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Maximum Likelihood Inference in
Weakly Identified DSGE Models.
By Isaiah Andrews' and Anna Mikusheva 2 3
Abstract
This paper examines the problem of weak identification in maximum likelihood, motivated
by problems with estimation and inference a multi-dimensional, non-linear DSGE model. We
suggest a test for a simple hypothesis concerning the full parameter vector which is robust to
weak identification. We also suggest a test for a composite hypothesis regarding a sub-vector of
parameters. The suggested test is shown to be asymptotically exact when the nuisance param-
eter is strongly identified, and in some cases when the nuisance parameter is weakly identified.
We pay particular attention to the question of how to estimate Fisher’s information, and make
extensive use of martingale theory.
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1 Introduction

Recent years have witnessed the rapid growth of the empirical literature on the highly
parameterized micro-founded macro models known as Dynamic Stochastic General Equi-
librium (DSGE) models. A number of papers in this literature have considered estimating
these models by maximum likelihood (see for example Ingram , Kocherlakota and Savin
(1994), Ireland (2004), Lindé (2005), and McGrattan, Rogerson and Wright(1997)). More
recently, Bayesian estimation has become increasing popular, in large part due to the diffi-
culty of maximum likelihood estimation in many DSGE models. As Fernéndez-Villaverde
(2010) points out in his survey of DSGE estimation, "likelihoods of DSGE models are
full of local maxima and minima and of nearly flat surfaces... the standard errors of
the estimates are notoriously difficult to compute and their asymptotic distribution a
poor approximation to the small sample one." The bad behavior of maximum likelihood

estimation has fueled growing concerns about poor identification in many DSGE models

!Department of Economics, M.L.T., 50 Memorial Drive, Building E52, Cambridge, MA, 02142. Email:
iandrews@mit.edu. Financial support from the Ford Foundation is gratefully acknowledged.

?Department of Economics, M.I.T., 50 Memorial Drive, Building E52, Cambridge, MA, 02142. Email:
amikushe@mit.edu. Financial support from the Castle-Krob Career Development Chair is gratefully
acknowledged.

3We would like to thank Whitney Newey and seminar participants at Columbia, Rice, and Texas A&
M for helpful comments. We would also like to thank Frank Kleibergen and Sophocles Mavroeidis for
informative discussion of their approach in GMM.



(see Canova and Sala (2009), Guerron-Quintana, Inoue and Kilian (2009), and Iskrev
(2009)).

In this paper, we consider the problem of weak identification in dynamic models
estimated by maximum likelihood. Weak identification arises when the amount of in-
formation in the data about some parameter or group of parameters is small, and is
generally modeled in such a way that information about parameters accumulates slowly
along some dimensions. This leads to the breakdown of the usual asymptotics for maxi-
mum likelihood, with the asymptotic distributions for the maximum likelihood estimator
and the standard LR, LM, and Wald statistics providing a poor approximation to their
finite sample behavior. This is distinct from loss of point identification, and we assume
throughout that the models we consider are point identified, and thus that changing the
value of any parameter changes the distribution of the data, though the effect will be
small for some parameters.

We focus on the problem of testing and confidence set construction in this context.
In our view there are two main approaches to inference in models where identification
may be weak. One is to create a two-step procedure, where one first differentiates (via
a pre-test) between weakly and strongly identified models and then chooses a procedure
based on the test result. We take the other approach. Rather than looking for a test for
weak identification as such, we instead attempt to construct a test for parameters which
is robust to weak identification. The ideal procedure should satisfy two conditions. First,
it should control size well if identification is weak, and second, it should be asymptotically
equivalent to the classical MLE tests if identification is strong. If such a procedure exists,
it renders pretests unnecessary and, in general, inferior given the size problems endemic
to multiple testing procedures.

We view this approach as analogous to the modern treatment of testing in the presence
of potential heteroskedasticity. While in the past it was common to use pretests for
hetroskedatsicity, current empirical practice is to simply use standard errors (such as
those of White (1980)) which are correct asymptotically regardless of whether or not the
data is heteroskedastic. Likewise, in weak instrumental variable regression (weak IV)
there are tests available which have correct asymptotic size under the weak identification
and (at least for the case of one endogenous variable) at least as much power as classical
procedures under strong identification. Unlike the case of hetereoskedasticity, where

weighted least squares could potentially improve precision, in weak IV the outcome of a



pretest cannot be used to increase power, so there is even less reason to use a pretest-based
procedure.

We construct a robust test in two steps. First, we suggest a test for a simple hy-
pothesis on the full parameter vector. This test is robust to weak identification and is
asymptotically equivalent to the classical Lagrange Multiplier (LM) test when identifica-
tion is strong. The assumptions needed for this result are extremely weak, and cover a
large number of cases, including weak IV and weakly identified exponential family mod-
els, for example VARs with weakly identified structural parameters. The proofs for this
test make extensive use of martingale theory, particularly the fact that the score (i.e.
the gradient of the log likelihood) is a martingale when evaluated at the true parameter
value.

Next, we turn to the problem of testing a subset of parameters without restricting the
remaining parameters. Creation of such tests is critical for the construction of confidence
sets, given that the common practice in applied work is to report a separate confidence
interval for each element of the parameter vector. Constructing a test satisfying our first
requirement, that is one which controls size well under weak identification, is straightfor-
ward using our test for the full parameter vector and the projection method. However,
simultaneously satisfying the second condition, asymptotic equivalence to classical tests
under strong identification, is a much more challenging problem which (to the best of
our knowledge) has not been fully solved even for many simpler models.

The test which we suggest for a subset of parameters is asymptotically equivalent to
Neyman’s C(«) test when identification is strong. We show that the suggested test has
the x? asymptotic distribution so long as the nuisance parameter (i.e. the part of the
parameter vector which we are not testing) is strongly identified, without any assumption
about the identification of the tested parameter. We also show that the suggested test has
correct asymptotic size in some cases where the nuisance parameter is weakly identified.
In particular we consider the case of an exponential family model where part of the
nuisance parameter is weakly identified and enters linearly while no assumption is made
on the identification of the tested parameter. As a special case we examine weak IV with
one endogenous variable when the nuisance parameter is weakly identified.

In addition to these theoretical results, we report simulation results showing that our
proposed test maintains size well in a simple nonlinear model and is conservative in weak

IV with more than one endogenous variable. We also show the applicability of our results



to a basic DSGE model.

Relation to the Literature on Weak Identification The literature on weak iden-
tification is quite large. The most-studied and best-understood case is that of weak
instrumental variables estimation. For a comprehensive survey of the literature on this
topic, see Stock, Wright, and Yogo (2002). The weak identification framework was gen-
eralized to GMM by Stock and Wright (2000), who represented weak identification using
an asymptotic embedding in which the objective function becomes flat along some di-
mensions as the sample grows. While we make use of a similar embedding to demonstrate
the applicability of our assumptions, it is not necessary for our results, and we remain
quite agnostic about the process generating the data. An alternative embedding for weak
identification is introduced in Andrews and Chen (2009).

Making use of their embedding, Stock and Wright (2000) introduce tests for GMM
which are robust to weak identification. They consider two types of test: a test for the
full parameter vector (i.e. for a simple hypothesis) and a test for a sub-parameter for the
case where the nuisance parameter is well-identified. Kleibergen and Mavroeidis (2009)
suggest adaptations of the Stock and Wright (2000) S and Kleibergen (2005) KLM tests
for a sub-parameter for the case when the nuisance parameter is weakly identified, which
yield conservative tests asymptotically. While the statistics we consider are in many
ways similar to those considered by Stock and Wright (2000), Kleibergen (2005), and
Kleibergen and Mavroeidis (2009), their results do not in general apply to the context
we consider as the variance of the moment condition (the score of the log likelihood)
becomes degenerate asymptotically, violating one of their assumptions.

The issue of weak identification in DSGE models was first introduced by Canova and
Sala (2009), who pointed out that the objective functions implied by many DSGE models
are nearly flat in some directions. A weak identification-robust inference procedure for
DSGE models based on likelihood analysis was introduced by Guerron-Quintana Inoue
and Killian (2009). Their method makes extensive use of projection for constructing
confidence sets which, given the high dimension of the parameter space in many DSGE
models, has the potential to introduce a substantial amount of conservativeness in many
applications. Another paper on weak identification in DSGE models is Iskrev (2008),
which attempts to asses the quality of identification in DSGE models by considering the

degeneracy of the Hessian of the log likelihood. There are also a few papers discussing



point-identification in DSGE models, which are unrelated to our paper as we assume
point-identification. We refer the interested reader to Komunjer and Ng (2009) for an

example of this literature.

Relation to the Classical MLE Literature The other major literature to which
our paper is connected is the classical Statistics literature on maximum likelihood. This
classical literature began in the i.i.d. context and was generalized considerably by Le Cam
(see Le Cam and Yang (2000)), allowing the use of MLE in a wide array of problems,
including with dependent data. The application of ML to dependent data was further
explored by a number of other authors, including Silvey (1961), Crowder (1976), Heijmans
and Magnus (1986) and Jeganathan (1995). Our approach is particularly informed by the
strand of this literature which focuses on the martingale properties of the log likelihood
and their implications for the asymptotics of the MLE, and especially by Bhat (1974)
and Hall and Heyde (1980).

The weakly identified dynamic models which we consider differ from those in this
classical literature in that the normalized second derivative of the log likelihood may
not converge to a constant (or, if normalized to converge to a constant, may be singular
asymptotically). As a result, these models fall outside of the classes considered by the
previous literature (to take a non-dynamic example, it can be shown that the standard
weak IV model is not Locally Asymptotically Quadratic, and thus is not subject to the
results of Le Cam). Some additional complications in the DSGE context include the fact
that the parameter space is in general quite large and that analytic expressions for the log

likelihood are in general unavailable, though the likelihood can be evaluated numerically.

Structure of the paper Section 2 introduces our notation as well as some results from
martingale theory; it also discusses the difference between two alternative measures of
information. Section 3 suggests a test for the full parameter vector. Section 4 discusses
the problem of testing a composite hypothesis about a sub-parameter, and introduces
a statistic for such a test. Section 5 proves that our sub-vector test is valid when the
nuisance parameter is strongly identified without any assumption on the identification
of the tested parameter. Section 6 shows that this result can be extended to some cases
when the nuisance parameter is weakly identified. Simulations supporting our theoretical

results are provided in Section 7.



Throughout the rest of the paper, Idy is the k x k identity matrix, I{-} is the indicator-
function, [-]r stands for quadratic variation of a martingale and [+, |- for joint quadratic
variation of two martingales, = denotes weak convergence (convergence in distribution),

while —? stands for convergence in probability.

