly nonlin-
ear parabolic problems in Musielak-Orlicz-Sobolev spaces. An approximation and
a compactness results in inhomogeneous Musielak-Orlicz-Sobolev spaces have also
been provided.

Key Words: Inhomogeneous Musielak-Orlicz-Sobolev spaces; parabolic prob-
lems; Compactness.

Contents
1 Introduction 193
2 Preliminaries 194
3 Approximation Theorem and Trace Result 199
4 Compactness Results 204
5 Existence Result 207

1. Introduction

Let © a bounded open subset of R and let @ be the cylinder 2 x (0,T") with
some given T" > 0.
We consider the strongly nonlinear parabolic problem

9u 4 A(u) + g(z,t,u, Vu) = f in Q
ul,t) = 0 on 99 x (0,T) @)
u(x7 0) = ’11,0(1') n Q

where A = — div (a(z,t,u, Vu)) is an operator of Leray-Lions type, g is a nonlin-
earity with the sign condition but any restriction on its growth.

This result generalizes analogous ones of Lions [21], Landes [18] when g = 0 and
of Brezis-Browder [9], Landes.Mustonen [19] for g = g(z,t,u). See also [7,8] for
related topics. In these results, the function a is supposed to satisfy a polynomial
growth condition with respect to u and Vu.

In the case where a satisfies a more general growth condition with respect to u
and Vu, it is shown in [12] that the adequate space in which (1) can be studied is
the inhomogeneous Orlicz-Sobolev space W% L M (Q) where the N-function M is
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related to the actual growth of a . The solvability of (1) in this setting is proved
by Donaldson [12] for ¢ = 0 and by Robert [23] for ¢ = g(z,¢,u) when A is
monotone, t2 < M(t) and M satisfies a A condition and also by Elmahi [14]
for g = g(x,t,u, Vu) when M satisfies a A’ condition and M (t) < tV/(N=1) as
application of some Lj; compactness results in WLy (Q), see [13].

The solvability of (1) in this setting is proved by Elmahi-Meskine [16] for g =0
and for g = g(x,t,u,Vu) in [15], without assuming any restriction on the N-
function M.

In a recent work, the authors [2] have established an existence result for prob-
lems of the form (1), when g = 0, without assuming any restriction on the Musielak
function ¢.

It is our purpose in this paper to prove the existence of solutions for problem
(1) in the setting of Musielak-Orlicz spaces for general Musielak function ¢ with
a nonlinearity g(x,t,u, Vu) having natural growth with respect to the gradient.
In section 3 some new approximation result in inhomogeneous Musielak-Orlicz-
Sobolev spaces (see Theorem 3.2), and, on the other hand, to prove a trace result
(see Lemma 4.2). In Section 4, we establish L!-compactness results in the inhomo-
geneous Musielak-Orlicz-Sobolev spaces Wl’ILW (Q). Section 5 contains the main
result of this paper.

Our result generalizes that of the Elmahi-Meskine in [15] to the case of inho-
mogeneous Musielak- Orlicz-Sobolev spaces.

Let us point out that our result can be applied in the particular case when
¢(z,t) = tP(z), in this case we use the notations LP(®)(Q) = L,(Q2), and W) (Q)
= W™L,(2). These spaces are called Variable exponent Lebesgue and Sobolev
spaces.

For some classical and recent results on elliptic and parabolic problems in Orlicz-
sobolev spaces and a Musielak-Orlicz-Sobolev spaces, we refer to [1,2,3,6,12,14,15,
16,24].

2. Preliminaries

In this section we list briefly some definitions and facts about Musielak-Orlicz-
Sobolev spaces. Standard reference is [22]. We also include the definition of inho-
mogeneous Musielak-Orlicz-Sobolev spaces and some preliminaries Lemmas to be
used later.

Musielak-Orlicz-Sobolev spaces : Let €2 be an open subset of R".

A Musielak-Orlicz function ¢ is a real-valued function defined in Q x R such that

a) ¢(x,t) is an N-function i.e. convex, nondecreasing, continuous, ¢(x,0) =
0, p(x,t) >0 for all t > 0 and

t
lim sup —<p(x, ) = 0
t—05cq 1
g £@H g

t—s00 z€Q t
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b) ¢(.,t) is a Lebesgue measurable function

Now, let ¢, (t) = ¢(z,t) and let ¢, ! be the non-negative reciprocal function with
respect to t, i.e the function that satisfies

or oz, 1) = oz, ¢, ") = t.

For any two Musielak-Orlicz functions ¢ and + we introduce the following or-
dering :

c) if there exists two positives constants ¢ and T such that for almost everywhere
re:
o(x,t) < y(z,ct) for t > T

we write ¢ < v and we say that v dominates ¢ globally if 7" = 0 and near
infinity if 7> 0.

d) if for every positive constant ¢ and almost everywhere = € 2 we have

t t
lim (sup 252 )) =0or lim (sup ol )

=0
sup D) A (up =)

we write ¢ << v at 0 or near oo respectively, and we say that ¢ increases
essentially more slowly than « at 0 or near infinity respectively.

In the sequel the measurability of a function w : {2 — R means the Lebesgue mea-
surability.

We define the functional
o) = [ ol luta))da

where 1 : Q — R is a measurable function.
The set
K, (Q) = {u: Q — R mesurable /g, o(u) < +oo}.

is called the Musielak-Orlicz class (the generalized Orlicz class).

The Musielak-Orlicz space (the generalized Orlicz spaces) L, () is the vector
space generated by K, (), that is, L,(€) is the smallest linear space containing
the set K, ().

Equivelently:

u(z)|
A

L,(Q) = {u : 2 — R mesurable /Q%Q(| ) < 400, for some A > 0}
Let

Y(z,s) = igg{st —p(z,1)},
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¥ is the Musielak-Orlicz function complementary to ( or conjugate of ) ¢(z,t) in
the sense of Young with respect to the variable s.
On the space L,(£2) we define the Luxemburg norm:

lullo.co = inf{A > 0//990(:5, |u()\$)|)dx, <1}

and the so-called Orlicz norm :

lullloa = s [ Ju@)(o)d.
[lvlly <1/

where 1) is the Musielak-Orlicz function complementary to ¢. These two norms are

equivalent [22].

The closure in L(€2) of the set of bounded measurable functions with compact
support in € is denoted by E,(2). It is a separable space and Ey(£2)* = L, ()
[22].

The following conditions are equivalent:

e) E,(Q) = Ky()

f) K,(Q) = Ly(9)
g) © has the Ay property.

We recall that ¢ has the Ay property if there exists k£ > 0 independent of = € )
and a nonnegative function h , integrable in Q such that p(z,2t) < ko(x,t) + h(z)
for large values of t, or for all values of ¢, according to whether €2 has finite measure
or not.

Let us define the modular convergence: we say that a sequence of functions
Un € L,(€2) is modular convergent to u € L, (£2) if there exists a constant k > 0
such that

A 0o.a(—

For any fixed nonnegative integer m we define
WML, () ={u € L,(Q) :V|o| <m D% e L,()}

where o = (ay, ag, ..., i, ) with nonnegative integers o;; |a] = |ag|+ ||+ ...+ |ay]
and D%u denote the distributional derivatives.
The space W™ L,(€2) is called the Musielak-Orlicz-Sobolev space.

Now, the functional

0p.0(u) = Z 0, (D),

la|<m



MUSIELAK-ORLICZ-SOBOLEV SPACES 197

for w € W™L,(Q) is a convex modular. and

m : — u
lullg.q = mf{A>0:72,0(3) <1}

is a norm on W™ L, (Q).
The pair (W™ Ly (), [|ul|} o) is a Banach space if ¢ satisfies the following condition

there exist a constant ¢ > 0 such that ingcp(z, 1) > e,
TE
as in [22].

