Aggregating Fuzzy Subgroups andrl -vague
Groups

D. Boixader, G. Mayor and J. Recasens

Abstract Fuzzy subgroups and@f-vague groups are interesting fuzzy algebraic
structures that have been widely studied. While fuzzy subgroups fuzzify the con-
cept of crisp subgroug;-vague groups can be identified with quotient groups of a
group by a normal fuzzy subgroup and there is a close relation between both struc-
tures andr -indistinguishability operators (fuzzy equivalence relations).

In this paper the functions that aggregate fuzzy subgroupd arague groups will

be studied. The functions aggregatifigindistinguishability operators have been
characterized ([9]) and the main result of this paper is that the functions aggregating
T-indistinguishability operators coincide with the ones that aggregate fuzzy sub-
groups andr-vague groups. In particular, quasi-arithmetic means and some OWA
operators aggregate them if the t-norm is continuous Archimedean.

1 Introduction

T-indistinguishability operators, also called fuzzy equivalence relations or fuzzy
equalities, fuzzify the concepts of crisp equivalence relation and crisp equality. They
appear naturally when studying fuzzy systems and have an extensive amount of
literature since its first definition by Zadeh in [18]. One important example is the
study of fuzzy algebras (see [10] for example) and the works by Demirci ([2]).
In many situations more than orfeindistinguishability operator is defined on a
system and it is necessary to aggregate them into a unique of such fuzzy relations.
There are many works dealing with this problem [12] [13] [6]. The last one is [9]

D. Boixader and J. Recasens
Universitat Poliecnica de Catalunya
Sant Cugat del Vadls, Barcelona, Spain. e-majldionis.boixader, j.recasep@upc.edu

G. Mayor
Universitat de les llles Balears
Palma (Mallorca), Spain. e-mail: gmayor@uib.es



https://core.ac.uk/display/87657448?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 D. Boixader, G. Mayor and J. Recasens

where the aggregation operators that aggrefatalistinguishability operators have
been completely characterized regardless of the nature of the t-hdcantinuity,
archimedianity,...). This result will be recalled and used in this work.

Fuzzy subgroups of a groyfs, o) were introduced by Rosenfeld [16] as a natural
generalization of subgroup & and have been widely studied [11]. They are defined
as fuzzy subsets dfG, o) satisfying some properties fuzzifying the definition of
crisp subgroup.

In the crisp case, ifG, o) is a set with an operation: G x G — G and~ is an
equivalence relation 08, theno is compatible with~ if and only if

a~a andb~ b/ impliesacb~a ob'.

In this case, an operatiancan be defined 06 = G/ ~ by

ach=aob

wherea andb are the equivalence classesacdndb with respect to-.

If the equivalence relation is replaced byTaindistinguishability operator we
obtain fuzzy algebras ([10] [5] [4]). Demirci generalized this idea by introducing
the concept of vague algebra, which basically consists of a fuzzy operation on a set
G (i.e.: amapping T G x G x G — [0,1] wherec(a, b, c) is interpreted as the degree
in which aob is equivalent or indistinguishable from) compatible with a given
indistinguishability operator [2].

To every fuzzy subgroup of a group(G, o) two T-indistinguishability operators
E, and,E can be associated, that are left and a right invariant under translations.
If the fuzzy subgroupu is normal, then the left and righit-indistinguishability
operatorsE, and,E coincide. The operation of the group is compatible with the
T-indistinguishability operatdg, if and only if u is a normal fuzzy subgroup @&.

A group(G, o) with the vague operation(a, b,c) = E(acb, c) is aT-vague group
and, reciprocally, for ever¥ -vague group ofs there exists & -indistinguishabil-
ity operatorE that is invariant under translations such thé,b,c) = E(aob,c).
Moreover, there is a bijection between the fuzzy normal subgroui afid the
T-vague groups o6. In particular,T-vague groups can be thought of as the fuzzy
counterparts of crisp quotient groups (ifis the normal fuzzy subgroup associated
to the vague groufG,3), then(G,3) can be identified witt /).

Due to the importance of fuzzy groups afievague groups, it seems interest-
ing to study how can they be fused or aggregated. More concrete, finding aggre-
gation functions that aggregate them. This will be done in the present work, where
the functions aggregating them will be characterized. Due to the close relation be-
tween fuzzy subgroupg;-vague groups and -indistinguishability operator, it is
not surprising that the aggregation functions aggregating them coincide. This is
the main result of the work. As a consequence, quasi arithmetic means and some
OWA operators aggregate fuzzy subgroups @ngigue groups il is a continuous
Archimedean t-norm.
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2 Preliminaries

In this section, the basic definitions and propertie3 endistinguishability opera-
tors, fuzzy subgroups an-vague groups are recalled.