2  Martingale Methods in Maximum Likelihood The-

ory

2.1 Setup

Let X7 be the data available at time 7. In general, we assume that X = (x1, ..., z7). Let
F: be a sigma-algebra generated by X; = (1, ..., ;). We assume that the log likelihood
of the model,

((Xr;0) =log f(Xr;0) Zlogf 2| Fi-1;0),

t=1
is known up to the parameter 6, which has true value 6y. We further assume that ¢(Xr; 6)
is twice continuously differentiable with respect to 8, and that the class of likelihood
gradients {-2/(Xr;0): 60 € ©} and the class of second derivatives {8909,£(XT,9)} are
both locally dominated integrable.
Our main object of study will be the score function,
5 T

Sr(0) = 20X, 0) =

0
89 10gf(xt’f.t ].7 )7

86

where s,(6) = S;(0) — S;_1(0) = % log f(xy|Fi—1;0) is the increment of the score. Under
the assumption that we have correctly specified the model, the expectation of s;(6)

conditional on all information up to ¢t — 1 is equal to zero,
E (s¢(6p)|Fi-1) =0 a.s. (1)

This in turn implies that the score taken at the true parameter value, S;(6p), is a martin-
gale with respect to filtration F;. One way to view (1) is as a generalization of the first

informational equality, which in i.i.d. models states that E [s;(6p)] = 0, to the dynamic



context. To derive this equality, note that s;(6y) = m%f(xt]}}_l; o),

B(s00)1Fi-1) = [ 1(00) o FisiOu)do = [ S fClFrmssbopon =

This observation is due to Silvey (1961).
Similarly, the second informational equality also generalizes to the dependent case.
In the i.i.d. case, this equality states that we can calculate Fisher’s information using
either the Hessian of the log likelihood or the outer product of the score, i.e.
3(60) =~ (o leith) ) = B (10w oo tog flaite) ) . (2
0000’ 00 00’
Fisher’s information plays a key role in the classical asymptotics for maximum likelihood,
as it is directly related to the asymptotic variance of the MLE, and (2) suggests two differ-
ent ways of estimating it which are asymptotically equivalent in the classical context. To
generalize (2) to the dynamic context, following Barndorff-Nielsen and Sorensen (1991),

we introduce two measures of information based on observed quantities:

o Observed information: the negative of Hessian of log-likelihood,

o? d
[T(Q) - 8980/ XT7 Z/Lt
t=1

where i;(0) = —ag—ge, log f (x| X;-1;6);

e Incremental observed information: the quadratic variation of the score of the log

likelihood,
T

Jr(0) = [S(O)]r =Y s:(0)s1(6),

t=1

where as before s;(0) is the increment of Sz(6).

Using these definitions, let Ar(0) = Jp(0) — Ir(6) be the difference between the two
measures of observed information. The second informational equality implies that A7 (6p)

is a martingale with respect to F;. Specifically, the increment of Ar(6y) is a:(6y) =

A(6o) — Ae—1(6o),

2

a(b) = So5g

0 0
log f (x| X¢—15600) =5

log f(‘rt‘thl;e()) 86 89/

log f (2| Xi—1; 00),



and an argument similar to that for the first informational equality gives us that E(a;|F;—1) =
0 a.s.

In the classical context, I and Jr are asymptotically equivalent, which plays a key
role in the asymptotics of maximum likelihood. In the i.i.d. case, for example, the law of
large numbers implies that I (6)) —? —F <%§G, log f (x4, 60)) =J(0p) and 7 J7(6p) —F
E (%log f(xt,(%)%log f(xt,eo)) = J(6p). As a result of this asymptotic equivalence,
the classical literature in the i.i.d. context uses these two measures of information more
or less interchangeably.

The classical literature in the dependent context makes use of a similar set of con-
ditions to derive the asymptotic properties of the MLE, focusing in particular on the
asymptotic negligibility of Ar(6y) relative to Jr(6y). For example, Hall and Heyde (1980),

show that for 6 scalar, if Jp(6y) — oo a.s. and in addition,

lim sup Jr(6y) HAr(6)] <1 a.s.,

T—o0

then the MLE for 6 is strongly consistent. If moreover, Jr(6y) 'I7(6y) — 1 a.s., then
the ML estimator is asymptotically normal and J7(6,)2 (6 — 6,) = N (0, 1).

We depart from this classical approach in that we consider weak identification. Weak
identification arises when information is small along some dimension, which we model by
using an embedding such that Fisher’s information is degenerate asymptotically. Similar
embeddings have been used to study weak identification in other contexts, including the
Weak Instrument asymptotics introduced by Staiger and Stock (1997), and the Weak
GMM asymptotics of Stock and Wright (2000). In such an embedding the difference
between our two measures of information is important, and Ar(6p) is no longer negligible
asymptotically compared to observed incremental information J; as demonstrated in the

weak IV example below.

2.2 Weak IV Example

We assume a reduced form model with normal errors:

= 7T/Z _'_u U
p=O0mactu (w01, (3)

Ty = T2 + vy Uy



We take z; to be a k—dimensional set of instruments, while (3 is the parameter of interest
and 7 is a £ X 1 vector of nuisance parameters. Our assumption that the errors have
known covariance matrix equal to Idy is not restrictive, since u; and v; are reduced
form (rather than structural) errors, and thus are well-estimable. The analysis is done
conditional on the instruments z;, and for simplicity we assume that the data generating
process for z; is such that it satisfies a law of large numbers. Following the approach laid
out by Staiger and Stock (1997), we represent weak identification by modeling 7 as local
to zero, that is m = \/LTC’ so 7 is drifting to zero as the sample grows.

Let Y = (y1,...,y7), X = (1,...,27) be T'x 1 and Z = (21, ..., 27) be T x k. In this

model, we have the following log-likelihood:
1 / 1 /
lr(B,m) = const — Q(Y — pZr) (Y — pZr) — §(X — Zm) (X — Zm).
The score is
Ss(0)=7'Z'(Y — p— Zm); Sx(0) =BZ' (Y —p— Zm)+ Z'(X — Z7).

Finally, the two measures of information are:

82 7T/Z,Z7T 677/2/2 o U/Z
Irlfo) = = Ggap'm =
BZ'Zr—Z'U (1403372
7! Wz, 7' ! w (Buy +v,) 2, 2!
Tr(60) = [S)r = Yo uiZeZ; S ui(Buy + 1) 2,2}

Zt ut(ﬂlbt -+ /Ut)ZtZéﬂ' Zt(ﬂ'Ut + Ut)2ZtZt/

Using the weak instrument embedding 7 = %C, we can use normalizing matrix Kp =

diag(1, \/LT) to get a non-trivial limit for both information matrices:

C'QzC  pC'Qz

KTJT(HO)KT —P
BQzC  (1+5%)Qz

C'QzC  pBC'Qz —¢

KTIT(GO)KT —P
BQzC —§ (1+5%)Qy

To derive these expressions we have used a law of large numbers, %ZZ’ —P @)z, and



a central limit theorem, \/LTZ/U = ¢ = N(0,Qz). Notice that, under weak instrument
asymptotics, there is a difference between the two information matrices (i.e. the addition
of the term —¢ to the off-diagonal elements of I ), whereas for the strong IV case (7 # 0
and fixed) we have that J;'Ip —P Id,.

The difference between the two measures of information can be used to construct a
test to detect weak identification. A potential test should compare the two observed
informations at the true parameter value. As argued in the introduction, however, tests
of identification are less useful than weak identification robust procedures so we do not
pursue such tests here.

White (1982) shows in the context of quasi-MLE that the two measures of information
may be asymptotically different if the likelihood is misspecified. As we point out above,
even if the model is correctly specified the two informations may differ if identification is
weak. While we are aware of one strand of the classical statistical literature which explores
the difference between these different information measures, the literature on so-called
non-ergodic models, these models are usually part of the LAMN (locally asymptotically
mixed-normal) class, whereas the types of models which we consider in this paper are

not in general LAMN.

3 Test for Full Parameter Vector

In this section, we suggest a test for a simple hypothesis on the full parameter vector,
Hy : 6 = 6y, which is robust to weak identification. To allow for the possibility of an
embedding such as weak IV, we consider a so-called scheme of series. In a scheme of series
we assume that we have a series of experiments indexed by the sample size: the data X
of sample size T is generated by distribution fr(Xr;6y), which may change as T grows.
We assume that in the definition of all quantities in the previous section there is a silent
index T'. For example, the log-likelihood is ¢r(0) = Zthl log fr(zr¢|Xr4-1;6), where
the data is X = (x71,...,2rr) and Xp;p = (x4, ...,x7). All scores and information
matrices also have this implied index T} for each fixed T the score St is a process indexed
by t, Sti(0o) = & log fr( X1y 60) = Z;:l st;(6p), and is a martingale with respect to
the sigma-field Fr, generated by Xp,;. All other statistics are defined correspondingly.

In this context, we introduce our first assumption:

10



Assumption 1 Assume that there exists a sequence of constant matrices K such that:
(a) Yoi_y E (Krls.r(00){| Krsir(6o)] > 6} Fiy) — 0

(b) ZtT:1 Krsir(0o)sir(6o) Kr = KpJ(0g)Kr —P X, where ¥ is constant positive-

definite matrix

Discussion of Assumption 1
Assumption 1 (a) is a classical infinitesimality (or limit negligibility) condition. We

can, if we prefer, replace it with a version of Linderberg’s condition:

T

> E (| KrsurlPI{ | Krs,r(6o)|| > 6} Fit) — 0,
t=1
although this condition is stronger than 1 (a). Assumption 1 (b) imposes the ergodicity
of the quadratic variation Jp(fy) of martingale St(6), which rules out some potentially
interesting models including persistent (unit root) processes and non-ergodic models.
Assumption 1 is trivially satisfied for the weak IV model we consider in section 2.2,
and can also be checked for an exponential family with weak identification. In particular,

consider an exponential family with joint density of the form

T
fr (Xi|0) = h(Xr) exp {UT(Q)/ ZH(%) - TAT(UT(Q))} : (4)
=1
Here, 1 is a p—dimensional reduced form parameter, while ZtT:l H(x;) is a p—dimensional
sufficient statistic. Model (4) covers VAR models with 7 being a set of reduced form VAR
coefficients and x, = (Y/,...,Y/ ), where Y; is a vector of data observed at time ¢, and
the sufficient statistics are the sample autocovariances of the Y;. Fernéndez-Villaverde et
al. (2007) discuss the relationship between linearized DGSE models and VARs.
Suppose that we can partition structural coefficient 6 into sub-vectors o and 3, 0 =

(a, ). We consider an embedding similar to that of Stock and Wright (2000) for weak

GMM, which we use to model 3 as weakly identified. In particular, we assume that

I
nr(0) = m(a) + ﬁm(aﬁ)

where a%m(ao) and 2 (ao, By) are matrices of full rank (dim(f) = k = ko + kg < p).
This means that while @ is identified for any fixed T, the likelihood is close to flat in direc-

11



: : o : Feldy, 0
tions corresponding to 5. Assumption 1 is trivially satisfied for K7 = T
0 Idy,
T
so long as the infinitesimality condition holds for the sequence {\/LTH (xt)} and a law
t=1

of large numbers holds for H(x;)H (z;) (i.e. %Zthl H(x)H(zy) —P E[H(xy)H(x)']).
For example, if x; is i.i.d. a sufficient condition for Assumption 1 in this embedding is
that H(x;) posses at least two finite moments.