The space W™ L, () will always be identified to a o(IIL,,II1Ey) closed sub-
space of the product [[, <,, Ly () = ] Le.
Let Wi L, (§2) be the o(IIL,, I1Ey,) closure of D(£2) in W™ L,(12).

Let W™E,(Q2) be the space of functions u such that v and its distribution
derivatives up to order m lie in E,(12), and let WJ"E,(£2) be the (norm) closure
of D(Q) in W™ L,(Q).

The following spaces of distributions will also be used:

WmLy(Q) ={f € D'(Q): f = Y (=1)D*fo with fo € Ly(Q)}

la|<m

WmE(Q) = {f € D'(Q)f= Y (-DI*Df, with fu € E, ()}

lal<m

As we did for L,(€2), we say that a sequence of functions u,, € W"L,(Q2) is
modular convergent to u € W™ L, () if there exists a constant k > 0 such that

Up — U

From [22], for two complementary Musielak-Orlicz functions ¢ and 1 the fol-
lowing inequalities hold:

h) the young inequality :
t.s < p(x,t) +(x,s) for t,s >0, x € Q

i) the Holder inequality :

/Q w(z)o(z) do

for all u € L,(Q) and v € Ly ().

< [[ullg.ell[ollls,0-
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Inhomogeneous Musielak-Orlicz-Sobolev spaces :

Let © an bounded open subset of R™ and let Q = Qx]0, T'[ with some given T' >
0. Let ¢ be a Musielak function. For each o € N”, denote by D¢ the distributional
derivative on @ of order o with respect to the variable z € R™. The inhomogeneous
Musielak-Orlicz-Sobolev spaces of order 1 are defined as follows.

W Lo(Q) = {u € Ly,(Q) : V]o| <1 Dgu e Ly(Q)}
and
W EL(Q) ={u € E,(Q) : V|a| <1 D%u € E,(Q)}

The last space is a subspace of the first one, and both are Banach spaces under the

norm
lul = > 1DSullgq-

lo|<m

We can easily show that they form a complementary system when € is a Lipschitz
domain [5]. These spaces are considered as subspaces of the product space ITL,(Q)
which has (IV +1) copies. We shall also consider the weak topologies o (IIL, I1Ey)
and o(IlLy, [ILy). If u € WL, (Q) then the function : ¢ — u(t) = u(t,.) is
defined on (0,7") with values in WL, (Q). If, further, w € WH*E,(Q) then this
function is a W' E,(Q2)-valued and is strongly measurable. Furthermore the follow-
ing imbedding holds: W' E,(Q) C L*(0,T; W'E,(£2)). The space Wh*L,(Q) is
not in general separable, if u € WH*L,(Q), we can not conclude that the function
u(t) is measurable on (0,7"). However, the scalar function t — |u(t)|,q is in
LY(0,T). The space Wy E,(Q) is defined as the (norm) closure in W% E,(Q)
of D(Q). We can easily show as in [5] that when € a Lipschitz domain then each
element v of the closure of D(Q) with respect of the weak * topology o (IIL, I1Ey)
is limit, in WL, (Q), of some subsequence (u;) C D(Q) for the modular conver-
gence; i.e., there exists A > 0 such that for all |o| <1,

Deu; — D2
/ @(x,(#))dmdtﬁo as i — 0o,
Q

this implies that (u;) converges to u in WH*L.,(Q) for the weak topology
o(IILys,IIL, ). Consequently

—o(TIL,,IEy)  ——0(TIL,,TIL,)
D(@) " =D@Q) "
this space will be denoted by Wol’IL¢ (Q). Furthermore, Wol’me Q) =
Wy"L,(Q) NTIE,,.
We have the following complementary system

(W&%(Q) F)
Wy Ep(Q) Fy)’
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F being the dual space of WO1 PE,(Q). It is also, except for an isomorphism,
the quotient of IIL, by the polar set VVOLIES(J (Q)*, and will be denoted by F =
W=1*L,(Q) and it is shown that

W LyQ) = {f = Y Difa: fa € Lu(@)}.

lof <1

This space will be equipped with the usual quotient norm

£ =inf D llfallve

lal<1

where the inf is taken on all possible decompositions

f: Z Dgfaa fa GLw(Q)-

lal<1

The space Fj is then given by

Fo={f=3 Difa:fo€Fu(@]}

lal<1
and is denoted by Fy = W17 E,(Q).

3. Approximation Theorem and Trace Result

In this section, 2 be a bounded Lipschitz domain in RY with the segment
property and
I is a subinterval of R (both possibly unbounded) and @ = Q x I. Tt is easy to see
that @ also satisfies Lipschitz domain.

Definition 3.1. We say that u, — u in W=1%Ly(Q) + L*(Q) for the modular
convergence if we can write

Up, = Z Dou® +ul and u = Z Dou® +

laf <1 o<1

with u% — u® in Ly(Q) for modular convergence for all |a| <1
and u® — u® strongly in L*(Q).

We shall prove the following approximation theorem, which plays a fundamen-
tal role
when the existence of solutions for parabolic problems is proved.

Theorem 3.2. Let ¢ be an Musielak-Orlicz function satisfying the condition (1.7)
of [5]. If u € WYL, (Q) N LA(Q) (respectively Wy "L,(Q) N L2(Q))

and %% € l/V_l’””Lw(Q) + L?(Q), then there ezists a sequence (v;) in D(Q) (respec-
tively D((I), D()) ) such that v; — u in WH*L,(Q) N L*(Q) and

% — % in Wb L, (Q) + L*(Q) for the modular convergence.
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Proof: Let u € WL, (Q) N L?(Q) such that 24 € W—17L,(Q) + L*(Q)

and let € > 0 be given. Writing % = o<1 Dgu® + u®, where u® € Ly(Q)

for all |a] < 1 and «° € L?*(Q), we will show that there exists A > 0(depending
only on u and N) B

and there exists v € D(Q) for which we can write % = > o<1 Dgv* + v? with

v, v € D(Q) such that

D% — D
/ o, 22— 2N gt < e,¥)al < 1, (2)
o A
v —ullL2@) <, (3)
100 = u®||2(q) <, (4)
/ P(, E— Ydzdt < e, V|a| <1, (5)
0 Py

The equation (3) flows from a slight adaptation of the arguments of [5],

(4) and (5) flow also from classical approximation results.

Regrading the equation (6) it is enough to prove that D(Q) is dense in Ly (Q) for
this end.

We use the fact that the log-HOlder continuity (commutes with the complemen-
tarity) i.e : if o is log-HOlder the its complementary 1 also it is, and proceed as
in [5] (with ¢ and 1) interchanged ) and using of course RV*! instead of RY and
Q = Q x (0,7T) instead of 2.

These facts lead us to prove that

1K flly.@ < Cllfllw.@: VS € Ly(Q)

(with K. f(x,t) = k2! [ Ke(z — y) f(key, t)dy Ke(z) = ~K(%) and K(z) is a
measurable function with support in the ball Br = B(0, R) see [5]).

And then we deduce that D(Q) is dense in Ly (Q) for the modular convergence
which gives the desired conclusion. O

The case of Wy L,(Q) N L*(Q) is similar to the above arguments as in [5].

Remark 3.3. If, in the statement of Theorem 3.2, one consider {2 X R instead of
Q,

we have D(Q X R) is dense in u € Wy " Ly(QxR)NL*(QxR) : Qu ¢ W™ Ly (Q x
R) + L2(Q2 x R) for the modular convergence. This follows trivially from the fact
that D(R, D(N2)) = D(Q x R).

