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1 Recovering the conductances on a 3—dimensional grid

A three dimensional grid is the discretization of any cuboid in R®. Let us take three integers ¢; € N,
i =1,2,3. We define the three dimensional grid with boundary as the network I" = (V| ¢) with vertex set

V:{xijk : i:O,...,gl—l—l,j:O,...,EQ—l-l,k‘ZO,...,Eg—l—l}

and conductivity function ¢ given by
p=i+t1l, ¢q=jandr =k,
c(Zijk, Tpgr) > 0 when P
p
foralli=1,...,01,j=1,.... 4o and k=1,... /3, C(l’ijo,l’ijl) > 0, c(xijgs,mijg3+1) >0, C(:Ilojk,.'lfljk) > 0,
c(xey ik, Tor415k) > 0, c(zior, k) > 0 and c(Tipn, Tiy416) > 0 forall 4 = 1,..., 41, j = 1,...,¢5 and
k=1,...,05 and ¢(z,y) = 0 otherwise. We say that i, j and k are the first, the second and the third
component of the vertex z;;, € V, respectively.

We define the following sets of vertices

Aj :{xijk : Z.Zl,...,gl, k= 1,...,63}, j=0,...,€2+1,

Rj={wr:i=0+1k=1,... 63} U{wjp :i=1,....0,k=0,03+1}, j=1,...,0.

¢
If we consider the set F = Lj A;, then its boundary is given by 6(F) = AU RU B, where
j=1
Lo
A=Ay, R=|JRi and B= A,

i=1

See Figure 1 for an illustration of a three dimensional grid with ¢; = ¢3 = 2 and ¢, = 3, and the
associated boundary sets A, B and Ry, ..., Ry,.
Given an index i € {1,...,a}, we consider the partial layers of vertices

Di:{xijkEF : k:a'f'l_ia"'?é?j:17""p}7

D1 ={ar1jn€F :k=1,....0,j=1,...,p} and Dy = {wpjp € F : k=a+1,....0,j=1,...,p}. In
particular, Dyy1, Dy C R.

The recovery of conductances on a 3 dimensional grid is an iterative process, for we are not able to give
explicit formulae for all the conductances at the same time but we can give a recovery algorithm instead.
Hence, we describe the algorithm in steps, each of them requiring the information obtained in the last one.
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To start with, let Ngq be an irreducible and symmetric M-matrix of order n = 2(€14s + 103 + {243)
satisfying that is a response matrix. Let A > 0 be the lowest eigenvalue of Nq and o € Q((F)) the eigenvector
associated with A. In addition, we choose w € Q(F') such that w = ko on 6(F) with 0 < k < 1.

Step 0

In this step we do not recover any conductance. However, we set the necessary tools to obtain them in future
steps. Having fixed two indices v € {1,...,p} and s € {1,...,¢}, we consider the overdetermined partial
Dirichlet-Neumann boundary value problem that consists in finding u.s € C(F') such that

s
Ly(ues) =0 on F, s =¢€4,,,,, on AUR and 5&:0 on A. (1)

nF
There exists a large set of vertices of the 3 dimensional grid I' where u.s = 0. We denote this set by
Z(ues) ={x € F : ues(x) =0} = supp(ues)® C F.
Clearly, A C Z(uys). The size of Z(u.s), however, is much bigger than the size of A.

Proposition 1.1. Fized j = 1,...,0s and zij; € R;, it is verified that for any x € Ag, 0 < s < j, and for
any x € Ajyr \ Np(@ijgrr), 7=1,..., 0o —j+1

Pq (l’, :cwk) = O

Moreover, fixed x;or, € A, it is verified that for any s and © € Ag\ Ns—1(zis), s=1,...,2+ 1

Pq ((ﬂ, {Eiok) =0.

In particular, ﬁq(As;Rj) =0 foranyj=1,...,02 and 0 < s < j and ﬁq(A; A) = ﬁq(Al;A) =1
Proposition 1.2. The following equality is satisfied:

Z(uts):{l‘i]‘kep i=1,...,a, k=1,...,¢, j:1,...7r—max{0,i—a+k—5},r+max{0,i—a+k—5},...7p}.