The following theorem is a direct corollary of the multivariate martingale Central

Limit Theorem (see Theorem 8, ch. 5 in Liptser and Shiryayev (1989))

Theorem 1 If Assumption 1 holds, then
KrSr(6y) = N(0,%)
and
LM (0) = Sr(60)J7(60) " Sr(6o) = X3 (5)

where k = dim(6y).

Remark. A weaker form of Assumption 1 is sufficient for statement (5). In particular,
we may allow ¥ in Assumption 1 (b) to be an almost surely positive definite random
matrix, rather than being constant. This is the so-called non-ergodic case, statistical
examples of which can be found in Basawa and Koul (1979).

Statement (5) of Theorem 1 suggests a test for simple hypotheses about the whole
parameter vector 6. Unlike the classical ML Wald and LR tests, the derivation of the
asymptotic distribution of this statistic uses no assumptions about the strength of identi-
fication. The statistic is a special form of the classical LM (score) test, which is formulated

as:

1 ~
LM = ?ST(QO)’I*ST(QO),

where 7 is any consistent estimator of Fisher’s information. Our suggested statistic
plugs in £.J7(0y) = 7[S(0o)]; for this estimator. It is important to note that while
the true Fisher information is asymptotically degenerate under weak identification, the

appropriately defined LM statistic (as in (5)) nevertheless achieves a x? distribution

12



asymptotically. It is likewise important to note that the LM statistic calculated with
other estimators of Fisher’s information (for example 717 (f))) is not necessarily robust
to weak identification, as can be seen in the example of weak IV. It is also a bad idea
to estimate the information matrix using an estimator of 6, i.e. to use %JT(é) All of
these alternative formulations deliver asymptotically equivalent tests in strongly identified

models, but this equivalence fails under weak identification.

4  Test for a Subset of Parameters

4.1 The Problem

In applied economics, it is very common to report confidence sets for estimates as sep-
arate confidence intervals for each one-dimensional sub-parameter in the (often quite
multidimensional) parameter vector §. Current standards require that each such con-
fidence interval be valid, that is, it should have at least 95% coverage asymptotically
(assuming the typical 95% confidence level). These one-dimensional confidence sets need
not be valid jointly: if dim(¢) = &, the k-dimensional rectangle formed by the Cartesian
product of the 1-dimensional confidence intervals need not have 95% asymptotic cover-
age. Going the other direction, if one has a 95% confidence set for 6 and projects it on the
one-dimensional subspaces corresponding to the individual sub-parameters, the resulting
confidence sets for the one-dimensional parameters will of course be valid. However, con-
fidence sets obtained in such a manner (usually called the projection method) tend to be
conservative.

Using our proposed test of the full parameter vector, which is robust to weak iden-
tification, we have the option to produce robust confidence sets for sub-parameters via
the projection method. This approach has been used many times in the literature, for
example by Dufour and Taamouti (2005) for weak IV and Guerron-Quintana, Inoue, and
Killian (2009) for DSGE. The typical DSGE model has a large number of parameters to
estimate (often between 20 and 60), which makes projection less attractive as the degree
of conservativeness may be very high, which in turn makes the resulting confidence sets
less informative.

For some intuition on the source of this conservativeness, imagine for a moment

that we are concerned with a two-dimensional parameter § = (6;,6s), and have a t-

13



statistic for each #;. Suppose, moreover, that these two statistics are asymptotically
normal and asymptotically independent of each other. We can construct a confidence
set for each parameter in two ways: the first and most commonly used is to invert
the t-test for the corresponding sub-parameter, which is equivalent to using the the
squared t-statistic and x? critical values and yields C}y, = {(91- : (éi;%y < Xi.%}' As

an alternative, one may construct a joint confidence set for €, which in this case will be

an ellipse Ch g = {9 : (91;151)2 + (é2;§2)2 < X%,.%}, and then use the projection method to
obtain Cyp, = {0 : 303 s.t. (61,62) € Csp} (and likewise for 65). One can notice that Cyp,
ultimately uses the same t-statistic as C'p,, but compares this statistic to the critical
value of a x3 rather than a x?. As a result, in this example the projection method
produces unnecessarily wide (and conservative) confidence sets for each sub-parameter.

The projection method, when applied to strongly identified models, produces a less
powerful test than classical MLE. Thus, when using projection it is natural to combine
it with a pre-test procedure which first discriminates between weakly and strongly iden-
tified models and then, based on the results of the test, uses either classical MLE or the
projection method. There are two obstacles to such an approach: first, we are unaware
of procedures for effectively discriminating between weak and strong identification in
maximum likelihood. Second, the size properties of two-step testing procedures are no-
toriously difficult to asses. Our approach is different, and instead constructs a test which
maintains correct asymptotic size under weak identification, but which is equivalent to
the classical MLE tests under strong identification.

We are aware of a number of papers dealing with this issue in the context of weak
identification. In particular, Stock and Wright (2000) prove that for GMM, under some
assumptions, if § = («, 3) and « is well-identified then it is possible to test the hypothesis
Hy : B = By by comparing the GMM objective function, minimized with respect to «a, to
the critical values of a X?)—ka distribution, where p is the number of moment conditions
used and k, = dim(«). Their result shows that it is possible to reduce the degrees
of freedom for projection-based confidence sets in weak GMM provided the nuisance
parameter is well identified.

Kleibergen and Mavroeidis (2009) prove that it is possible to extend this result to
some models where the nuisance parameter may not be well identified. They consider
a test statistic, called H(6p) here, for testing the simple hypothesis Hy : 6 = 6y (they
use the Anderson-Rubin and IV-LM tests). Assume again that § = («, ), and that the
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hypothesis of interest is Hy : § = [y. Kleibergen and Mavroeidis (2009) demonstrate
that one can again use the quantiles of a X;Qo—ka as critical values. This test is similar
if identification is strong, and somewhat conservative if identification is weak. In this
paper we consider a class of models which, as discussed above, differs from those in the
weak GMM literature in that the variance of the moment conditions may be degenerate

asymptotically and take a different approach.

4.2 Classical LM Tests for Composite Hypotheses

We assume that 0 = (a,3). We are interested in testing the composite hypothesis
Hy : B = py, treating o as a nuisance parameter. The classical theory for maximum
likelihood considers two LM tests for such a setting: Rao’s score test and Neyman’s
C'(a)-test.

Zoa ZLop

Let S7(0) = (S.(6),S5(0)), Z(6) = be Fisher’s information, and 6,
Tos Lps

be the restricted ML estimator of 6, under the restriction B = [y. Assume, in addition,

that all martingales introduced in Section 2 are divided into sub-matrices corresponding

to a and (3. Rao’s score test is based on the statistic
Rao = Sr(60)Z(66) " Sr(bo),

where éo is the restricted ML estimator of 6 under H,.
Neyman’s C'(«) test was developed as a locally asymptotically most powerful (LAMP)
test for composite hypotheses in the classical ML model (see Akritas (1987)). The statistic

is defined as

Cla) = (S5 — I&ﬁI;iSa)/Igﬁl,a (S5 — I&QI;O}SQ)

0=(6,50)

where & is any v/T consistent estimator of a, and Zss o = Zsg — ZpaZo)l Lap.
Kocherlakota and Kocherlakota (1991) show that the two statistics are the same if one
takes & in Neyman’s C'(«) test to be the restricted MLE. If the classical ML assumptions
are satisfied then both statistics are distributed x? 5 asymptotically. In this paper, we
suggest a statistic which is asymptotically equivalent to both Rao’s score and Neyman’s

C(a) if the classical ML assumptions are satisfied. In particular, we consider the same
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LM statistic defined in (5) but evaluated at 8 = (&, fy), where & is the restricted MLE,

that is, the solution to equation

One can easily see that

m(ﬁO) = LM(OAéa ﬁO) - SZ; (Jﬂﬁ - JﬂaJ;;Jéa)_l Sﬂ’e(@g | . (7)

5 Test for a Subset of Parameters- Strong Identifica-
tion

In this section, we establish that if « is strongly identified then the statistic defined in
(7) has a Xz@ distribution asymptotically, regardless of the strength of identification of

3.

5.1 How We Define Strong Identification of «

When we test Hy : f = [y, under the null « is the only unknown parameter. We
call « strongly identified if it satisfies the assumptions below, which guarantee that the
restricted ML estimate of « is consistent and asymptotically normal. We adapt Baht’s
(1974) result on the consistency and asymptotic normality of the MLE for time series to
show that this is the case.

Let Aoar = Jaa1 — Laar, where the last two quantities are the sub-matrices of Jr(6p)

and I7(60y) corresponding to a.

Assumption 2 Assume that matric K¢ from Assumption 1 s diagonal and K, and

K are the sub-matrices of Kp corresponding to o and 3, respectively.
(CL) Ka,TAaa,TKa,T —P 0.
(b) for any & > 0 we have SUp|,, _aoi<sk. 5 |Taalen, Bo) = 104) (I0,) ' —7 0

(¢) Ko — 0 asT — oc.
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Lemma 1 If Assumptions 1 and 2 are satisfied, then the restricted MLE &(0y) is con-

sistent for a and
Kor(d = a0) = Koz g opSar +0p(1) = N(0,5,,) (8)

Discussion of Assumption 2
Assumption 2(a) may be reformulated as

J_l I oaT_)p Idka)

aa,T

which requires that the two information matrices be the same asymptotically. We men-
tioned a condition of this nature in our discussion of weak identification in section 2.
One approach to checking 2(a) in many contexts is to establish a law of large numbers

for Ao r. Indeed, A, is a martingale of the form

82
Aga, Xi_1,6p).
= Z 7 xt|Xt ) Dadar! il Xi-00)
If the terms f(MXil ) ac?;a,f(xt|Xt_1, 6p) are uniformly integrable and K, 1 converges

to zero no slower than \/LT’ then the martingale law of large numbers gives us Assumption
2(a).
Assumption 2(b) is an assumption on the smoothness of the log-likelihood. We can

reformulate it using a third type of martingale, corresponding to the third derivatives:

33
aaa,, Z f xt|Xt 1, 90) 80628068 !