A first application of Theorem 3.2 is the following trace result generalizing a clas-
sical result which states that if u belong to L*(a,b; H}(Q)) and % belongs to
L?(a,b; H-1(Q)), then u is in C([a,b], L?(£2)).
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Lemma 3.4. . Let a < b € R and let Q be a bounded Lipschitz domain in RN .
Then {u € Wy "Ly(Qx (a,0)) NL2(2x (a,b)) : 9 € W12 Ly (2% (a, b))+ L2(Q x
(a,b))} is a subset of C([a,b], L*(Q)).

Proof: Let u € Wy " Ly,(Q2x (a,b))NL3(2x (a,b)) such that W1 Ly, (2% (a, b))+
L2(Q2 x (a,b)). After two consecutive reflection first with respect to ¢t = b and then
with respect to t = b,
W(z,t) = u(@,t)X(q,p) + u(®,2b — )X (25—q) 00 2 X (a,2b— a)
a(z,t) = Wz, )X (q,20—a) + UT, 20 = )X (30—20,0) OB 2 X (3a — 2b,2b — a),
we get a function @ € Wy " Ly,( x (3a — 2b,2b — a)) N L*(Q x (3a — 2b,2b — a))
such that 2% € W1 Ly, (Q x (3a — 2b,2b — a)) + L*(Q x (3a — 2b,2b — a)). Now,
by letting a function
n € D(R) with n = 1 on [a, b] and suppn C (3a — 2b,2b — a), setting u = i,
and using standard arguments (see [[9], Lemme IV, Remarque 10, p. 158]), we
have T =u on Q x (a,b) & € Wy " L,(Qx R)NL}(Q x R) 2% € W—L7L, (Q x R) +
L?(Q x R).
Now let v; € D(2 x R) be the sequence given by Theorem 3.2 corresponding to T,
that is,

— L 2 dv; du -1z 2
v; =€ Wy Ly, (QxR)NLA(2xR) and 5 " € W5 Ly (QxR)+L(QxR)

for the modular convergence.

We have
2 T Gvi 6vj L.
(vi(1) —v;(7))"dx = 2 (v; —vj) (= — ==)dadt — 0, as i,j — o0
Q 0J_c ot ot

from which one deduces that v; is a Cauchy sequence in C(R, L*(2)), and since
the limit of v; in L?(2 x R) is w, we have v; — @ inC(R, L?(£2)). Consequently,
u € C([a,b], L2()).

In order to deal with the time derivative, we introduce a time mollification of a
function u € L,(Q).

Thus we define, for all 4 > 0 and all (2,t) € Q

wlat) =p [ s)explu(s — 0)ds, (6)

— 00

where @(z, s) = u(z, 5)X(o,1)(s) is the zero extension of u. O

Throughout the paper the index p always indicates this mollification.

Proposition 3.5. If u € L,(Q) then u, is measurable in Q and %Lt“ = p(u —uy,)
and if u € L,(Q) then

/(p(x,u“)dacdtg/ o(x, u)dxdt.
Q Q
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Proof: Since (z,t,s) — u(x, s)exp(u(s —t)) is measurable in Q x [0,7T] x [0,T], we
deduce that u, is measurable by Fubini’s theorem. By Jensen’s integral inequality
[see [4]] we have, since f?oo pexp(ps)ds = 1,

t 0
olo [ o, s)caplun(s ~ 0)ds) = gl [ peap(us)ite.s + )ds)

— 00 — 00

0
S/ pexp(ps)p(@, i(z, s + t))ds

— 00

which implies

0
/an(x,uu(:c,t))dzdt < /QXR(/ pexp(us)e(x, a(x, s + t)ds))dxdt

— 00

0
< / uezp(us)(/ o(z,u(z, s + t))dxdt)ds

—00 QxR

0
< [ ueaplus)( /Q o, ula, 1) dodt)ds

— 00

= / o(x, u)dxdt.
Q

I;urthermore s

u . . t

S =limso 5 (exp(—pd) — Duy(z, 1) +lims_o § ] Pu(w, s)exp(u(s— (t+6))ds =
— Uy, + . O

Proposition 3.6. (1) If u € L,(Q) then uy, — w as p — o0 in L,(Q) for the
modular convergence.

(2) If u € WY L,(Q) then u, — u as p — oo in WH*L,(Q) for the modular
convergence.

Proof: (1) Let (¢;,) C D(Q) such that ¢, — w in L,(Q) for the modular conver-
gence.
Let A > 0 large enough such that

§ < Lol@and [ ot B

Ydzdt — 0 as k — oo.

For a.e. (x,t) € Q we have

(Gl ) — (), )] = i o<
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On the other hand

/Q(,D(.T, Yu ) )dmdt < ;/ @(m,%)dﬂﬁdt

1 (1) — P
+—/an(x,+)d:cdt

3

1 O — U

- ——))dxdt
+3/Qsa(x, e

1 _

¢ —u
A

_|_

+ Ydxdt.

o(x,

W =
S~

This implies that

a¢k ||

_ 2 1
ot Pt < [ ot P et + a1 e meas(@)

Let € > 0. There exists k such that

/ o(x, O — u)dwdt <e,
o A

and there exists p, such that

0
oz, || 2% |

Yymeas(Q) < e for all p > puy.

Hence

/ o(z, =~ . )dzdt < e for all > py.
0 3\

(2) Since Ya, |a| < 1, we have D§ (u,) = (Dgu),, consequently, the first part above
applied on each Dgu, gives the result. O

Remark 3.7. Ifu € E,(Q), we can choose X arbitrary small since D(Q) is (norm)
dense in E,(Q).
Thus, for all A >0

/ o(x, u“;u)d:cdt%() as f1 — 0o
Q

and u,, — u strongly in E,(Q).Idem for WH*E,(Q).



204 M. L. AumeED OUBEID, A. BENKIRANE, AND M. Sip1 EL VALLY

Proposition 3.8. If u,, = u in WL, (Q) strongly (resp., for the modular con-
vergence)
then (un)u — uy, in WH* Ly (Q) strongly (resp., for the modular convergence,).

Proof: . For all A > 0 (resp., for some A > 0),

Dg ((un)pt) — D3 (u)p o
/Q<p(ac, i )dacdtg/ng(x,

then (uy), — u, in WL, (Q) strongly (resp., for the modular convergence). O

D% (up) — D2
%dwdt—)Oasn—)oo,

4. Compactness Results

In this section, we shall prove some compactness theorems in inhomogeneous
Musielak-Orlicz- Sobolev spaces which will be applied to get existence theorem for
parabolic problems.

For each h > 0, define the usual translated 7, f of the function f by, f(t) =
flt+h).
If f is defined on [0, T] then 7, f is defined on [—h,T — h].
First of all, recall the following compactness result proved by Simon [25].

Lemma 4.1. Let ¢ be a Musielak function. Let'Y be a Banach space such that
the following continuous imbedding holds L*(2) C Y. Then for all ¢ > 0 and all

A > 0, there is C. > 0 such that for all u € Wol’ng,(Q), with W—A“l € L,(Q),

Vu
lulzr@ < X o, dade +7) + Collulliro
Q

Proof: . Since Wi L,(Q) C L'(2) with compact imbedding, then for all £ > 0,
there is C: > 0 such that for all v € W L, ():

lollzr @) < ellVollL, @) + Cellv]ly- (7)

Indeed, if the above assertion holds false, there is g > 0 and v,, € W3 L,(€2) such
that

l[vallzr @) > €ol|VunllL, @) + nllvally.

This gives, by setting w,, = m:
Lo

llwnllzi @) = €0 + nllwnlly, [[Vwnl|z, @) = 1.
Since (wy,) is bounded in Wi L, (£2) then for a subsequence

wy, — w in Wy L,(Q) for o(I1L,, I1E,) and strongly in L'(£).
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Thus ||w,|[z1(q) is bounded and ||w, ||y — 0 as n — co.We deduce w,, — 0 in Y’
and that w = 0 implying that eg < ||w,|[z1(q) — 0, a contradiction.

