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In this work we calculate the Green’s kernel for subdivision networks in terms of the corre-
sponding kernel of original networks. Our techniques are based on the study of discrete operators
using discrete Potential Theory. As a by–product we also obtain the effective resistances and the
Kirchhoff index in terms of the corresponding parameters of each factor network.

The subdivision network ΓS = (V S , ES , c) of a given network Γ = (V,E, c) is obtained by
adding a new vertex vxy at every edge {x, y} ∈ E and by defining new conductances c(x, vxy) so as
to satisfy the electrical compatibility condition

1

c(x, y)
=

1

c(x, vxy)
+

1

c(y, vxy)
.

The role of Green’s kernel is crucial in this work. We take advantage of its relation not only
with the evaluation of effective resistances of a network but also with the Kirchhoff index.

1 The Green kernel of a subdivision network

Taking into account the relation between Poisson problems on ΓS and Γ, we obtain the expression
of the Green kernel of a subdivision network, GS , in terms of Green’s kernel of the base network.
From now on we consider the function on C(V ), πS(x) =

∑
y∼x

α(x, y) and the constant

β =
1

(n+m)2

∑
x,y∈V

G(x, y)πS(x)πS(y) +
1

(n+m)2

∑
x∼y

1

k(vxy)
.

Proposition 1.1. Let ΓS be the subdivison network of Γ, then for any x, z ∈ V and vxy, vzt ∈ V ′,



the Green kernel of ΓS is given by

GS(x, z) = G(x, z)− 1

n+m

∑
`∈V

[
G(x, `) +G(z, `)

]
πS(`) + β,

GS(vxy, z) = α(x, y)G(x, z) + α(y, x)G(y, z)

− 1

n+m

∑
`∈V

[
α(x, y)G(x, `) + α(y, x)G(y, `) +G(z, `)

]
πS(`)− 1

(n+m)k(vxy)
+ β,

GS(vxy, vzt) = α(z, t)
(
α(x, y)G(x, z) + α(y, x)G(y, z)

)
+ α(t, z)

(
α(x, y)G(x, t) + α(y, x)G(y, t)

)
− 1

n+m

∑
`∈V

[
α(x, y)G(x, `) + α(y, x)G(y, `) + α(z, t)G(z, `) + α(t, z)G(t, `)

]
πS(`)

+
εvzt(vxy)

k(vxy)
− 1

(n+m)k(vxy)
− 1

(n+m)k(vzt)
+ β.

Proof. Suppose z ∈ V, and let hz = εz −
1

n+m
. Then, for every x ∈ V

hz(x) = εz(x)− 1

n+m
− 1

n+m

∑
y∼x

α(x, y) = εz(x)− 1

n+m
(1 + πS(x)).

Hence, the Poisson problem to solve is L(uz) = hz, and, using the Green kernel for Γ, we obtain

uz(x) = G(εz)(x)− 1

n+m

∑
`∈V

G(x, `)πS(`) = G(x, z)− 1

n+m

∑
`∈V

G(x, `)πS(`).

Then,

GS
z (x) = uhz

z (x)− 1

(n+m)

∑
r∼s

hz(vrs)

k(vrs)
− 1

(n+m)

∑
r∼s

[α(r, s)uz(r) + α(s, r)uz(s)]

= G(x, z)− 1

n+m

∑
`∈V

G(x, `)πS(`) +
1

(n+m)2

∑
r∼s

1

k(vrs)

− 1

(n+m)

∑
r∼s

α(r, s)

[
G(r, z)− 1

n+m

∑
`∈V

G(r, `)πS(`)

]

− 1

(n+m)

∑
r∼s

α(s, r)

[
G(s, z)− 1

n+m

∑
`∈V

G(s, `)πS(`)

]

= G(x, z)− 1

n+m

∑
`∈V

[
G(x, `) +G(z, `)

]
πS(`) +

1

(n+m)2

∑
r,s

G(s, r)πS(r)πS(s)

+
1

(n+m)2
∑
r∼s

1

k(vrs)
.
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Now, if z ∈ V for every vxy ∈ V ′

GS
z (vxy) =

hz(vxy)

k(vxy)
+ α(x, y)uz(x) + α(y, x)uz(y)

− 1

(n+m)

∑
r∼s

hz(vrs)

k(vrs)
− 1

(n+m)

