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Positive Isometric Averaging Operators
on (*(Z, 1)

Santiago Boza® and Javier Soria

Abstract. We show that positive isometric averaging operators on the
sequence space £%(Z, 1) are determined by very subtle arithmetic condi-
tions on p (even for very simple examples), contrary to what happens in
the continuous case L?(R™), where any possible average value is realized
by a suitable positive isometry.

Mathematics Subject Classification. Primary 46E30; Secondary 46B04.
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1. Introduction

Isometric properties for averaging operators have been considered in different
settings. For example, it is well known that the averaging Hardy operator

siw =5 [ o a
satisfies that [4]

IS = D) fllzz = 1fllz=, € L*(RT). (1)
Weighted versions of (1) on L?(w) can be found in [6]. With more generality,
the study of necessary and sufficient conditions for an operator T' to be an
isometry on L?(R) have been obtained in [1], and a characterization was
given in terms of the restriction of T' to characteristic functions of intervals.
These results were further extended in [3] to integral operators T' defined on
L?(X), for a general measure space X, where the isometric condition on 7'
was characterized just by looking at the restriction of T to a certain class of
monotone functions. Other estimates for T =S — I on LP(w), on monotone
functions, were studied in [2].
It is also worth noticing that the reason why the estimates are taken
with respect to the L?-norm is motivated by [7,8], where it is proved that, in
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S. Boza and J. Soria

the setting of rearrangement invariant spaces, L? is the only space for which
there exist nontrivial isometries.

In the discrete case of sequence spaces ¢2(Z), isometric averaging oper-
ators are not so easily obtained. In particular, for the Cesaro operator

S ({antner)m) = -~ as,
j=1

it can be proved that the corresponding isometric property (1) does not hold.
Motivated by this fact, we are interested in studying the existence of isome-
tries T on ¢?(Z) which, on the one hand, are positive operators and, on the
other, they are also A-averaging operators (see Definition 1.3). To this end,
given a positive operator T on L?(X), we need to define the action of T' on
constant functions:

Definition 1.1. Let T : L?*(X) — L?(X) be a positive linear operator. We
define

T(1)=sup{Tf:feLl*X),0<f<1}.

Remark 1.2. We observe that if X is a finite measure space, then yx € L?(X)
and T(1) = T'(xx)- In general, under no restrictions on either 7" or X, T'(1)
could be identically equal to infinity.

One of our main goals in this work is to describe, for a class of discrete
measures p on Z (which includes the counting measure), the set of all possible
averages for positive isometries. We will see that, even in this particular
setting, these averages are determined by very subtle arithmetic conditions
(see Theorem 3.1). Analogously, we can also consider the case when p is a
measure in N (see Proposition 2.8). In Remark 1.5 we will motivate why we
are restricting our attention to atomic measures.

To formulate the problem in a appropriate way and to fix the notation,
we first give the following definition:

Definition 1.3. Given a discrete and positive measure p = {ux }rez, on Z, we
will say that a positive operator T, defined for a given sequence x € (*(Z, )
as

T(z)(j) = Y aparpe, jE€Z, (2)
kEZ
is a A-averaging operator, if it satisfies that
T(1) = A1. (3)
We will denote by o} (n,Z) = o7 (1) the set of all values X > 0 for

which there exists a positive isometric operator such that (3) holds.

Remark 1.4. A straightforward argument shows that (3) is equivalent to the
condition

Zajk i =X, forall j € Z, (4)
kEZ

which implies that the sequence {a;j }rez is in £1(Z, ), for any j € Z.
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Positive Isometric Averaging Operators on ¢?(Z, )

Clearly, the identity is a trivial example of an operator satisfying Defi-
nition 1.3, with A = 1, and hence for all measures p on Z, 1 € o (1).

Observe also that A = 0 would imply that 7' = 0. Therefore, o (1) C
(0,00). It also easily seen that o} (u) is closed under multiplication (just by
looking at the composition of the corresponding operators).

Without loss of generality, we are going to assume that p is an infinite
measure not vanishing at any k € Z. In fact, if p is finite and T is a positive
isometry with 7'(1) = A1, then

1/2 1/2
A <Z Mk) =[TWle@.w = Ixzle@w = (Z Nk) ;

keZ kEZ

which implies that A = 1 and o§ () = {1}. For this reason, from now on we
will work with a measure p = {ug }rez, with 0 < pp < 0o (we can identify
the support of 4 with Z) and ), ., pup = 0.