Using v = u(t) in (7) for all u € Wy Ly, (Q) with 54 € £,,(Q) and ae. ¢ in (0,T),
we have
lu@IlLr @) < ellVu®)llrL, @) + Cellu(®)lly-

Since fQ o(x M}\z’t)l)da@dt < oo we have thanks to Fubini’s theorem

Jo ol Wu(z Ydx < oo for a.e t in (0,T), and then

Vu(x,t
[[Vu(t)||z, @) < )\(/ o(x, W)dm +1),
Q
which implies that
Vu(x,t
lu(®)l]z1(@) < EA(/Q pla, %)dw +1) + Celfu(D)]ly)-

Integrating this over (0,7 yields

[Vu(z,t)|
A

T
lul 21y < A( / o(a, dzdt 1 T) + C. / )]y dt
Q 0

and finally

Vu
%)dwdt + 1) + Cellull 10,1y

lullsio) < =X [ oo
Q
O

We also prove the following lemma which allows us to enlarge the space Y
whenever necessary.

Lemma 4.2. If F is bounded in W, " L, (Q) and is relatively compact in L'(0,T;Y)
then F is relatively compact in L'(Q) (and also in E,(Q) for all Musielak function
7L ).

Proof: Let £ > 0 be given. Let C' > 0 be such that fQ o(x, Tf‘)d:cdt <1 for all
fekF.
By the previous lemma, there exists C. > 0 such that for all u € W, * L, (Q) with
T € £,(Q),

[Vul

IIU( @) < ersr (o wle, BEhdadt + T) + Ccllul Lo rov)-
Moreover, there exists a finite sequence (fi) in F' satisfying

g

Vf S F Elfz such that ||f f’L||L1(OTY) S 20
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so that

£ Vf-Vfi
15 = Sl < gy ot L asat 4 Dy Clg = ilsion < 2

and hence F is relatively compact in L'(Q).
Since 7 < ¢ then by using Vitali’s theorem, it is easy to see that F' is relatively
compact in E(Q). O

Remark 4.3. (see [1/]). If F C L'(0,T; B) is such that {% : f € F} is bounded
in F C L1(0,T; B) then

llTnf = fllLro,msB) — 0 as h — 0 uniformly with respect to f € F.

Theorem 4.4. Let ¢ be a Musielak function. If F is bounded in W*L,(Q) and
{% : f € F} is bounded in W=1%L,(Q), then F is relatively compact in L*(Q).

Proof: Let v and 6 be Musielak functions such that v < ¢ and # < 1 near
infinity.
For all 0 < t; <to < T and all f € F, we have

to T
| [ rOdlgee < [ 17Ol e, o
< Cl”f”WOLIEW(Q) < CZHfHWOlv“Ew(Q) <C,
where we have used the following continuous imbedding;:
Wy Ly(Q) € Wy "y (Q) € L0, T3 Wy E,(9)).

Since the imbedding W L, (2) € L*(Q) is compact we deduce that (f:l2 ft)dt)rer
is relatively compact in L'(Q) and in W~=11(2) as well.
On the other hand {4 : f € F'} is bounded in W~ Ly(Q) and L'(0,7; W~11(Q)

as well, since
WL, (Q) C WHEy(Q) € L*(0,T; W™ Ey(Q)) € LY0,T; W—11(Q))

with continuous imbedding.

By Remark 3 of [14], we deduce that ||7nf — f||110,7,w-1.1(q)) — 0 uniformly in
f € F when h — 0 and by using Theorem 2 of [14],F is relatively compact in
LY(0, T; W=L1(Q)).

Since LY(Q) ¢ W~11(Q)) with continuous imbedding we can apply Lemma 4.2 to
conclude that F is relatively compact in L'(Q). O

Corollary 4.5. Let ¢ be a Musielak function.
Let (uy,) be a sequence of WH*L,(Q) such that

uy, — u weakly in WYL, (Q) for o(I1L,, IILy,)
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and 9
U
il in D’
5t ha + kn in D'(Q)

with hy, bounded in W1 Ly (Q) and (k) bounded in the space M(Q) of measures

on Q.
then w, — u strongly in L, (Q).
If further u, € Wol’ng,(Q) then u, — u strongly in L'(Q).

Proof: . It is easily adapted from that given in [8] by using Theorem 4.4 and
Remark 4.3 instead of Lemma 8 of [25]. O

5. Existence Result

Let © be a bounded Lipschitz domain in RN(N > 2) , T > 0 and set Q =
Q% (0,7).
Throughout this section, we denote @, = Q x (0,7) for every T € [0,T].
Let ¢ and « two Musielak-Orlicz functions such that v < .
Consider a second-order operator A : D(A) C WH*L,(Q) — W% Ly)(Q) of the

form

A(u) = —diva(z, t,u, Vu),

where a : Q x [0,7] x R x RY — RY is a Carathéodory function, for almost
every(z,t) € Q x [0,T] and all s € R, ¢ # ¢* € RV,

|a($,t,s,§)| < ﬁ(cl(xat) + w;17($a79|5|) + w;l(p(x,19|£|)) (8)
(a’(xvta S, ) - a’(xvta S5, *))(5 - 5*) >0 (9)
a(z,t,s,8)€ > ap(z, %) —d(z,t) (10)

with ¢1(z,t) € Eyp(Q),c1 > 0,d(z,t) € LY(Q), , 3,9 > 0.
Assume that g : Q x [0,7] x R x RY — R is a Carathéodory function, for almost
every(z,t) € Q x [0,7] and for all s € R, ¢ € RY:

l9(z,t, 5,8)| < b(|s])(c2(z, 1) + o(z, [€])) (11)
g(x,t,8,€)s >0 (12)

with cz(z,t) € L'(Q) and b : Rt — R is a continuous and nondecreasing function.
Furtheremore let

feW M EL(Q) (13)
Consider then the following parabolic initial-boundary value problem.
G+ A(w) + gl t,u, Vu) = f in Q

u(z,t) =0 on 92 x (0,T) (14)
u(z,0) = up(z) in Q
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where ug is a given function in L?(12).
We shall prove the following existence theorem.

Theorem 5.1. Assume that (8)-(13) hold true. Then the problem (14) admits
at least one weak solution u € D(A) N Wy L,(Q) N €(([0,T), L*(Q)) such that
g(z,t,u, Vu) € LYQ), g(x, t,u, Vu)u € LYQ). Furthermore u(x,0) = ug(x) for
almost every x € , and for all v € WOI’ZLW(Q)QLOO(Q) with % e W L(Q)+
L?(Q) and for all T € [0,T], we have

<%,U>QT+[/QU(t)v(t)d:c]g + / a(x,t,u, Vu)Vodzdt

-

+ /g(m,t,u,Vu)vd:Edt:(f,wQT (15)

and for v =, which gives the energy equality

1 1
§/u2(7')dx—§/ugdx + / a(x,t,u, Vu)Vudrdt
Q

Q .

