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Abstract

Cardiovascular diseases form one of the most dangerous events that affect human
life. They are usually the result of high blood pressure. Thus controlling blood
pressure within patient specific healthy limits is a goal that we must target. There are
two control loops for blood haemostasis inside the body either long term or short
term. Baroreceptors control the short term blood pressure regulation. They are
nerve ending that exist in certain locations within the blood vessels walls and they
report blood pressure into the brain and the central nervous system. However the
basics of their function are not yet known. We propose here that the baroreceptors
work by converting circumferential and axial pressure into a stress into their
respective direction and they start to send nerve signals based on a threshold of
strain energy of the location they are embedded in. Thus baroreceptors A fibre is
highly likely to exist in the stiffer adventitia, while the media will contain C fibres.
This explains the reason behind having identical fibres with different threshold. We
were able to arrive to this solution by getting a relationship between stress—strain
relationship for the whole wall and for the arterial vessels. These findings are quiet
significant as they allow a method to identify different stress in the arterial wall
layers using whole wall experimental data and also as they were able to differentiate
between different fibres based on their locations inside the arterial wall. A complete
modelling of the baroreceptors function might lead to the formation of biosynthetic
material that could interact with the body on the cellular level, so as to give humans
the mean to the control of short term blood regulation thus preventing hypertension
and its accompanying diseases such as atherosclerosis.
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CHAPTER 1. INTRODUCTION

CHAPTER 1

INTRODUCTION

1.1 Introduction

The purpose of this study is to model the relationship between applied blood pressure and the
resulting stress and strain in arterial walls, such that the function of baroreceptors (biological
pressure sensors located in the arterial tissue) can be studied. The first novelty of this research is
the use of the thin wall theory method to find a relationship between the layer responses of the
arterial wall and the whole wall response. Specifically, this study investigates whether it is
possible to determine the model parameters used to estimate the elastin and collagen response
of each arterial layer using whole wall experimental data. Secondly, the model was extended to
calculate strain-energy of each layer constituting the arterial wall. This model was then used to

investigate the relationship between baroreceptors location and its firing rate.

Baroreceptors play an important role in controlling blood pressure. It is well known that blood
pressure problems are one of the main causes of cardiovascular diseases. According to the world
health organization[1],cardiovascular diseases have the highest contribution to death rates
worldwide. 18 million people died because of cardiovascular diseases in 2005, which is about 30%

of the total deaths which happened in the same year. This is shown in figure 1.1.
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Cancer + chromc

diseases 22%

commtmucable diseases +matritional deficiencies

30%

' Injuries 2 %

Cardiovascular diseases { strokes .
and heart attacks) 30 %o other 3%

Figure 1.1: Death ratio divided according to cause [1].

Strokes and heart attacks usually happen because of arthrosclerosis (thickening of blood vessels).
One of the risk factors of arthrosclerosis is high blood pressure, which is also known as
hypertension. According to national UK statistics more than 20 % of the population in England is
affected by hypertension at a stage of their life [2]. Thus, using better methods of controlling
blood pressure will result eventually in decreasing death rates, both worldwide and on the

national level.

In the next section, the process of controlling blood pressure inside humans or animal bodies will
be covered. There are two types of regulation of normal blood pressure. The first is called short
term regulation and is done through cardiovascular receptors and their reflexes; the other is
called long term regulation and is achieved through the kidney. Only short term regulation will be

covered in this research [3].

1.2 Short term regulation

The heart actions (blood pressure and filling) are controlled through the activity of sympathetic
and parasympathetic nerves. These nerve activities are controlled by the brain which makes its
decision based on the sensory information gained from peripheral receptors (in and outside the

circulatory system). The main control loop is shown in figure 1.2.

1-2
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Sympathetic and

parasympathetic nerves

v 1 v

Brain Central Nervous s System Heart

A

A 4

Sensory nerves

(peripheral receptors)

Figure 1.2: Schematic of the control loop between the brain and the heart.

There are 2 main types of sensory nerves both of which act as pressure receptors: The first is
known as an arterial baroreceptor and is found in the walls of systematic arteries. The second
type is called a cardiopulmonary receptor and is located in the wall of the heart. These two types
transmit a signal to the brain indicating certain information such as the arterial pressure and the
cardiac filling rate. It is worth noting that their principle of operation is the same. They are
accompanied by two other types of receptors that carry relevant information to the brain known
as arterial chemoreceptors and muscle receptors. The above mechanisms are summarised in

figure 1.3. Only baroreceptors will be the focus of this research.

Muscle
. receptors
Cardiopulmonary P
receptors
» Brain stem Sympathetic, Control
—> n [
"] Para "| blood
g sympathetic pressure
Arterial
baroreceptors
Arterial
chemorecepts

Figure 1.3: Schematic of the detailed control mechanism.
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CHAPTER 1. INTRODUCTION

As an intelligent control system, the body has different responses to every interruption to the

system. Generally there are three main types of responses which aim to stabilise the system.

(i)The negative feedback reflex is defined as any positive change blood pressure that leads to the
generation of a depressor reflex to return blood pressure to its set point.

(ii) The positive feedback reflex is defined as any negative change in blood pressure that leads to a
generation of a pressor reflex to return blood pressure to its set point.

(iii) The feed forward process initiates a non reflex cardiovascular order through sending a signal
from the cerebral cortex which helps to increase the heart rate instantly. This usually occurs

during exercise.

It might be clear from the above three situations, that baroreceptors play a major role in
decreasing blood pressure. In the next section, the baroreceptors function and process of

operation will be discussed in more detail.

1.3 Arterial baroreceptors
Baroreceptors are literally pressure receptors as the word "baro" means "pressure". They are
sprayed nerve endings packed with mitochondria and connected to an axon. They can be found in

two main locations, the carotid sinus and the aortic arch as shown in figure 1. 4.

Carctid Smus nerve

Slossphatryngeal nerve —_— "\
2 —= carotid
,nl -_/»/ ‘ chemeoreceptors
carotid
.'fl baroreceptors
'_') !
N /
/ left wagus
aortic ] ) a /
baroreceptors — i /
aortic y : . aocrhc nerve
chemoreceptors 4 -

f ascending actta

Figure 1.4: Schematic diagram of locations of the arterial baroreceptors [4].
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The baroreceptors of the carotid sinus are located at the start of the internal carotid artery. The
afferent fibres from these baroreceptors form the sinus carotid nerve. The sinus carotid nerve
meets the glossopharyngeal nerve (the nerve responsible for the tongue and pharynx) at the
petrous ganglion which is the parent neuron. The petrous ganglion is extended to the brain stem
where it terminates at the nucleus tractus solitarius. The baroreceptors of the aorta are located
around the transverse arch of the aorta. Its fibres form the aortic depressor nerve then they are
connected to the vagus. Their neuron lies in the nodose ganglion. Their central axon terminates in

the nucleus tractus solitarius.

1.3.1 Characteristics of baroreceptors
They are mechanoreceptors which mean that they respond to stretch such that a rise in pressure
causes a stretch in the arterial wall; for example the diameter of the carotid sinus oscillates by 15
% with each arterial pulse but it does not respond to change if a plaster is applied around the

sinus to prevent it from stretching [3].

The baroreceptors have both static and dynamic sensitivity. The static sensitivity is the firing rate
of the baroreceptors due to the magnitude of the pressure stimulus. The dynamic sensitivity is the
firing rate due to the rate of increase of the pressure stimulus; for example if the carotid sinus
faces a rapid rise in the blood pressure the baroreceptors respond by firing an initial burst of
action potentials. Then the fibre activity declines and settles down so as to adapt to the new level
of blood pressure. When the pressure drops the fibres fall silent and then adapt with the slower

rate as shown in figure 1. 5.

A B

Pressure

F'breaCt""tyl I 1 I |||||||||||||||||||I||| I I

Figure 1.5: a) A pressure rise results in initial burst of action potential followed by decline in the
activity known as adaptation. B) A pressure drop results in full silent phase followed by adaptation

with a slower rate [3].
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In vivo the baroreceptors usually act in the same way as above where the baroreceptors fire a
burst of action potential in systole and fall silent in diastole. There are two types of baroreceptor
fibres which are classified according to their threshold range (the lowest pressure that triggers an

action potential), A - fibre and C-fibre. Both types will be examined fully in chapter 8.

1.3.2 Fibre recruitment
Recruitment means that when blood pressure rises, the discharge frequency of active fibre
increases and fibres of higher threshold begin to fire[3]. Fibre recruitment extends the signalling
range of multi- fibre nerve such that the nerve would be able to signal a wider operating range to

the brain.

1.3.3 Pulsatile versus steady signals
The carotid baroreceptors signal the pulse size (the pulse pressure and the mean pressure) to the
brain. The pulsed signal has greater oscillation than the steady signal[3]. The greater the pressure
oscillation, the greater the aggregate activity in the nerve (as shown in figure 1.6 ) which leads to

a greater depressor reflex than the steady state pressure (As shown in figure 1.7).

Average impulse Pulsatile

\4

Carotid sinus pressure

Figure 1.6: Pulsatile signal produce more nerve activity than the steady signal at the same carotid

pressure[3].
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Steady
Systematic

arterial

perfusion

Pulsatile

\4

Combined carotid sinus and aortic arch pressure

Figure 1.7: Reflex falls in systemic pressure, the pulsatile strengthens the depressor reflex [3].

1.3.4 Baroreceptor reflex (Baroreflex)
The carotid and the aortic baroreceptors have been found to have similar reflex properties
[3].Hence, the term baroreflex could be used to describe the reflex caused by any of them.
Baroreflex is defined as a pressure reflex that cause changes in the heart and circulation to
stabilise arterial pressure[3]. One of the main functions of the baroreflex is to provide protection
against acute rises in pressure. This is shown in figure 1.8. This shows that stimulating the nerve

initiates a reflex that results in a drop in blood pressure.

Blood pressure

_____ ]_______I________>

| I

Nerve : :
stimulation : I
| |

I |

|

i I

Time

Figure 1.8: Stimulating the nerve causes a drop in the pressure (Adapted from [3]).
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The steps in reducing blood pressure are summarised. The input activates the polysynaptic central
pathway which enhances the vagus parasympathetic output to inhibit the sympathetic output to
the heart. This causes vasodilatation, a decrease in the total peripheral resistance, bradycardia
and reduced myocardial contractility. This results in the arterial blood pressure returning to its
normal range[3]. Other features of the baroreflex includes a variable gain, given by the slope of
the response curve as shown in figure 1.9 and the ability of the gain to reset when the gain is a

maximum.

Heart rate T ~

Exercise +

curare

Exercise

Rest

\4

Effective carotid sinus pressure

Figure 1.9: Resetting of human baroreflex during exercise [3].

If all baroreflexes were denervated (removed), the mean pressure would increase with increasing
fluctuations about the mean[3]. For example when a dog walks on an inclined surface of 21°, the
blood pressure fluctuates in the range of 10 mm of Hg. When this dog is deprived from the carotid
sinus and walks on the same inclined surface the blood pressure fluctuates by about 50 mm of Hg.

The effect of denervation of the baroreflex is shown in the figure 1.10.
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. Control
Relative

occurrence

Denervated

4 haroreflex

/J_P

Arterial blood pressure (mmHg)

A\ 4

Figure 1.10: Denervating baroreflex result in an increase in the mean pressure accompanied by

pressure instability [3].

Thus the baroreflex is considered to buffer acute changes in the arterial pressure over short term.
However, the baroreflex do not provide the brain with reliable information about absolute blood
pressure over long periods of time. This is because if the blood pressure is raised for a long period

of time the baroreceptors threshold is reset to a new higher pressure.

Baroreceptors belong to the short term group regulators as mentioned in the previous section.
This is based on the experiments done by Guyton et al [5],where they showed that after
denervation of the arterial baroreceptors , the average 24-hours mean was increased for few
weeks, but returned to its normal level later, nevertheless the variability in the pressure values

remained high.

This section reviewed baroreceptor position, type and reflex. In the next section its stages of

operation will be introduced, and then the main aims of this research will be restated.

1-9
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1.3.5 Stages of operation

The control loop of the baroreceptor is shown in figure 1.11.

Pressure Receptor Nerve signal

A 4
A 4
A 4

applied stretched generated
A

Central nervous

A

system

Figure 1.11: Different stages of the receptors function.

There are two main stages covering the function of pressure sensors: the first stage is where the
pressure is applied on the blood vessel wall and the wall is stretched along with the receptors
embedded in it. The second stage covers the conversion between the stretch of receptors and the
generation of the action potential inside the nerve[6]. Both of these two stages will be covered in

the following section from the anatomical and physiological point of view.

1.3.6 Blood pressure conversion to stress
From an engineering point of view, the heart may be considered as a pump that pushes fluids into
vascular vessels i.e. the arteries, the arterioles and the capillaries then to the veins and back to
the heart again. Human blood vessels can be classified according to their function to elastic
arteries, muscular arteries, resistance arteries and exchange arteries. These types will explained
more in chapters 2 and 3. However, in this study only elastic arteries, such as the aorta will be
considered. Blood passes through the aorta in two phases, systolic and diastolic as shown in figure
1.12. During the systolic phase blood and its pulse exerts a pressure on the arterial wall that
causes stress and strain in the arterial walls. This will be explained in more detail in chapters 2, 3

and 4. .
Svstolic pressure

Pulse pressure
Mean

Diastolic pressure

Figure 1.12: Pressure curve for the aorta during 2 cardiac cycles [3].

Thus the question arises, how do the baroreceptors convert blood pressure to nerve signal?

1-10
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It is generally accepted that the arterial baroreceptors convert stress/strain in the radial direction
into a nerve signal, as shown in figure 1.13. Complete analysis of this phenomenon will be
discussed in details chapters 6-8. At the end of this stage pressure has been converted to stress,

the next section covers the stress conversion to action potential.

. G ’
Circumferential direction ’ Longitudinal direction
/

Nerve ending in the arterial wall

Radial direction

Figure 1.13: Schematic diagram with a cut made through the arterial wall, showing nerve endings

subjected to axial, radial and circumferential stress.

1.3.7 Stress to spike frequency relationship
The central nervous system is an unresting assembly of cells that continually receives analyses
and perceives information. This is done through neurons (nerve cells) which are the building block
for the central nervous system, CNS and the brain. The neurons do the required task by
generating or conducting a form of an electric signal in the form of an electric spike of amplitude
0.1 v and 1ms duration which is identical in all the nerve cells of the body. When a baroreceptors
nerve ending is stimulated, the cell membrane depolarises rapidly and then the membrane
returns to its resting state. This is the action potential. It occurs when the nerve cell is depolarized

to a certain critical level called threshold[7]. The action potential is shown in figure 1. 14.

1-11
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Overshoot
40mv

Refractory

(Depolarization)

Threshold

-80mv
L‘dﬁdershoot

(Hyperpolarization)

|
|
|
|
: period
|
|
|
|

Figure 1.14: The action potential generated by injecting a depolarizing current into an axon [7].

When the baroreceptors nerve ending is stimulated, the membrane potential is reversed in what
is called over shoot. Afterwards the action potential reverses its polarization action and ends with
hyperpolarization (undershoot). The refractory period is the period between two subsequent
action potentials at which the nerve cannot be further stimulated to produce an action potential.
The action potential propagates along the axon and arrives at the distant end unaltered in size

and in form.

In the last section two phases of the function of the baroreceptors were covered. This thesis will
only concentrate on the first phase i.e the effect of arterial pressure on the arterial wall in which
the baroreceptors are embedded. A model (chapter 4 and 5) was constructed to establish a
relationship between pressure applied and stress and strain induced both in the whole wall, and
in the layers. This allowed us to suggest a relationship between the location of a receptor inside
the wall and its frequency response as will be discussed more in chapter 8. That enabled us in

achieving the research aims. The research aims are summarised as follows:

1.4 Research aims
a) Understand various types of experimental data applied to arterial wall
b) Calculate whole wall stress response using nonlinear solid mechanics
c) Calculate layer arterial wall stress response using nonlinear solid mechanics
d) Propose a simple model that connects the whole wall and the layer response using thin

wall theory

1-12
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e) Using gained knowledge to try to differentiate various baroreceptors types based on their

location

It is worth noting that the finite element method is well known for its applications and
advantages. It is not be used here, basically because this is a probing research that aims to
put principles of neurophysiology with continuum mechanics and electronics. This research is
concerned with understanding the base functions in this interdisciplinary field. Finite element

analysis studies in this field are underway by other groups[8-9].

Experimental investigations reported in the literature will be reviewed in chapter 2 and
related to the current understanding of the anatomy and physiology of arterial and venous
tissue. Specifically, the histology and the mechanical properties of the tissue will be discussed.
Chapter 3 will cover existing mathematical models. Chapter 4 will cover the nonlinear
continuum mechanics basis for the proposed model. Chapter 5 will discuss the optimisation
techniques suitable for this type of research. It will consider the rationale behind the novel
method proposed in this thesis. It will also cover the principles of Monte Carlo simulation.
Chapter 6 is concerned with analysis of the model estimation. Chapter 7 will show the
application of the model to other types of vascular vessels. Chapter 8 will investigate the
relationship between strain-energy and receptor response together with its implication on
the location of the nerve endings within each layer. Chapter 9 will summarise the conclusion

of the research and finally chapter 10 will show basic ideas for future research.
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CHAPTER 2

REVIEW OF EXPERIMENTAL
INVESTIGATIONS

Overview
Arterial baroreceptors and cardiopulmonary receptors are concerned with short term blood
regulation. They have been shown to have a high degree of similarity [1]. One of the main
similarities is that they both convert a pressure signal into a nervous signal. A major factor in the
conversion process is the role of the vascular wall itself whether it is an artery or a vein. Thus this
section reviews the experimental evidence that underpins the descriptions of the anatomy and
physiology of these vascular structures. However in order to be able to appreciate different
mechanical concepts here , various mechanical concepts will be simplified then they will covered
in detailed in chapter 4. Stress and strain here are defined according to a continuum mechanics
basis. The basic idea behind the strain concept is the deformation gradient and it is defined as the
ratio of length of a certain curve on a certain body before and after deformation. Stretch here
would be used to mean a product of deformation gradient and a unit vector. Based on this Right
Cauchy strain tensor (Green deformation tensor) is defined as the product of the transpose of the
deformation gradient by itself. While the Green strain tensor is the right Cauchy strain tensor
minus unity divided by half. Stress is based on traction force acting on a certain area of a body.

Traction force is defined as the product of Cauchy stress and the norm to the surface, where as
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second Piola Kirchoff stress tensor does not admit a physical interpretation in terms of surface
traction. Nevertheless it is a symmetrical matrix and parameterised by material coordinates. Thus
it is often used to represent stress measure in computational mechanics. Having defined the main
mechanical concepts that will be used in this chapter, the following section will describe different

characteristics of arteries and veins.

2.1 Arteries and veins
Human body vessels whether they are arteries or veins can be classified according to their

function as shown in table 2.1.

Table 2.1

Classification of vessels according to their function[1]

Vessel type Function

Elastic arteries Transfer of blood to muscular arteries

Muscular arteries Deliver blood to organs

Resistance veins High resistance veins that decrease the pressure and the flow of
blood

Exchange vessels Transfer of oxygen carbon dioxide from and to cells

Capacitance vessels Veins are considered as capacitance vessels that store blood

The aorta receives blood from the left ventricle and it branches down reducing its size (smaller
size arteries are called arterioles). Arterioles carry blood to thin capillaries where the exchange of
nutrients and oxygen takes place (table 2.2). After that, capillaries carry deoxygenated blood to
veins that end finally with the vena cava. The vena cava carries deoxygenated blood to the right

atrium of the heart.

Thus, in general, arteries are the vessels that carry blood from the heart to the body organs, while
veins are the vessels that carry blood from body organs to the heart. As a result, blood pressure in
the arteries is high and the walls are thick, while the pressure in veins is smaller and the walls are
thin as shown in [1]. Veins are more distensible than arteries and they are more compliant[2-3].

Arteries distend during systole and retreat during diastole; veins are more in rhythm with the
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cardiac cycle[1] [4]. When arteries or veins are pressurised they extend into all directions, i.e.
circumferentially and longitudinally, but almost no twisting happens, this implies that negligible
shear forces exit[5-6].

In this chapter, a description of the main building blocks of vascular tissue is given, followed by
the general histology of the wall tissue structure. This is followed by a review of a series of

experiments used to characterise the mechanical properties of the vascular walls in terms of their

constituents.

Comparison of the various sizes of arteries [6]

Table 2.2

Vessel Internal diameter Wall thickness Thickness/diameter ratio
Aorta 1-3cm 2-3 mm 0.125
Main branches 0.5-2.25cm 2mm 0.182
Large arteries 4-5 mm 1 mm 0.222
Medium arteries 2.5-4 mm 0.75 mm 0.231
Small arteries 1-2.5 mm 0.5mm 0.286
Tributaries 0.5-1Imm 0.25 mm 0.333
Small rami 250-500 pm 125 um 0.333
Terminal arteries 100-250 pm 60 um 0.342
Arterioles 25-100 pm 20-30 pm 0.400
Metaarterioles 1-25um 5-15um 0.571

2.2 Arterial wall main components

In this section the basic components of vascular wall tissue are firstly introduced. Histological
studies are then presented detailing evidence about the types and proportions and distributions
of these biological structures such that the concept of vascular wall layers is derived. The three

main components elastin, collagen and smooth muscle cells are firstly covered.

2.2.1 Elastin

Elastin is a linearly elastic protein with a low elastic modulus. It can endure large amounts of
stress or strain [7]. It is an extracellular matrix protein which is responsible for the resilience
(ability to recover to its original shape) of tissues found in the skin, arteries and lungs. It is
insoluble and hydrophobic. Its fibres consist of extensively cross-linked proteins such as glycine,
valine, alanine, and proline, which are present in variable amounts depending on the tissue [7-8].
The arrangement of elastin inside the different arterial wall layers will be discussed later in this
chapter. Figure 2.1 shows intimal and medial bovine aorta stained with Vierhoeff-van Gieson for
elastin [8]. It can be seen that the elastin fibrils formed by elastin and a protein called fibrillin are

regular and oriented [8].
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Figure 2.1: A cross section in the arterial wall stained only for elastin showing elastin fibres

organised and oriented [8]. The photomicrograph was taken from the ascending aorta just above the aortic

valve. It is worth noting that elastin fibres (in black) are regular in size and oriented.

Elastin is reported to have a linear relationship between stress and strain [9]. It is found in
complex structures along with other proteins in the form of connective tissues. To study it, the
elastin needs to be extracted. The method of extraction involves the following: Purification of
elastin; this is done it using cycles of autoclaving and treatment in guanidine hydrochloride. This
technique is used to get rid of collagen and proteoglycans without causing damage to the peptide
bonds in elastin [9]. Mechanical tests indicate that elastin is extensible over a long range as shown

in figure 2.2.
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Figure 2.2: Measured stress-strain characteristics for arterial walls with only elastin present.
Linear relationships were observed for 5 different samples, where sample one to five colours are

black, red navy blue and dark blue respectively [8].

2.2.2 Collagen

Collagen is a protein, but it exhibits a much higher elastic modulus than elastin resulting in low
elasticity [10]. Collagen accounts for about 20-30% of total body proteins of many vertebrates.
Thus it could be considered as one of the proteins used most extensively by mammals [10]. It
exists mainly in tissues that have a mechanical function. About one half of the total body collagen
is in the skin. If skin was analysed further it could be shown that it posses 70% collagen, when
water is excluded [10]. The molecular structure of collagen is based on evidences from other
studies. These studies used different investigations techniques; such as amino acid composition
analysis, X-ray diffraction analysis, electron microscopy and physicochemical examination of

solutions[10].

The collagen molecule looks like a twisted thread as it consists of three polypeptide chains twined
around each other. This triple helix shape is formed due to a high content of glycine and amino
acid residues [10]. The strands are held together primarily by hydrogen bonds and covalent
bonds. There are 19 different types of collagen. They differ in location and chemical structure and

also in function. They could be divided into 6 subgroups [11] as summarised in table 2.3.
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Table 2.3

Collagen types[11]

Collagen type group
fibril forming collagens types |, II, 11, V
network forming collagens types IV,VIII, and X
fibril-associated collagens types IX,XI, XII, XIV,XVI, and XIX
beaded filaments forming collagens type VI
anchoring fibrils forming collagens type VI
transmembrane collagens types Xlll and XVII

Collagen different types and their characteristics could also be classified as follows: Collagen types
I, 1, I, V and XI are built up of three chains in a formation called continuous triple-helical
structure. In the other hand, Fibril forming collagens: Collagen types |, I, Ill, and V; have large
sections of homologous sequences. While In type IV collagen (basement membrane), the regions
with the triple-helical conformation are interrupted with large non-helical domains as well as with
the short non-helical peptide interruption. Also collagens Types IX, Xl and XIV; they have small
chains, which contain some non-helical domains, form a type called Fibril associated. This is in
addition to Microfibrillar collagen which is mainly formed of Type VI. Type VIl is known as
anchoring fibril collagen as it wraps around type Il that forms the reticular connective tissue ,
which exist around lymphoid organs[10].

It is also worth mentioning that, they differ in location for example type Il exist mainly in
cartilaginous tissues while type Il generally exists in arteries walls and intestines. Collagen is far
stiffer than elastic as shown by [12]. The stress-strain curve produced by [12] for collagen is

shown in figure 2.3.
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Figure 2.3: Stress-strain curve of collagen molecule for tendon specimen 1 (red) , tendon

specimen 2 (green), tendon specimen 3 (blue) and tendon specimen 4 (black )[12].