Remark 1.5. We observe that the existence of A-averaging positive isometric
operators in R is trivial, since for any A > 0, the dilation operator T} f(z) =
Af(A2z) satisfies all these properties: T) is a positive isometry in L?(R*) and
T(1) = A1, since if fx(2) = x(0,n)(2), then

T\(fn)(x) = )\X(O,N)()\Qx) = Ax(,n/22) (%) = Axgr+(x), as N — oo.

Hence, Axg+ = supy Thfnv < Ta(1) < Axg+.
We see that this argument fails for Z, since nontrivial dilations are never
isometries on ¢2(Z).

In Sect. 2, we will prove some results about the possible values of the set
ol (1), when p = {px }rez is a general discrete positive measure. In particular,
Theorem 2.2 is the main tool to translate the problem from an algebraic or
matricial formulation into a geometrical property regarding some suitable
partitions of the integers. Proposition 2.8 shows that we can transfer, in a
canonical way, the averaging values from Z to N. In Sect. 3 we prove our main
result (Theorem 3.1) which characterizes o} (1) for all possible measures p
of the form pr = axa(k) + bxs(k), a,b >0, ANB =0 and AUB = Z.
In particular, o} (1) is a countable set contained in (0, 1], which depends on
arithmetic properties of a/b and the cardinality of A and B.

In what follows we will use the following notation: for a given subset A
of the integers, |A| will denote the cardinality of A, and if p = {ux }rez is a
measure defined on Z, pu(A) = >, c 4 fik-

2. Results on General Measures on Z

We start by recalling the following result concerning isometries in an arbitrary
real Hilbert space H, see [5].

Lemma 2.1. Let H be a real Hilbert space, let T : H — H, and let T* denote
its adjoint operator. Then T is an isometry, i.e., |Tx| = ||z|| for any x € H,
if and only if T*T = 1.
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S. Boza and J. Soria

We are now going to apply this result to the discrete case (2(Z, i), to

obtain the main characterization needed in Sect. 3 to completely describe
+
oa(p):

Theorem 2.2. A necessary and sufficient condition to find a positive and
isometric A-averaging operator T on (*(Z, ) is the existence of a partition
{I;}jez, of the set of integers Z, for which

;)
14

Proof. Let T be a positive and isometric A-averaging operator given as in
(2). Then,

1
=2 for all j € Z. (5)

T (x)(j) = Zakjwkuk, x € 3(Z, ).
kEZ

As an application of Lemma 2.1, since T’ is an isometry then, for every j € Z,

Z al] mr = (6)

lez
and for j # k,

Zalj alg Q= 0. (7)
lez
Condition (7) implies that, for all j € Z, there exists a unique k; such
that ajr, > 0 which, in combination with condition (4), shows that ajx, =
A/ pk;. Thus, the matrix satisfies that on each row j, just one element is
different from zero, and on each column £k, all the nonzero elements take the
same value.
Thus, if we define I; = {l € Z, a;; # 0}, then it is easy to see that
{I;}jez is a partition of the integers. Finally, condition (6) combined with
the equality a;; = A/, if I € I;, gives us that for a fixed j € Z,

7_Zal]:u’l Z 2,“1 QZHZ’

Hi lel; leI; Hj i lel;
which is (5).
Conversely, given a partition {I;};ecz and A > 0 satistying (5), we define

)\/Mka lf] € Ik7
Ak = .
0, otherwise.

(8)

Finally, if we define T as in (2), T is a positive and isometric \-averaging
operator; i.e., T satisfies (4), (6), and (7). O

Remark 2.3. It is important to observe that the same partition of Z, as a
subset of P(Z), may, or may not, satisfy condition (5), depending on the
numeration chosen. For example, if we take

{0,1}, k=0
Iy =q{k+1}, k>0
{k}, k <0,
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Positive Isometric Averaging Operators on ¢?(Z, )

then, there is no measure p and no A > 0 for which (5) holds since, otherwise,

for k=0

and, for k£ < 0,

Hence, A =1 and p; = 0, which is a contradiction with the fact that p; > 0,

for all k € Z.

On the other hand, if we consider the same partition but numbered as

follows

p(lo) — po+p1 pr 1
e e L
Ho Ho po A
ple) _ e _

Mk Mk

{0,1},

I = {7k}7

{—k+1},
we can arbitrary take po and pq, both strictly positive, such that

plo) _ o+

For this «, if we define

k=0
k>0
k<0,

m

=1+ =a > 1.
Ho Ho Ho
_ a_2k_1/j/1a kE<—1
M= a2, k>2,

then, condition (5) holds, with A = a~1/2.