(f[t|Xt71700)- (9)

For all ¢, Aqaa, 7 s a martingale so long as we can interchange differentiation and in-
tegration of the log-likelihood function three times. An alternative to Assumption 2(b)
is

Assumption 2(b’) for any i: Ko, 1Ko1Mo,0017Kar =70
Lemma 2 Assumptions 1, 2(a) and 2(b’) imply assumption 2(b).

Finally, Assumption 2(c) implies that information about o accumulates as the sam-

ple size increases. This assumption is critical for consistency, but turns out to be less
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important for asymptotic normality, so long as 2(a) and 2(b) hold. In weak IV, for ex-
ample, if we assume that 7 is known and local to zero (i.e. 7 = C/+/T), the restricted
MLE for 3 is asymptotically normal, even though it is not consistent. The corresponding

normalization is Kgr = 1.

5.2 Result

As we show in section 3, to test a simple hypothesis about the whole parameter vector
it is enough to have a CLT for the score function. Kleibergen and Mavroeidis (2009)
impose a stronger assumption for the their test of a subset of parameters, namely that
the CLT also hold for the derivative of the moment condition (in fact, they impose a
functional CLT). For our test of a subset of parameters, we likewise need an additional
assumption, specifically a CLT on the derivative of the score, which is directly related to

the martingale Ar (the difference of the two information matrices).

Assumption 3 Consider the sequence of martingales My = (St(60y), vec(Aapr(00))) =
Zthl myr. Assume that there exists a sequence of non-stochastic diagonal matrices Ky

such that:
(a) S0 E(Kurlmor|I{| Kyrmyr| > 6} Fiei) — 0

T . . .
(b) > iy Knrmermyp Kyr —P Yar, where Xy is a constant matriz whose sub-matriz

Y corresponding to the martingale St is positive definite.

Let us define the martingales associated with the third derivative of likelihood function

Z P f(ye]Yio1, 60b)
Aasaon = fytm 160)  0000;08,

(10)

If we can interchange integration and differentiation three times then each entry of Ayapr

is a martingale. We also use the fourth-order martingales

Z a4f(yt|}/t—1760>
Pasagamn = f yt’YZ 1,60) 80‘1‘30@'80‘”186"

For the proof of the theorem below we will also need the following assumptions:

Assumption 4 (o) limy_o Ko1K 5, Ksr = C where C is some finite matriz (which

may be zero).
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(b) KOtuTKOéj,TKﬁn,T [Aoéioéjﬁn]T -0 fOT any i, 7, M.
(C) Kai7TKaj7TKam,TKBn,T [Faiajamﬁn]T —P 0 for any v, 5, m,n.

Discussion of Assumption 4

Assumptions 4(b) and (c¢) state that the higher order derivatives with respect to «
are not important for the analysis, and are used primarily in the proofs. For example,
Assumption 4(c) implies that

]*

aaf;

Ki,TKﬂi,T sup — ]ga5i| —P 0 for all 7.

|o* —a | <6 Ko, 1
If « is strongly identified, then Assumptions 4(b) and (c) generally hold, and can be
checked using some law of large numbers, since the normalization Ki’T or Kogt’T converges
to zero very quickly. Finally, Assumption 4 holds trivially for weak IV, as well as for the

exponential family case discussed in section 3.

Theorem 2 If Assumptions 2, 3 and 4 are satisfied then under the null Hy : 3 = By we
have

LM(f) = ng

5.3 How Our Result Differs from the Previous Literature

As discussed above, Stock and Wright (2000) develop a framework for weakly identified
GMM and construct a test for the hypothesis Hy : § = y when the nuisance parameter
« is strongly identified (Theorem 3 in Stock and Wright (2000)). They consider GMM

with moment condition Em(x;, a, 3) = 0 and construct a statistic based on

S(0) = % > mlas )Y W)= > miri),

where Wr(0) is a consistent estimator of the variance of the moment condition. They
show that, for & = argmin, SW(a, ), their statistic S(a, ;) has an asymptotic x>
distribution with degrees of freedom equal to p — k,, where p = dim(m(x,60)) and
ko = dim(a).

Kleibergen (2005) considers an alternative statistic based on the LM test for GMM

and proves that this statistic, minimized over «, is also the basis of a valid test of
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Hy : B = By when « is strongly identified. In our context, however, if we use the score
of the log-likelihood as the GMM moment condition the system is just-identified and
Kleibergen’s KLM statistic is equal to Stock and Wright’s S statistic.

Our result, though of a similar flavor, is quite different and is not covered by these
previous results. First, the weak ML model does not satisfy the assumptions in the
above mentioned papers. Specifically, if we consider ML estimation as GMM using the
moment condition ESr(6y) = 0, the variance matrix of our moment condition (infor-
mation matrix) is directly linked to identification. In particular, the matrix Wr(6) (to
use Stock and Wright’s notation) becomes degenerate asymptotically, which is ruled out
by the assumptions of Stock and Wright (2000), Kleibergen (2005), and Kleibergen and
Mavroeidis (2009). Second, we apply a different principle to go from a test of the full
parameter vector to a test for a subset of parameters. In the above mentioned papers
the authors minimize the statistic over the nuisance parameter, while we plug in the
restricted MLE. In fact, in our context minimizing the statistic over the nuisance param-
eter does not necessarily lead to a x? distribution, as illustrated in the following weak IV
example.

Weak IV Example (cont.)

Consider the weak IV model (3) and consider the LM statistic for LM (7, 3) for testing
the whole parameter vector 6 = (m, 3), defined as in section 2.3. Suppose we wish to test

the composite hypothesis Hy : 0 = 3y by considering the concentrated statistic:
LM*(Bo) = min LM(m, Bo) = LM (7, Bo). (11)

We can show (see proof in the Appendix) that

_ (Qs + Q1) — /(Qs + Qr)? — 4Q%
2 )

LM*(fo)

where Qg, Qr, and Qgr are defined as in Andrews, Moreira, and Stock (2006) (again,
see Appendix). If the instruments are weak, that is if 7 = C'/v/T, then the asymptotic
distribution of LM¢(y) is stochastically dominated by a x?, and the resulting test is

conservative.
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6 Test for a Subset of Parameters- Weak Identification

In the previous section we show that our subset-test statistic LM (Bo) for the composite
hypothesis Hy : 3 = f3 is asymptotically x? when the nuisance parameter « is strongly
identified, without any assumptions about the identification of .

This result can be extended somewhat to cases when « is weakly identified. Below

are two such examples.

6.1 Weak IV Case

Here we consider a weak IV model with one endogenous variable, when the hypothesis
tested is one about m, that is, Hy : m = 7, while the weakly identified parameter [ is
treated as a nuisance parameter.
As in section 2.2, we consider the model:
Y = 50Z7T0 + Uo U
) t ~ N (07 [dQ)
X=Zry+ W vy
For simplicity we consider a slightly different version of the quadratic variation of S,
namely ezpected quadratic variation.
- T 22t pBrZ'Z

J: S — E t /.E_ —
5 ; (8053} Fe) 827 (1+ 822

The difference between J and J doesn’t matter asymptotically as J1J —p Idy1 uni-
formly over the strength of instruments.

According equation (7) our statistic of interest is
LM (mo) = LM(B, o).

where (3 is the restricted ML estimator of B, and LM (3, ) is defined as in (5) with the
slight modification that J is used in place of J. A simple formula for LM ([, m) is given
in (28). Note that Sg(ﬁ, 7o) = 0, and we can explicitly solve for B as

T, 2'Y
LYAVAT

A (Y - BZW()) —0ef= (12)



Simple calculations show that

LM (B, 7r0> - (BU + Vo)/ Z ((1 27— 52Z7TZ(’ZW;OZZ) y (Bff n VO) . (13)

where U =Y — 3Z7,.
Lemma 3 If o = ¢/\/T we have LM (3, m0) = x3

The idea of the proof is the following. Under the weak instruments embedding, 3 is
not consistent but is asymptotically normal. We can show that (Z’Z)’l/zZ’lj,ﬁA and
(Z'Z)12Z'V;y are asymptotically normal and asymptotically uncorrelated with each
other. If we consider statistic LM(B,FO), conditional on B it becomes a correctly nor-
malized quadratic form of an asymptotically normal k—dimensional random variable
and thus conditionally asymptotically x2. As a result, unconditional convergence holds

as well.

6.2 Case Where Score is Linear in «

The case considered in the previous subsection is interesting in that the nuisance param-
eter is weakly identified, but is somewhat trivial since the parameter tested is strongly
identified. We can to a limited extent generalize this result to more interesting contexts.
Below, we consider the problem of testing a hypothesis about a weakly identified pa-
rameter in an exponential family model. The nuisance parameter will be divided into
two subsets, one of which is strongly identified while the other is weakly identified. We
will make the very restrictive assumption that the weakly identified nuisance parameters
enter linearly.

Assume that the experiment at time 7" is generated by the exponential family (4).
As already discussed, model (4) covers VAR models, and many linearized DGSE models
can be represented as VARs (see Fernéndez-Villaverde et al. (2007)).

Assume that we are interested in structural parameters 0 = (aq, g, 3), where the

relation between the structural and reduced form parameters is given by

1 1
nr(0) = m(ay) + ﬁn(ala B + ﬁr(ala ). (14)
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We assume that the matrix (%m(al), n(aq, ), %n(al, B)as + %r(al, B)) has full rank

k = dim(0) < p and call this the rank assumption. That is, we assume that the structural
parameters are identified, though only «; is strongly identified (parameters ay and 3 are
weakly identified).

We are interested in testing a composite hypothesis Hy : § = [y, treating o = (aq, az)

as a nuisance parameter. We use LM () statistic as defined in (7).

Theorem 3 Assume that in model (4) and (14) which satisfies the rank assumption the

following convergence holds at the true value of 0y:

(a) Ar(n) — A(n), as T — oo in a neighborhood of N and the first four derivatives
of Ar at N converge to those of A(+);

(b) 7320 Hlze) =7 A;

(c) %23:1 (H(wt) - A) (H(It) — A) —P _anaan'A(%O> = —A, where A is a positive-

definite matriz;

(d) 7 32(H(w))? = Oy(1).

Then under the null we have

7 Simulation Results

We have a number of simulation results which both support our theoretical results and
suggest directions for further research. We focus on simulation results from three models:
a simple DSGE model based on Clarida, Gali, and Gertler (1999), a nonlinear extension
of the standard weak IV model discussed earlier in this paper, and a weak IV model
with two endogenous variables. In all cases, we simulate the behavior of our proposed
statistics and compare the finite sample distributions of the statistics in question to their
limiting distributions. In the DSGE example, we argue that estimation in the model
behaves in a manner consistent with weak identification, and that our proposed statistics
offer a substantial improvement over the usual Wald-based statistics for testing in this
model. For the other two models, we use a standard specification for weak identification

and show that our proposed tests have good properties in simulation.
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7.1 DSGE Model

We consider a simple DSGE model based on Clarida, Gali and Gertler (1999).* For this
model, we first explore the properties of ML (and the usual ML-based test statistics),
then discuss the properties of the information matrix, and finally explore the behavior
of our proposed test statistics, both for the full parameter vector and for subsets of
parameters.