2.2.3 Smooth muscle

Smooth muscle cells are widely distributed in the body and their function varies with location.
They are mainly located in hollow organs. These cells take the form of broad thin sheets, in arrays
of bundles. They also exist in the ovaries, bladder and the iris[13]. It is thought that smooth
muscle cells contribute up to 2% of the total human weight. Smooth muscle cells are made of
small elongated, uninucleated cells, embedded in the extracellular matrix. A smooth muscle cell
contains actin and myosin filament which gives the cell its contractile ability, although this
contraction is much slower than other contracting muscular cells[13]. The smooth muscle cells

also exist in arteries as shown in figure 2.4.
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Figure 2.4: A. Longitudinal section of the pulmonary artery of a rat B. Longitudinal section of a rat

mesenteric artery[13].

In figure 2.4A, bands of muscle cells alternating with elastic lamellae can be seen. To the right are
the lumen, the endothelium and the inner elastic lamina. Between the muscle cells, there is
collagen. In figure 2.4B, the full thickness of the wall is clear. To the right are the lumen, the
endothelium and the inner elastic lamina. To the left the adventitia (with a visible nerve bundle)
and the outer elastic lamina could be seen. The muscle cell profiles of the media are separated
from each other by elastin fibres and collagen fibrils. It is worth noting that after the specimen
was stained, it was magnified 600 times for the different components of the arterial wall to be
clear[13]. The arterial wall extends passively, but the smooth muscle controls the active tension of
the vessel [14] [15-16]. Evidence shows that smooth muscle cells do not have a role in the passive
expansion of the arterial wall. i.e. it was found that digesting the smooth muscle cells of a wall
had negligible impact on stress-strain relationship [1, 15-16]. The active tension is affected by
intrinsic factors (bayliss myogenic response, endothelial secretion, vasoactive metabolites that
causes acidosis) and extrinsic factors such as vasomotor function and hormones[1]. Smooth

muscles cells, elastin and collagen are shown in the medial layer of the arterial wall in figure 2.5.
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Figure 2.5: Electron microscope view of the transversal cross section of the media of 8-year-old
rabbit descending thoracic aorta. C marks the SMCs, white arrows mark the fibres of elastin and

black arrows mark the bundles of collagen fibres, redrawn from [6].

2.2.4 Comparison of tissues
This section explores the question, how do collagen, elastin and smooth muscle cells work

together in the expansion and contraction of vascular walls?

This was investigated by Holzapfel in[17]. An interesting experiment was done to show the effect
of elastin and collagen on the total response of the arterial wall. Uniaxial tension was measured in
relation to the extension ratio of an arterial wall segment. This relationship was used as a form of
control in comparison with collagen digestion ad then elastin digestion. Collagen was digested
(removed) by applying a certain enzyme to the arterial segment. Thus the new response was
named collagen digested and it shows the typical stress response of elastin. Elastin was digested
and the relationship now was dominated by the collagen response [17]. It could be said that in the
case of digested elastin the curve is collagen dominated and in the case of collagen digested it is

the case of elastin domination [17]. This is shown in figure 2.6.
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Figure 2.6: Collagen digested curve is elastin dominated, and vice versa, both compared with the

control (elastin and collagen are not digested) [17].

These results can be used to explain vessel radius regulation, by considering the elastin and
collagen as resistances, with the collagen having higher magnitude. The smooth muscle cells can

be thought of as a motor that actively contracts the whole body of the wall.

When the central nervous system acts to constrict a vessel, it actively sends a signal to contract
the smooth muscle cells. The dilation of vessels is passive. Thus, at low radii the elastin is
dominant allowing easy expansion. At higher radii the effect of collagen response dominates to

prevent over-expansion.
2.3 Vascular tissue
2.3.1 Whole wall investigations

2.3.1.1 Histological studies

On the macro scale the vascular walls are considered as three distinct histological layers as shown
in figure 2.7. The image suggests that an abrupt interlayer connection is a reasonable assumption
for producing a model, and any effects of the internal elastic lamina and external elastic lamina
that separate the media from the intima and adventitia can be considered negligible [14, 18]. A

more realistic assumption would be to assume a contribution from inter layer lamina effects [19].

The method used to produce the image in figure 2.7 is as follows. Specimens were fixed in 10%

formalin. Samples were taken and were placed in cassettes. Then samples were dehydrated in
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alcohol baths of concentration of 90% alcohol. The samples were then clarified in xylene and at
the end they were embedded in paraffin. After being mounted on slides, Sections were stained

using hematein-phloxin-saffron (HPS), Masson’s trichrome stain and orcein [20].
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Figure 2.7: A cross section in the arterial wall, showing the three distinct layers; intima, media and

adventitia, [20].

2.3.1.2 Mechanical studies

It is well documented that the composition of arterial walls varies along the arterial tree [14].
Thus, a systematic relationship between the shapes of the stress—strain curve for a blood vessel
and its anatomical location has been suggested [14]. But it is also worth noting that although the
mechanical properties of arterial walls vary along the arterial tree, the general mechanical
characteristics exhibited by arterial walls are the same.

In this section, experiments that were performed on the whole vessel wall to calculate its stress-
strain response will be discussed. Whether it is an artery or vein, an in vitro or in vivo test or a
uniaxial or biaxial test, calculating the stress-strain response starts with measuring the
relationship between luminal pressure and axial tension with vessel radius. Using cylindrical
coordinates, there are 3 main axes, namely; longitudinal direction, radial direction and the

circumferential direction as shown in figure 2.8.
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Figure 2.8: Schematic diagram of the arterial wall showing the three main reference coordinates

[21].

There are two types of tests, in vivo and in vitro. One of the main advantages of using in vivo
experiments is that the vessel is observed under real life conditions. However, in vivo tests have
certain limitations because, in that case, the wall is subjected to other factors other than its
material characteristics such as: hormones and nervous system reaction. Thus, in vitro
experiments could give two main advantages, firstly it allows the partial characteristics of the
arterial wall to be investigated in isolation of other external factors that may exist inside the body,
and also it allows the pre-conditioning of the arterial wall through cyclic inflation before applying
the required experiments. Pre-conditioning helps in showing repeatable stress-strain curves[22-
23]. Also in vitro allows the application of more complex mechanical concepts like twists and
bending. Thus, this research will only concentrate on in vitro experiments.

There are two types of in vitro experiments. The first type involves the application of a uniaxial
luminal pressure in the radial direction. The second type involves the application of a biaxial
luminal pressure in the radial direction and tension in the axial direction. As early as the sixties,
uniaxial experimental investigations of vascular walls were produced. In [4] vascular segments
were mounted at their in situ length in a plastic box. Typically, a syringe is connected at one end
of the arterial segment while a strain gauge at the other. Blood is injected from the syringe and

the radius calculated as from the measured pressure.

It is important to note that uniaxial extension tests on arterial walls provide basic information
about the material[14], but are not sufficient to quantify completely the anisotropic behaviour of

arterial walls. In general, a segment of vessel shortens on removal from the body [14]. The in vivo
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pre-stretch in the longitudinal direction must therefore be reproduced within in vitro tests[24]

[14].

Although other uniaxial extension tests performed on small arterial rings (so-called ring tests) can
account for the in vivo length by longitudinal stretching, this technique also proved to be

insufficient [14].

The most common biaxial tests use straight arterial tubes. Since arteries do not change their
volume within the physiological range of deformation [14], they can be regarded as
incompressible materials. Hence, using the incompressibility constraint the mechanical properties
of three-dimensional specimens can be extracted from biaxial tests[14]. This will be further
investigated in chapters 4 and 5.

Biaxial tests have been performed on different types of arteries thoracic, abdominal aorta,
femoral and carotid arteries [15, 25]. A typical procedure for biaxial testing is as follows. After the
specimen is prepared, the specimen is then stretched vertically to its in vivo length [14]or a bigger
extension ratio[14-15]. Pressure is then applied circumferentially. A static pressure relationship is
developed. Static means that the radius at each step of 20 mm Hg between 0 and 240 mm Hg was
measured, with a pause of 2 min after each change. A schematic diagram of the procedure is

shown in figure 2.9.
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Figure 2.9: Biaxial test formation, the sample is stabilised from one side, pulled from the other

and pressure applied from inside [26].

Because biaxial loading is symmetric, shear is absent [27]. The mechanical behaviour of arteries
depends on physical and chemical environmental factors, such as temperature, osmotic pressure,
pH, partial pressure of carbon dioxide and oxygen, ionic concentrations and monosaccharide
concentration. In ex vivo conditions the mechanical properties are altered due to biological
degradation. Therefore, arteries should be tested in appropriate oxygenated, temperature

controlled salt solutions as fresh as possible[28].
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Typically the results of the above biaxial experiments, whether it is on an artery or on a vein is in
the form of pressure radius relationship and pressure axial force relationship as shown in figure

2.10.
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Figure 2.10: Relationship between transmural pressure and external diameter and with the axial
force is shown the dark symbols are for porcine coronary artery tissue, while the light symbols are

for humans[29].

In the last section the differences between in vivo and in vitro experiments were shown. Types of
in vitro experiments were discussed together with the typical relationships resulting from biaxial
experiments in figure 2.10. In the next section, mechanical results resulting from different
experimental procedures for the whole wall will be covered, namely, Bergel static experiments
[25], and experiments by Fung [23], and Holzapfel [30]. Also, Attinger’s experiments on the vein
will be covered[4]. Afterwards, the focus of the next section will be the layer oriented
experiments performed by Demiray [31], von Maltzahn [32] and Holzapfel [22]. Using biaxial
testing, with arterial extension within the in vivo range, Berge [25]calculated the static

incremental elastic modulus versus the luminal pressure (figure 2.11). The incremental elastic
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modulus gives a picture on the elastic response but it does not relate to the intrinsic properties of

the wall. It is impractical to mimic the material elastic performance
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Figure 2.11: Mean values for the static incremental modulus (E;,.) of three types of artery. A blue

line represents thoracic aorta; red is used for the abdominal aorta; x, femoral artery is drawn in

green.

This was also repeated to cover different types of arteries by Cox [15]. Pressure—diameter was

calculated as shown in figure 2.12.
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Figure 2.12: External diameter versus transmural pressure for different artery [15], Coronary

(green), Renal (red), Carotid (navy blue), Mesenteric (blue) and lliac (dark blue).
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Figure 2.13: Normalised external diameter extension ratio was drawn versus the tangential
stress[15], Mesenteric (green), renal (red), lilac (navy blue), carotid (blue) and coronary artery

(dark blue).
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In figure 2.13, Cox converted all the pressure—diameter relationships to diameter- tangential
stress relationships. He then used a polynomial strain-energy function that was later proved to be

inefficient in representing the collagen and elastin response by Fung [23].

Investigating the elastic properties continued through the work of Fung et al[23]. A pressure—
radius relationship was produced as a result of a biaxial test (figure 2.14). This was further
transferred (using thin wall theory) to a relation between stress and strain, figure 2.15, but no

investigation has been done on the layers properties.
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Figure 2.14: Pressure versus diameter in figure (a), axial force versus pressure in the figure (b)
[23].
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Figure 2.15: Fung relationship for the whole wall, in the circumferential and axial direction[23].

In [30], after performing experiments on the arterial wall , Holzapfel et al introduced a new strain
energy function to represent the stress strain relationship for the arterial wall (figure 2.16) , but

still no layer representation ( experimental or analytical) was shown.
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Figure 2.16: Holzapfel green strain relationship with the circumferential stress and axial stress

[30].

In the last section, different experimental investigations of the arterial wall were described. The
next section will describe investigations on veins. Finally, layers experimental investigations will

be presented.
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There are fewer studies of the mechanical properties of veins compared to arteries. This seems
oblivious to the importance of veins as vessels that return blood to the heart, having passive and
active features that affect returning blood to the heart and cardiac filling[2, 4, 33]. Typically most
veins studies are focused on using veins as arterial grafts, but few papers have investigated the
vein wall stress-strain relationship or layer characteristics [33]. More studies are needed to
investigate vein mechanical characteristics, as veins have a high incidence of pathological

conditions such as varicose veins, venous insufficiency, and blood occlusion to clot formation.

One of the first studies of veins was done by Attinger [4], where pressure-diameter relationships

(figure 2.17) were presented, but no layer comparison was described.

400 L—
© VENA CAVA
o JUGULAR VEIN
® PULMONARY ARTERY
® DESCENDING AORTA
v CAROTIO ARTERY
300

200

Pressure [cm H,0]

100

Diameter ratio

Figure 2.17: Comparison of the diameter radius relationship for different arteries, veins [4].

Recently, [2] calculations of stress as the force over area and the strain as the change in length
over the original length were used to produce stress-strain curves for bovine vena cava as shown

in figure 2.18. No layer features were investigated [2].
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Figure 2.18: Pressure-radius relationship is transferred to stress-strain curves using simple

assumptions [2].

2.3.2 Summary

In the past section, experimental techniques were introduced focusing on biaxial in vitro methods.
Whole wall experiments were shown for both different types of arteries and veins. In the
following sections, experimental data describing the histological and mechanical properties of
these layers are presented. The three layers are referred to the intima, media and adventitia and

exist as concentric cylindrical-like layers.

2.4 Layer investigations

Recent interest in studying vascular wall layer characteristics has gained a huge momentum. The
goal behind that is a better understanding of pathological conditions such as arteriosclerosis and
atherosclerosis. It is also a better way to understand the nature of any grafts that could be used
e.g. vein grafts. Even more, it is a way of investigating (as the case in here) the function of
elements embedded in the arterial wall such as baroreceptors and other cells. One may think that
as the baroreceptors are embedded mainly in the media and adventitia[34-35], studying the
intimal stress strain structure would be irrelevant. The answer for this debate would be that the

pressure generated by the blood is converted to stress on the whole wall. Thus it is impossible to
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understand the stress strain relationships acting on the actual baroreceptors without considering

both the whole wall and the layers stress strain relationship.

Normally, as the scope of science is ever changing as explained above, scientists have used two

main techniques in investigating the layers characteristics.

I Technique 1: (No separate role for the intima) used by Demiray, Vito[31, 36] , von
Maltzahn [32, 37-38] and others
Although in the above technique, the intima role was acknowledged, it has been annexed
to the media and both of them were treated as one layer. The reason behind that is that
the intima was thought to be the thinner especially because all the sources of their
experiments were young animal models)[14].

II.  Technique 2: (separate Intima role) This has been proven not to be a general feature as
Holzapfel et al have found that in older human subjects, the intimal thickness is
universally 27% of the whole thickness and it is the stiffest layer from the mechanical

point of view.

Thus in the following section each layer will be presented from two points of view, histological

and mechanical using the experimental results discussed above.

2.4.1 Intima

2.4.1.1 Histological studies

The intima functions as an interface between thrombogenic media and the blood. It has been
suggested to be the mechanically dominant layer [21-22]. The intima is the inner most layer and is
composed of a layer of endothelium cells and a subendothelial layer which is formed of dispersed
collagen fibres (Type 1), dispersed smooth muscle cells [14, 21] and elastin. Unlike collagen and
smooth muscle cells, elastin is arranged in a three-dimensional network of elastic fibres. This may
be due to the existence of a high content of collagen (Type 1)[21]. The histological features of the

intima is summarised in table 2.4.
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Table 2.4

Intima histological features

intima

Histological feature

Collagen distribution

Dispersed

Collagen content

Highest

Elastin distribution

Three-dimensional network of elastic fibres.

2.4.1.2 Mechanical studies

As mentioned above Holzapfel et al carried out the first experiments on the intima. The arteries

were separated from the adipose and connective tissues, after that, a cut was made

longitudinally, the results were in the form of rectangular pieces. Then Strips from adjacent parts

were cut in the axial and circumferential orientations of the arterial wall, as shown in figure 2.19.

Figure 2.19: Representative axial and circumferential strips excised from a dissected adventitial

layer[39].
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A video extensometer was used to measure sample dimensions (length, width, and thickness).
The layers were separated by disconnecting the interconnective tissue using a scalpel. After that
uniaxial tests with biaxial measurements were done. The associated experimental Cauchy
stresses, og and o,, were calculated directly from the original data as Oiens= fAtens/A, Where Giens
represents the Cauchy stress in the circumferential or axial direction and A., =//L for the
associated stretch ratio, with gauge lengths | and L measured in the loaded and unloaded

configurations, respectively. The experimental results are shown in figure 2.20.
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Figure 2.20: Circumferential(a) and longitudinal (b) experimental responses for the intima data

take from [22],showing loading and unloading conditions for each curve.

It can be seen from these tests, that the intimal reaction was stiffer in the axial direction than the

circumferential direction. The stress curve consists of two phases. The first one governed by the
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elastin and it is almost a linear relationship between stretch and stress. After that the collagen

effect starts. The mechanical properties of the intima is summarised in table 2.5.

Table 2.5

Mechanical properties of the intima

Mechanical feature Description

Stiffer direction Longitudinal

Stiffness Stiffest

Effect at the start of the curve Linear relationship at the start of response
2.4.2 Media

2.4.2.1 Histological studies

The media layer sits between the intima and adventitia. As a whole, the media is thought to be
the softest layer [14, 22, 40]. It consists of a three-dimensional network of bundles of collagen
fibrils, elastin and smooth muscle cells [14, 41]. Collagen (Type lll), and smooth muscle cells, are
located in the circumferential direction. This structured arrangement gives the media the ability
to resist high loads in the circumferential direction[41]. When under stress, these fibres are
reoriented to the circumferential direction. This is one of the reasons why the media is stiffer in
the circumferential direction more than in the longitudinal direction [22]. The histological features

of the intima is summarised in table 2.6.
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Table 2.6

Media histological features

Media Histological feature

Collagen distribution Circumferentially

Collagen content Lowest

Elastin distribution Three-dimensional network of elastic fibres

2.4.2.2 Mechanical studies

von Maltzahn et al [32, 37-38] offered one of the most important contributions to the field. In
[32], experimental measurements of the elastic properties of media and adventitia were
presented but no measurements were done on the intima. In doing this, they first tested the
whole arterial segment to obtain the inner pressure-radius relations, and then they removed the
adventitial layer from the original segment and repeated the experiment for the remaining medial

segment. The results are shown in figure 2.21.
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Figure 2.21: Media pressure [KPa] versus diameter in [mm] is shown in figure a, while the same is

shown in figure b for the whole wall [32].
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This was also the case with the research done by Demiray and Vito [31, 36]. Here experiments
were carried out on the media and the adventitia only, approximating the media and the intima
to be one layer. It was thought that the intimal thickness was not sufficient for it to contribute to
the mechanical properties of the arterial wall as a whole. The properties of the media and,
adventitia are shown in table 2.7. Circumferential strain is given by A;, axial strain is given by A,,

011, and o,; are the Cauchy stresses in the circumferential and axial direction respectively.
Table 2.7

Strain is calculated against stress [31]

A A, t1(exp.)(dyne/cm?) to(exp.)(dyne/cm?)
1.91 1.112 123,200 179,100
1.127 1.144 217,100 302,300
1.158 1.175 310,700 448,800
1.200 1.219 449,000 627,800
1.230 1.237 586,600 807,100

Using Holzapfel layer data for the media mentioned in section 4.23, the results are shown in

figure 2.22.
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Figure 2.22: Circumferential(a) Longitudinal (b) experimental responses for the media [22].
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These data suggest that the media is the softest layer. It is stiffer circumferentially than axially. Its

mechanical feature are summarised in table3.8.

Table 2.8

Mechanical properties of the media

Mechanical feature Description

Stiffer direction Circumferential

Stiffness Softest

Dominates at lower stresses Linear relationship at lower stresses

2.4.3 Adventitia

2.4.3.1 Histological studies

The adventitia or outermost layer consists mainly of fibroblasts, fibrocytes, and collagen fibres
organised in thick bundles. The collagen fibres (Type 1) [42]are arranged within the ground-matrix
and form a fibrous tissue. In the adventitial layer the orientation of the collagen fibres is
dispersed[42]. The relationship between histological structure and the mechanical load bearing

system is summarised in table 2.9.
Table 2.9

Histological properties of the adventitia

Adventitia Histological feature

Collagen distribution Dispersed

Collagen content Medium stiffness

Elastin distribution Three-dimensional network of elastic fibres.
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2.4.3.2 Mechanical studies
In the same work by Demiray and Vito[36] , the stress and strain were calculated for the

adventitia as shown in table 2.10.

Table 2.10

Stress and strain relationship for the adventitia [31]

A A, t1(exp.)(dyne/cm?) to(exp.)(dyne/cm?)
1.094 1.120 201,990 232,170
1.129 1.156 284,570 318,450
1.59 1.186 378,760 426,190
1.206 1.222 502,620 543,590
1.235 1.258 626,580 680,070
1.271 1.287 811,430 843,330

The results calculated by Holzapfel for the adventitia are shown in figure 2.23.
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Table 2.11

Mechanical features of the adventitia

Mechanical feature Description

Stiffer direction Longitudinal

Stiffness Medium stiffness

Dominant at low stresses Linear relationship at low stresses

2.5 Layers constraints and inter-relations
These experiments revealed interesting results concerning the stress response of each layer. The
typical non linear elasticity was shown by all layers, where a starting linear increase with strain

followed by exponential increase at higher stretches.

Investigating the resulting curves revealed the following relationships

k circumferential intima = k circumferential adventitia = k circumferential media

k axial intima > k circumferential intima
k axial adventitia > k circumferential adventitia
k circumferential media > k axial media

k axial intima > k axial adventitia =~ k axial media

where kis the stiffness of each layer. It is clear that the media although it is known as the biggest
layer it is also found to be the softest layer. The relationship between the layers stiffness are

shown in figure 2.24.
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Figure 2.24: Stretch versus stress for different layers of the arterial wall[22].

However through all these experiments, there no clear relationship between the stress
contribution of each layer and the whole wall stress response. These might be due to the difficulty
of the experiments mentioned in [22] concerning separation of the layers from the whole wall. It
also arises from the difficulty of getting hold of human specimens to perform the required

experiments.

Thus the need arises for a numerical method to connect the relationship of the three layers with
the total whole wall relationship. A numerical or analytical method could eliminate the need for
such experiments and could open the door for further investigation of the mechanical properties
of the layers without doing the actual experiments on them separately. In other words; having the
data of the whole wall through basic bidirectional experiments and using a method to give insight

into the properties of the layers. That is the purpose of the model proposed in this thesis.

The applications of such a model or method are huge it varies through investigating pathological
conditions ,arterial connectors or even investigating the stress or strain which is a certain type of
sensors already embedded inside the wall might be subjected to. This could help in designing

biosensors that could work on molecular scale.

2.6 Conclusions
In the previous section experimental evidences for arteries and veins, First vascular vessels were

classified according to their functions, into elasticc muscular, resistance, exchange and
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capacitance vessels. After that arterial wall main components were identified to be elastin,
collagen and smooth muscle cells. Elastin is an extracellular matrix protein which is responsible
for the resilience (ability to recover to its original shape) of tissues found in the skin, arteries and
lungs. Collagen accounts for about 20-30% of total body proteins of many vertebrates. Thus it
could be considered as one of the proteins used most extensively by mammals. Stress strain
relationship is linear in case of elastin and nonlinear in case of collagen. An interesting test was
presented through which control, elastin digested and collagen digitised curves were shown. It
was also shown that the collagen is far stiffer than elastin. Smooth muscle cells were shown not
take part in the passive filling of vascular walls. After that, whole wall investigations were
presented on two levels; histological and mechanical. Mechanical tests types were discussed
including uniaxial and biaxial tests. After that histological and mechanical studies were introduced
for separate layers, intima, media, and adventitia. Intima was shown to be the stiffest layer in
both the axial and circumferential directions, followed by the adventitia then finally the media.
The intima is stiffer axially that circumferentially, same as the adventitia. In contrast the media is
stiffer circumferentially than axially. As a whole, arterial walls are stiffer axially than
circumferentially. Also comparisons between arteries and veins responses showed that arteries
are stiffer and thicker while veins are thinner and wider. What is yet to be explained through our
modelling approach is how the stress strain profile for the whole wall is related to that of the

three distinct mechanical layers.
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CHAPTER 3

REVIEW OF MATHEMATICAL MODELS

Overview
This section describes the various types of models and assumptions used to predict the
mechanical properties of arterial walls. Firstly, a comparison of one dimensional partial
differential equation is given, together with, two reported model structures. Secondly, the
assumptions used to simplify the models are discussed. The next sections in the chapter
concentrate on non linear models with particular emphasis on phenomenologically derived strain-
energy functions. These form the basis of the research presented in this thesis. For comparison,
finite element non-linear models are discussed. The chapter concludes with a comparison of the

models presented.

3.1 Analytical models

Modelling the elasticity of arteries has been an interesting topic for scientists over the last few
centuries. Hales[1] was the first person to realise the effect of arterial elasticity on blood flow.
Later, Otto Frank [1] presented the simple ‘air kettle theory’. This theory assumes that energy is
stored inside the arterial wall during systole and is transferred to blood during diastole.
Nowadays, investigating the elasticity of the arterial wall is done through PDE (partial differential
equations). PDE models range from simple 1-D (1-dimensional) models to more complicated 3-D
ones. Fewer factors are considered in the 1-D models than the 3-D models. However, 1-D models
serve as a simplistic approach for explaining the basics of nonlinear elastic phenomena of arterial

walls.
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For example complex 3-D models are sensitive to parameters such as geometry of the domain,
initial and boundary conditions, physical parameters of the equations including those that are not
directly measureable[2]. Furthermore, the development of models is bounded by complexity of
underlying physiology[2]. New physiological phenomena are constantly being discovered,
including sophisticated control and self regulation mechanisms, presence of stresses and strains in
unloaded arteries (residual stresses) and structure and function of various components of the wall
which determines its heterogeneous and anisotropic behaviour[2]. One example of simple models
is given by equation 1. The systole is represented by a charging the capacitor, while the diastole is

represented by the capacitance discharge.

U 1
leur = volt + U,Ccap @)

RI'GS

Current |, (current) represents the flow rate of blood; U, is the voltage (pressure) current,

Ryesis the resistance and Ccy,p is the compliance (extendibility).