Remark 2.4. An example of the matricial representation of an operator T,
as in Theorem 2.2, where the sets I; are intervals, is the following:

For non necessarily positive isometries, this matricial representation is
not longer true. For example, if we consider an isometric averaging convolu-
(K*a)(j), j € Z, where K € (*(Z), then Parse-
val’s theorem give us that |K(#)| = 1, 6 € T. Since T1(j) = A = K(0) > 0, for

tion operator in Z, T'(a)(j)

~

A -1 0
Mpk—1 0
0 0
0 0

0 A 1 0

0 A/ b 0

0
M k1

M bk+1
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every j € Z, then A = 1 (see also [3] for further information). In particular,
if we take K () = ¢’l?l, then it can be easily proved that

0 1/2, jl=1
K(j)=1qil+(-1)
- 7 i 1
e il # 1,

and hence, the matrix of the operator 7' has coefficients a;, = K(j — k),
which do not satisfy condition (8).

We now show that there are some arithmetic restrictions on the measure
p to obtain a nontrivial o} (11), together with some general properties of this
set.

Proposition 2.5. If 1 = {ug }rez is a measure on Z such that the cardinality of
the set A, = {k € Z : px, € R\QY} is finite and nonempty, then o (1) = {1}.

Proof. Due to the compatibility condition (5), we observe that, since there
is only a finite number of irrational numbers in the sequence {ux}rez, the
quotients

w(Ik)/ e = o
must be a constant rational number for all £k € Z. For simplicity in the
notation, let us assume that the indices 1 < k < N correspond to the values
i, which are irrational. Since p(Iy) is irrational, 1 < k < N, and there are
only N irrational values for p then, for each such k, there exists a unique
o(k) € {1,..., N} such that o(k) € Ij. Clearly, o is a permutation of the set
{1,...,N} and

(k) = po(r) + Br = apik,
for some B, € Q, 1 <k < N.
This system of linear equations can be written as

(Iy + A)fi = 3, (9)

where i = (p1,...,pun)7, g = (=B1,...,—Bn)T, Iy denotes the identity
matrix of dimension N and A is an N x N matrix, depending on o, such that
AN = (—a)NIy. Hence, it is enough to study whether Iy + A is invertible
to conclude that 7 and 3 cannot satisfy (9).

Indeed, due to the properties of A and the Caley—Hamilton theorem,
the minimal polynomial of Iy + A must divide p(z) = (z — 1)V — (—a)¥,
and hence p is also its characteristic polynomial. From this observation we
deduce that det(Iy + A) = (—1)Vp(0) = 1 — V.

Then, Iy + A is invertible if and only if o # 1 and hence, solving [
from (9), we get that the components of /i should be rational numbers, which
is a contradiction since Iy + A is a matrix with rational coefficients, and
Iy + A)*lﬁ is a vector in Q. Thus, necessarily a = 1 and in this case, the
partition I = {k} gives the average value A = 1. O

Proposition 2.6. Let p = {ux }rez be a measure on Z satisfying that }ign%uk =
€

m > 0. Then, o (1) C (0,1].
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Positive Isometric Averaging Operators on ¢?(Z, )

Proof. Let A be in o{(n) and let {Iy}xez be as in Theorem 2.2. For any
€ > 0, let us consider the set

Ac={ke€Z: m<pu,<m-+e}.
Condition (5) implies that, for any k € A,
1 plle) _ peNAe) + (e 0 A7) mile 0 Ac| + (m + )l 0 A
A2 s o m+e
m
= I N AL+ —— T, N Al
i N Ae] + ——— i 0 Ae|

Since € > 0 is arbitrary, and the sets (I, N AS) and (I N A.) cannot be both
simultaneously empty, then we obtain that A < 1. O

Remark 2.7. The following counterexample shows that this last statement
is not true, in general, for discrete measures p = {u }rez whose infimum is
equal to zero. To see this, just consider 1 = {A\2*}rez, Ao > 1 and take the
partition Iy, = {k — 1}, k € Z. Then,

ply) 1

e A

and hence, 1 < \g € o4 (1).
Observe that this example also shows that, in fact, for every A > 0,
there exists a measure y such that A € o ().