The (log-linearized) equilibrium conditions for the model are
5Et7Tt+1 + KTy — T+ & = 0
—[Tt — Etﬂ-tJrl — TT’:] -+ EtxtJrl — Ty = 0
re =ari—1 + (1 — Q)pm + (1 — a)ppz + uy
rry = pAay

while the exogenous variables (Aa; and u;) evolve according to

Aay = pAay_1 + €qy

Up = OUp—1 + Euy

& 0 o2 0 0
ear | ~idN [ L0 |, | 0 o2 0
Eus 0 0 0 o2

The model has ten parameters: the discount rate [, the structural parameters k, ¢, ¢,

and «, and the parameters describing the evolution of the exogenous variables. We cali-

(1-0)(1+)(1-50)

brate the structural parameters at generally accepted values: § = .99, k = 7

1717, ¢, = 0, ¢ = 1.5 and a = 0. For the parameters describing the exogenous vari-
ables, we choose p = .2 and J = .2, to introduce a degree of persistence while maintaining
stationarity, and set 0, = 1, 0, = 1, 0 = 1. Using this model, we generate samples of size
300 and then discard the first 100 observations. We use only the last 200 observations
from each simulation draw for the remainder of the analysis. Given well-documented

problems with estimating  in many models, for this point forward we also calibrate this

40ur model is based on slides from Lawrence Christiano on estimation of the Clarida Gali and Gertler
(1999) model, which we have altered by setting the tax rate equal to zero to simplify the model.
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parameter at its true value, and conduct the analysis using the remaining 9 parameters.®

7.1.1 MLE Monte-Carlo Results

We begin by examining the behavior of the maximum likelihood estimator for the nine
non-calibrated parameters in the model. We report histograms for the resulting estimates
in Figure 1 (based on 500 Monte-Carlo draws), with the true value of each parameter
reported in parentheses at the top of each subplot. As can be seen from the figure, the
distribution of many of the estimates is quite far from the normal limiting distribution
of the maximum likelihood estimator under the usual assumptions. Moreover, it appears
that this non-normality is not purely the result of bad behavior on the part of one pa-
rameter: after experimenting with calibrating (to their true values) a number of different
parameters, it appears that we need to exclude from the estimation (calibrate) at least
three parameters before the distributions of the remaining parameters begin to appear
well-approximated by normal distributions.

While the results in Figure 1 show that the usual asymptotics for the ML estimator
provide a poor approximation to its finite-sample distribution in this model, our theo-
retical results focus on questions of inference rather than estimation, so we also look at
the behavior of the usual maximum likelihood tests for this model. We consider each
of the trinity of classical tests (LR, Wald, and LM) in turn, focusing on tests of the
full parameter vector. Specifically, we test the hypothesis Hy : 6 = 6y, where 6 is the
vector consisting of all parameters other than § and 6 is the true value. Under the usual
assumptions for ML, all of these statistics should have a x2 distribution asymptotically.
In simulations, however, the distribution of these statistics appears quite far from a 2.
To illustrate this fact, in Table 1 we list the size of a number of classical test statistics
which, under classical assumptions, should have asymptotic size 5% or 10% (for the left
and right columns, respectively, based on 2000 simulations). These sizes were generated
by calculating the appropriate test statistic in simulation and comparing it to the 95th
(or 90th) percentile of a x2 distribution. The LM statistic listed in Table 1 is calcu-
lated as LM (6y) = S(6)'171(60)S (o) where I(6y) = —{(6y) is the observed information
(rather than with J as our LM statistic, E\Z(QO) = S(0y)' J1(05)S(6p)). Table 1 also

lists four variations on the Wald statistic, corresponding to different estimators of the

5We conducted extensive simulations, only some of which are presented here. Additional results are
available from the authors by request.
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asymptotic variance used in (6 — 6,)V (0 — 6y). In particular, Wald (1()) is the usual
Wald statistic which uses the inverse of the observed information, evaluated at é, to esti-
mate the asymptotic variance. Wald (I(6p)), on the other hand, evaluates the observed
information at the true parameter value. Likewise, Wald (J(6)) and Wald (J(6,)) use
J~1 as the estimator of the asymptotic variance, calculated at 6 and o respectively.

As can be seen in Table 1, the LR statistic is fairly conservative, with type I error
less than half the desired asymptotic size. All versions of the Wald statistic which we
consider severely overreject. Finally, the usual LM statistic (calculated using the negative
hessian) somewhat overrejects at the 5% level and underrejects at the 10% level, and its
CDF is very poorly approximated by a that of a x3. Taken together, these results strongly
suggest that the usual approaches to ML estimation and inference are poorly behaved

when applied to this model.

7.1.2 Behavior of the Information Matrix

Having examined the behavior of the usual ML estimator and tests in this model, we
can also look directly at the properties of the information matrix. The embedding which
we use to describe weak identification in the exponential family case implies a singular
information matrix in the limit. Thus, intuitively, if we think that there are problems
of weak identification in this model, we would expect the information matrix to be in
some sense close to singular. While we have not formalized this idea, examination of the
eigenvalues of Fisher’s information matrix E[—£(6)] (which we calculate by simulation)
confirms, consistent with the intuition of weak identification, that the information is
“small” in this model, with the smallest eigenvalue (.08) far smaller than the largest
(15644.04).

In Section 2 we associated weak identification with the difference between two infor-
mation measures Ar(6y) being large compared to Jr(6y). We point out that observed
incremental information Jr is almost surely positive-definite by construction, while Ap
is a mean zero random matrix. If A is negligible compared to Jr, then the observed
information Ir(6y) = Jr(6y) — Ar(6y) is positive definite for majority of realizations.
We can check positive-definiteness of Ir(6y) directly in simulations. Considering the ob-
served information evaluated at the true value (I7(6y) = —¢(y)), we see that it has at

least one negative eigenvalue in over 95% of simulation draws, and at least two negative
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eigenvalues in over 40% of simulation draws (based on 2000 simulations). While this falls
far short of a formal test for weak identification, it is consistent with the idea that weak

identification is the source of the bad behavior of ML estimation in this model.

7.1.3 LM Test for Full Parameter Vector

We now turn to the weak identification-robust statistics discussed earlier in this paper.
We begin by considering the behavior of the the test for the full parameter vector de-
scribed in section 3. As the reader will recall, this statistic is LM () = S(8)'.J(6)"15(6),
and under appropriate assumptions we have that ﬂ//[(%) —4 X2 under Hy : 0 = 6y. In
Figure 2, we plot the CDF of the simulated distribution of W(eo), together with a 2.
If we use Y3 critical values to construct a test based on this statistic, a 5% test rejects
9.84% of the time, while a 10% test rejects 16.68% of the time: though this shows that
the test based on LM and X2 critical values is not exact, the x* approximation is far

better for Zz\7 than for the usual Wald or LM statistics.

7.1.4 Subset Tests

Finally, we simulate tests for subsets of parameters. Specifically, as before we consider a
partition of the parameter vector, § = (a,b), and consider the problem of testing b = b
without any restrictions on a. In this context, we simulate two tests. One is based on
the LM statistic evaluated at (a,bo) for a the ML estimator, which we have discussed
extensively in this paper. The other is based on min, ﬂ//l(a, bo), suggested Stock and
Wright (2000) for GMM when a is strongly identified. As discussed above, Kleibergen
and Mavroeidis (2009) argue that (under under similar assumptions to Stock and Wright)
when a is weakly identified the asymptotic distribution of this statistic is dominated by
that of a Xf,, where p is the dimension of b. For both approaches, and for several subsets
of parameters, we simulate the distribution of the statistic and then construct tests using
quantiles from the X;Z; distribution as critical values.

We first consider testing the six parameters other than a,p, and J, (so we have
a=(a,p,d) and b = (¢y, Oy K, 0a, 04, 0)). The size of 5% and 10% tests based on these
statistics using asymptotic (x2) critical values are given in Table 2. As can be seen, while
the x2 distribution does not provide a perfect approximation to the distribution of either

statistic, it is fairly close. Both statistics tend to over-reject, so since the test based on
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min, LM (a,by) is more conservative by construction it performs somewhat better.

We next consider testing the six parameters other than ¢,, ¢, and & (so a = (¢z, Pr, K),
while b = (o, p, 0, 04, 04,0)). The results from this simulation are given in Table 3. Again,
the tests over-reject compared to their asymptotic size, and the problem is actually some-
what worse than for the previous subset of parameters considered, although still not too
severe.

Finally, we may be interested in testing only one parameter at a time (for example to
generate confidence sets). We report results for Taylor Rule parameters ¢, and ¢,. Based
on 1000 simulations, the results for m(d, Bo) (reported in Table 4) are similar to those
in the other parameter subsets: the test over-rejects, although not severely. Interestingly,
when we consider the minimized statistic, the tests we receive for ¢, and ¢, separately

appear conservative, rather than over-rejecting as they did for larger subsets.

7.2 Nonlinear Weak 1V

In section 5 we prove that, provided « is well identified, under appropriate assumptions
LM (&, By) converges to a X%B distribution asymptotically, where kg is the dimension of
(. As shown in section 6, for the exponential family model where « is weakly identified
but enters linearly we again have that m(d, Bo) converges to a X%B- To understand the
extent to which the result relies on the fact that «, the nuisance parameter, enters the
expression linearly, we here consider a variation on the usual weak IV model in which 3

enters the equation for Y nonlinearly. In particular, the model is:
Y =n (8?2 +52)+U
X=nZ+V

u
with 8,7 scalar and ") ~iidN (0,1). As usual with weak TV, we take the first-
Ut

stage parameter to zero as the sample size grows, m = \/LT The log-likelihood for this

model is €(0) = const — $>° (g — 7 (6227 + B2)) — 23 (w — mz). As before, let s
be the increment of the score vector S = %E and let J be its quadratic variation,
J = [5] = Y s8,. We consider testing Hy : @ = mo using LM (mo, Barz,), and are
interested in whether this statistic has a x? distribution asymptotically. While we do not

have any theoretical results for this case, we have run a number of simulations, which
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suggest that a x? is a reasonable approximation to the distribution of this statistic. In
particular, we set § = 1 and, ¢ = .01, and consider T" = 100 and 7" = 10,000. For each
value of T, we simulate 10,000 Monte-Carlo draws, and calculate the size of asymptotic
5% and 10% tests (using critical values based on a x?) for sample sizes 100 and 10,000,
which we report in Table 5. We also plot the CDF of Z?\?(wo, [?ML), together with that of
a x3, in Figure 3. These simulation results show that the distribution of m(wo, BML) is
close to a x? in this model, suggesting that it may be possible to extend our theoretical

results to this context.