3.1.1 One-dimensional models

One-dimensional models take into the consideration the shape of the wall. The wall is either
assumed to be an independent ring or a cylindrical membrane. Equations used in this framework
can be derived from general 2-D membrane or shell equations if we assume the cylindrical
symmetry of the geometry, load and boundary conditions [2]. In the next section the two basic

families will be described.

3.1.2 Independent rings model
In this model, it is assumed that the radial displacement at a certain point only depends on the

load at this point[3]; the equation governing this relation is given by equation 2.

dzr|rd Eym —H (2)
dt? pW(1 - VZ)Ror radf

In the above equation Eyp,, and v represent the Young’s modulus and Poisson’s ratio, Ror is the
original vessel radius and pw is the density of the wall material. H,,4¢ Stands for the radial load on
the wall, nqis the radius deformation. Sometimes another term is added to the equation to

represent the viscoelasticity of the arterial wall.
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3.1.3 Cylindrical Membrane Models
The same equation is used for the cylindrical membrane model, but with an added term to
represent the effect of radial stress on deforming the wall [4]. In this case the equation is given

by equation 3.

dzr|rd 1:-‘:ym dzrlrdKGm (3)

=H
dt2  pw(1—v®)Ry = dt?pw radf

Constants K and G, are called the Timoshenko shear correction factor and shear modulus.

In the previous section, 0-D and 1- D models were considered. In the following section the main
points controlling 3-D models of the arterial wall will be presented and state-of-the-art models

will be introduced.

3.2 Review of model assumptions

The framework utilised aims to solve elastic nonlinear deformation using the theory of nonlinear
elasticity. The aim of this theory is to find a relationship between stress and strain in 3-D for a
nonlinear elastic material. Its main tools are: the deformation gradient tensor, right Cauchy
Green deformation tensor, Green Lagrange strain tensor, principal stretches, first Piola Kirchhoff
stress tensor and second Piola Kirchhoff stress tensor. Stress and strain are usually correlated

using the strain-energy density function given by equation 4.

s A (4)
~ 0E

Where S= second Piola Kirchhoff stress tensor, E= Green Lagrange strain tensor, W= strain-energy
density function. Table 3.1 summarises the key parameters considered in the models and the

factors they affect.
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Table 3.1

Summary of the properties

Parameter

Affecting factor

Reference state

Number of dimensions, geometrical shape.

Load

Axial loading, radial loading caused by: blood

pressure, shear stress, torsion.

Control phenomena

Short term regulation, long term regulation.

Heterogeneity

Position along the arterial wall, Multilayer responses,

multi-responses  within each layer, wall structure
changes with time.

Anisotropy Layer mechanical response, fibre dispersion.

Incompressibility % of Water content inside the wall.

Viscoelasticity Viscous, elastic properties of the arterial wall
material.

Pulse Pressure , flow velocity , arterial displacement , shear
stress

Residual stress and | Effect of stress that intrinsically exists inside the

strains arterial wall after dissecting it.

Poroelasticity and | Biphasic nature of the arterial wall (solid and fluid)

random elasticity

Polyconvexity

allows existence of solution for stationary boundary value
problem
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3.2.1 Reference state

The artery wall is composed of three main layers which are the intima, media and adventitia. Each
layer has its own thickness and fibre orientation. Often the arterial wall is modelled using a
cylindrical domain, which is not very accurate especially in pathological conditions as the cross
section of the artery shown in figure 3.1 indicates. Simplifying the geometrical shape often
simplifies the equations and simplifies the analytical assumptions. However, it may be insufficient

for full meaningful physiological modelling.

M-nos

\

l-nos

Lumen

Figure 3.1 : Stenotic human external iliac artery [5].

3.2.2 Load

In normal physiological conditions arteries are constantly subjected to loading conditions in two
main directions. Firstly, axial loading appears because of the forces caused by the surrounding
tissues and the wave pulse of blood. It may change depending on the location of the artery.
Usually the affect of axial displacement is overlooked during modelling the artery wall. Secondly,
radial loading, caused by blood pressure and shear stress. Shear stress occurring at the wall is
several orders of magnitude smaller than the pressure; its mechanical influence is usually

neglected.
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3.2.3 Control phenomena
Smooth muscles are constantly contracting and extending as a part of the short term control
process and also as a result of spontaneous activities of these muscles. This type of activity is

known as vasomotion. Measuring the affect of the vasomotion on the artery wall is difficult.

Also, there is another type of regulation (long term regulation) usually done through the effect of
certain hormones which have a nonlocal control system. For example the kidney regulates the
‘renin- angiotensin reflex’. This makes modelling the control loop very difficult. Furthermore the
wall is affected by the shear stress; this effect is mediated by the reaction of the endothelium.

However the mechanism is not yet completely understood [6].

3.2.4 Heterogeneity

Arteries walls are nonhomogenous [heterogeneous]. This statement can be validated in several
ways: The proportion of elastin, collagen, and smooth muscles depends on the location of the
artery with respect to the artery tree. In addition to that, the artery wall is layer structured, with
each layer having different mechanical features. Also within each layer, the structure is
nonhomogenous. Furthermore, the wall structure changes with time. The concept of
heterogeneity was covered in different models, such as Maltzahn [7] , Holzapfel [8] and Demiray

[9].

3.2.5 Anisotropy

Experimental evidence shows that the stress-strain response of the arterial wall depends on the
material direction [8, 10-11]. Hence it is anisotropic. This is due to the presence of fibres in the
wall. Since these fibres can have different orientations their stress-strain characteristics differ

depending on the direction along which a stress is applied.

The classical method of solving this problem is by using the orthotropy assumption in which three
mutual orthogonal directions are chosen such that the material response is the same for the

planes perpendicular to these directions.

For example Maltzahn [7, 12-13],Fung[14], Holzapfel [8] assumed that the model is orthotropic
with the three axes coinciding with the axial, circumferential and radial directions, while Ogden
[15] and Holzapfel et al[11, 16] [17] assumed the wall is built of transversely isotropic materials.

Furthermore, the concept of anisotropy was dealt with in the following models.

Holzapfel [18] assumed that the wall consists of three layers with the inner and the outer being

isotropic while the middle is orthotropic reinforced with two families of fibres. In another
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publication [19] Holzapfel assumed that the artery wall is a composite of six layers in which the
inner and the outer ones are isotropic while the middle four layers are transversely isotropic
materials in which fibres are arranged helically. In [16] Holzapfel assumed that the artery wall is
composed of two orthotropic layers which are the media and adventitia, thus neglecting the

intima. Each of the two layers is built of orthotropic material reinforced by two families of fibres.

Holzapfel [17] added the concept of fibres dispersion having a factor k which takes a value

between 0 (completely isotropic) and k= 1/3, (For completely dispersed).

Zulliger [20] assumed that the wall consists of one family of circumferentially directed collagen
fibres. The strain is determined by the mean response of these fibres. Bischoff [21] [22]as well as
Zhang [23] assumed that the constitutive laws are based on the statistical mechanical properties
of the chain molecules (elastin—collagen), where the strain-energy depends on the stretch in the

directions of orthotropy and on the change in length of the molecular chain.

3.2.6 Incompressibility

The tissue forming the arterial wall has a water content of 70 % which means that it is almost
incompressible. Most researchers assume it is incompressible, thus having a constant volume.
This means that, a stretch in one direction is accompanied by shrinking in the two other
directions. This idea was further developed by Fung in[24] and Usyk in [25] using a nearly
incompressible model with the Total strain-energy used as the sum of isochoric strain-energy

(due to constant volume) and volumetric strain-energy (due to the change in volume).

The same idea was adopted by Holzapfel assuming that the volumetric term is a convex function

with zero as its minimum value. This was further developed by Simo-Taylor-Pister in [26].



CHAPTER 3. REVIEW OF MATHEMATICAL MODELS

3.2.7 Viscoelasticity
Normally the stress-strain relationship for a viscoelastic material shows a hysteresis loop as shown

in Figure 3.2. t

Oviscoelastic

v

Figure 3.2: Stress- strain relationship for a viscoelastic material [27].

This also applies to the stress-strain relationship for the arterial wall. It is thought [28] that the
hysteresis is due to the arterial wall material being viscoelastic. This can be confirmed validated
by considering the following: Stress relaxation appears in the case of constant strain which is the
case for viscoelastic materials. Furthermore a phase shift occurs between the displacement and
load when the load oscillates around a fixed deformation state. There are various models for the

wall viscoelasticity, Maxwell’s equation for viscoelastic liquids is given by equation 5.

dEtotal — E & (5)
dt dt dt

Where €iota = the total strain, €1 is the elastic strain, and €2 is the viscoelastic strain. The stress is

assumed to be the same in both cases. It is given by equation 6.

de, (6)

Oviscoelastic = dt + Ge;

where Oviscoelastic iS the stress, 1 is the dynamic viscosity and G is the elasticity. However under
constant load, the Maxwell model goes to infinity. The Kelvin Voigt equation for viscoelastic solids
is given by equation 7.

de (7)
Oviscoelastic = GE =1 a
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No stress relaxation appears through this model. Holzapfel in [19] used the second Piola Kirchhoff
stress tensor with the Kelvin Voigt equations. There were other models that used a combination
of Maxwell elements or Kelvin Voigt elements or both, such as the standard linear solid model, 3-

D standard nonlinear solid model, generalised Maxwell model and quasi linear viscoelastic model.

3.2.8 Pulse

The artery wall displacement changes with time within the pulse cycle. The wave causing the
artery wall displacement is accompanied by a wave of increased pressure and flow of the blood.
Thus the displacement of the artery wall depends on the pressure and the shear stress. The
pressure and velocity of the blood depend on the boundary velocities which change as the wall
moves. There are various approaches to reflect the pulse effect on the artery wall. 2-D or 3-D
models exist. They assume the pulse wave is governed by a prescribed formula to define the
changing domain [29]. Models of fluid structure interaction, use the Navier Stokes equations to
describe the blood while the wall equation is governed by the strain-energy density function

[SEDF] equation [30-31].
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3.2.9 Residual stress and strains

After dissecting a certain artery segment from the body it is relieved from its physiological loads.
This appears in the form of vessel retraction (draw back) which can reach up to 70 %. Stress still
exists in these unloaded vessels [32]. Evidence of this could be seen when a fully retracted section
of the vessel is cut longitudinally; it springs open to form a sector releasing bending stress. The

quantity that describes this phenomenon is called the opening angle. This is shown in figure 3.3.

=S

. v

Figure 3.3: a) Loaded artery segment. b) Unloaded artery segment but residually stressed. c)

Sector formed after a longitudinal cut of unloaded segment;  is the opening angle [2].

There are three main types of models that cover the residuals stress concept. Fung[24] assumes
that the artery is a uniformly inflated cylindrical tube. The incompressibility condition is used to
relate the radii of the stress free, unloaded configuration with the opening angle. Holzapfel and
Gasser in [16] assumed that the open ring configuration is not stress free. Thus was due to the
evidence that the opening angle is different for media and adventitia [16]. Holzapfel assumed the
artery was a two layer fibre reinforced structure. In [33] Olsson assumes an initial distribution of
the stress along with an unknown initial configuration. The unknown unstressed configuration is
found using a nonlinear minimisation procedure. Residual stresses are claimed to be associated
with the process of remodelling (which is permanent alteration of the geometry of the wall aimed

to minimize the circumferential stress gradient in the radial direction) [34].

3.2.10 Poroelasticity and random elasticity
Poroelasticity models take into account that there are both solid and fluid components in the
wall. It can be represented as a biphasic fluid saturated solid structure. The equations of the

incompressible liquid are coupled with a nonlinear elastic solid as in [35].
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3.2.11 Polyconvexity
This property means that strain-energy function as a function of its deformation gradient should
be convex. Itskov et al [36] have found that Fung strain-energy function is not polyconvex and give

its polyconvex alternative.

3.2.12 Summary

The key parameters for modelling the stress- strain relationship for the arterial wall have been
presented and summarised in Table 3.1. However it could be noted that it is very difficult for a
certain model to cover all the key parameters. Many modelling specialists normally choose certain
parameters to concentrate on according to the degree of complexity and the relevance to their
specific point of application or research. In the following section, different models for arterial wall

elasticity will be covered.

3.3 Non linear 3D models

Experimental evidence suggests [8, 11]that the stress-strain relationships for both a whole arterial
wall and its layers are nonlinear. The curve can be considered in two distinct regions [15]. At
lower strains the relationship is approximately linear due to elastin dominating the behaviour
whilst the collagen dominance at higher strains gives a more rapidly increasing nonlinear
response. Several advances have been made in modelling this curve. The first one is the concept
of an incremental modulus as will be discussed in section 3.4.1. After that the concept of

hyperelasticity will be introduced

3.3.1 Incremental modulus

Many attempts to model the elasticity of the arterial wall were unsuccessful due to the
nonlinearity of the stress-strain relationship. To address this problem, Bergel in [37] developed
the incremental modulus method. Here, the elastic modulus could be derived from equation 8

given by

B __P37h 2(1-Vv?%) 2 R (8)
incP2 R03 _ R01 (R% _ R12) i2™02

The results can be seen in figure 3.4. The subscripts (1, 2, 3) represent successive measurements
of pressure and radius. If no volume change occurs in the wall, then Rq2-Ri2 is constant. p is the
pressure, R radius, v is known as Poisson's ratio and R, and R; are the outer and inner radius

respectively, E;, ¢ is the incremental elasticity modulus.
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Figure 3.4: Calculated incremental elastic modulus versus pressure [37]for four arteries. A square
for thoracic aorta; triangle abdominal aorta; x femoral artery; Circle for carotid artery.

One of the advantages of this model is its suitability for finite element analysis method; on the
other hand, its disadvantages include lacking a relationship with the components forming the
arterial wall. In addition to that, this mode was not successful in estimating the stress as function

of strain.

3.3.2 Hyperelastic model

In this section, a continuum mechanics approach for creating constitutive models for arterial
tissue is presented. Firstly, the concept of a constitutive equation will be discussed, before
focusing on one particular one, based on a strain-energy function for hyperelastic materials.
Finally, some forms for the strain-energy function, presented in the literature, will be presented

and discussed.
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A constitutive equation (or equation of state) is one which inter-relates the state variables for a
system. For a thermo-elastic solid, there are seven states, six of which correspond to the strains
and one to temperature [38]. Arterial walls are considered to consist of three layers of
homogeneous hyperelastic materials. A hyperelastic material is one in which a Helmholtz free-
energy function, W, exists. This free energy is defined per reference volume. If it is purely a
function of deformation gradient, F, then it is referred to as the strain-energy function. Often the
term strain-energy is commonly used [38]. Homogeneous materials are those in which the
distributions of the state variables are uniform on a continuum scale. The strain-energy function,
W, can be used to find the relationship between the second Piola- Kirchhoff stress tensor, S, and
Green-Lagrange strain tensor, E, as was shown in equation (4). However, the second Piola-
Kirchhoff stress tensor does not represent a physical interpretation, but can be used to calculate
the Cauchy stress tensor @, which does, using the inverse Piola transformation, shown in equation

9.

o = | 1FSFT (9)

where J is the volume ratio (determinant of Jacobian). To find the strain-energy functions for
homogeneous hyperelastic materials such as arterial tissue, a phenomenological approach is
often used. To aid with the form of the equation to which the experimental data is fitted, the

general characteristics of the strain-energy function need to be considered.
The strain-energy function, W,

e has a single minimum value of zero at the reference state, due to a deformation gradient
of unity,

e has no residual stress in the reference state; it is the stress free state,

e requires an infinite amount of strain-energy to expand a continuum body to an infinite
range or compress it until its volume vanishes,

e isindependent of any translation or rotation,

e is polyconvex. This is an important property that guarantees the existence of a solution
for a stationary boundary value problem of nonlinear elasticity. It means that the strain-

energy function [SEF] must be convex.
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In the following section, various forms of the strain-energy function presented in the literature

will be reviewed.

3.4 Phenomenological strain-energy functions
The three main forms of phenomenological models used for the strain-energy function in the

literature for arterial tissue are the

i) exponential model,
ii) polynomial model,
iii) logarithmic model.

This section reviews these models, together with the main developments and findings.

3.4.1 Exponential model
Fung [14] introduced an exponential model as shown in equation 10 for experimental data

consisting of positive strains. The exponent q is given by

W= Cz—l(eq ~3) (10)

q= blEée + bZE%z + 2b3E99EZZ (11)

where

c1 is a material parameter in Nm™
b1, b2, bz are material constants,
Eeo, Ezz are the main Green-Lagrange strains in the circumferential and axial directions

respectively.

Equation 10 was based on the assumptions that the arterial wall is a hyperelastic, incompressible,
anisotropic and homogeneous material. The model did not take into account the residual stress,
viscoelasticity or the active behaviour of the artery. From this, a relationship was introduced
between the circumferential second Piola- Kirchhoff stress and the circumferential Green-
Lagrange strain. This relation is shown in figure 3.5 for four different arteries; the carotid artery,

left iliac, lower aorta and upper aorta.
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Figure 3.5: Circumferential second Piola -Kirchhoff stress against circumferential Green-Lagrange

strain for four different arteries [14].

This form of strain-energy model has several advantages, for example, the model has a low
number of material parameters, which means that the model has a high degree of repeatability.
In addition, the model also obeys the convexity constraint that ensures the existence of a solution
for the strain-energy function problem. On the other hand, one of the disadvantages of the model
is the low accuracy of fitting, especially at low stresses. Delfino in [39] presented another model

that also used an exponential form. In this case, the strain-energy function is as shown

a b3 (12)
W==(e 2 -1)

b
l; = Egg + Efr + Bz (13)

I, is the first strain invariant and it is given by equation 13, a is a material parameter in Nm?, bis a
dimensionless material parameter and E,, Egg, E,, are the main Green-Lagrange strains in the
radial, circumferential and axial directions respectively. In addition to assuming the arteries are
homogeneous hyperelastic materials, this model also assumes the arteries are incompressible,

isotropic, and residual stresses can exist. Viscoelasticity, the active behaviour of the artery, and
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anisotropy are not considered. There is also no verification of the simulated data using
experimental data. Holzapfel [8] assumed the main building blocks of the arterial wall, that affect
the stress-strain response, are collagen and elastin. Thus, it was also assumed that the total
strain-energy of the arterial wall is the summation of the strain-energy of both the elastin and
collagen. The collagen component was based on an anisotropic material model of the
exponential type presented by Fung [14],as represented by equations 10,11 and The elastin

component was based on an isotropic neo-Hookean as shown in equation 14.

Welastin = ¢1(I1 — 3) (14)

where c; is a material parameter in Nm™.

This combination resulted in an improvement in the accuracy of fit. However, no quantitative
comparison of “goodness of fit” is given in the literature. A visual comparison between the

Holzapfel and the Fung models is shown in figure 3.6.
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Figure 3.6: Circumferential second Piola-Kirchhoff stress against circumferential Green-Lagrange

strain for Fung and Holzapfel models (reproduced from[8]).

However, the above model did not include any terms that indicate the variation of the collagen
fibre orientation inside the arterial wall. The model was further developed in [10]. The equation
used for elastin remained the same, but the collagen was assumed to be distributed in the form of
two separate families with two different directions. Equation 15 shows only one direction as a

simplification.

k4 (15)
Wicaniso = k_(eq -1
2
q=ky(I, - 1)? (16)
I, = A3gcos?@ + A2,sin?@ (17)

The exponent q is given by equation 16 and the fourth invariant by equation 17 where Agg and A,,
are the main stretches in the circumferential and axial directions respectively, ¢ is the angle
between collagen fibres and the circumferential direction, k; is a material parameter in Nm?, and

k, is a dimensionless material parameter.
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3.4.2 Polynomial model
There are two main models using the polynomial form. The first was presented by Vaishnav in

[40]. It took the form of equation 18.

W = a,Efg + ayEzzEgg + a3EZ; + a4Edg + asEzzEGg + asEZ;Egg + a7E3, (18)

where a; to a; are material parameters in Nm™. However, this model had several major
drawbacks. Firstly, the model uses seven material constants; these material constants differ
between experimental subjects and they even differ on repeating the experiment. Thus, the
overall repeatability of the model was very low. In addition, the model had very low accuracy of
fit at low stresses. The results are shown in figure 3.7 for four different arteries; carotid, left iliac,

lower aorta and upper aorta.
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Figure 3.7: Green-Lagrange strain in the circumferential direction was plotted against

circumferential second Piola Kirchhoff stress for four different arteries [14].

The second model, presented by Ogden[15], assumed the arterial walls behaved similar to
rubber-like materials which share the strain stiffening effect within the material. It was assumed

that the strain-energy function used is given as

w= B+ a5 (19)
i

where u; is a parameter in Nm? a« ;is a dimensionless material parameter and A, A, and A;
denote the three principal stretches. It can be seen by considering figure 3.8, that the mechanism
behind the strain stiffening effect in the arterial wall is different from that of the rubber-like
material; this might be due to the existence of collagen fibres that do not act as rubber-like

materials.
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(b)

(a)

Figure 3.8: Typical simple tension response of (a) rubber and (b) soft tissue. Nominal stress (o)

was plotted against strain (A)[15].

This section has considered two polynomial forms of the strain-energy function presented in the

literature. The results indicate that they do not represent the experimental data as well as the
exponential forms and will not be considered further.

3.4.3 Logarithmic model
The strain-energy function presented by Hayashi [27] assumed the arterial walls to be
homogeneous, incompressible, hyperelastic materials. However, it used a logarithmic function, as

shown in equation 20, to represent the relation between strain-energy and strain.
(20)

2 2
ageEge azzE77 20,Eo0E,)
- — doztoolizz

W= —¢In(1-
c1In( > >

Here c; is a material parameter in Nm’2,a99 , 3, Ag; are material constants. Typical results from

this model are shown in figure 3.9. It was found that this model was not robust, in that it gave

infinite stress values for finite strain values.
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Figure 3.9: First Piola-Kirchhoff stresses are plotted against change in radius [27].

3.4.4 Comparison

In reviewing the different forms of the strain-energy function and their fit to experimental data, it
was found that comparisons were mainly based on visual interpretations. Using this method it
was found that the model presented by Holzapfel produced the closest fit as he considered more
factors, such as directionality of the collagen fibres in addition to the difference in properties of

the three layers within the arterial wall.

3.4.5 Summary

This section has presented the concept of the strain-energy function for hyperelastic materials
and has reviewed three forms of the function. It was found that the exponential form developed
by Holzapfel [8, 10-11] gave the best fit and will be used as a basis for the model developed in this
thesis. In the next section the basis of a numerical method to calculate the stress-strain

relationship for the arterial wall is presented.

3.5 Finite element non-linear models
Sometimes the addressed mechanical problem is too complicated to be solved analytically. The
finite element method is a numerical approach by which general differential equations could be

solved in an approximate manner.
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One of the attempts to solve the stress-strain relationship for the arterial wall was done by
Holzapfel et al [41]. The authors used the principle of virtual work which states that at equilibrium
internal work done by a rigid body is equal to external work done on it [41] .Thus equation 21

could be derived.

21
fSEABSAB HdSs, — f Pn. Sudss, = 0 = a(pn) = Qint — Aext (21)

Where P= load pressure, n = outward unit vector, Exg= Green Lagrange strain tensor, Sag=
second Piola Kirchhoff stress tensor, H= thickness, u = displacement, Ss;=area in the
undeformed state, ss,= area in the deformed state, a (u,n)=function of displacement and

(n) virtual displacement’ , a;,¢ = internal work , a.y; =external work
To solve equation (21), a is linearised according to equation 22 which is given by

La(p,n,Aa)=a’+Aa (22)

Where o= constant term, o= linear term
The elastic modulus is then calculated according to equation 23.

CaBcD = m

Then the material matrix (components of the elastic modulus) could be derived to be as

shown in equation 24.

109 (10w 2P 10P, (18 (10w), L 3P (24)
[}\1 oy ()\1 axl) AT a3 axl] Az 0Ny (?\1 a)\l) A2, axz]
- 1 0 (10w 1 0P 1 0 (10w 2P 1 9P

o Gom) T Gy Goae) —38 + 7o)

Where D= material matrix containing elasticity tensor components, A;,= eigenvalues

which correspond to principal directions of strain.

After certain calculations

Aa = f(AEDAE + AEDS)HdSg, — @ext 2
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After that the authors applied the spatial discretisation method before using a specific
software program to compute the final finite element formulation. The results from the
finite element (FE) method are then compared with the analytical method and are

presented in figure 3.10
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Both the finite element and the analytical techniques differ from the experimental results in
certain areas of the graph with errors up to 20% at higher strains. This could be due to only using
the elastin (rubber like material component) in the nonlinear displacement equation (equation
14). Thus neglecting the effect of other main components especially collagen that begin to show
response at higher strain rates. This was solved in the subsequent models, where a term
representing collagen energy response to stress was later added. This will be shown in more detail
in section 3.7.It is worth noting that forming the proper constitutive equation will be the aim of

this research and not forming an FE solution for it.
3.6  Model variations

3.6.1 Layered vessel

The research performed by Von Maltzahn et al [7, 12-13] offers one of the most important
contributions to the field. In [7] experimental measurements of the elastic properties of the
media and adventitia were presented. The arterial wall was considered to be orthotropic, but it
did not include the role of the intima. The intima has been proven to be of significant importance,
especially in older patients [11]. The strain-energy presented by Maltzahn et al in [12] lacked a
coherent relationship with the materials constituting the arterial wall (e.g: elastin and collagen).
Demiray et al introduced another strain-energy function in [9]. Their model lacked any
comparison with experimental data and it also assumed the vascular wall to be completely
isotropic, which did not take into the consideration the transverse isotropy. In [42] Demiray and
Vito used a two layer model, neglecting the role of the intima. The media was considered
orthotropic, while the adventitia was considered isotropic. No axial force—pressure relation was
presented. Similarly the relation between the two layers and the whole structural stress was not
presented. Results for the Von Maltzahn model are presented in figure 3.11. The results for

Demiray and Vito models are summarized in table 3.2.
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Figure 3.11 :a) the media model is compared with its data ,in figure (b) the data of the whole wall

is compared with its model [13].
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Table 3.2

Stress results are compared with the theoretical model for the media and then the

whole wall [42]

ty (exp.) f,; (theor, Dev. f.. (exp.) 144 (theor.) Dev,

i A, (dynefem’) (dynefem’) (%)  (dynefem’)  (dynefem®) (%)
1091 L1IZ 123,200 118,431 -39 179,100 215,546 20,3
1127 Li44 217,000 199,596 =y 303,300 310,563 2.4
1L1S& 1175 310,700 290,843 —64 448 800 423579 —5.6
1200 1219 449.000 462,768 30 627,800 641 819 2.2
1230 1237 586,600 599,349 22 807,100 WL 2.0

I [cxp.% £, (theor. Dev. £o: (exp.) 14 (theor.)  Dev.