+ / gz, t,u, Vu)vdzdt = (f,u)q.
Remark 5.2. As in the elliptic case (see, [6]), v is introduced instead of ¢ in
(8) is done only to guarantee the boundedness in Ly(Q) of ¥, y(z,9|uy|) and
VY (x, 9| Vun|) whenever uy, is bounded in WH* L, (Q).
In the elliptic case,one usually takes v = @ in the term ¥, y(x,9|u,|) since u, is
bounded in a smaller space Lg(Q)) with ¢ < 0; see [6].
Howewver, in the parabolic case, we cannot conclude that there is the boundedness.
Nevertheless,we can take v = ¢ if one of the following assertions holds true.
(1) ¢ satisfies a Ao condition near infinity.
(2) A is monotone, that is (A(u)—A(v),u—v) > 0 for allu,v € D(A)NW, "L, (Q).
Indeed, suppose first that ¢ satisfies a Ao condition. Therefore (8) with now v = ¢,
imply that, for all € > 0,

la(@,t,5,6) < Be(ce(@, 1) + v3 ol els]) + v7 ol el€])),

which allows us to deduce the boundedness in Ly (Q) of a(z,t, u,, Vuy,) and a(z,t,
Up, Viy,).

Assume now that A is monotone. We have, for all ¢ € Wy E,(Q), (A(u,) —
A(P),un — @) > 0. This gives (A(un), @) < (A(un),un) — (A(d), un, — @), which
implies that, since u, is bounded in Wy " L,(Q) and (A(un),un) is bounded from
above, thanks to the a priori estimates,

(A(un), ¢) < Cy for all ¢ € Wy E,(Q),

where Cy is a constant depending on ¢ but not n. Therefore, the Banach-Steinhauss
theorem applies so that we can obtain the boundedness of A(u,) in WLy (Q).
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Proof of Theorem 5.1. We divide the proof in four steps.
Step 1. A priori estimates.
Consider the sequence of approximate problems:

u, € D(A)N WO1 zL L(Q)N G(([O T], L2()), un(x,0) = ug(x)a.e. € Q,
<6‘gtn 0y + (A(ug),v) + fQ gn (2, t, Up, Vuy ) vdedt = (f,v) (16)
for all v € WO g,(Q)

where

gn(@,t,5,6) = Tu(g(x,t,5,8))

and where for k£ > 0, T, means for the usual truncation operator at k defined on
R by
Tk(s) = max (—k, min (k,s))

Note that g, (x,t,s,£)s > 0,|gn(z,t,5,8)] <|g(x,t,s,8)| and |g,(z,t,s,£)] < n.
Since g, is bounded for any fixed n > 0, there exists at last one solution u,,
of(16),(the existence of u,, can be obtained from Galerkin solutions corresponding
to the Equation (16) as in [19], see Theorem 1 of [2] for more details).
Note also that (u ,v) is defined in the sense of distributions(where u,, = 6615 means
for the time derivative of u,,). Since u,, = f — A(u,) — gn is in WL, (Q) we
can extend (u,,,v) to all v € Wy L,(Q).

Using in (16) the test function wu,, we get

1 1
—/ u? (T)dx — —/ x)dr + / a(x,t, un, Vg, ) Vu,dedt

+ gn 7un7 Vun)undxdt = <f5 ’an>

S—

which implies that
/ a(z, t,un, Vun)Vuydedt < (f,u,) + C
Q

Where here and below C' is a positive constant not depending on n.
By theorem 1 and theorem 5 of [3] we can say that:

(17)

(up,) is bounded in I/Volﬁer(Q)7 fQ a(x, t, uy, Vuy,)Vu,dedt < C
and fQ In (:Ea ta U, vun)und.’ﬂdﬁ < C

To prove that a(z,t,un,, Vu,) is a bounded sequence in (L,(Q))". Let ¢ €

(Ep (@)Y with [|¢]|,.q = 1.
In view of (9), we have

/ [a(z, t, upn, Vu,) — a(z, t, un, §)][Vu, — ¢ldzdt > 0,
Q
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which gives

/a(z,t,un,Vun)(bdzdt < /a(z,t,un,Vun)Vundzdt
Q Q

+/ a(z, t,up, @)[Vu, — ¢|dzdt.
Q
Using (8) and (17), we easily see that
/ a(z, t,un, Vuy)ddaedt < C
Q

And so a(x,t,un, Vuy,) is a bounded sequence in (Ly(Q))Y. Splitting @ into
|un| <1 and |uy| > 1 and using (11), we can write

/|gn(z,t,un,Vun)|d:cdt < b(l)/ (ca(z,t) + o(|VT1(uy)]))dadt
Q {lun|<1}

Jr/ gn (T, Up, Vuy uydedt < C.
{lunl>1}

And then g, (z,t,u,, Vu,) is a bounded sequence in L!(Q) implying that ‘95‘;' is
a bounded sequence in W% L,,(Q) + L'(Q), therefore Corollary 4.5 allows us to

deduce that u,, — u strongly in L*(Q). Thus, for some subsequence still denoted
by u, and for some h € (Ly(Q))N:

{ U, — u weakly in W, " L, (Q) for o(TIL,, TIE,), strongly in L'(Q) (18)

and a.e. in Q and a(z,t, up, Vu,) = h in (Ly(Q))N for o(I1Ly, I1E,).
Step 2. Almost everywhere convergence of gradients.

Fix k > 0 and let ¢(s) = sexp(ds?),d > 0.1t is well known that when § > (%Z))2
one has

b(k 1
&'(s) — X555 > 5 forall s € R (19)
«
Let v; € D(Q) be a sequence such that

vj — u in Wy " L,(Q) for the modular convergence (20)

and let w; € D(Q) be a sequence which converges strongly to ug in L?().

Set w!, ; = Tk (v;)u+exp(—pt) Ty (w;) where Ty (v;),, is the mollification with respect
to time of T (v,),

see (6).

Note that wL ; 1s a smooth function having the following properties:

a%(wi,j) = pu(Tx(vy) — wi,j)awz,j((')) = ?l;(”j)a |WL]| <k,
Wy = Ti(u), + exp(—pt) T (wi) in Wy* Ly (Q)
for the modular convergence as j — oo,
The(w), + exp(—put) Ti(w;) — Ti(u) in Wy " Lo (Q)
for the modular convergence as y — oco.

1
B



MUSIELAK-ORLICZ-SOBOLEV SPACES 211

Using in (16) the test function Zﬁ; = ¢(Ty(un)—w, ;) which belongs to Wy Lo (Q),
we get

(ul,, Zf;;} + /Q a(x, t, up, Vu,)[VTE(un) — sz7j]¢/(Tk(un) - wfw»)d:cdt

4 /Q G (20 1, Vit ) (T ) — ', )t = (f, (T (un) — ', ;).

which implies since g, (x, ¢, un, V) o(Tk(uy,) — w:'w») >0on |u,| >k:

(ul,, Zﬁ;) + /Q a(x, t, U, Vg ) [V (uy) — sz7j]¢’(Tk(un) — wfw»)dxdt
+ /Q gn(xv T, Un, Vun>¢(Tk (un> - wit,j)dxdt < <f7 ¢(Tk(un) - wi,j»' (21)

In the sequel and throughout the paper, we will omit for simplicity the depen-
dence on z and ¢ in the function a(x,t, s, &) and denote e(n, j, 1, ¢, s) all quantities
(possibly different) such that

lim lim lim lim lim e(n,j, u,4,8) =0

5—+00 1—00 U—+00 j—»00 N—00
and this will be the order in which the parameters we use will tend to infinity, that
is, first n, then j, u, ¢ and finally s. Similarly,we will write only e(n), or £(n, j),...

to mean that the limits are made only on the specified parameters.
We will deal with each term of (21). First of all, observe that

(f, 0(Th(un) — wj, ;) = e(n, j, 1) (22)

since T, (un) — w!, ; — Ti(u) — w!, ; weakly in Wy " L,(Q) as n — oo,

and Ty, (u) —w!, ; — Tp(u) =Tk (u),+exp(—put) Ty (w;) in Wy L,(Q) for the modular
convergence

and so for the topology o(IIL,,IIL) as j — oo,

and finally Ty (u) — Th (), + exp(—put) Tk (w;) — 0 in Wy'* L,(Q) for the modular
convergence as [ — 00.