7.3 Weak IV for Two Endogenous Variables

Another possible application of our proposed statistics is to the case of weak IV with more
than one endogenous variable. Here, we consider the case of IV with two endogenous

variables, using the model

Y =Zrng+U
X=Zr+V
3 V11 V12 Uy 0
T T
where m = e B = ! V= : : and | vy, | ~ N 0|,.X
21 722 52
U1 U2 (%Y 0

We consider the problem of testing 5; = Y without imposing any restrictions on 3, or
m. To do this, we calculate Z/L\]\//[(ﬁ?,@, 7), where (@g,fr) is the restricted ML estimator

of (B2, m). As for nonlinear weak IV we have no theoretical results on this model, but

. 1 4 7
1 1
have simulated this statistic for 7 = \/LT , 1.2 =14 1 5|,and T (total
= 1
’ 705 1

number of observations) equal to 100 and 10,000 (in both cases using 10,000 Monte-
Carlo draws).% In Table 6 we report the size of what would be asymptotic 5% and 10%
tests if the LM statistic converged to a x? asymptotically, while in Figure 10 we plot
the distribution of the statistic for 7' = 100. At both sample sizes (and for a number of

other parameter values not shown), the statistic is dominated by a x3, and as a result

6We produced simulations for different values of = and ¥, which are available from the authors by
request.

29



the statistic under-rejects. These results suggest that it may be possible to extend our
results to show that the LM statistic is dominated by a X3 in the case of weak IV with

more than one endogenous variable.
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9 Appendix with Proofs

As before, we assume that the normalizing matrix K, is diagonal. In order to sim-
plify notation when dealing with objects in three or more dimensions, we will somewhat
abuse our notation by using K, r as if it were a sequence of constants. For example,
K§7TK57TAaa5 —? 0 means that for all indexes 7, j,n we have K,, 7K, 7TK5MTA%%./3H —P
0. In the Taylor expansions used in the proof for Theorem 2, the expansion is assumed to
be for each entry of the expanded matrix. In addition, there is often a silent summation

over the indices in «a, as will be clear in context.
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Proof of Lemma 1
The proof follows closely the argument of Bhat (1974), starting with the Taylor ex-

pansion:
0 = Sa(@, o) = Sa — Ina (6 — ag) — (Taala®, Bo) — 10,) (& — ag)

where a* is a convex combination of & and «y. As usual, we may consider different
a* for different rows of I,,. Assumption 2(b) helps to control the last term of this
expansion, while Assumption 2(a) allows us to substitute Juq 7 for I, r in the second

term. Assumption 1 gives the CLT for K, 1S, 7.0

Lemma 4 Let My = ZtT:l my be a multi-dimensional martingale with respect to sigma-
field Fi, and let [X]; be its quadratic variation. Assume that there is a sequence of

diagonal matrices Kr such that
(a) Kp[M|rKr — %, where ¥ is some finite matriz;
(b) for any € > 0 we have that ), E (Kp|m|I{Ky|mi| > ¢e}) — 0 as T — oc.

Let m;; be i-th component of my, and K, the i-th diagonal element of Kr. For any

t,7,1:

T
Ki,TKj,TKZ,T E UL RN —r0
t=1
Proof of Lemma 4

Take any € > 0.

T

KirK;rKr E MM 41705 41T ¢
t=1

T
< m?X|Ki7Tmi,t| (Kj,TKz,T E mj,tml,t> <

t=1

< max | K | (K K r[M;, M) r)
Condition (a) implies that K r K r[M;, M)y —P ¥, is bounded in probability.
FE (m?X |Ki,Tmi,t|) S €+ FE (Ki,T m?X |mi,t|]l{|Ki7Tmi,t| > 8}) S

<e+ Z FE (Ki,T]mi,t|]I{|Ki,Tmi,t| > 8})
t
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the last term converges to 0 according to condition (b). O
Proof of Lemma 2

Notice first that

0 T
__]aa(00> = _S[Aozom Sa]T + 2 Z Si,t + Aaaa (15)

Oa —
where Ayqq is a martingale defined in (9), and [-, -7 is a joint quadratic variation of any
two martingales.
Denote by f; = f(z¢|X;-1;0) the (valid) pdf, while f,:, faa: etc. are its partial
derivatives with respect to o. Notice that the increments of martingales S, 7, Aqer and

Noaa are sq¢ = ff s Qoo = f‘}“‘ =, and Mgt = % respectively. By definition

faaat faatfat fat
_aaazﬁ?’zlogft Z Z [t ft+22( )

o (15) follows.
Given Assumptions 1 and (2a) we have that K, 7lnaKor — 2. Now consider the

quantity of interest from Assumption (2b)

0

0
—1
aa [e7e3

|K2,T(Iaa(a17ﬁ0) - Igoz)} = Ki,T lag — | < 5K2,T %Iaa .

It suffices to show that K |2 Iw| =7 0, using identity (15). Assumption (2b’) implies
that the last term converges to zero in probability. Lemma 4 implies that the second term
is negligible. And finally, Assumption (2a) gives us that the first term also converges to
zero in probability. [

Proof of Theorem 2

We denote by super-script 0 quantities evaluated at 6y = (o, /3p). According to
martingale CLT, Assumption 3 implies that

(KarSe, Kg1Sg, KaprAvg) = (€ar s, Eap), (16)

where &’s are jointly normal with variance matrix X,;.
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We Taylor expand Sg(&, 5y), keeping in mind that I3, = —%é(ao, Bo), and receive

. . 1 . . ~
K—ﬁ,TSg(Oz7 60) = K@ng — K@T[ga(a — Oéo) + §K5,T(Oé — Oéo)/([gaﬁ)(@ — Oéo) + R

with residual

1 . . R
R = Kﬁ,T§(Oé — a0) (Iiap — 100) (6 — )

«

where [2a@ = %ﬁaﬁﬁ(ao,ﬁo), s = #ﬁ‘aﬁé(a*,ﬁo) and o is again a point between &

and ap. From Lemma 1 we have that & is K, r-consistent. As a result, Assumption 4

(c) makes the Taylor residual negligible:

Ko rS5(a, 00) = K1) — Ko [3(6 = a0) + Ko (6 — 00) (1%5)(@ = a0) + 0,(1).
We plug asymptotic statement (8) into this equation and get
KonS(0, o) = KisrS%— KoL (1) 80+ 5 KoY (12,) 7 (1004) (1%) 5 + 0p(1).

Reacall that by definition I§, = J§, — Aj,. We use this substitution in the equation

above, and receive:

KprSp(a, Bo) = Kp Sy — Kprdga(Ioa) ™' Sa + KprAja(Ina) ™ Sat

1 /o N _
+5 K5 (Toa) ™ (Taas) (Taa) ™ Sa + 0p(1). (17)

One can notice that we have the following informational equality:

T
[gaﬁ = _[Agom Sg] - Q[Agcﬁ? Sg] +2 Z Si,tsﬁ,t + Aaaﬁ-

t=1

It can be obtained in the same manner as (15). Assumption 4 (b) implies that K37 K2 ;Aqas —?
K2

0. Assumption 2(a) and Assumption 3 together imply that = -

— 0. Using Assumption

2(a) and Lemma 4, we notice that

K rEKg plans = —2Ks 7Kg 7[Adg, Sal + 0p(1). (18)

According to Assumption 4 (a), 2K 7 K7 7[A%5, S9] is asymptotically bounded so Kgr K2 10,5 =
O,(1). According to Assumption 2(a) Ko 7I°, Kor = KorJaaKar + 0p(1), s0 Assump-
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tion 4 (a) implies that K, rA.3Kg 1 is bounded. Taken together, these statements imply

that we can substitute J°, for I°, everywhere in (17). Doing so gives us:
Kp.185(, Bo) = KprSy — Kprdsa(Jaa) " Sa + KarAns(Jaa) " Sat

1 ,
+5 Ko (Jaa) ™ (Taap) (aa) ™ Sa + 0p(1).

Kp15p(6 B0) = KprSg — KorJge(Jao) ™ Sa + D(JgaKar) ' Sa + 0p(1) (19)

where
Qu

1 ,
D = KorKsrAds + 5KQ,TKB,T(I 00s) (o) 1 ST

Notice that D is asymptotically normal (though it may have zero variance, i.e. it

may converge to zero) and asymptotically independent of K, rS%. Indeed, using (?7) we

have:
K.rK _ /
D = Kol 1 (02 (A2 2+ 0y () o i) o =
K,rK /
= S (Kasr Dy = (Kaia Kagia A0, SI)(Kar o Kar) ™ KaxSY ) +0p(1) =
o0 (€ap, o)
C Q, T T 15/~ N Sa
(- e e

where variables (&,

1) = Hm(Ko 1S, KagrAYs) are as described at the beginning of
the proof.

Plugging the last statement and (16) into equation (19) we have:

cov (&, €a)
Var(&a)

KprSs(a, o) = &5 —

fﬁc@wmmw®> 2

Var(&,) Var(&,)

Conditional on &,, KgrSs(&, (o) is asymptotically normal with mean zero and condi-
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tional variance

2
lim VCZ7'<K,B TSﬁ( ﬁo)‘Ka TS € ) <V(Z7"(§5) - %) +
§

« COU(€aﬂ7 fa)COU (5/37 ga)
"’QCW (CO'U(faﬂy é-ﬁ) - Var(fa) ) -+

(erares) (e~ e, &

Now we turn to the inverse variance term in formula (7) for m(ﬂo), (Jﬁ/@ — Jsadon Jﬁa) ‘ 80"

Below we prove the following lemma:

Lemma 5 Under Assumptions of Theorem 1 we have:

(@) K3 os(0, o) = Var(§s) + 20con(Eup. &) gy + OV ar(ens) (vt )
(b) KarKsrJas(d,Bo) = cov(€a; &g) + C - cov(€as, ba) pasies
(¢) K2 1 Jaald, Bo) =7 Var(&)

Lemma 5 implies that

K5 v (o5 = JsadaaTha) | (450 =

€a

ar(&a)
{a ) 1

Var(&,) ) Var(&,)

= Var(&s) + 2Ccov(&ap, iﬁ)

+ C*Var(&qp) (Vaffg ) > T

(00060, €0) 4 € conttan &) )

— <cov(§a,§ﬁ) + C - cov(€ap, a)

Note that the last expression is the same as (20). That is, K31 (Jgs — Jsaag J5a) |(a 50)
is asymptotically equal to the asymptotic variance of Kg71Ss(&, By) conditional on &,.
As a result statistic LM (6o), conditional on &,, is distributed Xkﬁ asymptotically and
thus is asymptotically X%B unconditionally as well. This completes the proof of Theorem
2.