A A, (dynefem®)  (dyne/em’) (%)  (dyne/em’)  (dynefem®) (%)
Lied 1,120 201,990 209,966 39 232,170 232,738 0.2
1.129  1.156 284 570 294 358 34 318,450 3207 0.7
1.159 1.186 378,760 377.2N1 =4 426,190 406,615 —4 6
1.206 1.222 02,620 522,608 4.0 543,590 543,095 -1
1.235 1.238 626,580 653,035 42 680,070 686,741 1.0
1.271 1.287 811,430 823,625 1.5 843,330 850,772 .9

In [11] Holzapfel et al presented layer specific strain-energy equations assuming arterial
layers, but no mean (or total ) relationship for the stress-strain response of the whole wall
was given. The results from the literature indicate that the combined elastin and
anisotropic collagen models developed by Holzapfel using three layers [11] gives the best

fit to experimental data as shown in figure 3.12 .
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Figure 3.12 : A comparison between the layers responses in the circumferential and longitudinal

direction, for A) Adventitia, B) Media C) Intima [11].

3.6.2 Fibre orientation

The arterial wall has been shown to be composed of a network of elastin and collagen fibres. At
lower stresses elastin is easily strained because of its low elastic modulus. On the other hand
collagen does not begin to be affected by stress until higher values. At these higher values, the
collagen fibres are redirected circumferentially, to allow the arterial wall to withstand higher

pressure. This is explained in figure 3.13.
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Figure 3.13: Collagen fibres are re-oriented at higher stress giving the chance for the

artery to withstand higher pressure[43].

Thus, it is apparent that the fibre orientation controls the stress value. This was further

investigated in [16]. Holzapfel assumed that the collagen fibres are grouped in two main groups

with two preferred fibre orientations. These directions are represented by a second order tensor

which is the dyadic product of two vectors. Each vector is given by three components covering the

angular relation with the three main directions. Thus the direction of one family (A) would be

given as by equation 26.

11 Q12 Q13 0 0
A=1a21 a3z azz|=|cos@|® [cos¢
az1 43z 0433 sing sin¢g
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3.6.3 Thin wall approximation

Fung et al in [14, 24, 44] noted that the arterial wall is not very thin, but it was considered to be
thin enough to justify the use of thin wall theory. In [44] Fung et al observe that neglecting the
variation of stress through the wall thickness will have an effect on the quality of a model

prediction. However, no quantitative error estimation was given.

Holzapfel et al in [8] used thin wall theory to represent the circumferential and axial responses. In
[11, 16, 38] when modelling the layer response, they discussed the use of different strain-energy
forms for each layer. In order to formulate the analytical model, Holzapfel et al made certain
assumptions. As all collagen fibres are embedded in the tangential surface of the tissue, it was
assumed that there are no components in the radial direction [11]. This supported the use of the

thin wall approximation [11]. In this case only circumferential and axial stresses become relevant.

Thin wall theory [45] offers a simple approximation for the relationship between mean
circumferential and axial Cauchy stresses, ogg and o, respectively. A deformed thickness, h,
deformed radius, r, luminal pressure, p, and axial force, f, are assumed. These are shown in

equations 27 and 28.

r 1 27
Op = p(ﬁ - 5)7\9 27)
_0g  fa (28)

% =5t 7m

3.6.4 Comparison of models

In the last section, it was seen that there are many models that tackled the stress-strain
relationship. These models vary in their complexity, covering 1-D and 3-D models. 3-D strain-
energy based models were compared. Three main types were presented, exponential, logarithmic
and polynomial. It was seen that the exponential form representing the roles of elastin and
collagen gave better estimates of the stress-strain relationship in the circumferential and
longitudinal directions. In the exponential modelling method, it was seen that model complexity
increases side by side with its accuracy. It was found that the models that take the building blocks
of the arterial wall into account perform better. Nevertheless, there is no reported relationship

between the layered and whole wall models. That is the research gap which this thesis explores.

3.6.5 Conclusions
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This chapter covered the model assumptions, including: cylindrical reference state, radial and
axial loading. Two types of control loops were introduced (Long and short term regulation). Only
short term loop was considered. The arterial wall was considered to be homogenous transversally
isotropic incompressible. Viscoelasticity, residual stress, Poroelasticity were not considered by this
model. Two nonlinear 3D models were discussed, namely incremental model and hyperelastic
model. Incremental model was discarded based on the fact that no relation between the model
parameters and the materials forming the arterial wall. Strain-energy function was defined as the
potential energy stored in the arterial wall. Three forms of strain-energy function were
investigated (i.e: Exponential, polynomial, logarithmic). Polynomial strain-energy functions suffer
from very low accuracy as well as model parameters were patient specific. Logarithmic strain-
energy functions gave infinite results for finite values of strain. Different model variations were
considered including layered vessels, fibre orientation and thin wall approximations. This review
has highlighted a research gap to find the relationship between layered models and the whole
arterial wall. This relationship could provide opportunities to explore the function of

baroreceptors and the study of arthrosclerosis.
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Chapter 4

HYPER ELASTIC MODEL OF ARTERIAL
TISSUE

4 Overview
It is well known that all physical objects are composed of smaller units called molecules, which in

turn are formed of atomic and subatomic particles. A microscopic system is concerned with
molecules, particles, subparticles. On the other hand, a macroscopic system approximates a large
number of particles into a few quantities, hence the term continuum mechanics. This type of
mechanics is not concerned with the internal microstructures of materials, for example water
from the continuum mechanics point of view is treated as a continuous medium, with certain
quantities which are associated with internal structures, for example density, temperature and

velocity.
Continuum mechanics could be divided into 3 main branches:

a) The configuration and motion of continuum bodies known as kinematics
b) The study of stress in a continuum ( the concept of stress)
c) The mathematical descriptions of the laws that govern the motion of a continuum

(Balance principles)

In the following chapter these three concepts will be covered. This will include the configuration
concept, the continuum theory, the deformation gradient, and the strain tensors. After that, the
concept of hyperelastic material is introduced and then the novelty in this research is introduced
mainly using thin wall theory to derive a relationship between layer stresses and whole wall stress

response.
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It is worth noting that the convention of used characters is as follows:

e Lower case Greek letter for scalars

e Lowercase bold face Latin letters for vectors

e Uppercase bold face Latin letters for second order tensors

e Upper blackboard Latin letters for fourth order tensors

e To differentiate between reference and current configuration in denoting scalar, vector
and tensor quantities, we use uppercase letters, in reference configuration, and

lowercase letters for current configuration.

4.1 Configuration and motion of continuum bodies

The science of kinematics is based mainly on the continuum theory, which will be covered in this
section. A body B may be viewed as having a continuous distribution of matter in space and time.
The body is imagined to be composed of continuum particles as shown in figure 4.1. It is also

assumed that the mass and the volume of such a body is a continuous function.

Reference Configuration Current configuration
X
X3,X3
€3
€
X1,X e
1,41 1 X2,X2

Figure 4.1: A certain motion transfers the deformable body from the reference
configuration into the current configuration [1].
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4.2 Configuration concept

The body B is embedded in 3-D Euclidean space at a given time t. The reference frame is related
to rectangular coordinates with bases of 3 orthonormal vectors e;, e,, e;, with the following

relationship between them

ej.e; =ej.e3=e3.e3=0 (1)

ej.e =ez.e; =ez.ez3=1 (2)
As the continuum body B moves from one state to the other, it occupies a sequence of
geometrical regions denoted by Q,to Q. The region occupied by the body at a certain time t is
called the configuration. Thus for example at time t,, the body B occupies the region Q, This is
referred to the undeformed configuration. If there exists a point X on the body B at the
undeformed configuration Q, then this point could be defined by the position vector relative to
the point of origin 0. The deformed state is assumed to exist at time t, with a deformed
configuration Q. Now the point x is the mapping of the point X by a certain motion x. This motion

could be summarised as

x=xX1) (3)
In that case the displacement field in the material description form (with respect to the

undeformed state) is given by

UX, 0 =x(X,t) - X (4)
In that case the displacement field in the spatial description form (with respect to the deformed

state) is

ux,t) =x—X(x,t) (5)
It is worth noting that the two displacements U or u have the same values, the difference
between them is the reference to the coordinates, i.e U is referred to the material (undeformed

coordinate while, u is referred to the spatial, deformed coordinates.

In that case the velocity and acceleration are given by the first and second derivative as shown in

equations 6 and 7

0x(X, 1) (6)
Jt

Vi (X, t) =
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Vi(X, ) (7)

Aacc (X: t) = It

4.3 Deformation gradient

If an assumed curve, T, exists on the body B, the curve is not function in time, and this body is
subjected to a certain motion, then this curve is deformed with the respect to the deformed state.

Thus

dx = F(X, t)dX (8)

Where F(X,t) is the deformation gradient, F is nonsingular , i.e (det(F)#0) and it is invertible.

Applying the same concept from the volume respect, equation 9 could be derived

dv = J(X,t)dV (9)

J(X,t) = detF(X,t) > 0 (10)

Where J(X,t) is known as the Jacobian determinant (Jacobian) If J=1, then the motion is called
isochoric or volume preserving. In the previous section, the concepts of configuration,
undeformed state, deformed state, deformation gradient and the Jacobian were introduced. In

the following section strain tensors will be covered.
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4.4 Strain concept

Strain tensors are concerned with determining the changes of material elements during motion.
Unlike displacements which are measurable quantities, strains are based on a concept that was
introduced to simplify analysis. Thus many definitions have been introduced. Only common
definitions to nonlinear continuum mechanics will be covered. If point X and Y exist on a body B in
the reference (undeformed) configuration, during a motion then according to figure 4.2, equation

8 applies.

Figure 4.2: Strain concept[1].
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Y-—-X (11)
Y=Y+X-X)=X+1Y-X] =X+dX

Y —X|
Let de = |Y - X| (12)
a = Y-X (13)

°TIY =X
Where, the value aqis defined as the unit vector

substitute in11 to get dX = dea, (14)
dX.dX = dea,.dea, = de? (15)

Regarding the state of the spatial configuration, the points x and y could be defined through

Taylor expansion to the following equations

y—x =deF(X,t)ag + o(Y — X) (16)
A known as the stretch is taken to be the product of the deformation gradient and the unit

vector according to equation 17.

A=FXta, (17)
Substituting in equation 17 gives
1 1 (18)
ly — x| = [(y —%). (y —x)|2 = [(deF(X, D)a,). (deF(X, )ay)|2 = Ade

In summary, the distance between X and Y in the undeformed state was dg, after a certain motion
for the body, these two points become x and y and the distance between them becomes Ade. It
could be said that these distance is compressed, extended or unstretched depending on the value

of A, whether it is bigger, equal or smaller than 1.
Using the matrix identity given in equation 19

v.ATu = u.Av = Av.u (19)

For all vectors v and u And applying to equation 17 gives

A% = AL.A = Fa,.Fa, = a,F"Fa, = a,.Ca, (20)
C=FTF orCyp = FypF,p (21)

C is known as the right Cauchy-Green tensor or the Green deformation tensor. It is worth noting

that C is symmetric and positive definite.
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An n x n real symmetric matrix Cis positive definite if z'Cz> 0 for all non-zero vectors z with real
entries

C=FTF= (FTF)T =T (22)
detC = (detF)2 =]2>0 (23)
E= %(FTF ) (24)

E is known as Green-Lagrange strain tensor.
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4.5 Stress concept

Strain types that are linked to spatial deformation are not the scope of this research. In the last
section material (undeformed/reference) strain concepts were covered along with deformation
gradient and displacement. These concepts cover the interaction between the material and its
neighbours in the interior part of a certain body. One consequence of these interactions is stress,
which has a physical dimension of force per unit area. For example, if there is a deformable body
and it is subjected to finite motion, several stress tensor types and vectors could be defined. Also,
in this section only stresses referred to the undeformed configuration will be discussed as they

are more relevant to the scope of the research more than those of the spatial deformation.

N /N n

T t+
dssa
Ae
Reference Configuration Current configuration
X3,X3
€3
V4 €,
Xy, e
1171 1 X2,X2

Figure 4.3: A cross section in a body B shows an area S, with a normal vector N and traction
vector T[1].

If a certain body B (figure 4.3) is cut, by a plane surface which passes through a point X in the
reference state with spatial coordinates x,, then the infinitesimal resulting force is denoted df. It

can also be concluded that for every surface element ds, equations 25 and 26 apply:
df = tdsg, = TdSs, (25)
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t=t(x,t,tn)and T=T(X,t,N)

(26)

t represents the Cauchy or true traction vector and T represents the first Piola-Kirchhoff

(nominal) traction vector. The two vectors t and T are known as the surface tractions. They are

surface or friction forces, while t is the time.

Having introduced the surface traction vectors, the Piola-Kirchhoff P and Cauchy stress o tensors

can be derived to be in the form given by equation 27.

t(x,t,n) = o(x,t)n
T(X,t,N) = P(X, )N

(27)
(28)

Where, n and N are the normals to the surface. This could be written in matrix notation according

to equation 29 and shown in figure 4.4.

[t] = [o][n]
t1 0110120137 [N
[t] = |t2] = |921022023| | N2
t3 031032033] | N3
a3
tc.‘l

k4l €

Figure 4.4: Stress components and their respective traction vector [1].

The Piola-Kirchhoff transformation could be applied as shown in equation 30.

P =]JoF T

(29)

(30)
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Second Piola Kirchoff stress tensor

This tensor does not admit a physical interpretation in terms of surface traction. Nevertheless it is
a symmetrical matrix and parameterised by material coordinates. Thus it is often used to

represent stress measure in computational mechanics. It is given by equation 31.

S =JF 1oFT (31)

The transfer from second Piola Kirchhoff to Cauchy stress is given by equation 32
o = | 1FSFT (32)

4.6 Balance principles
In the last section deformation gradient, strain and stress tensor types and concepts were

introduced. In the following section gives a brief discussion of the mechanical laws governing the
branches of continuum mechanics and its fundamental principles. For example, conservation of

mass, momentum balance principles and balance of energy must be satisfied in all times.

4.6.1 Conservation of mass
Every continuum body B possesses mass, denoted by m, it is assumed that mass is continuously

distributed on the arbitrary region Q and bounded by a surface dQ at a time t. The mass is a scalar

positive number, which is invariant during motion.
Closed and open systems

A closed system consists of a fixed amount of mass, no mass can cross its boundary, but energy
can. The volume in a closed system does not have to be fixed. On the other hand in an open

system mass and energy can cross the boundary as shown in figure 4.5.
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OPEN

CLOSED

SYSTEM SYSTEM: \
(Control ﬁc;nlml} .
olume
[ Mass) ky E Control
i ! ¢ surface
1 L
02

Fixed amount of mass; Fixed amount of volume;

Energy can cross the boundary Mazs and energy can cross
the control boundary

Figure 4.5: Closed and opened systems[1].

In non-relativistic physics, mass cannot be produced or destroyed. It is assumed that during a

motion there are not any mass sources or mass sinks, so that a body mass is conserved.

Considering a closed system this holds for the total mass thus

m(Qy) =m(Q) >0
dm(X) = dm(x,t) > 0

m= f po X)dV = f p (x,t)dv = const > 0

Where p is the density deformed state, while, V is the volume in the undeformed state and v is

the volume in the deformed state. From the mass continuity equation it can be deduced that

p,X) =p(X,0,)]X, 1)

4-11
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4.6.2 Balance of linear momentum

Linear momentum equation is given by equation 37:

L(t) = f p(x, DV (%, )dv = f b, (X)V; (X, )dV (37)

Where v; is the velocity, From equation 37, linear balance of momentum is given by equation 38

D D (38)
= | POV AV = = | o, (VX DAV = Fres(®
But the resultant force F,.(t) could be defined by equation 39.
Fres(t) = f tds + f bdv (39)
Where by is body force, s, is the area, v is the volume
Hence equation 39 becomes
D
ftdssa +fbfdv = ﬁf p(x, )vi(x, t)dv (40)
But knowing that
ftdssa = fdivcdv (41)
By substituting in equation 40 to get
f(div 6 +b; —pv)dv = 0 (42)
If there is n acceleration then Cauchy equation of equilibrium is achieved
. _ (43)
(dive +bg)dv=0
If there is no external force
(44)

f(divc)dv =0

This is known as self equilibrated stress field.

From that and applying thin wall theory it could be proved that Cauchy stresses can be related
back to luminal blood pressure and axial stress using thin wall theory [2-3]. Assuming a deformed

thickness, h, deformed radius, r, a luminal pressure, p, and an axial force, f,, we have
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r 1 (45)
o =r(53)
_og, fa (46)
%z =t o

4.6.3 Constitutive equation

The fundamental equations in the last section are essential to understand kinematics, stress and
balance principles, and hold any continuum body for all times. However they do not distinguish
between materials, and they remain valid for all branches of continuum mechanics. For the case
of deformable bodes like the arterial wall, the equations mentioned are not sufficient on their
own to determine the material response. Hence the need rise for appropriate constitutive

equations that are furnished to specify the nature of the materials building the arterial wall.

Generally, constitutive equations aim is to specify the stress components in terms of other field
functions such as strain. The constitutive equation role is to determine the state of stress at any
point x of a continuum body at time t and it is unique for different types of continuous bodies.
Also, it is worth noting that in general continuum mechanics deals with different media like liquids

hence the name fluid mechanics and also solid hence solid mechanics.

The main goal of the next section is to describe the constitutive equations for the arterial layers
from that the whole wall will be derived. These constitutive equations are still applicable for use
of approximation methods like finite element analysis. The path flowed in this research is the
phenomenological approach describing the nature of the material as continua. The
phenomenological approach is mainly concerned with fitting mathematical equations to

experimental data.

The aim of constitutive theories is to develop mathematical models for representing the real
behaviour of the matter. The focus of this research is the finite hyperelastic models. These cover
the materials with large strain (finite) response like the arterial walls. Such constitutive theory
postulates the existence of a Helmholtz free energy function (W), which is defined per unit

volume. In that case equation 47applies

W =W(F) (47)
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This means that this free energy function is only a function of deformation gradient. In this case
this Helmholtz free-energy function is referred to as the strain energy function. Strain energy
function is defined as the stored energy inside a unit volume of a material; it is a scalar value

continuous function.

The scope of this research is to concentrate on homogenous materials, in which the distribution
of the internal constituents is assumed to be uniform. For this material the strain energy function
only depends on the deformation gradient. Of course for the so called heterogeneous materials,
the strain energy function will also depend on the position of a certain point inside the material or

the medium which is subject of interest.

A hyperelastic material is defined as a subclass of an elastic material; it has a physical expression

in the form of the equation 48.

_OW(F) (48)
P= oF

After some transformation, the relation between second Piola Kirchoff and strain energy function

could be given by equation 49.

S OW(E) (49)
~ OE

These types of equation, is knows as purely mechanical constitutive equation or equations of

state. They form an empirical model as the basis of approximating the behaviour of real material,
hence the name material model or constitutive model. Such material could also be known as
perfectly elastic material which means it does not produce any entropy i.e the internal dissipation
is zero. It is worth noting that the strain energy function vanishes in the reference configuration,

thus the normalisation condition given by equation 50 holds.

at F=1 (50)
Then
W=wW({) =0
Also, it is known from physical observation that the strain energy increases with increasing the

deformation, therefore equation 51 applies:

W=W(F)=0 (51)
The strain energy function has a global minimum at F=I and its equal to zero. It is assumed that

the strain energy does not have any stationary points in the strain space. It is also assumed that
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that residual stress in the reference configuration is zero; in this case the reference configuration

is stress free.

For the behaviour of finite strains, the strain energy function satisfies the growth conditions,

which means that equation 52 applies

W(F) - +ooas detF — +oo (52)
W(F) - +ooas detF - 0"
Physically, this means that, an infinite amount of energy would be required to expand a

continuum body to an infinite range or to compress it to a point with vanishing volume.

4.6.4 Incompressible hyperelastic materials
Using the Lagrangian multiplier, a relationship is derived between the total strain-energy and the

volumetric, W (E, A;). Assuming the arterial walls to be incompressible, and that the total strain-
energy is a function of the Green-Lagrange strain tensor representing one family of collagen

fibres, we have

W (E A1) = Wic (Eic,Ay) (53)
where
A =a,®aq; (54)
and
( : )
a, =| cos@
sin @ (55)

given that, ¢, is the angle between collagen fibre orientation and the circumferential direction,

using cylindrical coordinates.

Assuming no change in volume, and using equation 49 and applying Lagrangian multiplier P

oW, 9
¢, pd (56)

=% TP

where P has the units of hydrostatic pressure. The isochoric Green-Lagrange strain-stretch

relationship is given by

B =20 - 1) 7

where A is the isochoric principal stretch.
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The circumferential and axial second Piola Kirchhoff stress components, sg, and, s,, respectively,

are given by

10W,, 1 10W (58)

_ 1 GWiC 11 6Wic (59)

respectively.

4.6.5 Collagen and elastin strain-energy functions

For each layer, the strain-energy, W, is considered to be the linear combination of elastin and

collagen contributions.

Wic(E ’ Al) = Wiciso (Eic ) + Wicaniso (Eic' Al) (60)

The form of the elastin strain-energy component Wi.s,(E;c), is approximated to be

(61)
C1
Wiciso (Eic) = > (I, —3)
The first invariant of stretch, |, is defined as
I, =A% + A% + A2 (62)
and c; is a material constant related to the elastin stress response.
The form of the collagen contribution can be described by
ky
Wicaniso (Eic » A1) = k_(eq - 1)
2 (63)
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where kq, and k, are material constants related to the collagen stress response and q is calculated

to be

q= pdispk2(14 - 1)2 +(1- pdisp)(ll - 3)2 (64)

where pgjsp, is the dispersion factor. I, is the fourth stretch invariant given by

I, = Ncos(d)? + Aisin(d)? (65)

The dispersion factor value represents the amount of dispersion from the ideal alignment of the
fibres [4]. A value of unity assumes that all the fibres are oriented in the ¢ direction. For a value of
zero the fibres are assumed to be randomly isotropically oriented, as presented by Demiray et al

[5].

4.7 Thin wall approximation

To estimate the mean stress-strain relationships in each layer and the whole arterial wall, it is
assumed that thin wall theory can be applied. Fung et al [6] noted that the arterial wall is not so
thin, but it was considered to be thin enough to justify the use of thin wall theory. Fung et al
observed that neglecting the variation of stress through the wall thickness will have an effect on
the quality of a model prediction [7]. However, no quantitative error estimation was given.
Holzapfel et al used thin wall theory to represent the circumferential and axial responses [2].
When modelling the layer response, he discussed the usage of different strain-energy forms for
each layer. In order to formulate the analytical model, Holzapfel et al made certain assumptions.
As all collagen fibres are embedded in the tangential surface of the tissue, it was assumed that
there are no components in the radial direction [2, 8-9]. This supported the use of the thin wall
approximation [10]. On comparing circumferential and radial stresses, circumferential stresses
appear to be far bigger. Thus this justifies only considering circumferential and axial stresses in
this investigation [2]. Although bending and residual stresses are important in some arterial
regions, it is not taken into consideration in this study due to lack of experimental data that fits

within the scope of this research.
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4.8 Layer stress response

Equations (32), (58) and (59) can now be used to describe each of the three arterial layers, / to
calculate the Cauchy stress components, oy and o, in the circumferential and axial directions

respectively. Thus for the intima ( / = n),and applying in equations 60-65 gives
[ <1 1 ) (66)
Opn = [C1n )
MG,

1
+ klneqn((1 - pdispn) (Iln - 3) <1 - }\_2> pdispn(l4n - 1) Cos(d)n)z)] )\é
0

Ozn = (67)

[Cln (1 - @) + klneqn((l - pdispn) (Iln - 3) (1 - é) + Pdispn(lzm_1)Sin(¢n)2)]}\;

Similar expressions can be obtained the media layer ( /=m) and the adventitia ( /=a).

4.9 Whole-wall stress response

This research presented here proposes using stress equilibrium [11-12] in the wall to calculate
the mean wall Cauchy stress components, o, and oy, in the circumferential and axial directions as

shown in equations (68) and (69) where h is the wall thickness after deformation.