From (16) one deduces that u, € Wy"L,(Q) N L*(Q) and 24 € W17 L, (Q)
and then, by Theorem 3.2, there exists a smooth function u,, such that,

as 0 — 00,Ung — Up in Wy Lo(Q) N L2(Q) and Yooy I iy WL, (Q) +
L?(Q) for modular convergence. Consequently

(!, Z"") = lim ; ul o d(Th (o) — wim—)d:cdt

2 o—00

= lim [ [(Tk(tne)) + (Gi(tno)) 10T (uno) — w), ;)dadt,

a—00 Q
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where Gj(s) = s — Tx(s). Hence

(ul,, Zﬁ;) = lim [ (Tkp(uno) — MLJ)’Q&(Tk(um) - wfw»)dxdt

T —> 00 Q
+ / (@, ;) &Lk (o) — o, ;)dudt
Q

[ (Culan) 9T (ans) — i
Q

= lim (I1(0) + (o) + I3(0)).

T —00

Setting ®(s) = [, ¢(r)dr, it is easy to sce that ®(s) > 0,

Lo) = / B(Ti (1) (1) — 'y, (1))da]T
> 7/ O (T3, (1t )(0) — Tio(w;))da.
Q

Since, as 0 — oo, the last side goes to — [, ®(Tk(uo) — Ty (w;))da which is of the
form (7), we get
limsup I (o) > (7).

g —00

About I5(0), we have, since (w}, ;) = pu(Ti(vj) — w}, ;) and ¢(s)s > 0,

(o) = n [ (Th(w3) ~ . )O((Titns) — s
Q
> /Q (Tk(07) — Te(tino)) (T (tino) — i, ;).
Since, as 0 — o0, the last side goes to
p /Q (T (07) — Ti(un))S((Ti () — i, ;) drdlt,

which is of form e(n, j), we obtain

limsup Iz(0) > (n, j).

T —r 00

For what concerns I3(c), one has by integrating by parts

Iy(o) = — /Q Gttt (T (ttnr) — i ;) (Ti (1) — 'Y it

+ / G (tne) (1) (T ttngr) — ) (1)l
Q
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Since (T (une)) =0 on {|une| > k} and

[/Q Gk(una)(t)¢(Tk(una> *Wi,j)(t)dz]oT > 7/ Gk(una)(o)d)(Tk(una)(o)

Q
—Tk (wi)da:,

we have

Is(o) > / G (ttno ) (T (ttng) — wis ;) (s )
Q
- [ Gl (0)0(Ti (12 (0) = T
= M/ Gr(Ung ) O (T (tng ) — wz,j)(Tk(vj) — wz7j)dzdt
Q

- / G (1) (0)(Ti (1) (0) — Ti (),

which implies that

limsup I3(o) > M/Q G (un) @ (Th(un) — wLyj)(Tk(vj) — wiﬁj)dxdt

T —00

N /Q Gr(u0) (T (uo) — Ti(wi))dz,

and hence, by letting n — oo in the first integral of last side,

limsup T5(c) > /Q Gr(w) (Tu(w) — o, ) (Ti(vy) — o )dadt

T—r 00

- /Q Gr(uo) (T (uo) — Ti(w;))dx + (n)
=" /Q G (W) (T (w) — oy ) (Ti(v;) — Ti(u))dod

- /Q G (u0)d(Te(uo) — Te(ws))da + (n), (23)

where we have used the fact that (recall that |wz I <E)
Gr(u)d' (Ty(u) — wL])(Tk(u) — wfw»)dxdt
Q
= / (u—k)¢' (k —w), ;) (k — w!, ;)dzdt

Jr/ (u+k)¢'(fk—wzj)(fk—wzj)d:cdt > 0.

{u<—k} ’ ’

Since the first integral of last side of (23) is of the form &(j) while the second one
is of the form £(4), we deduce that

limsup I3(0) > &(n, j,14).

T—>00
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Combining the estimates on each I;, we get
(un, ¢(Tio(un) — wy, ;) = e(n, j, ). (24)
For s > 0, set Q° = {(z,t) € Q : [VI)(u)| < s} and QF = {(z,1) € Q : [VT)(v;)| <

s} and denote by x* and X; the characteristic functions of (* and ()}, respectively.
On the other hand, the second term of the left-hand side of (21) reads as

/ a(tp, Vun) [V (un) — sz,j]qbl(Tk(un) — wfl,j)dxdt
Q
= /Q[G(Tk(un)v VTi(un)) — a(Tk(un), VTik(v;)X;)]
(VT (un) = VTa(0)x5] % &' (Th(un) = w,, ;)dwdt
+/ a(Tk(un), VIk(0;)X) [V Tk (un) — VTk(0;)x5]0" (Tk(un) — wi, ;)dwdt
Q
+/ a(Ty(un), VTk(un))VTk(vj)Xj-(b/(Tk(un) — wiyj)dzdt
Q
—/ a(un,Vun)VwLJqﬁ’(Tk(un) —wzjj)dxdt
Q
=J1+ Jo+ J3 + Js.
We shall go to the limit as n, 7, © and s — oo in the last three integrals of the last

side.
Starting with Js, we have by letting n — oo

Jo = / a(Tr(w), VT (vi) X[V Tk (1) = VT3 (v) x50 (Ti(u) — wi, ;)dzdt + &(n),
Q
since (T (un), VTik(vj)x;) = a(Tk(u), VTi(v;)x;) strongly in (Ey(@))YN by using
(8) and Lebesgue theorem while V7% (u,,) — VT (u) weakly in (L,(Q))Y by (18).
Letting j — oo in the first term of last side of of the above equality, one has, since

a(Tk(u), VTg(vi)x;) — a(Tk(u), VT (u)x®) strongly in (Ey(Q)N by using (8),
(20) and Lebesgue theorem while Vi (v;) x5 — VT (u)x® strongly in (L,(Q))Y,

Jy = / a(Ty(u),0)VTk(u)g' (Tx(u) — Ti(u), — exp(—put) Ty (w;))dzdt + e(n, j)
Q\Q°

since ¢ (Ty (u) — Ti (), — exp(—pt) Ty (w;)) — 1 a.e in Q and is uniformly bounded
by ¢'(2k) we can let ju — oo in the first term of the last side to get

Jo = / a(Ty(u),0) VT (u)dxdt + (n, j, 1)
Q\Q®

and thus, by letting s — 0o, we conclude that Jo = e(n, j, u, s).
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About J3, we can write
Jy = / a(un, Vun ) VT (0;) x50 (Tr (un) — wLﬁj)dzdt
{lun|<k}
+/ a(Ty(up), O)VTk(vj)X§¢'(Tk(un) — wzyj)dxdt,
{lun|>k}
which gives by letting n — oo, thanks to (18),
Jy = / hNV T (v;)X5 ¢ (Th(u) — Wi, ;)dzdt
{lul<k}
4 / (T (), 0)V T (03336 (Tu () — ', )ddt + (),
{lul>k}
so that, by letting j — oo in two first integrals last of the last side and using (20),
Jo= [ BVI)d (Tilw) ~ Tilu), ~ exp(—t)Tu(ws)dodt + =(n )
{lul<k}
in which we can let ¢ — co to obtain
Jz = / hV Ty (u)x*dzdt + €(n, j, ).
Q
Consequently, by letting s — oo,
Js = / WV Ty (w)dxdt + £(n, 4, f1, s).
Q

For what concerns J, we have, as above, by letting first n then j and finally u go
to infinity :

Jy = / hVw!, ;¢ (Ti(u) — Wi, ;)dwdt + (n)
Q
= Tk explt i)