Proof of Lemma 5

(a) We can Taylor expand Jgs(&, Bo) as

. 0 R 19 R
Jgg(Oé, ﬁo) = Jﬁoﬂ + a—ajﬁoﬂ(& - Oéo) + §ngﬁ(04 - 050)2 + R, (21)
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where R = %Jgﬁ(a* — ap)?. Consider the first term of the Taylor expansion above:

0 0 ‘ 2
%Jﬁﬁ ~ 90 ; 834834 = —2 Z laB S8t = 2 Z AaBtSpt — 2 Z Sa,tSg.t-

Using the statement of Lemma 4 and Assumption 4 (a) we have

8 Ka,TK,@,T

KavTKé,T%Jﬂﬁ =2 KoprKpr Y tapisps — 2Kar K5 Y saush, —

—P 2Ccov(€ap, Ep). (22)

Kaﬁ,T

Now let us consider the second derivative of Jgga:

0? 0 0
wj]gﬁ = Qa—a Z aaﬂ,tsﬂ,t — 2a—a Z Sa,ts?ﬂ,t =

=2 Z Aaap st + 2 Z aiw -8 Z 0Bt58tSat — 2 Z Claa,tS%,t +6 Z Si}tsfa’t.
t

We is interested in the limit of K§7TK§’T%Jﬁﬁ(d, Bo). According to Lemma 4,
K20 K503 apispiSay —" 0 and K2 1 K50 Y Gaayss, —" 0. Analogously we can show
that K2 p K50 >, 50,55, —" 0. Assumption 4 (b) implies that K2 7 K51 > Aaag e —"
0. Finally using Assumption 3(b) we get

82
Ki,TK;TWJBB —P 2C*Var(Eap)- (23)

In the same way as above we can show that

83
Ki,TKE,T@Jw =70 (24)
Putting the expressions for derivatives (22), (23) and (24) into equation (21), and also
we get statement (a) of Lemma

noticing that due to Lemma 1 K ;.(& — ag) =

5.

a
Var(£a)’

(b) Again we use Taylor expansion:

N 1 0?
2 a2

0
Jap(@, By) = ‘]aoﬁ + _Ja06<d — ap)

50 Jaoﬂ(oz* — 040)2. (25)
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From assumption 3(b)

Ka,TKﬁ,TJaoﬁ =P cov(&a, &p) (26)

Taking the derivative we see

0 0
%Jaﬁ = % ; Sa,tS8t = [Aozom Sﬂ] + [Aaﬂa Sa] -2 Z Si,tsﬁ,t

According to Lemma 4 K ;Kgry_ 52,53 — 0. Assumptions 2(a) and 3 imply that
2

==L 0,50 K2 Ky r[Aga, Sg) =7 0. We have

Koca,T

%) K2 K,
Kozl,TKB,T—Jaﬂ _ DaraBT

v KaB,TKa,T[Aaﬁa Sa] + 0p<1) —PC- COU(&XB, ga) (27)

Kaﬁ,T
Similarly, we can show that

o2
Ki,TKﬁvTWJS/B — O

Putting the last equation, together with (26) and (27), into (25) and using Lemma 1 we
get statement (b) of Lemma 5.

(c) As before we use Taylor expansion

R 0 (o — )
K2 1 Jaaldr, Bo) = K2 1 Jos + Kg,T%JQaTj

9 3
5z o = 2[AnaSa] +2 > osh

By the same argument as before K7 1[A4qS.] —” 0, and according to Lemma 4 K2 1 >~ 3, —?
0. Given the result of Lemma 1 we arrive at statement (c). [J
Proof of statement from Section 5.3

We consider model
Y:50Z7T0—|—U0; X:Zﬂ'()—l—‘/b

Here Y, X, Uy and Vyare n x 1, Zisn X k, mgis k x 1, and [y is 1 x 1. Here we assume
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10

0 1
The test we wish to perform is Hy : 3 = [y, so 7 is a nuisance parameter. In what

that uY, v are i.i.d. with mean zero and known variance matrix

follows all parameters and errors with zero indexes stand for their true values, while
those without zero are calculated with values of 7 which are not necessarily the truth.
For example, U =Y — GyZ7 is equal to Uy only if 7 = m5. We also use V= GoU +V
and = U — (yV. Notice that £ = E for all .

The score (up to a constant multiplier) is (k + 1) x 1 vector Sy = (S1,55)’, where

Sl = W/Z/U; SQ = ﬂgZ’U + Z/V = Z/V

We consider a slightly different version of the J matrix, using the expected quadratic
o 7' Zw  Por'Z'Z o
variation J = ), E[s;s;] = . The LM statistic for the full
BoZ' Zm (1+32)2'Z

parameter vector (o, ) is

LM (By,7)=8J1S =

1 ((w’Z’E)Q

V'Z(Z' 72V 7'V ) .

Consider an alternative to our statistic introduced in (7). In particular, consider statistic
LM¢(B) introduced in equation (11). It is of the same type as the statistic considered
in Kleibergen and Mavroeidis (2009). We need to minimize LM (fy,w) with respect to

7. For this purpose we take first derivative with respect to m:

oLM 1 m7'BE (' Z'E)* ~
= 2 Z2'E—2———""_7'Zxn - 201+ HZ'V ).
on 1+ G2 ( AV A (' Z' Z)? =201+ %)
So our first order condition is
7B (W’Z’E)2 ~
S Al D ——————C— 4/ S 7'V = 0. 29
' Z'Zm (' Z'Z7)? ™= (1+4) (29)

Note that if we multiply equation (29) by 7’ from the left the first two terms cancel out

and

T Z'V = 0. (30)

We next derive a formula for V'Z(Z'Z)"'Z'V from equation (29). As a first step we
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multiply it by ‘7’Z(Z’Z)_1

. . /Z,E . (W/Z,E)Q . 3
1 NS A AN A A Ve T AVAVA YA RSl VI A U AN AR AL
( +ﬂ0)v ( ) V W’Z’Z?TV ( ) (W’Z’Zﬂ')z ( ) @
mZ'E ~,
= V'Z2(Z 7' Z'E.
W’Z’Zﬂ'v ( )

The last equality follows from (30). We plug the last equation into (28) and receive:

LM*(6o) =

1 ((FZE? 1 #ZE ~

V'Z(Z'Z) ' Z'E
1+ 3 < 7777 Tirgizze 2EY ’
where 7 is the minimizer of LM (5, 7) and the point at which we consider FOC (29).
Now let us introduce ¥ = ByY + X = (1 + B3 Z7 + V,orV=Y-(1 + 32)Z7 and plug
it in the last expression:

1 T Z'E <

LM (o, ) = 057 %’Z/ZﬁY/Z(Z,ZylZ/E' (31)

We adopt notation from Andrews, Moreira, and Stock (2006),
 E'Z(Z'Z)'ZE . EZ(Z'2)7'z'Y . Y'Z(Z'Z)7'Z'Y

QS 1+ﬁg sy W ST — 1+ﬁg y T 1+/8§

Let us also denote v =1+ (32; a = #'Z'E; b = @' Z'Z7. We can re-write (29) as

2 o~
%Z’E - Z—QZ/ZW —NZ'Y + 422 2 = 0. (32)

Multiply equation (32) by E'Z(Z'Z)~! from the left and multiply (32) by Y'Z(2'Z)!
from the left and take a linear combination of the resulting expressions. We arrive at the

following equation

a

2
(%> Qsr — %(QT +Qs) + Qsr = 0.

As a result

a (Qs + Qr) — \/(QS + Qr)? — 4Q%T'

v 2Q st

Putting this into formula (31) we get

(Qs + Qr) — /(Qs + Qr)? — 4Q%,
; .

LM(5o) =
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Simulations show that under weak identification, the statistic is strictly dominated by

X3-

Proof of Lemma 3.

First we prove that (Z2/2)"Y22'U, 3 and (Z'Z)~/2Z'V, are asymptotically normal
and asymptotically uncorrelated with each other. Two k—vectors (Z'Z)~'/2Z'V, and
(Z'Z)~12Z'Uy have exact normal distribution and independent from each other (condi-
tionally on Z, however, the whole analysis here is done conditionally on 7).

From the definition of U we can see:

(le)—l/zzllj' — (le)—l/Qle - ﬂ(z/z)—l/Qz/ﬂ_

0 WBZ/ZT('O 0
and 3 — By = ZZY% . As we can see (Z2'Z)~"/2Z'Uy is represented as a sum of two orthog-
onal components (Z’Z)_l/ZZ’U and %(Z’Z)‘VQZ’WO. The last one is normalized 3.

So, asymptotic normality and independence is proved.
Now, consider LM(B,WO) written as in (13) and condition it on (. We can see that

VAAREIA <BU + Vb) is normal k x 1- vector conditionally on /3, and

BQ(Z,Z)I/QWOW()(Z/Z)I/Q
WéZ’Zﬂ'O

(14321 —

is its conditional covariance matrix. Thus, conditionally on B statistic LM (B, 7o) has x3
asymptotic distribution. [J

Notation. Whenever a function is given with no argument, it means it is evaluated
at the true 6y. Whenever we evaluate a function at a point other than 6, we write it
explicitly. For martingales S and A and for information quantities J and I indexes 1
and 2 stand for the sub-matrices corresponding to oy and ay respectively, and 3 for the
sub-matrix corresponding to .

For the functions ¢, m,n and r only, the subscript 1 stands for the partial derivative
with respect to «q, subscript 2 stands for the partial derivative with respect to as, and
subscript 3 denotes the partial derivative with respect to §. For the second derivatives
the order of subscripts determine the dimension of the corresponding matrix, for example,

b o = %{;w is k1 X ko matrix. In general the third derivative is a third order tensor,
1
the forth derivative is a fourth order tensor, and any statement about convergence of

tensors means element-by-element convergence unless otherwise specified. NV is the set
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of indexes of a, so ) is an element of o if n € N;. Ny is the set of indexes for as, and

Np is the set of indexes for 3. For example, {150, = 3 is a matrix of size k1 X kg

of third derivatives, and if n € N, then £, is sub-matrix of tensor £;5,. Likewise Ag;
is kg x ki matrix, while Ag, is kg X 1 sub-matrix of Ag, if n € N;.
Consider the following normalization: K;r = \/Lffdkl;Kz,T = Idy,; Kgr = Idyg;
Kir 0 Kor 0

Koz = ’ and Ky =
0 Ko 0 Ksr

Lemma 6 Under the conditions of Theorem 3 the following statements hold:
(a) KpJrKr —P %, where ¥ is non-degenerate finite matriz;

(b) I plaar —P Idy,;

aa,T
(c) ﬁfln —P0; %5112 —P0; %5122 —P 0; Loz —7 0;
(d) %511,@‘ —P0; %flu,@ —P0; \/LTEIQQE —P 0; lagap —7 0;
(e) las(jy — [Aa(j), Sa — [S2, As(p)] =P 0 for any j € Ng;

(f) \/LT (Cs15) — [As(j) S1]) =P 0 for any j € Ny;

A Aars Ag(; .
(9) % P (); [%7 %] —P 0 and [%75‘2} —P 0 for any 7 € Ny,

Proof of Lemma 6. Let us denote H; = Zt 1 ( (zy) — A) (which is a px 1 vector),
H, = Zthl (H(x ) — A) (H(xt) — A)l (a p x p matrix). According to the conditions of
Theorem 3, —H1 —P (0 and H2 P — A,

(a) One can check that

, o
ST = \/THl 80 H17
(ngas+rg)’
T_[__]1

where % = ((my + \/ifnloq + \%Tl), T %) is p x k matrix. It is easy to show

that Jr = %/Hg%. Using the normalization K7 we have:

mi
Krdr Ky —? — n' A(ml,n, ngas +rg) = L.