_ (oenhn + 0Bmhm + oeaha) (68)
Otg = h

(69)

_ (oznhn + 0'zmhm + 0zaha)
Otz = h

4-18



CHAPTER 4.HYPERELASTIC MODEL OF ARTERIAL TISSUE

4.10 Conclusion

In this chapter, the concept of continuum mechanics was introduced. Three main branches were
discussed: configuration of continuum bodies, study of stress and study of motion. Deformation
gradient were also studied, conservation of mass was also presented. Then the stress energy of
each of the materials building the arterial wall were also introduced, such that the total stress
energy of the arterial wall is equal to the summation of the stress energies of elastin and collagen,
as they are the materials that take part in the passive filling of the arterial wall. Through the use
of thin wall theory as well as stress equilibrium; a new method was proposed that show a
relationship between phenomenological derived layer response and the total stress response.
This method still needs parameters estimation which will be presented in the next chapter. In
chapters 6 and 7 Experimental examples will be shown to prove the efficiency of the proposed

model.
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CHAPTER 5

OPTIMISATION AND PARAMETER
ESTIMATION

5 Overview

In this thesis an analytical model is produced to relate the material constants of arterial layers to
both individual layer and whole wall experimentally derived stress-strain characteristics. To
achieve this, the set of resulting equations require optimizing to find an optimum solution within
the physiological range. This section looks at the process of selecting data and two optimization
methods, steepest descent and nonlinear least square. To address the question of uniqueness of
solution parameters sensitivity analysis will be also discussed. It is worth noting that bold letters

are used to represent vectors in this chapter.

5.1 Selection of data

Experimental data was taken from [1]. This data consists of whole wall relationship for change in
diameter and axial force as a function of transmural pressure as shown in figure 5.1. The
experimental setup reported was as follows [1]. Cadvers with arteriosclerosis were selected, and
then arteries were dissected from them. After that arteries were preconditioned to make sure
that the mechanical response is stable. Then a pre pre-stretch was applied using a static
experimental technique. i.e the generated relationship is not a function in time. Finally, the

external diameter and corresponding axial force were measured and graphically presented in [1].
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External diameter d (mm)

O 100 200

AL

Axial force f (N)

|J) 1C')O 2090

Transmural pressure p (mmHg)

Figure 5.1: Transmural pressure versus external diameter and axial force [1]. The square,
triangle and circle represent axial stretch of 1.1, 1.2 and 1.25 respectively.

5.2 Optimisation method

Optimisation is generally defined as choosing the most suitable set of parameters from a set of
alternatives [2]. Optimisation could be classified into linear programming, nonlinear programming
and multi-objective optimisation. All these three groups share the basic idea which is described

below:

If there exists a certain experimental curve, given by a set of points represented by (y; t;), and if
there exists an analytical model equation, which results in values M(x,t),then the least square
value method optimisation could be used to minimize the residual value i.e. the difference

between the values of y; and M(x,t) given by f,,(x) according to equation 1:

1 m
Fop(9) =5 ) (fiop())’
i=1
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An example (y;t;), as well as M(x,t) is given in figure 5.2.

t
Figure 5.2 : Data points (y; t;) marked by a star and M (x,t) marked by a full line, in this case M(x,t)
was be given by x; + e*2f[2].

F(x) in that case is known as the objective function, or cost function. It could be subjected to linear
or nonlinear set of constraints. If the objective function and the constraints are linear then linear
programming optimisation is used. If the objective function or any constraint is nonlinear then
nonlinear programming is applied[2]. Multi-objective optimization is concerned with the
minimization of multiple objective functions. The main method for solving linear programming
problems is known as the simplex method, which is applied after replacing constrained
inequalities with equalities. Also the interior point and the active set algorithms could be used to
solve linear programming problems. However, nonlinear problems are the main concern of this
section. These types of problems aim at finding the local minima, this will be explained in details

in the following section, and also different methods will be shown.

An extremum point can be either local or global, the term ‘local’ means that the (maximum or
minimum point) is the extrermum over a certain region, where ‘global’ means that this extremum
point is the one and truly max/min point over the whole real numbers range. Finding the global
point is done in two ways; the first is achieved through finding the local maxima/minima by using
widely varying values and then choosing the most extreme point among them, the second
method uses a different starting point and then checks if the routine used would give the same
solution over time. Solving global minimiser value problems is not the focus of this research. The
main aim of this investigation is to examine different local minimiser routines and compare

between them. The goal of the local minimiser is to find the parameters values that would
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minimize the value of x* (defined as the minimum value of (x) [2]. To find the local minimiser

values, a certain value & is chosen to represent the size of the region. The relation between x* and

6 is given by equation 2.

Fop(x %) < Fop(x) for|lx —x*|| <8 (2)

This is shown in figure 5.3.

F(x)

F(x*)

Figure 5.3: While the value of x-x*<8§, fo,(x*) < fop(x), this ensures the convergence to a minimum®*.

There are three types of local stationary point, namely known as local maximiser, local minimiser

and a saddle point. These types are shown in figure 5.4.
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Figure 5. 4: a) Saddle point b) Local maximum c) Local minimum.
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It is assumed that the function F (also known as the cost function) is smooth such that the

following Taylor expansion applies

1 3 (3)
T T
Fop(x + hop) = Fop(x) + hyp g+ Eh°l’ Hh + O||h,y||

Here hgy, is known as the h,, is a descent direction as will be explained later.
Where g is the gradient and it is given by

g= Fop,(X) (4)
H,p is the Hessian and it is given by

Hop=F”op (x) (5)

There are two known conditions to make sure the computed value is the local minimum, the first
is that the gradient is equal to zero, this insures that the value of x is a stationary point and the
second condition is that the Hessian is a positive definite value this insures that this point is a

local minima.

It is worth noting that the matrices could be categorized as follows:

e A matrix M is positive Definite if the determinants of all of its principal submatrices are all
positive. Another test for positive definiteness is that the eigen values of M are all positive
real numbers.

o Negative Definite , is the case if the determinants of all the matrix principal submatrices
are nonzero and alternate in sign with the first being negative. Another test for negative
definiteness is that the eigen values of M are all negative real numbers.

e If we happen to have a few zero determinants (which will imply a zero eigen value) then
M is: Positive Semi-definite, the same applies if the determinants of all of its principal sub
matrices are all non-negative, or if all of its eigenvalues are non-negative real numbers.
Note that any positive definite matrix also satisfies the definition of positive semi-definite.

e Negative Semi-definite if the determinants of all of its principal submatrices alternate in
sign, starting with a negative (with the allowance here of 0 determinants replacing one or
more of the positive or negative values). A better test is to check if all of its eigenvalues
are non-positive real numbers. Note that any negative definite matrix also satisfies the

definition of negative semi-definite.

5-6



CHAPTER 5. OPTIMISATION AND PARAMETER ESTIMATION

There are different methods that could be used to solve the local minimiser least square problem.
Most of these methods are iterative, from a starting point x,, producing a series of vectors x4,x, till
they converge at a certain local minimum value x*. The method covered in this section is called
the descent method which depends on ensuring that each given iteration function value is less
than the value of the function value before it. This is normally done through an algorithm. The
objective of the algorithm is to find the minimum value of a certain function. Starting with the

first iteration at x= xy and with number of iteration k= 0, two steps are performed[2]:

a) Finding a decreasing (descent ) direction (hgop)

b) Finding the step length (o)

After finding them, the new iterated value of x is calculated and the process is repeated until

convergence. The details of the algorithm [2] are as follows:

Algorithm 5.1
Begin
Start with k=0 and x= x,and found = False
While (found = false) and (K< Kmax)
Calculate the search direction (hp)
If the search direction does not exist then
Found = True
Else
Calculate
Step length ap

Update X = x+ agphop

In the next section, these two major steps are covered, for two different descent methods;
namely; steepest descent and Newton method, after that another method that use these steps
simultaneously will be covered, the method is known as the trust region. After that, specialised

nonlinear method known as Levenberg-Marquardt method will be covered.
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5.3 Finding a decreasing (descent) direction (hg)

The decreasing direction is governed by Taylor expansion (equation 3). It can be seen that the

following condition needs to be satisfied for a value of hq to exit:

hgop Fop'(x) < 0 (6)
There are two main methods that calculate the value of hy namely the steepest descent method

and Newton method.

5.3.1 Steepest descent method

In the steepest descent method, taking the limit to the difference between the value of the

current value of f(x) and a future value gives the following equation

Foo(x) — Fop(x + ah 1 7
lim 0p(®) = Fop op) _ ——hgp "Fop (X)cosd = —||Fop' ()| cos 7)

o0 dophop h,,

This means that steepest descent would be 180° between the steepest direction and the current

gradient. This could be interpreted by the following set of equations

hsdop = _”F,op(x)” (8)
Fop(x)=c (9)
“ (10)
CcC = .
Cn
I I 1 1 (11)
Flop(X) =
JeE+ ek,
After calculating the normalised gradient||F'(x)||, its value in the following equation
Xpew = Xold — & ”F,op(X)” (12)

After that f'(a)=0 is imposed to calculate the value of a and the process is repeated till

convergence, where the Stopping criteria is given by equation 13.

Aop [|[Fop' ]| < € (13)

Where the value of € is arbitrary.

5-8



CHAPTER 5. OPTIMISATION AND PARAMETER ESTIMATION

5.3.2 Newton method

Newton method uses the Taylor expansion for the first derivative as given below. Thus the basic
idea, that if x* is a stationary idea, this would imply that the first derivative of the function at this

value would be zero. From Taylor expansion:
F(x %) = Fop'(x + hop) = Fop' (x) + Fop (x)hyp, + 0| hgp ||
But
F(x*) =0
And If hypis sufficiently small then,

1:"op,(x + hop) = Fop,(x) + Fop”(X)hop (14)

Then it could be possible to calculate h,, according to the following equation:

Hophnop = _Fop,(x) (15)
hnop = _Hop_lFop x) (16)
Xnew = Xold t hnop (17)

-1 !
Xnew = Xold — Hop "Fop (x) (18)
If x is in a position inside the region around x* where Fop”(x) is positive definite, then we get
quadratic convergence. On the other hand, if x is in a region where Fop"(x) is negative definite
everywhere, and where there is a stationary point, the Newton method would converge towards

this stationary point. This is avoided by requiring that all steps are in the descent direction.

To decide the step size, steepest descent and Newton method use line search techniques. The line
search is basically a one-dimensional minimisation problem (minimize a function of one variable).

The value of a is calculated by setting f,,’(ct)=0.
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5.4 Trust region and damped methods

Equation 20 can be derived from Taylor expansion to be

1 (20)
Fop (% + hop) = Lop (hop) = Fop(x) + hop' €+~ hop ' Bophay

It is worth noting that this model is only true, if the value of h is sufficiently small[2]. The main
idea behind the trust region is the assumption that the model estimation is sufficiently accurate

inside a sphere of radius A. Now h is determined according to the following equation

For the trust region method

hop = htrop = argminllhllsA[Lop(hop)] (21)
And for the damped method

, 1 22
hop = hdmop = argmln[Lop(hop) + E] uhopThop (22)

where the damping parameter u>0. The term %uhTh is used to penalise large steps. Returning to

[2] algorithm 5.1, the update for both methods would be as shown in algorithm 5.2,adopted from
[2].

Algorithm 5.2
If Fop(x + hop) < Fop(®)
Xnew=Xold T hop

Update A for trust region or p for damped method

The quality of the model with the computed step is evaluated with the gain ratio equation:

_ Fop(x) - Fop(x + hop) (23)
B L(0) — L(h)

This represents the ratio between the actual and predicted decrease in function value. The
denominator (lower part) is positive, thus the numerator (upper part) would be negative, if the

step was not downhill, and the solution in that case would to reduce to the value of h. Now, the
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trust region differs again from the damping method in the update technique used by each, the

trust method uses the following technique [2]:

Algorithm 5.2 continued

If p<0.25

Aota

A =
new 2

Else if p >0.75

Apew = max[3 * hop'Aold]

Thus, if p < 0.25, a smaller step is used by the contracting the field the optimiser is working on. On
the other hand, if p > 0.75, then it might be possible to expand the field the optimiser is working

on. A trust region algorithm is not sensitive to minor changes in the thresholds 0.25 and 0.75.

In a damped method a small value of p indicates that the damping factor should be increased, but
in that case the penalty on large steps given by %yhTh also increases. A large value of p indicates

that L (h) is a good approximation to F (x+h) for the computed h, and the damping may be

reduced[2]. The update technique [2] is shown in algorithm 5.3.

Algorithm 5.3
If p<0.25
unew = u;ld
Else if p >0.75
unew = uléld
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Again, the method is not sensitive to minor changes in the thresholds 0.25 and 0.75. One of the
draw backs of the above two techniques is that they can give rise to a flutter. This slows down

convergence as shown in the figure 5.5.

»
»

p

Figure 5.5: The optimiser is stuck with the flutter part of the curve; this slows up conversion
to the local minimiser point [2].

This is also could be solved by using the Marquardt update given in [2] algorithm 5.4.

Algorithm 5.4

If p>0
= Moyq *max[3,1 - (2p ~ D¥]andv = 2

lJ'TLeW

Else

l’J’new = IJ'old *V

vV=2x%V
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Computation of the step

In a damped method the step is computed as a stationary point for the function

W(hop) = L(hep) + p'hOPThOP (24)

This means that hgyep, is a solution to

Y(hep) = L' (hgp) + phe, =0 (25)

from the definition of L(h,yp) in (20)

(Bop + HI)hgmop = —C (26)

where | is the identity matrix. , the symmetric matrix B+l represent the Hessian, thus the
symmetric matrix B+ul is positive definite , ad If W is sufficiently large, and then hy, is @ minimiser

for L.

5.5 Non-linear least square problems

There are other methods that could be used to solve nonlinear least square problems; in the
following section two of these methods will be discussed, namely: Newton-Raphson, and
Levenberg- Marquardt. The main aim of these methods is to find the value of x that minimises the
least square function of the difference between the experimental values and the model one. In
that sense, F(x) could be defined by equation27.

1w 1 (27)
Fop(X) = Ez fop(X)2 = 2 op(X)Tfop(X)
1

Advantages of the above equation include that they achieve quadratic convergence without the
need to implement the second derivatives. Using the Taylor expansion in equation 28, the

gradient and the second derivative could be calculated as shown in equations 29 to 31.

fop (¢ + hop) = fop (%) + J() Aoy + 0| oy | (28)

Jis the Jacobian given by equation 29.
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_0dfjop

T2 (9 (29)

It follows from the first formulation in (27)

m
dF,p Afiop (30)
7 x) = Z fiop (X) £ €9)
i=1
Thus, the gradient can be given by equation 31.
Fop,(x) = ](X)Tfop(x) (31)
The Hessian can be calculated from (30)
9%Fop  Ofigp . Ofip ) 9 fiop (32)
T 9= Z( () e (09 + 00522 ()
Showing that
(33)

Fop” () = JCOTIGO + ) fiop (9 ()

iop=1
Having covered the basic principles for nonlinear least square problems, the next section will

cover the following method, Newton Raphson, and Levenberg-Marquardt techniques.

5.5.1 Newton Raphson

From an initial guess xo we compute x;, X, by the following algorithm, which is based on finding

the solution of nonlinear systems of equations.

fop(x*) =0 (34)

This algorithm is based on ensuring that
fop(x+h) =0 (35)
Ignoring the term O||hop2|| in equation 28, gives equation 36.

](X)khkop = _fop(X)k (36)

The new x is updated according to equation 37.
Xg+1 = Xk T hkop (37)
It can be noticed that the Newton-Raphson converges in few steps than descent methods. This

method is the basis of a very efficient method we will describe in the next sections. It is based on

implemented first derivatives of the components of the vector function.
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5.5.2 The Levenberg—Marquardt Method

The Levenberg—Marquardt method is based on a linear approximation to the components

of F. For small ||h1m0p||we see from the Taylor expansion (28) that

f(X + hlmop) = l(hlmop) = f(x) + ](X)hlmop (38)

And inserting in equation 27

1 39

F(X + hlmop) = L(hlmop) = El(hlmopT)l(hlmop) ( )

1 1 1 40

E l(hlmopT)l(hlmop) = EfOprop + hlmopTlTf + EhlmopT]T lhlmop ( )

L’(hlmop) =JTf + ]T]hlmop (41)

Where L’(0)=F(x) (42)

In Levenberg -Marquardt, step hy, is defined by the following equation:

(]T] +)h1mop = —8Im (43)
8lm = ]Tfop (44)

It could be proven that, for or all w,,>0, where W, is the damping parameter, h,, is a descent
direction. For large values of y,,, we get
—1 1., (45)
him =—8im = IJ_F op(X)

Mm Im

ie a short step in the steepest descent direction. This is good if the current iterate is far from the
solution. It could be seen that Levenberg-Marquardt damping parameter influences both the
direction and the size of the step. This is te reason this particular method is used without a search

line method for the steepest direction.

It is worth noting that during iteration, the size of p,,, can be updated as shown before in the trust

region method. The updating is controlled by the gain ratio pj,.

_ Fop (X) - Fop (X + hlmop) (46)
Pim = L0) — L(Mimop)

The denominator is given by the following equation
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1

L(0) — L(hlmop):E hirmop(uhlmop — 8im) (47)
For example, a large value of p,,, indicates that L(h,y) is a good approximation to F(x+hjn,,). On the
other hand ,If py,, is small then L(himep) is @ poor approximation [2]. In that case an increase pyp, is

required to get closer to the steepest descent direction and to reduce the step length.
The stopping criteria for the algorithm should reflect that at a global minimiser we have

Fop' (x*)=g(x*)=0
llgll < &
where €, is a small, positive number, chosen by the user. Another relevant criterion is to stop if

the change in x is small.

In the last section, non linear least square problems were covered. Newton Raphson and
Levenberg-Marquardt method were discussed. In the next section, the concept of sensitivity
analysis will be covered. Different methods that measure, rank or produce intervals of parameters

will also be discussed.

5.6 Sensitivity analysis
Any model has a set of variables called state variables. And if this particular model is deterministic
then, these variable states could be determined by model parameters and previous states of

these state variables

In that case a set of input parameters are applied in a certain number of equations to give outputs
(or response variables)[3]. This also means that on each time of applying the input parameters,
the results will be the same. However, in other cases, the problem would not be as simple as
there might be some parameters values that could not be told with high accuracy, thus no unique
values, as in the case of having complex, nonlinear equations. There is a highly developing
mathematical branch which is concerned with finding this kind of techniques that ensure having a

satisfying solution. These techniques will be addressed in the next section.

Sensitivity analysis is a broad concept that has been used across various disciplines. It can be used
to identify a risk assessment of a certain procedure (model). Here risk assessment is defined in a
general sense to mean the probability of a certain output of an equation. From a broad point of
view, risk assessment can be used to determine which parameters are essential to control, to
reduce, or to eliminate from the original model. Therefore, risk assessment can help in developing
more effective control plans [3].

The objective of the sensitivity analysis is to answer the following question [3]:
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e What happened?
e How did it happen?

Risk assessment of a certain process or a model based could be briefed in the following four steps:

Firstly, Parameter ldentification: if we apply that to the proposed model, then this will mean
identifying the parameters that control the stress strain relationship for the whole wall and as
well as the layers relationship. Secondly; Parameter Characterization and this could be defined as
the evaluation of the nature of the effects caused by changing these identified parameters.
Thirdly; Exposure Assessment and It is the evaluation of the likely existence of such biological
parameter and lastly, Risk Characterization and this involves estimation, of the probability of

occurrence and severity of a certain output.
Sensitivity analysis methods can be classified as:

(1) mathematical sensitivity analysis methods
They assess sensitivity of a model output to the range of variation of an input. These methods
typically involve calculating the output for a few values of an input that represent the possible
range of the input. These methods also can be used for verification and validation.

(2) statistical methods
They are done through running simulations in which inputs are assigned probability distributions
and assessing the effect of variance in inputs on the output distribution where one or more inputs
are varied at a time. Statistical methods identify the effect of interactions among multiple inputs.
The range and relative likelihood of inputs can be propagated using a number of methods such as
Monte Carlo simulation, Latin hypercube sampling, variance, response surface methods, Fourier
amplitude sensitivity test, and mutual information index.

(3) Graphical methods
It is concerned with representation of sensitivity in the form of graphs, charts, or surfaces.
Generally, graphical methods are used to give visual indication of how an output is affected by
variation in inputs. Graphical methods can be used as a screening method before further analysis
of a model or to represent complex.

In the following section different mathematical and statistical methods will be discussed.

5.6.1 Nominal Range Sensitivity

This method is applicable to deterministic models. One use of nominal sensitivity analysis is as a

screening analysis to identify the most important inputs to propagate through a model in a
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probabilistic framework. It is carried out through evaluating the effect on model outputs by
varying only one of the model inputs across its entire range of plausible values, while holding all
other inputs at their nominal or base-case values [4].

The difference in the model output due to the change in the input variable is referred to as the
sensitivity or swing weight of the model to that particular input variable.

In such cases, it would be possible to rank order the relative importance of each input based upon
the magnitude of the calculated sensitivity measure as long as the ranges assigned to each
sensitive input are accurate. However Nominal sensitivity analysis addresses only a potentially
small portion of the possible space of input values, because interactions among inputs are difficult
to capture. Conditional sensitivity analysis may be used to account for correlation between inputs
or nonlinear interactions in model response, but it has limitations because of the combinational
explosion of possible cases. Potentially important combined effects on the output due to small

changes in a few or all inputs together are not shown by nominal sensitivity analysis.

5.6.2 Difference in Log-Odds Ratio (DLOR)

This is a specific application of nominal range sensitivity methodology. The DLOR is used when the

output is a probability[5]. It is used to examine the change in the output as:

ALOR=log[ Pr(event| with changes in input) } o { Pr(event|without changes) i|

Pr(MNo event| with changes in input) Pr(No event | without changes)

If DLOR is positive, changes in one or more inputs enhance the probability of the specified event.
If DLOR is negative, then the changes in the inputs cause a reduction in the probability of the
event occurring or increase the probability of the event not occurring. The greater the magnitude
of DLOR, the greater is the influence of the input. However it has the drawbacks of the nominal

range sensitivity.

5.6.3 Break-Even Analysis

Its purpose of break-even analysis is to evaluate the robustness of a decision to changes in inputs.
It involves finding values of inputs that provide a model output for which a decision maker would
be indifferent among the two or more risk management options. The combinations of values of
inputs for which a decision maker is indifferent to the decision options are known as switchover
or break-even values[6]. Then, in order to assess the robustness of a choice between the options,

one can evaluate whether the possible range of values of the model inputs corresponds with only
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one of the two choices. Indifference of a decision maker to the two choices is often represented
by a break-even line or indifference curve such as an iso-risk curve. Ambiguity regarding selecting
a particular choice exists if the uncertainty range associated with an output may correspond to
either of the two or more possible choices. Different options that result in equivalent levels of risk
reduction also can be identified so that a decision maker can evaluate these options. If there are
more than two decision options, the analysis can get complex. (Edwards 1986). This method could
be used to guide further modelling and elicitation. If the range of uncertainty regarding an input
encloses the break-even point, then that input will be important in making a decision; that is,
there will be uncertainty regarding which decision to take. In such a situation, further research
can be directed so as to help the decision maker to narrow the range of uncertainty and make a
decision with more confidence. On the other hand, if the uncertainty regarding an input does not
enclose the break-even point then there will be high confidence regarding the decision. However
one of the drawback of this method, that There also is not a clear ranking method to distinguish

the relative importance of the sensitive inputs.

5.6.4 Automatic Differentiation Technique

This is an automated procedure for calculating local sensitivities for large models. In AD, a
computer code automatically evaluates first-order partial derivatives of outputs with respect to
small changes in the input[7]. The values of partial derivatives are a measure of local sensitivity. In
AD the local sensitivity is calculated at one or more points in the parameter space of the model.
At each point, the partial derivatives of the model output with respect to a selected number of
inputs are evaluated. However, for nonlinear models, the significance of differences in sensitivity
between inputs is difficult to determine, making the rank ordering of key inputs potentially

difficult. This method cannot be used if partial derivatives cannot be evaluated locally.

5.6.5 Monte Carlo simulation

Monte Carlo simulation is categorised as a sampling method because the inputs are randomly
generated from probability distributions to simulate the process of sampling from an actual
population[8]. So, we try to choose a distribution for the inputs that most closely matches data
we already have, or best represents our current state of knowledge. The data generated from the
simulation can be represented as probability distributions (or histograms) or converted to error

bars, reliability predictions, tolerance zones, and confidence intervals.
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5.6.6 Latin hypercube sampling

This is a development of Monte Carlo method. The reasoning behind it is to ensure that all
portions of the parameter space were sampled [9].

This is done by dividing the range of each parameter x, into n strata of equal marginal probability
1/n, and sample once from each stratum. let this sample be x,; where j = 1, ..., n. These form the x
component, k=1,...k, inx;, i = 1,..., n. the components of the various x, are matched at random.
One advantage of the Latin hypercube sample appears when the output y(t) is dominated by only
a few of the components of x. this method ensures that each of those components is represented
in a fully stratified manner, no matter which components might turn out to be important. It is
worth mentioning here that the n intervals on the range of each component of x combine to form
nk cells which cover the sample space of x. these cells, which are labelled by coordinates

corresponding to the inter values, are used when finding the properties of the sampling plan.

5.6.7 Mutual Information Index

The objective of the Mutual Information Index (MIl) sensitivity analysis method is to produce a
measure of the information about the output that is provided by a particular input. The
magnitude of the measure can be compared for different inputs to determine which inputs
provide useful information about the output. Mll is a computationally intensive method that takes
into account the joint effects of variation in all inputs with respect to the output.
The MIl method typically involves three general steps:

e generating an overall confidence measure of the output value;

e obtaining a conditional confidence measure for a given value of an input;

e calculating sensitivity indices
The overall confidence in the output is estimated from the CDF of the output. Confidence is the
probability for the outcome of interest. For example, if the dichotomous output is whether risk is
acceptable, the confidence is the probability that the risk is less than or equal to an acceptable
level. Conditional confidence is estimated by holding an input constant at some value and varying
all other inputs. The resulting CDF of the output indicates the confidence in the output
conditioned on a particular value of the input. The mutual information between two random
variables is the amount of information about a variable that is provided by the other variable. The
MiII for each input is calculated based on the distribution of the input and on both the overall and
conditional confidence in the output. The average mutual information index for an input is given

by:

5-20



CHAPTER 5. OPTIMISATION AND PARAMETER ESTIMATION

12XY = Z x Z yPx Pyx logn(Pyx/Py)

Where

Py x = Conditional confidence

Py = Overall confidence

Py =Probability distribution for the input

n=2, to indicate binary output

The amount of information about a variable that is provided by the variable itself is measured in
terms of the "average self information" (YY) of that variable, also known as the entropy of that
variable [10]. The calculation of MIl may requires simplifying approximations regarding the use of
a limited number of input values to represent the variation in an input and estimation of
probabilities of the input values.