As we have already mentioned in the introduction, we can describe the
averaging values in N, similarly to the case of the integers, by means of a
suitable change of indices:

Proposition 2.8. There exists a bijection i between measures in Z and mea-
sures in N such that, for every u in 7

o4 (1, Z) = o (¥(p), N).

Proof. First we notice that considering the bijection ¥ : Z — N defined by

2% +1, k>0
k:
s ={2Ft 120

and its corresponding inverse ¢ = 1)~!, we can obtain, from a positive mea-
sure p defined on Z, a positive measure ¥ (u) defined on N by means of

V() = ko), JEN,

and conversely.

Similarly, for a given sequence a = {a, }nez € ¢*(Z, 1), we obtain the
sequence 1(a) = {ag)tjen € 2(N,¢)(n)) and conversely, we have that
P(a) == {aym) tnez, for a € £2(N,p(pn)). This is an isometric transformation
from ¢2(Z, 1) onto £*(N,v(u)). Indeed,

2 2
D G kew) = D Gtk
j=1

keZ
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By means of this correspondence, given an operator T : (?(Z,u) —
¢%(Z, i) the following operator 1 (7T') on £?(N,(u)) can be defined

W(T)(a); == T(d(a))g(;), j €N

If T is an isometric operator in ¢2(Z, 1), ¥(T) is an isometry in £2(N,4(u),
since

1(T) (@) 1122 05,0, >—ZT )3y oty = Y T(d(a)i p

keZ

=D o)k =) al Mk—za

kEZ kEZL

It is now easy to see that if A € o} (u,Z), with T its associated pos-
itive isometry, then A € o (¢(u),N), and (T) defined in ¢*(N,¢(u)), is
the corresponding positive isometry. In fact, if T(1) = A1, then ¢(T)(1) =
T(¢(1)) = T(1) = A1. The converse embedding o} (1/(u),N) C o (u,Z) is
proved similarly. O

3. Case of ur, = axa(k) + bxs(k)

In this section we are going to give a complete description of the set O’Z (1) in
the case of a positive measure p defined on Z, taking two possible values. Since
the compatibility condition (5) is homogeneous, the set o (p) is invariant
under dilations on the measure and, therefore, we can assume without loss of
generality that it has the form pux = rya(k)+x5(k), where A, B is a partition
of Z, r > 0, and k € Z. Also, we can assume that B is an infinite set, since
otherwise it would suffice to consider the measure ux = xa(k) + 7 1xp(k),
keZ.

Observe that Proposition 2.6 implies that, for these measures, J;{(u) C
(0, 1]. Moreover, if A is finite, Proposition 2.5 implies that » must be a rational
number, and we will prove that, in this case, the set o} (1) C {1/v/n}, cn-
However, we are going to see that, in general, the characterization of o} () is
more involved, and it strongly depends on the arithmetic properties of r > 0
and |A|.

The main tool we are going to use is Theorem 2.2. We will reduce the
condition for A to be in o} (1) (or, equivalently, the existence of a nonnegative
isometric operator T for which T(1) = A) to finding a suitable partition of Z
satisfying (5).

Theorem 3.1. Let {utrez be a discrete and positive measure on Z defined
by ur, = rxa(k) + xs(k), k € Z, where r > 0 and B is an infinite set.

(i) If A is finite and r € Q, then o (u) = {1}.

(ii) Assume A is finite and r = p/q € Q, with p,q € N and (p,q) = 1.

1
jeNuU{o0

;"‘: Journal: 20 Article No.: 2284 ] TYPESET [ DISK [_]JLE [_] CP Disp.:2016/3/1 Pages: 14




Author Proof

268

269

270

271
272
273

274

275

276
277
278

279

280

281

282
283
284

286
287
288

289

290

291

292

293
294
295

296

297
298

299

Positive Isometric Averaging Operators on ¢?(Z, )

o If g <|A| and q | |A|, then

of(p) = {\/%}JEN Y {\/quﬁ}jeNU{O}.