T-indistinguishability operators fuzzify the concepts of crisp equivalence and
crisp equality. An overview of these operators can be found in [14].

Definition 2.1 Let T be at-norm. A fuzzy relation E on a set X is a T -indistinguish-
ability operator if and only if for all xy,ze€ X

1. E(x,X) = 1 (Reflexivity)
2. E(x,Y) = E(y,x) (Symmetry)
3. T(E(x,y),E(Y,2)) < E(x,2) (T -transitivity).

E separates points if and only if
c) E(x,y) = limplies x=.

Fuzzy subgroups were introduced by Rosenfeld [16] by fuzzifying the definition
of crisp subgroup. The use of the minimum to model the conjunction has been gen-
eralized to any t-norm later on. The reader interested in the study of fuzzy subgroups
is referred to [11].

Definition 2.2 Let (G, o) be a group, e its identity element apda fuzzy subset of
G. u is a fuzzy subgroup of G if and only if for allxe G

° u(e):l
o T(1(X),u(y)) <p(xoy HvxyeX.

T-vague algebras were introduced by Demirci considering fuzzy operations com-
patible with givenT -indistinguishability operators and an extensive study of vague
operations and -vague groups can be found in [2].

Definition 2.3 A fuzzy binary operation on a set G is a mapG x G x G — [0,1].
3(x,Y,2) is interpreted as the degree in whicls xoy.

Definition 2.4 Let E be a T -indistinguishability operator on G. A vague binary
operation on G is a fuzzy binary operatiérsatisfying for all xx',y,y € G

a) T(3(x,.2),E(x,X),E(y,Y),E(zZ)) <3(X.y,Z).
c) For all x,y € G there exists a uniquezG such that(x,y,z) = 1.

N.B. The usual definition of vague binary operation does not require uniqueness
in the third property and the vague binary operations with this property are called
perfect.

Definition 2.5 Let & be a T-vague binary operation on G with respect to a T -in-
distinguishability operator E on G. Th€i®,3) is a T-vague group if and only if it
satisfies the following properties.
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1. Associativityvx,y,z,t,m.q,w, € G
T(3(y.z1),3(x.t,m),5(x,y,0),5(a,zw)) < E(mw)).
2. ldentity. There exists a (two sided) identity elemeat@ such that
T(3(e,%,X),3(x,6,X)) =1

for each ac G.
3. Inverse. For each x G there exists a (two-sided) inverse element& G such
that
T(x 1 xe),3(xx1e)=1

A T-vague group is Abelian or commutative if and only if
VX, y,mw e G, T((3(x,y,m),5(y,x,w))) < E(mw)).

Proposition 2.6 Let (G,3) be a T-vague group. Thei®, o) with o defined for all
X,y € G by xoy =z, where z is the unique element of G Wi(R,y,z) = 1, is a group.

3 Relationship between Indistinguishability Operators, Fuzzy
Subgroups and Vague groups

3.1 Fuzzy Subgroups

To every fuzzy subset of a group(G, o) a pair of fuzzy relations can be associated
that are indistinguishability operators if and onlygifis a fuzzy subgroup o6.

This two indistinguishability operators coincide wheiis a fuzzy normal subgroup
and there is a compatibility between it and the operatioof the group. These
properties and their relation with the invariance under translations will be analyzed
in this section.

In the crisp case, given a subgroHpof a group(G, o), the relations~, and~
on G defined byx ~; yif and only ifxoy~* € H andx ~; yif and only ify " tox € H
respectively are equivalence relations. The operatiohG is compatible with~,
and~ if and only if H is a normal subgroup d.

These results can be generalized to fuzzy subgroupd andistinguishability
operators.

Definition 3.1 Leto be a binary operation on G and E a fuzzy relation on G. E is
invariant under translations with respect ¢af and only if

a)
E(x,y) = E(zox,zoy) (left invariant)

and
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b)
E(x,y) = E(xozyoz) (right invariant),

X y,ze G.

To every fuzzy subset of a group(G, o) two fuzzy relations,, and,E can be
assigned that are right and left invaridntndistinguishability operators respectively
if and only if u is a fuzzy subgroup o&.