No analytical statistical measure is available to determine the significance of the sensitivity
indices. However the robustness of rank ordering of key inputs can be difficult to evaluate. Ml
includes the joint effects of all the inputs when evaluating sensitivities of an input. The mutual
information is a more direct measure of the probabilistic relatedness of two random variables
than other measures such as correlation coefficients. For example, the correlation coefficient of
two random variables examines the degree of linear relatedness of the variables. Although two
uncorrelated variables may not be independent, two variables with zero mutual information are
statistically independent. Therefore, the Mll is a more informative method. Calculation of the MIl
by Monte Carlo techniques suffers from computational complexity, making practical application

difficult.

5.6.8 Response Surface Method (RSM)

The Response Surface Method (RSM) can be used to represent the relation between a response
variable (output) and one or more explanatory inputs[10]. The RSM is generally complex and
therefore, used in later stages of an investigation when a limited number of factors are under

investigation after using model reduction techniques.

The model must be exercised for various desired combinations of the selected input values in

order to generate a data set that can be used to fit or calibrate a response surface. Monte Carlo
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simulation methods are typically used to generate multiple values of each model input and to
calculate corresponding values of the model output.
To develop a response surface, the sensitivity of the model output to one or more of the selected
inputs can be determined by:

e inspection of the functional form of the response surface

e statistical analysis

e Application of other sensitivity analysis methods to the response surface.
The response surface can be thought of as a "model of a model" with the advantage of being
simpler and faster to execute than the original model. Therefore computationally intensive
sensitivity analysis methods, such as Mutual Information Index or others may be more readily

applicable to the response surface than to the original model.

5.6.9 Fourier Amplitude Sensitivity Test

The FAST method is used to estimate the expected value and variance of the output, and the
contribution of individual inputs to the variance of the output. The FAST method is independent
of any assumptions about the model structure. It allows the study of the impact of more than one
parameter [11].

The main feature of the FAST method is a pattern search method that selects points in the input
parameter space. A transformation function is used to convert values of each model input to
values along a search curve. As part of the transformation, a frequency must be specified for each
input. By using Fourier coefficients, the variance of the output is evaluated. The contribution of
parameter to the total variance is calculated based on the Fourier coefficients, fundamental
frequency and higher harmonics of the frequency. The ratio of the contribution of each input to
the output variance and the total variance of the output is referred to as the first order sensitivity
index and can be used to rank the inputs. The first order indices correspond to the contribution of
individual inputs.

The model needs to be evaluated at sufficient number of points in the input parameter space
such that numerical integration can be used to determine the Fourier coefficients. The minimum
sample size required to implement FAST is approximately eight to ten times the maximum
frequency used. In the case of discrete inputs, if a sufficiently large sample size is not available,
then the output can have frequent discontinuities. In such a case, the Fourier coefficients may not
be estimated properly and hence, the reliability of the results can be adversely affected. Sobol's
method is capable of handling discrete inputs. The FAST method suffers from computational

complexity for a large number of inputs. In past section the concept of parameter sensitivity was
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introduced, its main steps, were discussed. After that, 3 main types of sensitivity analysis were
shown and finally, different relevant methods were summarised. The next section will cover the

application of two of the above methods through the model parameter sensitivity process.

5.6.10 Application to the model

As discussed in the previous section, the solution here would be to use probability distribution to
try and define such parameters. Thus the need for a certain scientific branch emerges. It is called
sensitivity analysis and it has the following functions[12]. First to determine the importance of
each parameter, so which parameter is more effective than the others? Also if one parameter

value is changed how would it affect the result?

The process of sensitivity analysis for the proposed model in chapter 4 , was done in the

following manner[12]:

(a) The models, its variables (dependent, independent) are defined.

(b) Each input parameter is assigned a probability density function.

(c) process called propagation of error :An input matrix is generated through a random

sampling method

(d) The output is calculated

(e) The influence of each parameter is investigated
Using the process known as Propagation of error (uncertainty) is helpful in studying the effect of
uncertainty on variables. In this research a well known sampling method is used. This sampling
method is called the Monte Carlo. Through this iterative method a deterministic model can be
evaluated using sets of random numbers as inputs. A simulation can typically involve over 10,000
evaluations of the model. In this way by using random inputs, the deterministic model is

converted to a stochastic one.

The data generated from the simulation can be represented as probability distributions (or
histograms) or converted to error bars, reliability predictions, tolerance zones, and confidence

intervals as shown in figure 5.6.
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Uncertainty Propagation

M N

Parameter 2
Parameter 1 Parameter n

Optimisation using trust region M

gt

Result 1 Result 2 Result n

Figure 5.6: Schematic showing the principle of stochastic uncertainty propagation [3].

The steps in Monte Carlo simulation corresponding to the uncertainty propagation are listed

below:

Step 1: Create a parametric model, Yimodel = f(X1modely X2models ---» Xnmodel), iN OUr case

Step 2: Generate a set of random inputs parameters, Xiimodel, Xi2models +++» Ximodelg-

Step 3: Evaluate the model and store the results as Yimogel

Step 4: Repeat steps 2 and 3 fori=1ton.

Step 5: Analyse the results using histograms, summary statistics, confidence intervals, etc.

Step 6: Use single sided sensitivity analysis to tell which parameter is more important than the

other by changing one parameter at a time.

After getting the mean and the stranded deviation for each parameter of the proposed model,

using Monte Carlo Simulation, Nominal range sensitivity method was used to assess the
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importance of each of these parameters. The significance of each parameter was scaled by the
margin of error it would result in if the average values for other parameters were used. Each time
one parameter was used. The most important parameter resulted in the biggest error and vice

versa.

5.7 Conclusion

This section has given the background theory to optimisation techniques from linear to non-linear
problems. Finding a decreasing direction was covered. This included discussing steepest descent
method and Newton method. After that trust region and damped method were also investigated.
The second section of the chapter covered nonlinear square problems. Two methods were
introduced, namely Newton-Raphson and Levenberg-Marquardt. In our model analysis we used
trust region method, the next section covered different methods of parameter sensitivity analysis,
Mont Carlo was used for propagation of uncertainty and parameter estimation while nominal

range sensitivity method was used for parameter ranking.
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CHAPTER 6

MODEL ANALYSIS

6 Overview

In chapter 4 the model used in this thesis to relate material parameters in arterial walls using both
layer and whole wall data was presented. In chapter 5 methods to optimise the parameters and
assess their sensitivity were discussed. This chapter presents the results from implementing these
techniques. The model assumptions are then revisited with particular emphasis on the roles played

by the elastin and collagen.

6.1 How the model was built up
The system was built in the following manner: step (1), the experimental data for the whole wall
(pressure versus diameter and pressure versus axial force) was converted into stress using thin wall

theory as shown in figure 6.1.

Pressure Circumferential Stress

Pressure-axial force

Axial stress

Figure 6.1: The experimental model was generated using thin wall theory.
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The equations for step (1) are given by:

Assuming a deformed thickness, h, deformed radius, r, a luminal pressure, p, and an axial force, f,, we

have
r 1 (1)
Ote =P\;, 73
_0e, fa (2)
%z =5 T onrh

O is the circumferential stress , 0. is the axial stress.

Step (2): stretch was calculated using the formula

A= (3)

r
R

r is the deformed radius to half the arterial segment , R is the original the radius of the arterial
segment to half its thickness . A is the ratio of the new radius to the old radius. This is shown in figure

6.2 and figure 6.3.

Original radius to half the arterial wall =R
Stretch = A
Deformed radius to half the arterial wall =r *

Figure 6.2: Stretch is calculated from radius ratio.

Figure 6.3: Stretch is the ratio of change in radius after and before deformation.



An important model assumption was made, regarding layer thickness, in the work by Hozapfel et al
[1]. The thicknesses for the three layers were given by: 27+0.02, 0.36£0.03 and 0.40+0.03, but it
could be noticed that these values when added exceeds unity as each thickness was measured
separately after separating the three layers. It is also worth noting that the thickness of the artery
increases after being taken out of the body. Thus the value of unity was assumed and the values of
the intact thickness were calculated according to the above ratio to be for nominal layer thicknesses
of 26.2%, 34.9% and 38.8% for the intima, media and adventitia respectively. Another important
assumption, is that all layers will be compressed by the same ratio as no data is available on layer

thickness after deformation

Step (3): The actual model was calculated in the following manner. Stretch calculated from step (2),

was applied into different layer equations to get circumferential stress, axial stress for each layer, as

shown in figure 6.4. Circumferential stress (intima)

Intima

Axial stress (intima)

Circumferential stress (Media)

Stretch Media

Axial stress (Media)

Circumferential stress (adventitia)

Adventitia

Axial stress (adventitia)

Figure 6.4: Layers circumferential and axial stresses are calculated.

Layers equations are represented by equation 4 and equation 5, to describe each of the three arterial
layers, | to calculate the Cauchy stress components, oy and o, in the circumferential and axial
directions respectively. Thus for the intima (/= n)

1 (4)
Opn = [Cln 1- }\g_}\g

1
+ klneqn((1 - pdispn) (Ith — 3) <1 - }\_2> pdispn(l‘m -1 COS((bn)Z)] )\g
0



Ozn = (5)

[Cln (1 - R) + klneqn((l - pdispn) (Iln - 3) (1 - é) + pdispn(14n_1)Sin(¢n)2)]7\;

Similar expressions can be obtained the media layer ( /=m) and the adventitia ( /=a). Equations are
explained in detail in chapter 4, sections 4.6.4 and 4.6.5.
Step (4): The layers were combined using the thin wall theory, such that the total circumferential
stress was calculated from circumferential stress of the intima, media and adventitia. This was
repeated with the axial direction as shown in figure 6.5.

Circumferential stress (intima)

Circumferential stress (Media) Circumferential stress (total)

Circumferential stress (adventitia)

Axial stress (intima)

Axial stress (total)
Axial stress (Media)

Axial stress (adventitia)

Figure 6.5: Total circumferential and axial stresses were calculated from layer stresses.

This was done through the use of stress equilibrium as described by equations 6 and 7.

_ (oenhn + c76mhm + cjeaha) (6)
Ow = h




(7)

_ (oznhn + 0Zl’l’l}lrl'l + ozaha)
otZ - h

Step (5): Error equation defined in chapter 4, was used.
The error range was calculated according to the following equation
x2 (8)

n—q
Gref

E =

where n is the number of data points and g is the number of parameters of the strain-energy
function, which in our case is five; The value o, is the sum of all Cauchy stresses for each data point

divided by the number of all data points. The value of x*is given by the following equation:

= (9)
x? = Z(UGmod - GGexp)z + (Ozmoa — Jzexp)z
i=1

Where, 0gmoa and 0,moq are Cauchy stresses in the circumferential and axial directions respectively

of the model and dgexp and 0.y, are those of the experimental technique.

And then the optimisation function was called using Matlab optimisation tool box. If the error value
was less than 0.005 the values of the optimised parameters were accepted. The optimisation
technique used is called trust region and it is shown in chapter 5. This operation was repeated 50,000
times. Mean and standard deviation were calculated. This is called Monte Carlo simulation process

and it is explained in details in chapter 5.

Step (6) step 5 was repeated 10 using different starting points. Mean and standard deviation were
calculated. In the last section different segments of the system of the models was presented. In the
next section whole wall estimation will be discussed then layer stresses will be investigated,
parameters estimation and sensitivity will also be presented. To summarise the previous section a

flow chart of the process is presented in figure 6.6.
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Start

Convert pressure to circumferential stress, Convert pressure-axial pressure to axial stress

|
Calculate stretch from radius ratio

Calculate circumferential and axial stresses for layers

Calculate circumferential and axial stresses total

Calculate error

v

If m< 10

{ Yes

NO

NO

If n< 50000 run

optimisation

Yes

Yes NO
If error<0.05

Store and calculate the .
Discard

| mean

End

A

Figure 6.6: Flow chart of the modelling process, see text for description, where m is the number of

new trials with new starting points and n is the number of trials within each run.
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It is worth noting that to validate the code; it was divided into smaller units which were then tested

for repeatability, accuracy and reliability. The whole code is presented in the appendix.

6.2 Whole wall estimations

Experimental data was imported from[2] as shown in section 5.1. Static pressure versus extension of
diameter and axial force were used as a source to calculate stress—strain relationship for the whole
wall (circumferential and axial). In that case, the whole wall was considered to be of one layer nature

of single strain energy function.

Figure 6.7 shows a graph of the estimated axial and circumferential Cauchy stresses versus luminal
pressure for the coronary artery data extracted from [2] as discussed in the previous section. The
root mean square error (rms) values were found to be 0.060 and 0.096 respectively indicating a good
fit in both cases. This results in a total rms error of 0.050, which compares favourably to the averaged

layer rms error of 0.080 in [1].

It is also worth noting that the model results are consistent with the experimental data in that it
estimates that the static axial stress response is higher than the circumferential static stress response.
However, a possible method to decrease the error at low pressure is to take into consideration the
assumption that at lower pressures only the elastin is under tension and stretches, whilst at higher
pressures both the elastin and collagen are under tension and thus both fibre types stretch. Based on
this it is suggested that improving the form of the elastin strain-energy function could increase the

quality of the overall fit [3] . Further work would be needed to investigate this assumption.
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Figure 6.7: Estimated axial (square) and circumferential stresses (circle) using the
hyperelastic layer model proposed in this paper for the coronary artery data extracted
from [1] and the corresponding experimental axial (dashed line) and circumferential

(continuous line) stresses.

It could be seen from the figure that the arterial wall is stiffer in the axial direction as for example if,
we take the pressure value of 100 mmHg, it could be found that the axial stress is about 40 KPa,
where the circumferential stress is about 20 KPa. This can suggest that baroreceptors may be more
subjected to axial stress. The relation between the directions of stimulation of the baroreceptors has
not been fully investigated, and this is a possible future development as will be discussed more in
chapter 10. The role of collagen and elastin in forming both curves is evident, as at lower pressure
values, elastin is the controlling element, so the relation is almost linear. At higher values of pressure

however, collagen starts to be stiffer so the shape of the curves tends to be more exponential.
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6.3 Wall layer estimations
Forces equilibrium principles, together with optimisation using trust region and Levenberg Marquardt
algorithm, along with Monte Carlo simulation were used to calculate stress and strain for each layer

as was shown in section 6.1. Each layer was assumed to have a different strain energy function.

Figure 6.8 shows estimated stress-strain data for the three layers, (intima, media and adventitia) in
the same coronary artery. For comparison a shaded region, showing the range of the experimental
data from [1], has been added. A set of experimental curves with similar material constants for a
single coronary artery from [1] is also shown for comparison purposes. Figure 6.9 shows the effect of
increasing axial pre-stretch on the maximum strain achieved by the artery. Figure 6.10 discusses the

observed results that of interrelation between layers.

Figure 6.11 shows the whole-wall experimental, estimated results and the estimated layer stress-
strain profiles for the same artery. The inferred layer stress-strain profiles produced in the process of
estimating the whole-wall stress-strain profile, as shown in figure 6.8 and figure 6.11, are consistent

with the experimental layer data in [1] and [4-7], as will be shown later in details.

Figure 6.8 is a very interesting graph as every plot holds three different curves. The shaded area is the
area found to be physiologically correct by Holzapfel et al[1]. This was based on experimental uniaxial
physiological tests, with biaxial measurement were performed. This shaded area consists of different
lines; the nearest line (of them) to our produced results is shown in each plot, adjacent to our
obtained curve which is plot in squares. The aim of these graphs is to show that our produced curves

belong to the physiological area indicated by these experimental results.

The layer material parameters optimised to produce the stress-strain profiles have also been
compared to those estimated by Holzapfel et al using layer experimental data [1] (Tables 6.1 and 6.2).
It can be seen that the values estimated by the layer model in this research for the single coronary

artery in [1] are within the range of values for the range of coronary arteries studied by Holzapfel et al

[1].
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Table 6.1

Optimised material parameters for the combined layer model and Holzapfel et al’s individual layer

experiments [1]

Model Holzapfel’s

Estimated | parameter parameters
parameter | Meanzstd Meanzstd

(to2d.p.) (to2d.p) [1]
Kan 4541 +0.00 | 170.88 +125.4
Kam 9.14 +0.08 | 8.21£3.27
Kza 35.95+0.09 | 85.03 £58.94
Cin, [kPa] 8.96 +0.47 13.95+5.30
Cim [kPa] 0.33+0.04 0.63+0.36
C1a [kPa] 1.58 £0.27 3.78+2.33
ki, [kPa] 7.03+0.52 | 65.91+122.73
kim [kPa] 6.28 +0.24 540+1.78
ki, [kPa] 5.68 £0.36 9.64 +8.13
pn 0.64+0.00 | 0.51+0.14
pm 0.14+0.01 | 0.25+0.09
pa 0.72+0.00 | 0.55+0.18

6-10




Table 6.2

Estimated collagen fibre angles (from the circumferential direction) for each layer for two vessels

Layer Model angle Holzapfel Model [1]
Mean = std Mean t std
(to2d.p.) (to2d.p.)

Intima 72.49+0.41 60.30 £ 18.20

Media 16.37+£1.15 20.61 £5.50

Adventitia 62.87+0.42 67.00 £8.50

From these it was estimated that the stress-strain profiles are similar to those in [1] for all layers and
the adventitia and media in the axial direction. However it is important to note that there is a
difference in the experimental techniques in producing the experimental data set for our results
(biaxial test, with biaxial measurement) and the technique used to produce the shaded physiological

area.

A possible explanation for this is due to the differences in applying the stresses. In the whole wall
artery experiments, biaxial stresses were applied using an axial pre-stretch, whereas in the layered
wall experiments, uniaxial stresses were applied. The effect of axial pre-stretch on maximum
circumferential stress of a whole arterial wall was further investigated using the three layer model.
The results are presented in Figure 6.9. It can be seen that increasing the axial pre-stretch increases
the range of the circumferential strain. This could possibly explain why the intimal response falls

outside the experimental range in [1].
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Figure 6.8: Layer stress (continuous line) for circumferential direction for a) adventitia, b) intima

and c) media then in axial direction in d) adventitia e) intima f) media, compared with the
experimental range (shaded area) presented in [1] with one data set (square) from the same

reference.
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Figure 6.9: Axial pre-stretch ratio versus maximum stretch.

It is worth noting that relationship between stiffness of the layers is in line with the constraint
proposed in chapter 2. So for example adventitia stiffness given by figure 6.8a and 6.8d shows that
adventitia is stiffer axially more than circumferentially. The same applies to the intima; shown in
figure 6.8b and 6.8e. However the contrary is true for the media, which is stiffer circumferentially
than axially as shown in figure 6.8c and 6.8f. On comparison between layers stiffness, it could be seen
that the intima in general is stiffer than the adventitia which in turn is stiffer than the media. The role
of the intima in older subjects is still under investigation as the reason behind the increasing of
thickness of the intima is not yet known. Studying the increase in the intimal thickness in healthy
older subjects would be of huge importance, especially to link it with pathological conditions like

atherosclerosis. On another note, the significance of such structure of the arterial wall is still an open
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guestion. It seems that the arterial wall is composed of three layers with different stiffness in

different directions as shown in figure 6.10.

Axial direction

?

Adventitia

Circumferential diregtion e Ihtima Media

Figure 6.10: The internal structure of the whole arterial wall resists axially stress more than
circumferential stress. The intima and the adventitia agree with this assumption in contrast to the

media.

The reason for such structure might be as follows: Adventitia and intima in healthy older patients
protect the media from excessive stress, and hence control the medial baroreceptors response. This
might also have other implications in lowering the risk of damage to the arterial wall in general and
the media in particular through preventing extensive stretching in the axial direction. In the same
time the media is circumferentially stiffer than its axial direction and this might protect the media
from over extension in that direction. In addition the media is stiffer in the circumferential direction;
this might control the probability of medial baroreceptors being stimulated by any increase in blood
pressure. This is further emphasised in figure 6.11, where the whole wall is nearer to the adventitial
response in both direction. Thus it could be assumed that the whole wall as well as the intima and
adventitia main role would be to protect the media from excessive extension or possible rupture. The
role of the media on the other side would be to control extensive circumferential stimulation of
medial baroreceptors, in the same time read any very high axial stimulation. This also suggests that
baroreceptors might be more stimulated axially than circumferentially. Interestingly enough, the
intima does not seem to play a crucial role in stimulating the baroreceptors, as most of the

baroreceptors nerve ending either exist in the media and the adventitia[8]. Thus the role of the
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intima is sharing to equilibrate the applied stress. Hence acting as a sort of stress constrain for medial

and adventitia baroreceptors
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Figure 6.11: The layer response is compared with the total response in two directions. a)
Circumferential b) axial, triangle is used for intima, circle for adventitia. The model results are

shown in a dashed line and the experimental results are shown in continuous line.



Figure 6.11 shows that the arterial wall as a whole is nearest to the adventitia in its behaviour. Thus it
is stiffer axially than circumferentially. This might be explained by the fact that the arterial wall axial
extension should be as lower as possible. In the same time, it allows a bigger range of extension in the

circumferential direction, which is the normal extension direction because of blood flow.

6.4 Uniqueness of solution

The optimisation procedure was repeated ten times from random starting points [9] within the
physiological range defined by experimental data in [1]. For each optimisation run, 500 solutions with
a mean square error less than 0.050 were accepted from 50000 simulations. From the total data set
the probability density functions of all parameter were examined. They were all found to be
unimodal, implying a unique set of parameters. Thus, the mean and standard deviation of each
parameter were calculated according to the standard Monte Carlo procedure, results are shown in
table 6.1. It is worth mentioning that, there was an agreement between the model results and that of
Holzapfel. However it is important to note that at a certain values of Holzapfel model, the range with
big for example k1n. The collagen fibre angles from the circumferential direction are assumed to be

different for each of the three layers in the hyperelastic model [1] as shown in table 6.2..

Parameter sensitivity analysis was used to assess whether variations of the parameter values have a
noticeable impact on the quality of simulation. Parameter sensitivity was carried out according to the
following procedure [10-12] . Each parameter was varied + 50 % across its mean, while the other
parameters were kept constant at their optimised values. The error was plotted across the range of
normalised parameter values. The parameters intersected at their lowest error point. This procedure
is known as one way parameter sensitivity analysis[12] , it is also known as nominal range sensitivity
analysis. To ensure the validity of the results a Kolmogorov=Smirnov test was used to compare the
statistical distribution of the accepted and the unaccepted ranges. If the statistical distributions were

identical, the parameter was deemed to be insensitive.

6.5 Parameter sensitivity estimation
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Figure 6.12 shows graphs of the parameter sensitivity for the coronary artery data. Figure 6.13
concentrates on comparing the effect of the collagen fibre angle for each layer. To investigate the
validity of the layer model parameters further, a sensitivity analysis was carried out. The Kolmogorov-
Smirnov test indicated that the model was sensitive to all the material parameters within the

physiological range.

Figure 6.12 shows that the minimum error occurs when all the parameters are at the optimised
values and there are no other error minima observed within the physiological range. It also suggests
that the solution is most sensitive to the predominant angle ¢ of the dispersed collagen fibres. It is
also worth noting that the error range was included for 50% above and below the optimised value.
This can be seen in more detail in Figure 6.13 which shows that the solution is most sensitive to ¢ in
the layers with the highest collagen content and hence the greatest stiffness. This suggests that
collagen fibre direction is a major factor in determining the arterial wall stiffness and thus dominates

the response in the intima and adventitia, and a less significant effect in the media.
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Error range

1
Normalised parameter range

Figure 6.12: Parameter sensitivity for the fifteen parameters in the model of the coronary

artery. A small full symbol is used for ¢, k, is represented by a small empty symbol, k; is

represented by a large closed symbol and finally the dispersion is represented by large empty

symbol. The intimal layer is represented by a triangle, the adventitial layer by a circle and

medial layer by a square. Elastin constants, c; are the least significant and are not shown.
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Figure 6.13: Parameter sensitivity for collagen fibre angles of the coronary artery. The intimal
layer is represented by a triangle, the adventitial layer by a circle and medial layer by a square.
Each respective physiological range is marked with its symbol and the common physiological
range is shaded. The shading part is the intersection of the three physiological ranges presented

by Holzapfel in [1].

6.6 Effects of assumptions
In this section the major assumptions used in producing the model are discussed. Factors
considered include a thin wall cylinder approximation, abrupt junctions between the layers, a

constant strain profile, and a constant ratio of layer thicknesses.

The aim of this study is to produce an analytically derived model such that the effect of material

parameters can be studied. In chapter 3 a review of studies using cylindrical thin wall models
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suggested that analytical solutions for thick wall vessels is far from a trivial task and finite element
analysis is a more suitable method [13]. However, the results in this research based on [14] (as
covered in chapters 3 and 4 ) suggest that a thin wall model does produce results that are
consistent with experimental findings. The model is also based on assuming the layers have
abrupt junctions. The results of the histological study show that the thickness of the junction
regions is relatively small compared with the layer thicknesses and hence this is a reasonable
assumption. However, this ignores any effects of the internal elastic lamina and external elastic
lamina that separate the media from the intima and adventitia respectively [15] [16]. A model
that takes into account inter layer lamina effects may act to improve the goodness of fit of the
whole model [17]. The assumption of a constant strain across the three layers is used as this is
one of the constraints required for the application of thin wall theory. Finally, the assumption of
using fixed layer ratios is addressed [1], initially the separate thickness are given by [1]as follows:
2740.02, 0.36+0.03 and 0.40+0.03, but it could be noticed that these values when added exceeds
unity as each thickness was measured separately after separating the three layers. It is also worth
noting that the thickness of the artery increases after being taken out of the body. Thus the value
of unity was assumed and the values of the intact thickness were calculated according to the
above ratio to be for nominal layer thicknesses of 26.2%, 34.9% and 38.8% for the intima, media

and adventitia respectively [1].