Step 1

Let us fix the indices v € {1,...,p} and s € {1,...,¢} for this step and let us consider the unique solution
ues € C(F) of problem (2). We already know that u.s = 0 on AU (R~ {Zat11s}) and u(xg1es) = 1.
Moreover, the values of u,s on B are given by the matricial equation

Ursg = _Nq(A; B)_l ' Nq(A;Xa+1 ts)~

Notice that this means that all the values of u.s on B are known, for the Dirichlet-to—Robin map is
known. In consequence, u.s is known on all the boundary §(F'). Let us define the vector ug = u, for the
sake of the simplicity of the notation. In Figure 1(b) we show all the information obtained at the end of this
step.

Step 2

In this step we recover the conductances of all the boundary spikes by means of the boundary spike formula.
However, we first need to determine some values of the modified Green matrix of a 3 dimensional grid.

Lemma 1.3. Forallj=1,...,pand k=1,...,¢, the value éq(xajk,xajk) is always zero.



Now we are ready to determine the conductances c(xoj,x1;) for all j = 1,...,¢, using the boundary
spike formula.

Corollary 1.4. The conductances of the edges joining the vertices of D41 with the vertices of D, are given
by

w($a+1 jk)
W(Zajk)

forallj=1,...;pandk=1,...,¢.

c(Tat1jks Tajk) = (Nq(xa+1jk;xa+ljk) — Ng(Xat1jk; B) - Ng(A; B~ Ng(A;Xay1jk) — >\)

Step 3

Again, let us fix the indices v € {1,...,p} and 5 € {1,...,£} in this step and let us consider the unique
solution u.s € C(F) of problem (2). Then, we know all the values of u,s on D,, as the following result shows.

Lemma 1.5. The values of u.s on D, are given by

1
) ()\U(za—i-l jk) - Nq(xa+1jk;xa+1 ts) - Nq(Xa—i-ljk; B) : UB) +

w(Tajik)
c(Tay1 jk, Tajk

t?( aj ) w($a+1jk)

Uys (xa—Q—l jk)

forallj=1,....;pandk=1,...,¢.

Step 4

Here we find the conductances of all the edges with both ends in D, and such that the third compenent of
their ends is different. However, we state a more general result.

Proposition 1.6. Let i € {0,...,a —1}. For everytv=1,...,p ands = 1,...,¢, let us suppose that we
know the values of uys on D;yo and D;y1. Also, we suppose that the conductances of all the edges joining
vertices from D;io and D;y1 are known. Now we fix the indicest = 1,...,p and s = 1,...,0. Then, the
conductances c(Ti41vsta—i—1, Tit1vstai) are also known. They are given by

Urs\Ti42v s —i—1
C($i+1 vst+a—i—1, Tit1 t5+a—z’) = - ;‘;( (;_"_Jrir‘ri : ) ) C(xi+1 vst+a—i—1, xi+2rs+a—i—1)~
ts 3 rs+a—1

When i = a—1, Proposition 1.6 shows that ¢(xgcs, Tars+1) is known forallt =1,...,pands =1,... L.
See Figure 1(e) in order to see all the known information at the end of this step.

Step 5

In this step we give the conductances of all the edges with both ends in D, that are still unknown. Further-
more, we state a more general result.

Proposition 1.7. Leti € {0,...,a —1}. For everyt=1,...,p ands = 1,...,¢, let us suppose that we
know the values of urs on Diro and D;1q. Also, let us assume that we know the conductances of all the
edges joining vertices from Do and D;y1, and the ones of the edges with both ends in D;y1 and such that
the ends have different third component. Now we fix the indices v = 1,...,p and s = 1,...,¢. Then, the
conductances ¢(Tit1 v+1sta—irLitlrvsta—i) are also known. They are given by

_ Ues ($i+1 41 5+a—i+1)
Urs (l'i+1 t5+a—i)

C($i+1 t4+1s+a—ir Lit1l t5+a7i) =

C($i+1 t+1s+a—ir Litlet+1 s+a7i+1)~

When i = a — 1, Proposition 1.7 shows that ¢(Z4 41541, Zars+1) is known for all v = 1,...,p and
s=1,...,¢ See Figure 1(f) in order to see all the information gathered at the end of this step.