Definition 3.2 Let u be a fuzzy subset ¢6, o). The fuzzy relations Fand ,E on
G defined by

Eu(xy) = pt(xoy ) ¥x,ye G
and
HE(GY) =p(y tox) ¥x,y e G

are the right and left fuzzy relations associatequteespectively.

Proposition 3.3 Let u be a fuzzy subgroup of a groi, o). Then E, and ,E are
right and left invariant T -indistinguishability operators on G respectively.

Lemma 3.4 If u is a fuzzy subgroup dfG, o) and e is the identity element of G,
then E,(x,y) = Ey(e,xoy 1) and ,E(x,y) =, E(eyox 1) ¥x,y € G.

Proof. Trivial.

Reciprocally, to every right (left)l-indistinguishability operator oG,o) a
fuzzy subgroup of5 can be assigned.

Proposition 3.5 Let E be a T -indistinguishability operator on a gro(, o) with
identity element e such that E is right invariant. Then the colugof E (i.e., the
fuzzy subsete of G defined byie(X) = E(e,X) Yx € G) is a fuzzy subgroup of G and
E - Eﬂe'

Similarly,

Proposition 3.6 Let E be a T -indistinguishability operator on a gro(, o) with
identity element e such that E is left invariant. Then the colwaof E is a fuzzy
subgroup of G and &, E.

Corollary 3.7 Let(G, o) be a group. There exist bijections between the=8 of
fuzzy subgroups of G, the RRIG of right invariant indistinguishability operators
on G and the sdtIG of left invariant indistinguishability operators on G mapping
every fuzzy subgroup of G into its associated T -indistinguishability operatorg E
and,E.

The following definition fuzzifies the concept of normal subgroup.

Definition 3.8 A fuzzy subgroup of a group(G, o) is called a normal fuzzy sub-
group if and only ifu(Xoy) = u(yox) Vx,y € G.
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Proposition 3.9 Let(G, o) be a group angt a normal fuzzy subgroup of G. The as-
sociated T -indistinguishability operators,Eand, E to u coincide and are invariant
under translations.

Reciprocally,

Proposition 3.10 Let (G, o) be a group,u a fuzzy subgroup of G and,Eand ,E
its associated T -indistinguishability operators. If Bnd 4,E are invariant under
translations, then they coincide apdis a normal fuzzy subgroup of G.

Corollary 3.11 Let(G, o) be a group. There is a bijection between the set of normal
fuzzy subgroups of G and the set of T -indistinguishability operators on G invariant
under translations with respect to

The following proposition links normality of a fuzzy subgroppwith compati-
bility with respect to its associatét-indistinguishability operato,, .

Proposition 3.12 Let (G, o) be a groupu a fuzzy normal subgroup of G ang s
associated T -indistinguishability operator. Thers extensional with respect tq,E

(i.e., T(Ex(x,X),Ex(y,Y)) < Eu(xoy,X oy)).

3.2 Vague Groups

Vague groups were introduced in [2] as structures compatible with given indistin-
guishability operators. They are also closely related to fuzzy normal subgroups [3].

The next two propositions relate normal fuzzy subgroups and indistinguishability
operators invariant under translations with vague groups.

Proposition 3.13 [3] Let (G, o) be a group,u a normal fuzzy subgroup @6, o)
and E, its associated T -indistinguishability operator on G5 G x G x G — [0, 1]
is defined for all xy,z€ G by3(x,y,z) = p(xoyoz 1) = E,(xoY,2), then(G,3) is
a T-vague group.

Proposition 3.14 [3] Let (G, 3) be a T-vague group with respect to the T -indistin-
guishability operator E. Then,

a) 5(x,y,z) = E(xoy,2) ¥x,y,z€ G.
b) o is extensional with respect to E.
¢) E is invariant under translations with respectdo

Proposition 3.15 Let (G, o) be a group. There exist bijective maps between its T -
vague groups, its fuzzy normal subgroups and its T -indistinguishability operators
invariant under translations.

Proof. The bijections are given by

5(,Y,2) = E(xoy,2) = p(xoyoz Y).
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4 Aggregating Fuzzy Subgroups and Vague Groups

In [9] the functions preserving indistinguishability operators have been character-
ized by means of the so call@idtriangular triplets. In this section we first recall
these results and we will use them in the next two subsections to obtain the functions
preserving fuzzy subgroups and vague groups thanks to the results of the previous
Section 3.