6.7 Conclusions

This research has presented a mathematical model based on a hyperelastic formulation using the
condition of stress equilibrium to estimate the stress-strain profiles in both whole and layered
arterial walls. The material parameters in the model have been optimised using whole-wall
experimental data from studies carried by Holzapfel [1] and van Andel [2]. For the whole-wall
estimations of a single coronary artery, the total root mean square error was found to be 0.050
which compares well with previous studies. This suggests the proposed method provides a simple
approach to estimating the layer material parameters. A comparison with experimental data from
a study on layered data [1] suggested the solutions to the model were physiologically feasible;
however, differences in experimental setup prevent this judgement from being completely

conclusive.

In optimising the material parameters, it was revealing to find that the errors in the estimated
stresses were particularly sensitive to the dominant collagen angle in the stiffest layer, the intima.
This suggests the role of collagen content and possibly fibre orientation should be investigated

further for conditions such as arteriosclerosis.
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CHAPTER 7. APPLICATION TO OTHER VASCULAR VESSELS

CHAPTER 7

OTHER VASCULAR VESSELS

7 Overview
This chapter describes investigations on different vessels using the techniques used for coronary
arteries. The experimental data used is shown in figure 7.1 and is taken from [1] [2]. It is used to

produce a model of the whole wall and wall layer responses for a mammary artery and a vena
cava. Briefly, the method comprises (i) digitising the experimental data using Matlab® (ii)

optimising the parameters in the strain energy functions using the methods described in chapters
4 and 5 and (iii) analysing and comparing the results for the mammary artery and vena cava. This
will be shown in more details in the next section and then a comparison of different vascular

vessels responses will be shown.

7.1 Mammary artery
Parameters for whole wall and layer wall models were optimized using the mammary artery data
in figure 7.1 and table 7.1 (using the same principles discussed in chapters 4 and 5 and as shown

in details in chapter 6). The steps of generating these relationships are as follows:
Step 1: transfer pressure to circumferential stress
Step 2: transfer pressure and axial force into axial stress

Step 3: calculate stretch as the ratio of the radius of the mammary artery after and before

deformation
Step 4: apply stretch in the layers stress equations 4-5 equations in chapter 6
Step 5: apply thin wall theory to calculate total stress circumferentially and axially

Step 6: use the error equation given by equation 8 in chapter 6 to accept or reject solutions
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Step 7: use Matlab generated code to generate the previous steps 3-6, 50000 times (presented in

the appendix) to evaluate generate other set of accepted values

Step 8: calculate the mean for step 7

Step 9: choose another starting point and repeat step 8

Step 10: repeat step 9, 10 times and calculate the mean and plot curves

The layers response is shown in figure 7.2. The results show a response similar to that predicted
by Holzapfel et al [2]. For example on comparison of curves in figure 7.2a, it could be clear that
intima is constrained to be stiffer than adventitia which is constrained to be stiffer than the media
in the circumferential direction. This is also true for the axial direction in figure 7.2b. Constraints
for each layer could also be seen, for instance, the axial direction of the intima is constrained to
be stiffer than the circumferential direction, for example at 1.25 stretch ratio, the axial intimal
response is 150 KPa, where the circumferential stress for the intima is only 80 KPA. This is also
true for the adventitia. On the contrary the media is constrained to stiffer axially than
circumferentially than axially. This agrees with what has been discussed in chapter 2 and is in line

with histological data presented in [2].

The two stress profiles shown in figure 7.3 demonstrate that collagen is the main load bearing
component for the complete pressure range. As already mentioned in chapter 2 and shown in
figure 2.6. Elastin is a highly elastic protein with a linear stress strain relationship. On the other
hand Collagen is stiffer showing an exponential increase of stiffness at higher pressure[3-4]. Thus
it could be evident that collagen controls the curve at higher pressure, while elastin only controls
lower pressure regions as shown in figure 7.3. The whole wall results shown in figure 7.3 indicate
a higher stress response and stiffness axially than circumferentially at this particular axial stretch,

which is equal to 1.12, as indicated in the experimental technique for this artery [1].
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Figure 7.1: Pressure relationship with external diameter and axial force for coronary artery

(blue), mammary artery (red) and vena cava (green) [1] [2].
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Table 7.1

Experimental data for the mammary artery and vena cava

Characteristic Mammary artery [1] Vena cava [5]
External diameter 3.32mm 2.28 mm
Thickness 0.69 mm 0.20 mm
Axial pre-stretch 20 % 91%
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Figure 7.2: Hyperelastic model estimations of a) circumferential stress-stretch b) axial stress-

circumferential stretch for a mammary artery for the intima (green), adventitia (red) and media (blue).
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Figure 7.3: Comparison of the mean stress strain relationships of the mammary for the axial (blue)
experimental model [1] (dotted) and hyperelastic model (blue squares), the circumferential (red)

experimental model [1], (dotted) and circumferential hyperelastic model (red squares).
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7.2 Vena Cava

The venous wall is also believed to be composed of three different layers, as the arterial wall,
although vein walls are thinner and more distensible[6]. Vein experimental data was digitised and
optimised to calculate layer (figure 7.4a & 7.4b) and whole wall response (figure 7.5). Our
presented vena cava hyperelastic model has a good fit with the experimental model, at higher
pressures, but at lower pressure there could be difference between the calculated and the
experimental models. The reason behind that might returns to the elastin equation that controls
the curve at lower pressure, future work may include enhancing the fit at lower ranges by
modifying the elastin part in the strain energy function. Also it could be observed that the vena
cava is stiffer axially (figure 7.5) as discussed in details in chapter 6.The main histological reason
for that would be the same as the arterial wall, as the vein also consists of an inner intima which is
the stiffest layer in both directions, followed by the adventitia and then the media,. Intima and
adventitia are stiffer axially while the media is stiffer circumferentially. Thus it seems that the
intima and the adventitia play a more protective role, where the media main role would be
extending circumferentially to compensate for increase of blood pressure in this direction, in the
same time t is able to simulate low threshold baroreceptors. Interestingly the adventitia would
stimulate higher threshold baroreceptors as will be shown in detail in chapter 8.Also , the
observation that the adventitia is axially stiffer, indicates that the baroreceptors that exist in this

layer may be axially stimulated.
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Figure 7.4: Hyperelastic model estimations of a) circumferential stress-stretch b) axial stress-

circumferential stretch for vena cava for the intima (green), adventitia (red) and media (blue).
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Figure 7.5: Comparison of the mean stress strain relationships of the vena cava for the axial
experimental model (red) and hyperelastic model (blue), the circumferential (big sized symbol black)
experimental model and circumferential hyperelastic model (line) for the vena cava (small sized

symbol black).

In the last two sections results for both the mammary artery and the vena cava were shown for
both the layer response and the whole wall response. In the following section a comparison of the

responses of the three vessels represented in this research will be discussed here.
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7.3 Comparison of vessels

Although the vein plays an important role in the cardiovascular system, there have not been many
studies that have estimated the stresses within the vein [6]. Both the experimental and
hyperelastic models indicate that the maximum extension ratio for the vena cava is much bigger

than that of the arteries as shown in figure 7.6.
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Figure 7.6: Comparison of mean stresses for the mammary (red), coronary (blue) vena cava

(green), in both axial (continuous line) and circumferential (dashed line) directions.

The venous parameters are lower than the arterial ones table 7.2 and table 7.3, this could be
expected as the pressure range for the vein is about one quarter of the artery and the axial force
is about one tenth (figure 7.1). It is worth noting that the arterial and the venous values were

generated through the standard biaxial test, hence our ability to compare results.
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Table 7.2

Parameters of mammary artery and vena cava

Parameter Mammary Vena Cava
artery
Cin, [kPa] 7.07 1.6
b= Cim [kPa] 1 0.4
©
w
C1a [kPa] 3 0.48
ki, [kPa] 10 0.124
kim [kPa] 1 0.03
c kia [kPa] 8 0.07
()
oY)
o
o kan 15.1 1.16
O
Kam 9.7 1.7
kaa 14.8 1.12
Table 7.3

Collagen fibre angles (from the circumferential direction) for each layer for two vessels

Layer Mammary artery | Vena cava
Intima 57.2° 44.1
Media 19.4° 20.1°
Adventitia 57.2. 47.8°
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7.4 Elastin and collagen contribution in all investigated vessels

Figure 7.7 represents a quantitative comparison of elastin and collagen contribution for the
coronary artery. Each value was calculated through the equations presented earlier in chapter 4.
The figure shows that the collagen contribution to the mean stress is far greater than the elastin
for all the three layers. This indicates that in terms of load-carrying capacity, vascular vessels are
collagen dominated. Our study supports the theory which assumes that elastin is responsible for
the linear start of the stress-strain curve, while collagen contributes more to the load bearing

process at higher stresses.

Adventitia

Media

Intima

Elastin stress

Stress magnitude in the circumferential

Direction

Collagen stress —_—

Stress magnitude in the axial direction

Figure 7. 7: Comparison of axial and circumferential stress profiles within the mammary artery at a stretch of
1.2. The length of stress blocks indicates the stress magnitudes. Collagen and elastin stress contributions are
shown for each layer. The optimised collagen fibres angles are also shown. This is a” to scale “representation of

the components forming the coronary artery represented in chapter 6.
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The contribution of elastin and collagen for the stress components is shown in table 7.4 for the

circumferential response and table 7.5 for the axial response.

Table 7.4

Comparison of circumferential stress values for elastin and collagen in Pascal

Sile Silc Smle Smilc Sale Salc Stle Stlc
[10%] [10°] [10°] [109] [10°] [101 [10%] [101

0.4423 | 0.0385 | 0.3685 | 0.1127 | 0.4054 | 0.2785 | 0.3995 | 0.2361

0.4942 | 0.0457 | 0.4118 | 0.1395 | 0.4530 | 0.3144 | 0.4464 | 0.2776

0.5452 | 0.0543 | 0.4544 | 0.1693 | 0.4998 | 0.3552 | 0.4925 | 0.3259

0.7039 | 0.0961 | 0.5866 | 0.2919 | 0.6452 | 0.5285 | 0.6359 | 0.5436

0.8566 | 0.1760 | 0.7138 | 0.4781 | 0.7852 | 0.7967 | 0.7738 | 0.9198

0.9126 | 0.2230 | 0.7605 | 0.5729 | 0.8366 | 0.9328 | 0.8244 | 1.1282

0.9864 | 0.3084 | 0.8220 | 0.7289 | 0.9042 | 1.1554 | 0.8911 | 1.4927

1.0412 | 0.3960 | 0.8677 | 0.8743 | 0.9544 | 1.3604 | 0.9405 | 1.8532

1.0774 | 0.4694 | 0.8979 | 0.9880 | 0.9876 | 1.5190 | 0.9733 | 2.1480

1.1135 | 0.5580 | 0.9279 | 1.1176 | 1.0207 | 1.6981 | 1.0058 | 2.4967

1.1314 | 0.6091 | 0.9429 | 1.1892 | 1.0372 | 1.7963 | 1.0221 | 2.6948

1.1672 | 0.7272 | 0.9727 | 1.3478 | 1.0700 | 2.0117 | 1.0544 | 3.1465

1.1851 | 0.7954 | 0.9876 | 1.4356 | 1.0863 | 2.1299 | 1.0705 | 3.4040

1.2029 | 0.8707 | 1.0024 | 1.5297 | 1.1026 | 2.2558 | 1.0866 | 3.6855

1.2206 | 0.9539 | 1.0172 | 1.6306 | 1.1189 | 2.3899 | 1.1026 | 3.9936

1.2383 | 1.0458 | 1.0320 | 1.7389 | 1.1351 | 2.5327 | 1.1186 | 4.3311

1.2560 | 1.1474 | 1.0467 | 1.8552 | 1.1514 | 2.6850 | 1.1346 | 4.7012
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Table 7.5

Comparison of collagen and elastin stress contribution in the axial direction in Pascal

Si2e Si2c Sm2e Sm2c Sa2e Sa2c St2e St2c
[10°] | [10]] | [10%] [10%] [10*]

560.0333 | 0.1017 | 0.3685 | 0.1965 | 424.2676 | 1.1701 | 479.1679 | 0.6341

580.5420 | 0.1178 | 0.4118 | 0.2376 | 439.8045 | 1.2903 | 496.7152 | 0.7154

600.1643 | 0.1368 | 0.4544 | 0.2819 | 454.6699 | 1.4249 | 513.5042 | 0.8091

657.6730 | 0.2259 | 0.5866 | 0.4533 | 498.2371 | 1.9771 | 562.7090 | 1.2226

708.3264 | 0.3874 | 0.7138 | 0.6952 | 536.6109 | 2.7903 | 606.0484 | 1.9128

725.8134 | 0.4792 | 0.7605 | 0.8133 | 549.8587 | 3.1904 | 621.0104 | 2.2859

747.9917 | 0.6425 | 0.8220 | 1.0033 | 566.6604 | 3.8310 | 639.9862 | 2.9271

763.8331 | 0.8064 | 0.8677 | 1.1763 | 578.6615 | 4.4092 | 653.5403 | 3.5507

774.0407 | 0.9418 | 0.8979 | 1.3095 | 586.3945 | 4.8503 | 662.2739 | 4.0543

783.9791 | 1.1032 | 0.9279 | 1.4596 | 593.9236 | 5.3428 | 670.7773 | 4.6442

788.8508 | 1.1953 | 0.9429 | 1.5418 | 597.6143 | 5.6103 | 674.9456 | 4.9768

798.4059 | 1.4065 | 0.9727 | 1.7221 | 604.8529 | 6.1927 | 683.1209 | 5.7295

803.0917 | 1.5275 | 0.9876 | 1.8212 | 608.4028 | 6.5096 | 687.1301 | 6.1555

807.7180 | 1.6602 | 1.0024 | 1.9267 | 611.9075 | 6.8451 | 691.0884 | 6.6189

812.2859 | 1.8058 | 1.0172 | 2.0393 | 615.3681 | 7.2005 | 694.9967 | 7.1236

816.7965 | 1.9658 | 1.0320 | 2.1594 | 618.7852 | 7.5771 | 698.8561 | 7.6737

821.2511 | 2.1417 | 1.0467 | 2.2877 | 622.1599 | 7.9763 | 702.6674 | 8.2738
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7.5 Validation of the optimisation Matlab code

This was done by repeating other published data. This was done in the following manner: First
data [7] was chosen to agree with experiential technique used in the previous chapter, in
particular in the form of biaxial testing of human coronary artery. This resulted in circumferential
Cauchy stress relation with circumferential strain as well as axial Cauchy stress versus
circumferential strain [7]. After that using a digitizing code by Matlab, the graphs with axial
extension of 1.1 were imported into Matlab this was named the experimental data. Then the
same code was applied to the experiential technique resulting in total error range of 0.08. This

will be discuss in detail in the next section

7.5.1 Experimental technique

Human arteries were harvested from cadavers [7]. Segments of 2 cm length were harvested from
the left anterior descending and circumflex coronary arteries. Arteries were tested in a medium
containing Hank buffered saline. Then biaxial testing was applied by applying axial extension
increments, then rapid inflation followed by preconditioning and then this was repeated for
different extension ratios. Pressure versus diameter and pressure versus axial force were
transferred to circumferential stress relationship with circumferential strain as well as axial stress
versus circumferential strain using thin wall theory as presented earlier in chapter 5 and in[2, 8-

11]]. The resulting curves are shown in figure 7.8.
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Figure 7.8: Experimental relationship for human coronary artery.

7.5.2 Optimisation

After that, optimisation was done in the same manner as presented in the previous chapter. The
results are presented in figure 7.9. Error ranges were computed according to equations 6-8 and 6-
9. This resulted in a total error range of 0.07 and the computed parameters are shown in table 7.6

and 7.7. The optimisation code is presented at the appendix.
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Figure 7.9 a) Circumferential stress is drawn versus circumferential strain b) Axial stress is shown.

In both figures blue is used to represent the experimental technique while red id the model

results
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Table 7.6

Parameters of the coronary artery

Parameter | value

K2i 55.22
K2m 11.08
K2a 30.01

Cli[KPa] | 4000

Clm [KPa] | 400

Cla [KPa] | 5500

K1i [KPa] 11817

K1m [KPa] | 3700

Kla [KPa] | 4305

rowi 0.58
rowm 0.15
rowa 0.55

Table 7.7

Collagen fibre angles (from the circumferential direction) for each layer for two vessels

Layer coronary artery
Intima 52.62°
Media 16.81°
Adventitia 62.87°

7.6 Conclusions
In this chapter, models estimating the mammary artery and the vena cava responses were
produced. It can be concluded that the model estimations of the whole wall and layer responses

were consistent with both experimental data and current theories based on coronary artery
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studies. Thus this provides some evidence that the model framework can be extended to estimate
the layer response of vascular tissues with the similar material component responses i.e. elastin
and collagen. Also, it could be applied to other organs such as the ventricle, but in that case
different strain energy equations could be produced for each layer. It was also found that veins as
arteries are stiffer axially than circumferentially. This might have an impact on the baroreceptors

embedded in the walls of these vessels, as they could be more stimulated axially themselves.

7-19



CHAPTER 7. APPLICATION TO OTHER VASCULAR VESSELS

7.7 References

1.

10.

11.

van Andel CJ, Pistecky PV, and Borst C, Mechanical Properties of Porcine and Human
Arteries: Implications for Coronary Anastomotic Connectors. Ann. Thorac. Surg., 2003.
76(1): p. 58-64.

Holzapfel GA, Sommer G, Gasser CT, and Regitnig P, Determination of Layer-Specific
Mechanical Properties of Human Coronary Arteries with Nonatherosclerotic Intimal
Thickening and Related Constitutive Modeling. Am. J. Physiol. Heart Circ. Physiol., 2005.
289(5): p. H2048-2058.

Holzapfel GA, Gasser T, and Ogden R, A New Constitutive Framework for Arterial Wall
Mechanics and a Comparative Study of Material Models. ). Elast., 2000. 61(1): p. 1-48.
Holzapfel GA, Collagen. Structure and Mechanics, in Collagen in Arterial Walls:
Biomechanical Aspects, P. Fratzl, Editor. 2008, Springer-Verlag, Heidelberg: New York. p.
285-324.

Desch GW, A Model for Passive Elastic Properties of Rat Vena Cava. J. Biomech., 2007. 40:
p. 3130-3145.

Rossmann JS, Elastomechanical Properties of Bovine Veins. ] Mech. Behave. Biomed. Mat,
2010. 3(2): p. 210-215.

Carmines DV, McElhaney JH, and Stack R, A Piece-Wise Non-Linear Elastic Stress
Expression of Human and Pig Coronary Arteries Tested in Vitro Journal of Biomechanics,
1991. 24(10): p. 899-996.

Chuong CJ and Fung YC, Three-Dimensional Stress Distribution in Arteries. ). Biomech.
Eng., 1983. 105(3): p. 268-274.

Chuong CJ and Fung YC, Compressibility and Constitutive Equation of Arterial Wall in
Radial Compression Experiments. ). Biomech., 1984. 17(1): p. 35-40.

Fung YC, Fronek K, and Patitucci P, Pseudoelasticity of Arteries and the Choice of Its
Mathematical Expression. Am. J. Physiol. Heart Circ. Physiol., 1979. 237(5): p. H620-631.
Holzapfel GA, Eberlein R, Wriggers P, and Weizsacker HW, A New Axisymmetrical
Membrane Element for Anisotropic,Finite Strain Analysis of Arteries. Commun. Num.
Meth. Eng., 1996. 12(8): p. 507-517.

7-20



CHAPTERS.INVESTIGATION INTO TYPE AAND C

CHAPTER 8

A AND C TYPE RECEPTORS

8 Overview
The aim of this chapter is to investigate the relationship between the position of each nerve

receptor and its stress response based on the baroreceptor type.

8.1 Stretch receptors

Research shows that there are two types of arterial baroreceptors, namely type A and type C. It
was found that these two types have the same anatomical structure. These two types of
baroreceptors fibres can be classified according to their threshold range ( the lowest pressure that

triggers an action potential ) [1], a comparison between them is shown in table 8.1.
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Table 8.1

A comparison between A-fibre and C —fibre [1]

Description A-fibre C- fibre

Diameter Large Narrow

Myelination Myelinated Non- myelinated
Threshold Low 30 mmHg High 70 mmHg

Number Low High

Conduction Fast Low

Activity at normal | All fibres are active 1/4 of the fibres are active
Sensitivity * High Low

Saturation** Low High

Sensitivity*: the mean discharge frequency of a baroreceptors increase with the mean blood

pressure. Steepness ( biggest slope of this response is called Sensitivity)

Saturation ** : response to pressure

Importance ‘ High at low pressure ‘ High at high pressure
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A comparison between the curves of two fibres is shown in figure 8.1.

Saturation

Firing rate

Mean arterial pressure

Figure 8.1: Response of single A- fibre and C-fibre to increasing pressure [1].

The question addressed in this chapter is: how can two fibres with the same anatomical structure

have different firing pressure thresholds and thus operate in different pressure ranges?

The answer was hypothesised to be based on the location. The hypothesis was that there is a link
between the position of the nerve receptor and its firing threshold and pressure range. This
hypothesis was based on observations that baroreceptors location was layer specific, as this is

stated in experimental observation shown in [2] [3].

To investigate this assumption, the strain-energy was calculated according to the following set of

equations.

For each layer, the strain-energy, W, is considered to be the linear combination of elastin and

collagen contributions.

Wic(E , Al) = Wiciso (Eic ) + Wicaniso (Eic' Al) (1)

The form of the elastin strain-energy component Wi.s,(E;c), is approximated to be

(2)

C1
Wiciso(Eic) = 7 (11 —-3)

The first invariant of stretch, |, is defined as
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I; = Ag? 4+ A2 + A2 (3)

and c; is a material constant related to the elastin stress response.

The form of the collagen contribution can be described by

k
Wicaniso (Eic A1) = k_:(eq -1)
(4)

where ki, and k, are material constants related to the collagen stress response and q is calculated

to be

q= pdispk2(14 - 1)2 +(1- pdisp)(ll - 3)2 (5)

where pgjsp is the dispersion factor. 1, is the fourth stretch invariant given by

I, = A3cos(d)? + AZsin()? (6)

The dispersion factor value represents the amount of dispersion from the ideal alignment of the

fibres

Thus using, the above equations, the strain energy relation to circumferential stretch was
calculated for each layer and compared with the energy needed for each type to operate. The

result is shown in figure 8.2.
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Figure 8.2: Estimated strain-energy for the adventitia (squares) and media (triangle) as a

function of luminal blood pressure for the coronary artery.

Figure 8.2 suggests that at a given blood pressure, for example 100 mmHg, the strain-energy in
the intima is highest (not shown) followed by adventitia and media [4-5] .To investigate the effect
of firing rate from mechanoreceptors in each layer, all the receptors were considered to have the
same arbitrary threshold strain-energy of around 1 kJ, with saturation occurring around 4.5 k.
With these limits, the data suggests that mechanoreceptors in the adventitia would have a
threshold blood pressure of around 30 mmHg and would saturate at around 140 mmHg. For the
media, this scenario suggests receptors here would start firing at around 70 mmHg and do not
saturate. Only the media and the adventitia are considered because histological studies [6] [7]
suggest that mechanoreceptors do not exist in the intima. This data is an estimate with root mean
square error for the three layers being shown to be as great as 0.05 for the media and the
adventitia. However, this study does present some evidence that suggests C-fibres could be
predominantly located in the more elastic regions such as the media with A-fibres predominantly
in the stiffer regions such as the adventitia [4]. Further experimental studies would be needed to

investigate this further.
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8.2 Conclusions

A relationship between the location of each nerve receptor fibre and its nerve ending was
suggested , such that, type A fibres were suggested to be located in the stiffer layer the
adventitia, also type C fibres were suggested to operate in the medial layer. Further histological
investigations are required. However this is a significant finding, as it solves the dilemma, of
having two types of basically identically fibres but with different thresholds. The finding here

suggest that the threshold is location controlled.
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CHAPTER9

CONCLUSIONS

Overview
This chapter will focus on the conclusions of the research presented in the thesis. The main aims
of this research were to understand various types of experimental data applied to the arterial
wall, also to calculate the whole wall stress response using nonlinear solid mechanics as well as
calculating layer arterial wall stress response. This was done using a simple model that connects
the whole wall and the layer response using thin wall theory. The knowledge that has been gained
through the previous process was used to differentiate various baroreceptors types based on

their location. The finding of this research will be presented in the following section.