¢ (Ti(u) — Ti(w)y — exp(—pt) T (w;))dwdt + £(n, )

= —/ hV Ty (u)dxdt + (n, j, 1).
Q
We conclude then that
/ a(tp, V) [VTi(upn) — sz7j]¢'(Tk(un) - wfw»)d:cdt
Q

= /Q[G(Tk(un)aVTk(un)) — a(Tk(un ), VI (0;) X[V Tk (un) — VTi(v5)x]]

¢ (Ti(un) — w), j)dxdt + e(n, j, p, 5). (25)



216 M. L. AumeED OUBEID, A. BENKIRANE, AND M. Sip1 EL VALLY

The third term of the left-hand side of(21) can be estimated as

| / G (2t V) (T () — 'l |
{lunlgk}

< b(k) /Q(CQ(Z', t) + éd(x,tmqﬁ(Tk(un) — wiﬂj)|d:cdt

+@/QG(Tk(un)aVTk(Un>>VTk(Un>|¢(Tk(un) —wL7j)|dzdt. (26)

Since co(x,t) and d(z,t) belong to L'(Q) it is easy to see that
1 ; .
b(k)/ (e2(2,t) + —d(z,1))[¢(Th(un) — w, ;)ldedt = e(n, j, ).
Q

On the other hand, the second term of the right-hand side of (26) reads as
b(k)
o

/Q a(Tk(tn), VT3 (tn)) VT (tn) |§(Th (un) — w), ;)|dzdt

) /Q[am(un), V() — a(Tic(un), VT(05)x5)

«

X[V Tk (un) = VTi(05)X5)1¢(Ti (un) — wy, ;)|dzdt

= | aTitae), TT 0 IVTi 1) ~ VT30 Tilre) — ]l
b(k) / a(T(utn), VT () VT (0] (T (1) — o, ).
@ Jo

As above, by letting successively first n, then j, 4 and finally s go to infinity, we
can easily see that each one of last two integrals of the right-hand side of the last
equality is of the form &(n, j, 1) and then

| / In (@, Vun)o(Tk (un) — wzj)dzdt |
{lun|<k} ’

b(k)

T/Q[G(Tk(un),VTk(un))a(Tk(un),VTk(vj)xi)]

IN

X (VT () — VTe(o, ) O(Tltn) — i )ldadt +e(n,jop). (27)
Combining (21),(22),(24),(25) and (27), we get
/Q (0T (tn), VT (1)) — a(Ti(tn), VT (0) X[V T (1tn) — VT (05)x]

b(k)

«

[0 (Th(un) — W), ;)
and so,thanks to (19),
/Q[G(Tk (un), VIi(un)) = a(Tk(un), VTi(v5)X;)]

X[VTy(un) — VTi(v;)x;]ldedt < 2e(n, j, p, i, s). (28)

|6(Tho(un) — w), ;)ldwdt < e(n, j, 1,4, 5).
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On the other hand, we have
/Q [a(To(un), VT (ttn)) — a(Th () VT ()" [V T () — VT () )t
- /Q (0T (1), VT (1)) — (T (t0n), VT (0)x ) [V T (tt) — V(o) x Nt
- /Q (T (1), VT () [V Tk ()X — Vi) et
- /Q a(Th(ttn), VT () )V T (1) — VT (1) x|t

+/ a(Tk(un), VI (v;)X5) [V T (un) — VTk(v;)X;]dvdt
Q

and,as it can be easily seen, each integral of the right-hand side is of the form
e(n, j, s), implying that

/Q[a(Tk(un), VTi(un)) — a(Tk(un), VT (w) X[ VTk(un) — VT (uw)x’|dxdt
= | 0(Ti0), 9 Telua)) — a(Ti), VT2
X[VTi(un) — VTi(vj)xjldzdt +e(n, j, s). (29)
For r <'s, we have
0 < / [a(Tk(un), VT (un)) — a(Tk(un), VIi(u)))
QT
VT (un) — VI (u)]dxdt

(
)

60T, 9Tita)) — (T, VT30

[VTk(un) — VT (u)]dxdt
(
)

IN

= [0CTi), Tk — a(Thln). VT
VT (un) — VT (u
/Q (0Tt ), I Ti(un)) — (T, VT (w)x")]

(VT (ttn) — VT(u) e

- /Q (0T (un), VTi(tn)) — a(Ti(tn), VT (07)x)]

(VT (un) — VTk(u)x;ldzdt +e(n, j, s)
e(n, i by iy ),

x°]dxdt

IN

IN
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hence, by passing to the limit sup over n, get

0 < tmsup [ falTu(un), VTr(un) ~ alTi(un). Vi()
VT (un) — VT (uw)]dzdt
< limsupe(n, j, u, i, 8),

n—oo

in which we let successively j — oo, u —,4 — co and s — oo to obtain

/T[G(Tk(un), VT (un)) = a(Tk(un), VIi(u))]
[VTk(upn) — VTk(u)|dxdt — 0 asn — oo

and thus,as in the elliptic case(see [1]), there exists a subsequence also denote by
u,, such that

Vu, — Vu a.e. inQ. (30)

We deduce then that,for all k> 0

a(z,t, T (un), VI (up)) — alx, t, Tp(uw), VI (w))

and a(x,t, up, Vu,) — a(x,t,u, Vu) weakly in (Ly(Q))Y for o(IILy, I1E,)

Step 3. Modular convergence of the truncations and equi-integrability of the
nonlinearities.

Thanks to (28) and (29), we can write

/Qa(Tk(un),VTk(un))VTk(un)d:Edt
< / ATk (1), VT (1)) VT () Xzt
Q

+/ a(Ty(un), VT (w)x*)[VTi (un) — VTi(u)x’]|dedt
Q
+€(n7], ILL, 7:, S)’

and then

n— o0

1imsup/ a(Tk(un), VT (1)) VT (uy,)dadt
Q
< / a(Ty(w), VT (w)) VT (u)xdadt
Q
+/ a(Ty(un), VIE(u)x*)[1 — x°|dzdt
Q
+ lim E(”’j? M, 7:, S),
n—oo
in which we can pass to the limit as j, u,4, s — co to obtain

1imsup/Qa(Tk(un),VTk(un))VTk(un)d:EdtS/a(Tk(u),VTk(u))VTk(u)dxdt.

n—oo Q
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On the other hand, Fatou’s lemma implies

/ a(Ty(u), VT (u)) VT (u)dedt < lim inf/ a(Ty(un), VT (un)) VT (uy,)dzdt,
Q Q

n— o0

and thus, as n — o0,
/ a(Tx(un), VT (un)) VT (uy)dadt %/ a(Ty(u), VT (w)) VT (u)dzdt.
Q Q
Since a(Tx(un), VTk(un))VTk(uyn) > d(z,t) € LY(Q) we deduce that
a(Ti(tn), VT (un))V Tk (uy)dzdt — a(Ty(w), VIi(u)) VT (u)dzdt in L'(Q), (31)
as n — oo; implying by using (10) and Vitali’s theorem that

VTk(un)) — VTi(u) in (Ly,(Q))"N for the modular convergence .

We shall now prove that g, (x,t, upn, Vu,) — g(x,t, upn, Vu,) strongly in L*(Q) by
using Vitli’s theorem. Since g, (z,un, Vu,) — g(z, un, Vuy,) a.e. in @ thanks to
(17)and (29), it suffices to prove that g, (x, t, u,, Vu, ) are uniformly equi-integrable
in Q.