∑
r∼s

[α(r, s)uz(r) + α(s, r)uz(s)]

= − 1

(n+m)k(vxy)
+ α(x, y)G(x, z) + α(y, x)G(y, z)

− 1

n+m

∑
`∈V

[
α(x, y)G(x, `) + α(y, x)G(y, `)

]
πS(`)

+
1

(n+m)2

∑
r∼s

1

k(vrs)
− 1

(n+m)

∑
r∼s

α(r, s)

[
G(r, z)− 1

n+m

∑
`∈V

G(r, `)πS(`)

]

− 1

(n+m)

∑
r∼s

α(s, r)

[
G(s, z)− 1

n+m

∑
`∈V

G(s, `)πS(`)

]

= − 1

(n+m)k(vxy)
+ α(x, y)G(x, z) + α(y, x)G(y, z)

− 1

n+m

∑
`∈V

[
α(x, y)G(x, `) + α(y, x)G(y, `) +G(z, `)

]
πS(`)

+
1

(n+m)2

∑
r∼s

1

k(vrs)
+

1

(n+m)2

∑
r,s

G(s, r)πS(r)πS(s).

Suppose now vzt ∈ V, and let hvzt = εvzt −
1

n+m
. Then, for every x ∈ V

hvzt(x) = εvzt(x)− 1

n+m
+
∑
y∈V

α(x, y)

(
εvzt(vxy)− 1

n+m

)
= − 1

n+m
(1 + πS(x)) + α(z, t)εz(x) + α(t, z)εt(x).

Hence, the Poisson problem to solve is L(uvzt) = hvzt , and, using Green’s kernel for Γ, we obtain

uvzt(x) = − 1

n+m

∑
`∈V

G(x, `)πS(`) + α(z, t)G(x, z) + α(t, z)G(x, t).

3



Then,

GS
vzt(vxy) =

hvzt(vxy)

k(vxy)
+ α(x, y)uvzt(x) + α(y, x)uvzt(y)

− 1

(n+m)

∑
r∼s

hvzt(vrs)

k(vrs)
− 1

(n+m)

∑
r∼s

[α(r, s)uvzt(r) + α(s, r)uvzt(s)]

=
εvzt(vxy)

k(vxy)
− 1

(n+m)k(vxy)

− 1

n+m

∑
`∈V

(
α(x, y)G(x, `) + α(y, x)G(y, `)

)
πS(`)

+ α(z, t)
(
α(x, y)G(x, z) + α(y, x)G(y, z)

)
+ α(t, z)

(
α(x, y)G(x, t) + α(y, x)G(y, t)

)
− 1

(n+m)k(vzt)
+

1

(n+m)2

∑
r∼s

1

k(vrs)

− 1

n+m

∑
`∈V

(
α(z, t)G(z, `) + α(t, z)G(t, `)

)
πS(`)

+
1

(n+m)2

∑
r,s∈V

G(r, s)πS(r)πS(s)

= α(z, t)
(
α(x, y)G(x, z) + α(y, x)G(y, z)

)
+ α(t, z)

(
α(x, y)G(x, t) + α(y, x)G(y, t)

)
− 1

n+m

∑
`∈V

(
α(x, y)G(x, `) + α(y, x)G(y, `) + α(z, t)G(z, `) + α(t, z)G(t, `)

)
πS(`)

+
εvzt(vxy)

k(vxy)
− 1

(n+m)k(vxy)
− 1

(n+m)k(vzt)
+

1

(n+m)2

∑
r∼s

1

k(vrs)

+
1

(n+m)2

∑
r,s∈V

G(r, s)πS(r)πS(s).

Acknowledgements

This work has been partly supported by the Spanish Research Council (Comisión Interministerial
de Ciencia y Tecnología,) MTM2014-60450-R.

References

[1] Bendito, E., Carmona, A., Encinas, A.M., Gesto, J.M. A formula for the Kirchhoff index, Int.
J. Quantum Chem. 108 (2008), 1200–1206.

[2] Klein, D. J., Randić, M., Resistance distance, J. Math. Chem. 12 (1993), 81–95.
[3] Estrada, E., Hatano N., Topological atomic displacement and resistance distance in molecules,

in: Novel Molecular Descriptors. Theory and applications I, Math. Chem. Monograph, 8
(2010), 3–28.

4