Definition 4.1 We say that a tripleta, b, c) € [0,]® is triangular if and only if
a<b+c, b<a+c, c<a+h

Beinga,b,c € [0,0]™, m> 1, we say thata,b,c) is a (m-dimensional) triangular
triplet if (a,bi,¢) is triangular for alli=1,...,m , wherea = (as,...,am),b =
(b1,...,bm),c=(C1,...,Cm).

Definition 4.2 Let T be a t-norm. We say théa,b,c) € [0,1]® is T-triangular if
and only if
a>T(b,c), b>T(ac), c>T(ab).

Beinga,b,c € [0,1]™, m> 1, we say thata, b, c) is a (m-dimensional) T -triangular
triplet if (g,b;,c) is T-triangular foralli=1,...,m, wherea= (a,...,am),b=
(bla"'7bm)7C: (Cla"'vcm)'

Proposition 4.3 Let T be a left continuous t-norm and its bi-residuation. A
triplet (a,b,c) € [0,1]3 is T-triangular if and only if Ta,b) <c < T (a,b).

Example 4.4

e Atripletis T-triangular with respect to the minimum t-norm if and only if there
exists a reorderinda, b, ) such that a= b and c> a.

e A triplet is T-triangular with respect to the tukasiewicz t-norm if and only if
there exists a reorderingg, b, ¢) such that mafa+b—1,0) <c<1-|a—Db|.

e A triplet is T-triangular with respect to the product t-norm if and only if it is
(0,0, O)bor there exists a reorderin¢g, b, c) with a,b,c > 0, such that ab< ¢ <
min(3,2).

Definition 4.5 A function F: [0,1]™ — [0,1],m > 1, aggregates T-indistinguish-
ability operators if for any set X and any collection of T -indistinguishability oper-
ators on X,(Ey,...,En), then KEg,... Ey) is also a T -indistinguishability oper-
ators on X, where FEj,...,En) is the fuzzy binary relation g, ..., Em)(X,y) =
F(E1(X,Y),...,Em(XY)).

The next result characterizes the functions that aggréanelistinguishability
operators.

Proposition 4.6 [9] A function F: [0,1]™ — [0,1],m > 1, aggregates T -indistin-
guishability operators if and only if the following conditions hold:
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m

. —

() F(1,...,1)=1.

(i) F transforms m-dimensional T -triangular triplets intedimensional T -triangu-
lar triplets.

Proposition 4.7 A function F: [0,1]™ — [0, 1], aggregatesnin-indistinguishability
operators if and only if it is increasing in each variable andiF...,1) = 1.

WhenT is a continuous Archimedean t-norm, a characterization of those func-
tions that aggregaté-equivalence relations can be formulated in terms of an addi-
tive generator of as follows.

Proposition 4.8 If T is a continuous Archimedean t-norm with additive generator
g, then F: [0,1]™ — [0, 1] aggregates T -indistinguishability operators if and only
if the function G= gF (g~ x ... x g~ 1) transforms (ordinary) triangular triplets

of [0, c0]™ (with elements if0, g(0)]™) into (ordinary) triangle triplets of0, ] (with
elements if0,g(0)]) and §0,...,0) = 0.

Example 4.9 A function F: [0,1]™ — [0,1],m > 1, aggregates T-indistinguish-
ability operators with T the tukasiewicz t-norm if and only ifag...,an) =
1-F(max1-—a,0),...,max1l—an,0)) transforms triangular triplets of0, c]™
(with elements in0, 1]™) into triangle triplets of[0, «] (with elements irf0, 1]) and
G(0,...,0)=0.

Under increasingness, subadditivi@(@+ b) < G(a) + G(b)) is equivalent to
the property of transforming triangular triplets into triangle triplets.

Proposition 4.10 Consider G [0,]™ — [0,]. Then:

(i) If G transforms triangular triplets of0, »|™ into triangular triplets of[0, ] then
it is subadditive.

(i) If G is increasing and subadditive then it transforms triangular tripletfod]™
into triangular triplets of[0, «].

Thus, from the two previous propositions, we can enunciate the following

Proposition 4.11 Let T be a continuous Archimedean t-norm with additive gener-
ator g. An increasing function E[0,1]™ — [0,1] , with F(1,...,1) = 1, aggregates
T-indistinguishability operators if and only if the function-6gF g~V is subaddi-
tive.

Consequences of the previous propositions are two known results concerning the
role of weighted arithmetic means and ordered weighted arithmetic means (OWA
operators) in this approach.