Step 6

Let us define the linear operator p: C(F) — C(F) given by the values
() (wijr) = c(Tijk, Tijk—1)V(Tijr—1) + (Tijr, Tijry1)0(@ij k1) + (@ijr, Tij—1k)0(Tij-1k)
+ e(Tij, Ti 1 1)0(Ti 11 8) + A(@ijks Tit1 1) 0(Tit1 k)

for all v € C(F) and w;j;, € F. This operator will be useful in this and also in the following steps.

In this step we give the conductances of all the edges joining the vertices from D, and D, 1. See
Figure 1(g) in order to see all the information obtained at the end of this step.

Step 7

In this step we are able to obtain the unknown values of u,s on D,_; forallt=1,...,.pands=1,...,¢. In
fact, let us state a more general result.

Proposition 1.8. Leti € {0,...,a—1}. For everyv=1,...,p ands = 1,...,¢, let us suppose that we
know the values of urs on Diyo and Diyq1. Also, let us suppose that we know the conductances of all the
edges joining vertices from D;io and D11, from D11 and D; and the ones of the edges with both ends in
D;t1. Now fix the indicest=1,...,p ands = 1,...,{. Then, the values of u.s on D; are also known. They
are given by

o (tes) (Tiy1 1) o(w) (@it jr)
u Liik) = — u Tit1ik) —
(k) = ) @l n)e@im o) k)

w(wijk)
W(Zit1jk)

Ues (Tig1 jk)

forallj=1,... L andk=v+a—1,... 0.

Proof. Fixed three indices i € {0,...,a— 1}, v =1,...,pand s = 1,...,¢ let j € {1,...,p} and k €
{r+a—1,...,£}. Observe that p(w)(xit1 %) and p(ues)(zit1 &) are already known. Then,

Ures\Ti41 jk
0= Lg(ues)(@it1k) = M@(‘”)(%H k) — 9(Ues) (Ti41 k)
W(xi+1jk)
W Tk
— (@1 jk, Tijh ) Ues (Tijk) + Mc(%ﬂ ks Tijik)Ues (Tip1 jk)
w($i+1 jk)
and hence us(iji) is the unique unknown term of this equality. O
In particular, when ¢ = a — 1, Proposition 1.8 shows that u.s is known on D,_; for allt =1,...,p
and s = 1,...,£. Observe that we already knew some of the values of u.s on D, 1, which are those of the

vertices in Z(us). Figure 1(h) shows the information obtained until this step.

Step 8 and beyond

We keep repeating the same process to obtain more conductances, that is, we keep applying Proposition 1.6
from Step 4, then Proposition 1.7 from Step 5, ?? from Step 6 and then Proposition 1.8 from Step 7 for
each i = a —2,...,1. We stop when we have obtained all the conductances between and all the vertices in
Ui_, D;, see Figure 1(j).

The final step left is to rotate the grid (see Figurel(k)), that is, to consider the new boundary sets
A= {zijg+1 €F: i:l,...,a,j:l,...,p} and B = {CCijo €F: i:l,...,a,j:l,...,p} instead of the
previous ones, and consider now the overdetermined partial Dirichlet—Neumann boundary value problem

OUs

Lg(ues) =0 on F, s =64, on AUR and
on,

=0 on A (2)



forv € {1,...,p} and s € {1,...,£}. By proceeding analogously to the last steps, we obtain the lacking
conductances of the 3 dimensional grid, see Figure 1(1).
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Figure 1: The bold items are the ones known at the end of each step for the case vt =5 = 1.
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