1
o Ifq<|A| and qt|A|, then o (1) = {

Vig+1 }jeNU{O}'
(iil) Assume A is infinite.

o Ifr ¢ Q satisfies that ar® + br — ¢ =0, where b € Z, a,c € N and
(a,b,c) =1, then

1 1
T
A j(aT‘ + b) +m Jj€N, meNu{0} \/_ﬁ T

1
e In any other case we have that o (p) = {’} .
neN

n

Proof. The first part is a direct consequence of Proposition 2.5. To prove
(ii), we first introduce the following notation: for A € o (1), we denote by
a = 1/X%. Let {I}}rez be a partition of Z. Then (5) implies that, for k € A,

/J(Ik) _ ’I“|I}€ﬂA|—|— |IkﬂB| h

Q, 11
” . (11)
and for k € B,
I
“Lk) = r|I, N A| + I, N B| = a. (12)
k

Since A is finite, there is some k € B such that I, N A = ), and (12) implies
that o = |I; N B| € N. We now consider two possibilities: If ar € N, then
q | ap and hence ¢ | a. On the other hand, if ar ¢ N, from (11) we deduce
that, for all k € A, I, N A # (). Hence, since A is finite, the correspondence
between k € A and the sets I, with k¥ € A, must be a one to one mapping,
and therefore [I; N A| =1 and |I; N B| = |I;| — 1. Thus, from (11), we have
that

rllyNAl+|NBl=r+|Ix|—1=ar= (a—1)reN=gq| (a—1).

So we have obtained that ¢ | & or ¢ | (« — 1) are necessary conditions if

A € o (). That is,
1 1

+

) et

Viq jeN 74+ 1] jenugoy
We will now consider each of the three cases of (ii):

Assume that |A] < ¢. If ¢ | «, since a = jq, for some j € N, condition
(11) implies that, for k € A,

pllx N Al + g/ N B| = jpq.

Thus, |1 N A| is a multiple of ¢, and therefore |I), N A| = 0, for all k € A,
since |I; N A| < |A| < g. On the other hand, for k € B, condition (12) implies

(13)

plI N Al + q|I N B| = j¢°.
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As before, this equation leads us to the condition |Ix N A| =0, for all k € B,
which is a contradiction, since {Ij} is a partition of Z. Therefore, we have
proved that ¢ | (« — 1) and

{2l
Via+ 1] jenugoy

Conversely, if « = jq+ 1, j € NU {0}, let us see that we can find a posi-
tive isometric A-averaging operator, which, by Theorem 2.2, is equivalent to
finding a partition satisfying (5). Indeed, we construct {Ij }rcz as follows:

If k € A, we take I, = {k} U (I, N B), with |I;| =pj + 1, and if k € B,
we take I, C B and |Iz| = «. It is clear that such a partition of Z exists,
since B is infinite. Finally, let us prove that (11) and (12), equivalently (5),
hold:

(14)

IfkeA,
I IyNAl+|[,NB j .
,U(k):'r‘k | |k7 |:l+ﬂ:1+q.]:a7
Lk r p
and, if k € B,

I
/”'( k) :r\[kﬂA|+|IkﬂB|:0+a’
HE

which finally shows that

VT oy S0 1)

Therefore, using (14) and (15) we conclude the result.

Assume now that ¢ < |A| and ¢ | |A; that is, |A| = sq, for some s € N.
Using (13), it suffices to prove that if ¢ | @ or ¢ | (a — 1), then we can find a
partition {Iy}rez satisfying both (11) and (12).

If ¢ | a, then o = jq, j € N. Now, we set {Ij}rez as follows: Choose
ki,....ks € A and take I, NA|=¢, 1 <n<sand |, NB|=p(j —1).

For k € A\{k1,...,ks}, take I}y C B, with |I;| = pj. If k € B, take
I, C B, with |I;| = a. Then, if k € {ky,...,ks},

ple) _ rllk DA+ Ik 0 Bl
M r
If ke A\{ky,... ks}
,U,(Ik> T’|IkﬁA‘+|IkﬂB|

= =0+4+¢qj =a.
Kk r

q+q(j—1)=qj=a.

If k € B,

1
/”'( k‘) :T‘IkmA|+|Ik:mB|:0+a7
k

which finally shows that

{jmhmcamm. (16)
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343
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345
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347

348
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351

352

353

354
355
356
357

358

359

360

361
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Still assuming that ¢ < |A| and ¢ | |A|, we now consider the case ¢ | (o — 1);
that is, « = 1 + jg, for some 57 € NU{0}. If k € A, take |[I; N A| = 1 and
|I. N B| = pj. For k € B, take I}, C B, with |Iy| = «a. If k € A,

I I.NAl+|INB ] .
pe) _ il N Al + |:1+@:1+qj:a,
o r p
and, if k € B,
I
“< k):r\lkﬂA|+|IkﬂB|:0+a,
1
which shows
1 } "
S ) (17)
{ Ja+ 1) jenugoy