Proposition 4.12 Let T be a continuous Archimedean t-norm with additive genera-
tor g. Any weighted quasi-arithmetic mearar, ...,am) = g~*(Zwig(a;)) where
(wi,...,Wm) are non-negative real numbers satisfyidtyy, = 1 aggregates T-
indistinguishability operators.
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Proposition 4.13 Let T be a continuous Archimedean t-norm with additive genera-
tor g. An ordered weighted quasi-arithmetic medag;. . . ,am) =g~ {Zw, g(am-i)))
where g, denotes the k-largest input in the lig, . . . ,am) aggregates T -indistin-
guishability operators if w> w; for i < j.

4.1 Aggregating Fuzzy Subgroups

The relationship between fuzzy subgroups and indistinguishability operators will be
used in this subsection to characterize the functions aggregating fuzzy subgroups.

Definition 4.14 A function S [0,1]™ — [0,1],m > 1, aggregates T -fuzzy subgroups
if for any group (G, o) and any collection of T-fuzzy subgroups of (G, ..., Um,
then Sua, ..., Um) is also a T-fuzzy subgroup of G, wherg:§ . . ., um) is the fuzzy

subset §u1,..., tm) (X) = S(1(X), ..., im(X))-

Proposition 4.15 Let (G,0) be a group, E,E,...,En left (right) invariant T-

indistinguishability operators on G and H0,1]™ — [0, 1] a function aggregating
T-indistinguishability operators. Then(Ej,Ey,...,En) is a left (right) invariant

T -indistinguishability operator.

Proof.

F(E1,Ep,...,Em)(zox,zoy) = F(E1(zoX,zoy),Ez(zoXx,z0Yy),...,En(zoX,zoYy))
F(El(x7y)a EZ(Xay)7 LRED) Em(X>Y))
F

(El, Ez, ceny Em)(x,y).

Proposition 4.16 Let (G,0) be a group, F: [0,1]™ — [0,1] a function, us, ...tm
fuzzy subsets of G angE, ..., E (Ey,, ...., Ey,,) their respective left (right) invari-
ant fuzzy relations. Then

a) F(uE, o B) =F(uy,...m) E

) F(Epys - Eum) = Er(ug,....utm)-
Proof. We will prove a):

FwuEsumE)(X%Y) = F(uEXY), - oum E(XY))
= F(ua(y "ox), ..., tm(y *ox))
= F(ug, ..., um)(y ox)
= F (g um) ECGY)-

As a corollary we obtain:

Corollary 4.17 With the same notations as in the preceding Proposition 4.16,

o if F aggregates T -indistinguishability operators apd, ..., um are fuzzy sub-
groups of G, then Fuy, ..., um) is a fuzzy subgroup of G.
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e if F aggregates T-fuzzy subgroups angd E, Ey, are left (right) invariant T-
indistinguishability operators, then (E,...,En) is a left (right) invariant T-
indistinguishability operator.

Corollary 4.18 If F([0,1]™ — [0, 1] aggregates T -indistinguishability operators,
then F aggregates T -fuzzy subgroups.

Proposition 4.19 Let F: [0,1]™ — [0, 1] be a function that aggregates fuzzy sub-
groups. Then F transforms m-dimensional T -triangular triplets itidimensional
triplets.

Proof. Consider the groufi,/(2) x Z/(2) and pute= (0,0),a= (0,1), b= (1,0),
c=(1,2).
Let a = (ai,...,am),b = (bs,...,bm),c = (c1,...,Cn) be mdimensionalT-

triplets. For every = 1., , mconsider the fuzzy subgroup defined by
pi(e) =1, pi(a)=ai, wi(b)="bi, pi(c)=c.

Corollary 4.20 Let F: [0,1] — [0,1] be a function that aggregates left (right)
invariant T -indistinguishability operators. Then F transforms m-dimensional T -
triangular triplets into1-dimensional triplets.

From Propositions 4.6 and 4.19 we obtain the following important result.

Proposition 4.21 A function F: [0,1]™ — [0, 1], m > 1, aggregates fuzzy subgroups
if and only if it aggregates T -indistinguishability operators.

Proposition 4.22 A function F: [0,1]™ — [0, 1], m > 1, aggregates fuzzy subgroups
if and only if the following conditions hold:

m
() F(1,...,1)=1.
(ii) F transforms m-dimensional T -triangular triplets intedimensional T -triangu-
lar triplets.