Let £ C @ be a measurable subset of (). We have for any m > 0

/ (g (2, 1, s V)t — / (g0 (2 1, V)| derdt
E En{lun|<m}

+/ |gn (2, t, U, Vuy)|dxdt.
En{|un|>m}
On the one hand

1 C
/ |gn (2, t, tp, Vuy,)|dedt < —/ In (2, t, Up, Vg ) updedt < —,
EN{|un|>m} mJjqQ

m

where C' is the constant in (17). Therefore, there exists m = m(e) large enough
such that

/ |gn (2, t, tp, Vuy,)|dedt < vn.
En{|un|>m} 2
On the other hand
/ |gn (@, t, Un, Vuy,)|dadt
En{|un|<m}
< [ 1900t o), V) s
E
< b(m) / lea(2,1) + (s [V T () )| deedt
E
1
< b(m) / lea(2,1) + ~d(a, £)]dwdt
E «
b(m)

+—/ (T (un), VT (Un)) VT (uy,)dadt.
@ JE
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By virtue of strong convergence (31) and the fact that co(,t),d(z,t) € LY(Q),
there exists v such that

|E| <v= |gn (2, t, tp, Vuy,)|dedt < Evn.
BO{fun|<m} 2

Consequently,
|E|<v= / |gn (2, t, tn, Vuy,)|daedt < eVn,
E

which shows that g, (z,t, u,, Vu,) are uniformly equi-integrable in @ as required.
Step 4. Passage to the limit and regularity of the solution.

Let v € Wy Ly(Q) N L®(Q) such that 22 € W17 Ly (Q) + L?(Q). There exists
a prolongation o of v such that (see proof of Lemmal)

T=vonQ,v€ Wy L,(xR)NL2(Q x R)NLZ(Q x R),

and

% =v € W HLy(Q x R) + L*(Q x R). (32)

By Theoreml(see also Remarkl), there exists a sequence (w; C D(Q x R)) such
that

wj — 0 in Wy "Ly,(2 x R) N L3 x R),

and
% — % in WH"L,(Q x R) + L* (2 x R), (33)

for the modular convergence and ||w;||sc,0xr < (N 4 2)|0|0c,0 xR-
Go back to approximate equations (16) and use w;x g ., for every 7 € [0, 7](which

belongs to W, *L,(Q)) as a test function one has

<%’wj>Q" +/ a(-T,f,un,Vun)ijdxdt

-

4 / 9n(@, £, i, Vi Ywdadt = (f,w;)q,

-

which implies that
- dw,
[ un(®)w;(t)dx]y — Up —=dxdt + a(x, t, Up, V) Vwjdedt
Q Q. Ot .

+/ n (@, b, Up, Vug )widedt = (f,wj)q, - (34)

-
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We shall go to the limit as n — oo in all terms of (34). Since for all j,w;x () €
D(Q,) we have

ow

f/ un—jdxdt%—/ u%d:cdt,
Q- ot o, Ot

/ a(z,t, up, Vuy)Vw;dedt — a(z,t,u, Vu)Vw,drdt
T QT
and

/ Gn (T, t, Uy, Vg ) wjdedt — g(x, t,u, Vu)w,ddt.
T QT

To go to the limit as n — oo in the first term of (34), we will first prove that
un — u in C([0,T], L?(R2)) (implying, in particular, that u € C([0, T], L?(2))).

TQ do that,let now w;lﬂ =Ty (vj), + exp(—pt)Ti(w;) and

whl = Ti(u), + exp(—pt)Ti(w;), for every I > 0.

On one hand, we have for every 7 € (0,7

-

il il o il il
(@) — i )a, = /Q (Th(vy) — bl )1 — )t
S /Q (Tivy) — W) (0 — L dadt

o [T - W) - widade > 0 (35)
as first n — oo and then j — oo and where we have used the fact that wzl <1 to
get the positiveness of last integral.

On the other hand, by using (16)

Ik Ik

(ul,, up, — wh! Yo, = (fiun — wht Q. +/ a(ty, Vun)[Vw;,lu — Vu,]dzdt

+/ gn(:c,t,un,Vun)(wé-:L — up,)dxdt,

in which we can use Fatou’s lemma and Lebesgue theorem to pass to the limit sup
first over n and then over j, u, [, to get

(ul, up — w?jL)QT < e&(n,j, ,1) not depending on . (36)

Therefore, by writing

1 il il il
3 lun(7) = Wi (T2 = (ur, — (W5) s un — W5,

+l/(u0 — Ty(w;))*dxdt
Q

il

il
Jim j

- (w )/’U’" _w],p>Qr

1
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and using (35) and (37), we deduce that ||u,(7) _C(J;:L(T)”LZ(Q) < e(n, j, p,1,4) not
depending on 7 € (0,T]. This implies that

|tun(T) = um(T)||L2() < €(n,m) not depending on 7 € [0, 77,
and thus,u,, is a Cauchy sequence in C([0, T], L*(Q2)).
Since the limit of u,, in L'(Q) is u we deduce that
u, — w in C([0,77, ),

therefore, by letting n — oo in the first term of (34), we have

[ [ (£ (£)da] — | /Q u(tyw; (t)dals.

Consequently, by letting n — oo in (34), we get

[/ u(t)wj(t)dz]gf/ u%dzdtJr/ a(zx, t,u, Vu)Vw;dzdt
0 Q. Ot Q.

+/ g(x, t,u, Vu)w,dzdt = (f,w;)q, - (37)

-

We shall now go to the limit as j — oo in all terms of (37). In view of (33) and the
fact that w; are uniformly bounded, there is problem to pass to the limit in last
four terms of (37). For what concerns the first one,observe that,as in the proof of
Lemma 3.4, we have w; — v in C([0,T], L*(Q)). Therefore, we can let j — oo in
all terms of (37) to get

[/Qu(t)v(t)dx]g - <%,U>QT —|—/ a(z,t,u, Vu)Vodzdt

-

Jr/ g(z, t,u, Vu)vdzdt = (f,v)q,,

-

which shows that wu satisfies all properties of Theorem 5.1.
It only remains to prove the energy equality. For that, we use, for a given k >
0, Tk (uy) as a test function in (16), to get

(un,, T (un))g, = f/ a(x, tyun, Vi, ) VT (u,)dedt

-

_/ (& £, s, Vi) T () dadt + (f, T (un)) .
which gives by setting Sk (s) = [ Tw(2)dz,
/ Sk (un (7))dx —/ Sk (up)dz = f/ a(x,t, un, V) VT (uy,)dadt
) Q .

- / gn(‘ra t, Un, vun)Tk (un)d‘rdt + <fa Ty (un»Qr' (38)
Qr
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Recall that |Sk(un (7)) < k|un,(7)] — klu()] in L?(2) as n — oo, then, by using
Lesbegue theorem and (31), we can pass to the limit as n — oo each term of (38)
to obtain

/Q Sk(u(r))dx — /Q Sk(ug)dx = —/ a(x, t,u, Vu) VT (u)dxdt

-

_ / o £, w, V) T (w)dadt + (f, T (1)) o... (39)

Observe that for every s € R,

2 2
[Sk(s)] < % and Si(s) — % as k — oo,

so that, by using Lebesgue theorem and the fact that u(7) € L?*(2), we have, as
k — o0

1 2 1 2
/Q Sk(u(r))de — A (1) and /Q Sk (ug)dx — i/ﬂSk(uo) dzx.

Q

Remark also that

la(z,t, Ti(u), VT (u))VT(uv)| < a(z,t,u, Vu)Vu € L(Q)

and
lg(z,t, Ti(u), VT (w)) VT (u)| < g(z,t,u, Vu)Vu € LYQ),
therefore, it is easy to pass the limit as k — oo in (39) to get the energy equality

[%/u(t)Qd:c]gnL/ a(x,t,u, Vu)Vudzdt
Q

-

+/ gz, t,u, Vu)udedt = (f,u)q. .

-

This completes the proof of Theorem 5.1.
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