Then, using (13), (16), and (17), we have that

dw={=} v{=x} .
Vi) jen Ja+ 1) jenuqoy

To finish the proof of (i) we now assume that A is finite, ¢ < | 4|, and
q 1 ]A|. If {Ix}x is a partition associated to «, as in Theorem 2.2, using (11)
and (12) it is easily seen that ¢ has to divide |Ix N A|, for every k € Z, and
hence, since |A| = >, [Ix N A, then ¢ should also divide |A|, which is a
contradiction. Thus, from (13) we get

{2t
Via+ 17 jenvioy

Conversely, if « = jg+ 1, we define the same partition {I;}rez as in the case
|Al < ¢: If k € A, we take I, = {k} U (I N B), with |I;| = pj + 1, and if
k € B, we take I, C B and |I;| = a. Then, as before,

(18)

{f. L } oy C (19)

Thus, from (18) and (19) we conclude

e}
Via+ 1] jenuioy
Finally, we give the proof of (i) and we now assume that both A and
B are infinite sets. First, if a € N, we construct the partition in such a way
that I, C A, if k € A and Iy C B, if k € B, with |Ix| = «, for all k € Z.
Using (11) and (12), we see that

{1/Vi} e € 5 (1), (20)

To finish, we will prove the following claim:
ok (p)\ {l/ﬁ}neN # 0 if and only if r is an irrational number which is

the positive root of a polynomial ax?® + bx — ¢, where b € Z, a,c € N and
(a,b,c) = 1.
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379

380
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382

383

384
385
386

387
388

389
390

391
392

393

394
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Indeed, if A € o} (u)\{1/v/n},cn and a = 1/A?, equations (11) and

(12) imply that
p(Iy) = ra =rmy + cg, for some my,c, € NU{0}, k € A, (21)
w(ly) = a = ray + i, for some ag,l, € NU{0}, k € B. (22)

Since a € N, then ag, ¢ # 0 and hence r ¢ Q. In fact, if r = p/q € Q, with
(p,q) = 1, we would obtain that

pq(my, — ) = p*a — ¢*cx,

and hence, p must divide ¢, which using (21) would imply that o € N.

Note also that if we combine (21) and (22), we can prove that a2 +
(lr — my)r — ¢, = 0, for every k € A and k' € B. Conversely, if r ¢ Q is
the positive root of the polynomial axz? + bz — ¢, with a,c € N and b € Z, we
pick j € N, write jb = [ — m, with [;m € NU {0}, and define the partition
{It}rez as follows

I VAl =m, |I[,NB|=jc, ifkeA,
I NA| = ja, |IxNB| =1, if ke B.
With this partition we have

M(Ik) M, ke A,

T (23)
Hk jar +1, ke€ B.

The fact that (mr + jc)/r = jar+1 shows that (23) satisfies the compatibility
condition (5), and this proves the claim, since jar + ! ¢ N. Moreover, we
observe that o = jar + jb 4+ m, which gives us that

ok L - «1—

Finally, if » ¢ Q is the positive root of the polynomial axz? + bz — ¢, with
a,c € Nand b € Z, (20) and (24) prove (10). On the other hand, if r is not
as above, the claim and (20) show that of (1) = {1/v/n},cy- O

Example 3.2. We now apply Theorem 3.1 to find aj(u), for different sets A
and concrete values of r > 0:

o If A={0,1,2} and r = v/2, then o} (1) = {1}.

o If A=1{0,1,2} and r = 1/4, then o (n) = {1/V/4j + 1}jeNu{O} .

o If A={0,1,2} and r = 1 (that is, p is the counting measure in Z), then
o If A=1{0,1,2} and r = 2/3, then

SRS CVVET) SN (VVETRY .

e If A=1{0,1,2} and r = 3/2, then o} (n) = {1/v25 + 1}jeNu{O} :
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e If A=Nandr = (v/5—1)/2, which is a root of the polynomial 2% +z—1,
then

ok(n) = v Y {\1[} '
\/j (V5+1) +2m JEN, meNU{0} 7 aen
e If A =Nandr = (v/5+3)/2, which is a root of the polynomial 2% —3z+1,
then of (1) = {1/\/j}j€N.
e If A=Nand r =, then o} (u) = {l/ﬂ}jeN.
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