4.2 Aggregating Vague Groups

In this subsection we will obtain results on the aggregatioh-whgue groups sim-
ilar to the ones in the previous subsection.

Definition 4.23 A function V: [0,1]™ — [0,1],m> 1, aggregates T -vague groups if
for any group(G, o) and any collection of T -vague groups of &, 31),. .., (G, 3m),
then\((G,31),...,(G,3m)) isalso a T-vague group G, wher¢(5,31), ..., (G,3m))

is the T-vague group of G with the vague operation defined for,gllze G by
V(31,...,0m)(X,Y,2) =V (31(X,Y,2),...,5m(X,Y,2)).
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Proposition 4.24 Let (G, o) be a group,(G,31),...,(G,5y) T-vague groups of G,
Ej, ....Emtheir respective associated T-indistinguishability operators @éx,y, z—=
Ei(xoy,2) fori=1,...,m) and F: [0,1]™ — [0, 1] a function. Then

F(E1,...,Em) = Er((G641).....(G3m)) -
Corollary 4.25 With the same notations as in the preceding Proposition 4.24,

e if F aggregates T-indistinguishability operators af@,31),...,(G,5y) are T-
vague groups of G, then(FG,31),...,(G,3m)) is a T-vague group of G.

e if F aggregates T-vague groups E.,En are invariant T -indistinguishability
operators, then FEg, ...,En) is an invariant T -indistinguishability operator.

Similarly to fuzzy subgroups we obtain the following important result.

Proposition 4.26 A function F: [0,1]™ — [0, 1], m > 1, aggregates T -indistinguish-
ability operators if and only if it aggregates T -vague groups.

Proposition 4.27 A function F: [0,1]™ — [0,1],m > 1, aggregates T -vague groups
if and only if the following conditions hold:

m
() F@,...,1)=1
(ii) F transforms m-dimensional T -triangular triplets intedimensional T -triangu-
lar triplets.

5 Concluding Remarks

In this work we have dealt with the problem of aggregating fuzzy subgroups
and T-vague groups. Thanks to the close relation between these objects-and
indistinguishability operators, it results that the functions that aggregate them are
the functions preserving -triplets. In other words, the functions preserviig
indistinguishability operators, fuzzy subgroups andague groups coincide. In-
teresting examples of these functions are

e The t-norm
e The minimum
e If the t-normT is continuous Archimedean aigchnd additive ofT, then

— The weighted quasi-arithmetic meang generated byg
— The ordered quasi-arithmetic means generateglwith decreasing weights.

We have studied the aggregation of fuzzy subgroupsTanegue groups from
a functional point of view. Nevertheless, there are other ways to fusion or aggre-
gate them that are not functional. Given a collectionTehdistinguishability op-
erators, fuzzy subgroups drvague groups, a very natural way to aggregate them
is calculating the transitive closure of their union, which is not a functional proce-
dure. We have pointed out in this paper that there are a bijections between the sets
of left and of right invariantTindistinguishability operators and the set of fuzzy
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subgroups, and the set dfvague groups, normal fuzzy subgroups and invari-
ant T-indistinguishability operators. In fact these sets are isomorphic lattices [15]
and the bijections preserve transitive closure<(if...,Eyn are the left (right)T-
indistinguishability operators associated to the fuzzy subgreups., um respec-
tively andE is the transitive closure df; U... U En, thenE is the left (right)T-
indistinguishability operator associated to the transitive closugg of... U um and
similarly with T-vague groups).

As an interesting consequence of the results of this work, crisp equivalence rela-
tions subgroups and quotient groups can be aggregated obtaining fuzzy objects.
Example 5.1 Let T a continuous Archimedean t-norm with additive generator g.
Then the weighted quasi-arithmetic means with generator g of crisp equivalence
relations on a set X are T -indistinguishability operators on X.

Example 5.2 Let (6) and (10) be the subgroups afZ,+) of multiples of6 and

10, respectively, (x) = 1 — x an additive generator of the Lukasiewicz t-norm and
p,q > 0with p+q= 1. Then nf%((6), (10)) = p(6) 4 q(10) is the fuzzy subgroup

1 if xis a multiple of the least common divisor [€d10) =30

p if xis a multiple of 6 and not a multiple of 10

g if xis a multiple of 10 and not a multiple of 6

0 if x is neither a multiple of 6 nor a multiple of 10

(P(6)+0a(10)(x) =
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