(npag +1p)’
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Due to the rank assumption, X is positive-definite.

(b) We calculate I,q 7

]aaT _asy m11H1 — Tm’lAml %Hl — T\/LTAml

Now it is straightforward to show that K, rl.. 7K. converges to the same limit as
Ko1JoarKe . This means that Jaa T[aaT —P Idy,,.

(c) Can be proved by tedious differentiation. Below we drop all terms that are of

obviously smaller order:

1 1

T3/2€111 T3/2 <H1m111 - 3TAm1m11 - TAm1> + Op<1) —P 0

1 1 ni1 . n )
—/ H TAm 2T Am TAm —P0
T2 =1 ( 1\/T 11\/T 1\/T \/—
1 1 n\° =M My
—lpe=—=|TAm | —= | —2T — 0
VT VT ( ' (ﬁ) \/_ VT >

3
oy =-TA|—=) —0
222 <ﬁ)

The last two statements employ that as enters linearly, so any time we differentiate with
respect to oy a term including \/LT appears.
(d) As above, the idea here is that since 7y is linear in a9, each additional derivative

with respect to as generates \/LT

1 ni1pQe + r11p . ngas +T1g . MigQa + Tig nﬁaz + 75
== |H————--TA = —2TAm——F T R 0
T 118 T < 1 \/T mi1 \/T myq \/T A \/T —

1 1 n \” n \° ngog +rg
——li90p = —= | =T Amip (—> - 2T'A'm1 — T Am < ) —
vT vT VT vT \/_ VT VT

LopAME T yp i N Mp e M W?”ﬁ) 0

VIVT O OVIVT AVIVT VT

2 3

o n ng e ngag + 13
lyopg=—-3TA|—F=] —=—-TA 0.
> (Tr) 77 (G5) = -

The expression for %511% is quite long, and we omit it here.
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(e) One can easily check that fo; = —n’An, so for any j € N, we have

laajy = —ngAn —n'Angj) — n'Anw — —n(;An —n'Ang).
We also have
( )
Aggjy = \/%Hl +0,(1)
and as a result
[Agj), So] = +op(1) =7 _”/(j)Am

T

where we have used assumptions (a)-(c) of Theorem 3 several times.

(f) Taking derivatives one can check that for any j € Ny

1 3
ﬁglﬁ(j) =P —mi A (neg;)) 5

where e(j) is a vector of size ky x 1 with (j)-th component 1 and zeros in all other entries.

As a result,

As a result,

and

,So| = —n’—ng(j) +0,(1) =7 0.

Proof of Theorem 3
Let us consider the restricted ML estimator for a, namely & solving S, 7(&, Go) =

Taylor expanding this expression around «ay gives us

KOz,TSOz(d7 ﬁ) = Koa,TSg - Ka,T]aa,TKa,TK;;“ (d - Oé()) + R
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where

Ry = 7= (3(af —ad)lug(af — af) + (af — af) by (@3 — af))  if i€ I
(e — o) laogsy (0 — ) + (g — ) lariy (a3 — ) if i€ Iy;

Lemma 6 (c) implies that R —? 0. Using also Lemma 6 (b) we get:
K (6 —ag) = K b (Taar) ' Sa+0p(1) = K 5 (Jaar) " Sa + 0p(1).

This means that the equation for the restricted MLE is asymptotically linear in S,, and
thus that the asymptotic distribution of & will be normal despite the fact that as is not
consistent.

Now let us consider the score at the restricted MLE

. . 1 . .
Spr(&, o) = Sp — Lpal& — a0) + 3 D gy (a2 — a9) (G — afy)+

i€l
+> L (6 — o) (G — afy) + R (33)
i€la
where for each i € I3
R _ = * 0 /g ) 0 1 .0 lg N * 0 * 2
o = 5o —af)Y (o] — ) + 5 D (0] — o) g (af — ad)(agy — o)+
J€El2
1 * * *
+5 (ol = a) iy (05 — ad)(afy — aly)*+
JeEl2
1 "
+5 (a3 = ay) oy (3 — ap)(ay) — afy)
j€l>

Statement (d) of Lemma 6 gives us that R —? 0.

Now we plug statements (e) and (f) of Lemma 6 in to equation (33):

Spr(d, o) = Sp — Inal(d — o) + > _[Agqi), Sa] (G2 — 09)(d) — afy)+

i€l
+ Z[Aﬁ(i), S1]<6€1 - 05(1))<OAC(1) - a?i))'
i€ls
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By definition

Iga(& — ag) = Jaadgn S — Api(61 — o) — Apa(Ge — o) =

= Jﬁou] S Aﬂl Qqp — Oél ZA,@(Z a(z )

i€lr

So,

Spr(@, Bo) = S — JsadqaSa — Api(dr — af)—
= " (Asi) — [As, S1)(61 — o) = [Ag), Sa) (G2 — af)) (G — afy) =

i€ly

= S5 — Jpadm oS — Y _ (Asi) — [Ap), Sal(@ — a°)) () — afy)) =
i€ls

= Sé_ — Aé_g(éQ — Oég)

where Sé and AéQ are asymptotically normal and independent from \%Sl and Sy. In the
derivation above we used statement (g) of Lemma 6.
More explicitly,
1 Qo0 0 7-1
Sz =S5 — JagJaaSa

and for any ¢ € I,
Ay = As) — [Ap), Sal(@ = %) = Apsy — [As(), Sal Jaa Sa-
To summarize, we showed that
Ssr(@, fo) = Sy — Ay — ). (34)
This statistic is asymptotically normal conditional on K, 7S, (and thus conditional on

K, (& —ag)).
Now, we consider the denominator. Let us consider sg;(0) = nﬁ(al’ﬁ)%rﬁ(al’ﬁ) (H(xy)—

A(1:(0))). We may notice that

5300, 30) = 530(60) + 5 s54(60) 2 — ) + Oy

2

This can be seen from observing that 5 55 +(6y) = Op(\/LT), %sﬁ,t = 0p(%), (a1 —af) =
2
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Op(\/if), etc.

Similarly,

5146 Bo) = s14(60) + 0;&%)

and

SQ,t(éé, 50) = 32,t(‘90) + Op(%)'

Joining the last two together we get:

1

Ka,TSa,t(da ﬁO) = Ka,TSa,t(QO) + Op(f) (36)

Based on the definition of martingale Ay we can re-write (35) as

1

SR

55.(d, Bo) = 55.(00) + apae(G2 — a3) + 55.4(00)52,4(6)' (G2 — ) + Oy
From (37) and Lemma 4
Ta5(G; Bo) = Jpa+[Sp, Age](Go—ah)+(Ga—ay) [Aag, Spl+(Ga—a) [Azs, Ag o] (Ga—ap)+0,(1).
Joining together (37) and (36) we get
Ko Jas(d, B0) = Ko Jas(0o) + Kar[Sa, Age) (G2 — af) + 0,(1).
Finally (36) implies that
KorJaa(@, B0)Kar = KaxJaa(00) Ko + 0,(1).

Putting together the last three statements we have

(Jo8 = JsaTaa Tas) lo—as0) = T8 = Jsaaa Jas+
+[S5, Apa] (G2 — af) + (G2 — 0a3)'[Azg, Sp] + (G2 — ) [Agg, Aga](de — af)—
—Jgad e [Sas Ag2) (G2 — ) — (G2 — ) [Apa, Sal o Jap—

— (G2 — a9) [Ap2, Sal o [Sas Apa] (G2 — ) + 0,(1).

All functions on the right side are evaluated at €y. One can see that the quantity on the
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right side of the last equation is the conditional variance of the score from equation (34)

given (do — a9).

10
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Table 1: Size of Classical Tests for 6y in Simulation

’ Test Satatistic \ Size of 5% Test \ Size of 10% Test ‘

LR(6)) 3.20% 7.05%
Wald (1(6,)) 65.45% 67.20%
Wald (1(0)) 63.05% 64.30%
Wald (J(6p)) 68.05% 70.80%
Wald (J(6)) 68.15% 71.00%

LM (6,) 6.55% 8.60%
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Figure 2: CDF of simulated LM statistic (using J) compared to x3
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Table 2: Simulated Test Size for (¢, ¢r, K, Oq, Ou, 0)
| Test Statistic | 5% | 10% |

LM(&,00) | 7.99% | 15.28%
min, LM («, Bp) | 6.41% | 12.99%

Table 3: Simulated Test Size for (a, p, 6, 04, 0y, 0)
| Test Statistic | 5% | 10% |

LM (&, 5) | 8.95% | 15.40%
min, LM (a, Bo) | 7.50% | 13.30%

Table 4: Simulated Test Size for one dimensional hypotheses for (¢, ¢,)
Parameter | Test Statistic 5% 10%

s LM(é,3) |8.90% | 16.30%
ming LM (v, B) | 3.80% | 8.00%
Or LM(é&,3) |9.90% | 18.90%

min, LM (e, Bp) | 3.30% | 7.80%

Table 5: Size of 5% and 10% Tests based on m(wo, BML)for Nonlinear IV Model

’ Sample Size \ Rejection rate for 5% test \ Rejection rate for 10% test ‘
100 6.49% 12.70%
10000 5.70% 11.34%
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Figure 3: CDF of m(wo, [}ML) for Nonlinear weak IV, ¢ = .01, T=100
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Table 6: Size of 5% and 10% Asymptotic Tests Based on m(ﬁ?,ﬁg, 1, 2)

] Sample Size \ Rejection rate for 5% test \ Rejection rate for 10% test ‘

100

1.81%

4.89%

10000

1.37%

4.04%
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Figure 4: CDF of Zz\v/[(ﬁ?,@, 7r) for T = 100
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