9.1 Main conclusions

Through this research it became clear that the structure, where the baroreceptors are embedded
in have a high degree of effectiveness on its function. Thus, the role of elastin and collagen was
investigated and it became evident that collagen dominates the stress response especially at high
pressures. This was true for both the layers (intima, media and adventitia) as well as the whole
wall response. In order to mathematically evaluate the role played by each constituent of the wall
a hyperplastic exponential model was chosen. This model was in particular chosen because of the
low error range it provides, in addition to the intrinsic relationship between the model
components strain energy and the model parameters. The model was built up of layers equations
this enabled taking into consideration the different mechanical properties forming the wall in

order to get the best results. These layers equations were connected together using thin wall
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theory that was proven to be sufficiently accurate to represent the stress strain relationship. The
model was also shown to be valid based on mechanical concepts as conservation of mass, balance
of linear momentum, the assumption of incompressibility of hyperelastic materials. To solve the
problem of uncertainty of parameters Levenberg-Marquardt method was used in conjunction
with Mont Carlo method. A one way sensitivity analysis (nominal range sensitivity method) was
also performed. Analysis of the model results estimations were made, an error of 0.05 was
achieved between the calculated analytical model using the constitutive equation and the
experimental results. The sensitivity analysis confirmed that the highest effecting parameter is the
collagen fibre angle and the least effecting parameter is the elastin. It was evident that collagen
controls stresses at higher pressure and is the material responsible for the exponential shape of
the stress strain relationship both for the layer and the whole wall curves. The same concept was
applied with the mammary artery and the vena cava. It can be concluded that the model
estimations of the whole wall and layer responses were consistent with both experimental data
and current theories based on coronary artery studies. Thus this provides some evidence that the
model framework can be extended to estimate the layer response of vascular tissues with the
similar material component responses i.e. elastin and collagen. Also, it could be applied to other
organs such as the ventricle, but in that case different strain energy equations could be produced
for each layer. It was also evident that the structure of the blood vessel wall has an important
functional role, as the intima is the stiffest layer axially and circumferentially, followed by the
adventitia then the media. Both the intima and adventitia are stiffer axially than circumferentially,
this protects the elastic media from rupture. Based on these findings a relationship between the
location of each nerve receptor fibre and its nerve ending was suggested. Type A fibres were
suggested to be located in the stiffer layer the adventitia, also type C fibres were suggested to
operate in the medial layer. Further histological investigations are required. However the finding
here is rather significant, as it solves an old research question about the reason the threshold and
the saturation ranges of the A and C fibres differ although they are identical from a histological
point of view. It was also found that the adventitial baroreceptors may be more axially stimulated

than circumferentially as this is the direction of maximum stress.
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CHAPTER 10

FUTURE WORK

10 Overview
This section will focus on future work that could be done to extend the work done presented by
this research, through using other modelling techniques as well as on finding experimental links

between the location of the baroreceptors, its strain energy and the rate of fibre firing.

10.1 Improvements in the modelling techniques

Levenberg Marquardt, optimisation was used in this research in conjunction with Monte Carlo
technique. However, in order to account for uncertainty that exists in the model structure. Other
techniques could be used such as Latin hypercube method. This will be discussed in the following

section.

10.2 Latin hypercube sampling (LHS)

Latin hypercube sampling (LHS) is a form of stratified sampling that can be applied to multiple
variables. Stratified sampling is a method of sampling from a population[1]. The idea
behind stratified sampling is dividing a population into subgroups and then samples them
independently. It is done in a way that every element is assigned to only one stratum. A
stratum is a homogenous group. The advantage of using such a method is reducing
sampling error and increasing representativeness. This happens in a way such that

weighted mean has less variability than the arithmetic mean of a simple random sample.

The concept behind Latin hypercube is that variables are sampled using an even sampling method
and the random set of variables are combined then they are used in one calculation for the target

function. The sampling algorithm ensures that the distribution function is sampled evenly, but still
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with the same probability trend. Figure 10 shows the difference between a pure random sampling

method ( Monte Carlo ) and a stratified sampling of a log-normal distribution.
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Figure 10.1: Mont Carlo method compared with the Latin hypercube method

It could be observed that When Monte Carlo method suffers from missing outliers which exist on
the tails of the distribution; the Latin hypercube covers this range. The process of performing

Latin hyper cube is involves 2 stages, sampling and then grouping. The next section will cover

these two steps in detail.

10.2.1 Sampling

For each iteration, the cumulative probability is divided into segments, and then a
probability is randomly chosen within each segment using a uniform distribution[2]. Thus
for example, a simulation with 500 iterations will be divided to 500 segments each
representing 0.2% of the total distribution. Then for the first segment a number would be
chosen between 0 % and 0.2% and the second segment will be between 0.2 and 0.4%.

This number will be used to calculate the parameter.
10.2.2 Grouping

Once each variable has been sampled using this method, a random grouping of variables is selected for

each iteration [3]. Independent uniform selection is done on each of the variable’s generated values. Each

value must only be used once.
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bl

Figure 10.2: Grouping when n =5, it could be noted that one element is chosen from each segment and

from each iteration ( column and row respectively)

10.2.3 Syntax

Latin hypercube could be generated in Matlab using:

lhsdesign - Latin hypercube sample

X = lhsdesign(n,p)

X = 1lhsdesign(n,p) generates a latin hypercube sample X containing n values on each of p
variables. For each column, the n values are randomly distributed with one from each interval
(0,1/n), (1/n,2/n), ..., (1-1/n,1), and they are randomly permuted.

10.3 Link between firing rate and location in the arterial wall

It was suggested in chapter 8, that there is a link between the position of the baroreceptors and
its strain energy. However it is not yet clear, if there is a relation between the location of the
baroreceptors and its firing rate. Thus a need for an experimental protocol to determine the

degree of confidence in this hypothesis is needed. This experimental protocol could be as follows:

10.4 Components of the Experimental Protocol

In the following section the main constituents of the experimental protocol will be shown,

namely; the purpose, the materials used the methods and the data interpretation methods.
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10.4.1 Purpose

The purpose of this experimental protocol is to determine if the hypothesis that there is a link

between strain energy and firing rate in different arterial walls layers is true or false.
10.4.2 Materials

Sections of carotid arteries, stress applying apparatus, nerve signal measuring apparatus are to

be used as shown in figure 10.1 and figure 10.2.
10.4.3 Methods

In vitro stress-strain relationship will be generated. Sections of carotid arteries containing
baroreceptors could be dissected from swine. After removing connective tissue; intima, media
and adventitia should be separated. Then these separate segments could be mounted in the
biaxial apparatus shown in figure 10.1. This apparatus is a biaxial loading (radial pressure and axial
force), biaxial measuring (diameter, axial extension) device [4]. It is also connected to means of
measuring and recording the nerve signal. This could be another apparatus that has on chip
electrodes as shown in the schematic figure 10.2 [5]. The experiment is set in the following way:
pressure and axial force will be applied to the arterial segment in a manner that enables
controlling the strain energy gradient. Nerve signal generated from these separate arterial wall

segments wall would be recorded through the electrode on chip apparatus.
10.4.4 Data Interpretation

After that data will be plotted, fitted and related to the strain energy. In this way, the hypothesis
that there is a relation between location and firing rate could be proven. Statistic analyses could
also be made to compare experimental results. In this way complete assessment of the two

phases of the baroreceptors function could be made [6].

In the last section an experimental protocol for linking strain energy and action potential was

presented. In the following section, the functions of the two main devices will be summarised.
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Figure 10.2: Microprobe array based neural interface device[5, 7].
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10.5 Devices used

The device shown in figure 10.1 was used by Weizasacker and colleagues [4]. As could be seen
from the figure, the artery is mounted in a tank full of saline. After that, it is closed from one end
and then stretched to its in vivo length. Pressure is then applied radially and pressure, radius and

axial force are recorded in a steady state manner.

The device shown in figure 10.2 could be that is used as an interface between neurons and
microelectrodes. It consists mainly of a silicon probe arrays with diameters of 2—3.5 um and
lengths of 60-120 um. These probes are manufactured by a technique called elective vapour—
liguid—solid (VLS) growth and they allow identifying the nerve signal and measure accurately its

magnitude.
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Abstract

Determining the stiffness (or compliance) of biological
vascular vessels is of importance when investigating
pathological conditions, the design of stents, vascular
grafts, distal anastomotic connectors in coronary artery
bypass surgery, and understanding of biological pressure
sensors. This communication is concerned Wwith
determining appropriate values of the material constants
associated with a layered anisotropic hyperelastic
constitutive model to estimate the mean stress for arterial
and venous walls. Results show that the values of the
material constants, determined from a constrained
optimization approach, satisfying equilibrium, give rise
to mean stress-strain states which are consistent with
responses obtained from the standard averaged model.

1. Introduction

Understanding the  stress-strain  relationship  for
cardiovascular vessels could have a major impact on
studying diseases such as arteriosclerosis and
atherosclerosis. It could also help in designing vascular
grafts. The authors are particularly interested in applying
such information to investigate baroreceptors. These are
pressure sensors that report blood pressure to the CNS.
The process of their operation is divided into two main
phases[1]. Firstly, blood pressure applied to the vascular
wall is transferred into a strain which then controls the
opening probability of many mechanosensitive ion
channels. These are embedded into the vascular wall[1].
Their exact positions are disputed. Studying stiffness
contributions from different layers of the arterial and
venous walls, as well as the mean stress for the wall,
would help in understanding the function and the process
of operation of this type of biosensor. For the arterial
wall, there have been various attempts to model the
stress-strain profile using different assumptions.

For example, one may use thin-walled cylinder theory to
determine the average axial and circumferential stresses
given the axial force and internal pressure .In this model,
it is assumed that the strain (axial stretch and
circumferential stretch) across the wall is constant. Using
this simplified approach, the average stress-strain
behaviour can be determined. We refer to this approach
as the standard averaged model. Alternatively, one could
begin with the assumption of a uniform strain field across
the wall of the vessel, but now employ a constitutive
model (appropriate for the wall material) to determine the
stresses. The material constants satisfy structural
equilibrium (that is, the sum of the stress-area products
equals the applied forces). This is the approach presented
here.

2. Modelling Approaches

The arterial and venous wall consists of three concentric
cylindrical layers; innermost layer; intima, middle layer;
media and outermost layer; adventitia. The layers behave
as transversely isotropic  homogeneous
incompressible hyperelastic materials in which a strain-

nearly

energy function, W, is assumed to exist [2]. The arterial
wall extends passively, but the smooth muscle controls
the active tension of the vessel. Forming a model for thin
wall arterial response, Holzapfel et al [3] presented a two
term strain-energy function that used experimentally
obtained elastin and collagen responses to model passive
extension. The effect of smooth muscle cells was
neglected as it was thought that these do not contribute to
the passive stiffness. Only elastin and collagen were
considered as the constituents which act during the
extension of the arterial wall. However, that model did
not consider the specific responses for the individual
layers constituting the arterial wall. Von Maltzahn et al
[4] measured experimentally the elastic properties of the
media and adventitia.
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it did not include the role of the intima, which has been
proven to be of significant importance [2]. In [5] Demiray
and Vito used a two layer model, neglecting the role of
the intima. The media was considered orthotropic, while
the adventitia was considered isotropic. The relationship
between the two layers and the whole structural stress
was not presented. In [2] Holzapfel et al presented layer
specific strain-energy equations assuming arterial layers.
No mean relationship for the stress-strain response of the
whole wall was given. The question addressed in this
paper is, ‘given the axial and circumferential stretches in
arteries and veins, how can we develop a model to predict
the overall stiffness?” To answer this, a layered approach
in conjunction with a hyperelastic anisotropic material
model and thin wall theory were used here. This model
gives a basis for comparison between different arteries of
different species and of different materials. It is assumed
that the strain-energy function of the venous wall is of a
similar form to that of the arterial wall [6]. The
percentage thickness of each layer with respect to the
total wall thickness is assumed to be the same for each
vessel. Experimental findings by others have revealed the
percentage thicknesses to be approximately 27%, 40 %
and 33 % for the intima, media and adventitia
respectively [2].

3. Experimental Data

There are few papers reporting on the deformation of the
arterial wall [2]. Literature containing experiments which
compare the response of the whole wall and the single
layer response are not available. Some of the data which
exists is not in a form useful for the stress—strain analysis.
For example, [7] investigates the static pressure-diameter
relationship but does not show the axial force relationship
with pressure. The arterial experimental data used here
were extracted from an investigation carried out by Van
Andel et al [8]. That work presented graphs representing
the external diameter relationship versus luminal pressure
together with the axial force relationship versus the
luminal pressure for different arteries. Data for a coronary
artery and a mammary artery have been chosen here. A
summary of their experimental setup is given. Different
arteries were dissected from arteriosclerotic cadavers.
Static pressure tests were then carried out after the
application of an axial pre-stretch to pre-conditioned
arteries. The external diameter and corresponding axial
force were then measured.

Experimental data for the vena cava was sourced from
Desch et al [6]. We digitised the data sets from those
papers using 17 points across the pressure range and
imported them into the models for this investigation.

4. Thin Wall Theory

Thin wall theory can be applied when the thickness/
radius ratio is less than a tenth. However, Holzapfel et al
in [3] used thin wall theory to represent the
circumferential and axial responses. The rationale for this
was that as all collagen fibres are embedded in the
tangential surface of the tissue, it can be assumed that
there are no components in the radial direction [2]. In this
case only circumferential and axial stresses become
relevant. Thin wall theory offers a simple approximation
for the relationship between mean circumferential and
axial Cauchy stresses. Its named here the standard model.

5. Hyperelastic Model

Here we describe the form of the hyperelastic constitutive
equations. These are based on the theory presented by
Holzapfel et al [2]. The equations are used to calculate
the specific stress responses for each layer as functions of
circumferential and axial stretch. Thin wall theory was
applied to calculate the mean wall stress both
circumferentially and axially. To find the relationship
between the second Piola-Kirchhoff stress tensor, S, and
Green-Lagrange strain tensor, E the concept of a strain-
energy function, W is used

_ow
" 9E (1)

The Cauchy stress tensor, 6, can be calculated from the
second Piola-Kirchhoff stress tensor, S, using the inverse
Piola transformation. Using the Lagrangian multiplier, a
relationship is derived between the total strain-energy and
the volumetric, U(J) and isochoric components, ;. (E,
A)). Assuming the vascular walls to be incompressible,

S

and that the total strain-energy is a function of the Green-
Lagrange strain tensor representing one family of
collagen fibres, thus:

W (E,A;) = U() + Wi (E,Aq) 2

A = a;®q; (€))
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@ is the angle between collagen fibre orientation and the
circumferential direction. Assuming no change in
volume,

U=PJ-1 6))
where P has the units of hydrostatic pressure. Thus the
Green-Lagrange strain-stretch relationship is given by

_1 o, (6)
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where A, is the principal stretch. For each layer, the strain-
energy, W, is further divided to two parts representing
the response of elastin and collagen. The elastin strain-
energy component W,.s,(E), is approximated to be

I/Viciso(E) = C2_1 (11 - 3) (7)

where , I, is the first invariant of stretch and c, is a
material constant related to the elastin stress response.
The collagen component can be described by

k
Wicaniso(E ,A1) = é(eq - 1) (8)

where ki, and k, are material constants related to the
collagen stress response. q is a function of the dispersion
factor, taken here to be equal one, and 1, is the fourth
stretch invariant. The dispersion factor value represents
the amount of dispersion from the ideal alignment of the
fibres [2]. A value of unity assumes that there are not any
fibres oriented in the ¢ direction. For a value of zero the
fibers are assumed to be isotropically oriented as
presented by Demiray et al [S]. Thus for the intima (n)

An = Kon(I4n — 1)2 ©)
Lin = A5cos? (¢,) + A3sin? (¢, ) (10)

Similar expressions can be obtained the media and
adventitia. This paper proposes using stress equilibrium
in the wall to calculate the mean wall Cauchy stress
components, 6 and o, in the circumferential and axial
directions. h is the wall thickness after deformation.

_ (opnhn + 6emhm + 0gaha) (11)
Otg = h

_ (0znhp + 6mhim + 622ha) (12)
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6. Results and Discussion

Optimisation of the hyperelastic model data was achieved
using the Levenberg—Marquardt method with a root mean
square error function provided by Matlab®. Parameter
sensitivity analysis was investigated for the material
parameters of the coronary artery. Figurel presents the
inferred layer circumferential Cauchy stress-stretch
profiles for circumferential Cauchy stresses.

150

Ag%

0 .
1.1 1.25 1.35

Circ. Cauchy stress [kPa]

Circumferential stretch

Figure 1: Hyperelastic model estimations of circumferential
stress-stretch for coronary artery, for intima (large open
symbol), adventitia (middle open symbol) and media (small
symbol). An example of a Holzapfel et al coronary model

response is indicated by the filled symbols [6].

These stress-strain profiles confirm the layers have the
same order of stiffness as Holzapfel et al [2] Von
Maltzahn et al [4] and Demiray et al [5S] .The model was
constrained by relationships which can be explained by

experimental evidence; these constraints are as follows:
Circumferentially  Kintima > Kadventitia > Kmedia
and Axially:

FOI' the intima: kaxial > kcircumﬂerential

For the media: kcircumferential > kaxial

For the adventitia: kaxial > kcircumferential

Fibre orientation: intima > @adventitia> gmedia

k represents the stiffness. Material parameters presented
by Holzapfel et al [2], were used as a guide to obtaining
the material parameters used here (figure 2).The collagen
material parameters are the most sensitive. In terms of
layer response, the media possesses the lowest parameters
value. The intima, being the stiffest layer has the
parameters with highest sensitivity.



The hyperelastic model (figure 3) has been shown to
estimate the stress-strain profiles with root mean squared
errors of 0.05.

3

Error range

Normalised parameter range

Figure 2: Parameter sensitivity of the coronary artery. A
thick continuous line is used for the angle; a thick
dashed line for k,, a thin dashed line for k; and ¢, is
drawn using a thin continuous line. The intimal layer is
represented by a circle, the adventitial layer by a square
and medial layer by a triangle.
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Figure 3: Comparison of the mean stress strain relationships
for the axial (small symbol) standard model (dotted) and

hyperelastic model (line).

This compares well with Holzapfel et al’s [2] prediction
of 0.07. At low pressure, the model fit was not so good. It
is assumed that elastin is first stretched, while collagen
attracts load at higher stretches. Improving the model of
the elastin behaviour could increase the quality of the
overall fit [9]. collagen contribution to the mean stress is
far greater than the elastin for all the three layers [2].This
indicates that, in terms of load-carrying capacity, vascular
vessels are collagen dominated. Figure 4 shows that the
vein is softer than the all arteries investigated both axially
and circumferentially. Both the standard and hyperelastic
models indicate that the maximum extension ratio for the
vena cava is much bigger than that of the arteries (Figure
4). Venous parameters are lower than the arterial ones.
These models could be used to design parameters of
synthetic stretch receptors and vascular grafts [6] and
studying vascular diseases.
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Figure 4: Comparison of mean stresses for abdominal aorta
(star) [8], mammary (diamond), coronary (circle), and rat tail
artery (triangle) [6] vena cava (square), in both axial (dashed
line) and circumferential (continuous line) directions. Axial
stretches are 1.66, 1.2, 1.1, 1.29, and 1.91 respectively.
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Mechanical properties of arterial walls: Do they play a role in
determining stretch receptor firing rates?

M Mickael, A Heydari, S Pyner, R S Crouch, and S Johnstone

Abstract-This paper presents a hyperelastic model which
estimates the stress-strain profile in the three layers of the
coronary artery: the intima, media and adventitia. The model,
based on averaged experimental data confirms that the most
elastic layer is the media followed by the adventitia and then
the intima. This data was used to investigate the possibility
that a contributing factor to the difference in the threshold
blood pressures of mechanoreceptors associated with A- and
C-fibres in arterial walls is due to their location within the
wall. The results suggest that receptors associated with C-
fibres could be predominantly located in the more elastic tissue
such as the media whilst those assodiated with A-fibres are in

the stiffer layers such as adwentitia.
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1 INT RODUCTION
This paper presents a mathematical model to aid in the
understanding of how blood pressure is measured in arteries
and transferred to the central nervous system, CNS, for
regulation of the cardiovascular system. The model is then
used to investigate whether the location of the receptors
which transmit signals to the CNS about blood volume and
pressure affects their thresholds.
It has been histologically shown [1] [2] that
mechanoreceptors are embedded within arterial and venous
walls. These transmit afferent signals to the CNS about
blood pressure and volume. Pressure receptors that exist in
the arterial system are known as baroreceptors and have
been classified into two types: A- and C-fibres. A-fibres are
myelinated resulting in higher spike conduction speeds,
whereas C-fibres are unmyelinated and slower. However,
myelination does not explain the difference in the threshold
value of the blood pressure required to activate the many
receptor endings nor their sensitivities. It has been shown
[3] that A-fibres have a conduction range in the region of
30-90 mmHg whilst type C have a range of 70-140 mmHg.
This investigation explores the relationship between blood
pressure and strain energy in each of the three layers of a
coronary arterial wall. This is used to test the assumption
that the threshold and sensitivity of the firing rate of
mechanoreceptors is affected by the material properties of
the tissue in which they are embedded.

2 STRUCT URE OF ARTERIAL WALL

Histological data [4] suggests the coronary arterial wall is
composed of three layers as shown in Figure 1; the intima(
inner layer); media ( middle layer) and adventitia (outer

layer). For the model, they are assumed to be concentric
cylinders which are transversely isotropic, homogeneous,
nearly incompressible, hyperelastic materials in which a
strain-energy function, W, is assumed to exist [5-7].

The histological evidence to support these assumptions is
outlined in this section.
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Figure 1: The layered structure of the coronary
arterial wall [4]

21 INTIMA

The intima is composed of a layer of endothelium cells, a
sub-endothelial layer which is formed of dispersed collagen
fibers (Type | and Il1), dispersed smooth muscle cells [8]
and elastin. Unlike collagen and smooth muscle cells,
elastin is arranged in a three-dimensional network of elastic
fibers. It is suggested that it is the mechanically dominant
layer [5]. This may be due to the existence of a high content
of collagen. It has a typical thickness of 27% with respect to
the total wall thickness [5].

22 MEDIA

The media consists of a three-dimensional network of
bundles of collagen fibrils, elastin and smooth muscle cells
[9]. Collagen (Type I and IlI), and smooth muscle cells,
are located in a direction perpendicular to the
circumferential direction. This structured arrangement gives
the media the ability to resist high loads in the
circumferential direction [5]. When under stress, these



fibres are reoriented to the circumferential direction. This is
one of the reasons why the media is stiffer in the
circumferential direction more than in the axial direction
[5]. As a whole, the media is thought to be the most elastic
layer [5].

23 ADVENTITIA

The adventitia consists mainly of fibroblasts, fibrocytes, and
collagen fibers organised in thick bundles. The collagen
fibers (Type N[10] , are arranged within the ground-matrix
and form a fibrous tissue. In the adventitial layer the
orientation of the collagen fibers is dispersed.

3 EXPERIMENTAL DATA

The arterial experimental data used to validate the model
were extracted from an investigation carried out by Van
Andel [11]. Graphs representing the external diameter
versus luminal pressure together with the axial force versus
luminal pressure for different arteries were presented.
Firstly, arteries were dissected from different
arteriosclerotic cadavers. A constant mechanical response
was achieved by preconditioning each artery. An axial pre-
stretch was then applied, and static pressure tests performed.
Finally, the external diameter and corresponding axial force
were measured. A 17 points digitization of the data across
the pressure range was carried out such that they could be
imported into the models presented in this paper.

4 MATHEMATICAL MODEL

The coronary artery is considered for simplicity as a three
layered cylindrical structure [5] with abrupt interfaces. It is
assumed that the main stimulus of the mechanoreceptor is
the strain-energy which varies through the layered structure
in value. Thus, empirical strain-energy formulations based
on work by Holzapfel et al [5,6] for each layer are used.
Using the assumptions of a uniform strain field across the
wall of the vessel, and considering each layer to be a thin
wall, a model has been created which can be used to derive
the parameters describing the strain-energy in each layer
using experimental data for complete three layer arterial
walls. Thus, the model can be used to estimate the strain-
energy in each layer for a given luminal pressure, such that
the effect of firing rate of the stretch receptors can be
studied.

41 THIN WALL MODEL

Thin wall theory[6,[12] offers a simple approximation for
the relationship between mean circumferential and axal
Cauchy stresses, oy and o, and circumferential stretch,

Ao~ —using
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assuming a deformed thickness, h, deformed radius,
r,a luminal pressure, p, and an axial force, f.

42 HYPERELASTIC MODEL

Hyperelastic constitutive equations based on the theory
presented by Holzapfel et al [5[13] are used to calculate the
specific stress responses for each layer as functions of
circumferential and axial stretch. These are related via thin
wall theory to calculate the mean wall stress both
circumferentially and axially.

421 RELATIONSHIP BETWEEN STRESS AND STRAIN ENERGY

FUNCTION
Equation (3) shows the second Piola-Kirchhoff stress
tensor, S, as a function of strain-energy function, W, and
Green-Lagrange strain tensor, E
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The second Piola-Kirchhoff stress tensor, S, is related to the
Cauchy stress tensor, o, using the inverse Piola
transformation.

6 = ] LFSFT (4)

where J is the Jacobian; equal to the determinant of the
deformation gradient , F.

Using the Lagrangian multiplier, a relationship is derived
between the total strain-energy and the volumetric, U(J) and
isochoric components, W (E, A,). If the arterial wall is
assumed to be incompressible, and the total strain-energy is
a function of the Green-Lagrange strain tensor representing
a particular family of collagen fibres, we have

w(EA;)=U0Q0 +w,.(E,A) (5)
where
A, =q,®q 6)
and
(0 ) )
a; =| cos¢
sing

@ is the angle between collagen fibre and circumferential
directions. Assuming no change in volume,

U=P(J-1 ®)
P has the units of hydrostatic pressure. The Green-Lagrange
strain-stretch relationship is given by
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where Aj is the principal stretch. The circumferential and
axial second Piola Kirchhoff stress components, sy, and, s, ,
respectively, are given by
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where Ag , Az, A; are the principal stretches in the
circumferential, axial and radial directions respectively.

422 ELASTIN AND COLLAGEN STRAIN-ENERGY FUNCTIONS

For each layer, the strain-energy, Wi, is split into an elastin,
Wiciso (E), and collagen, Wicaniso(E, A1), response as shown in
Equation (12).

Wi (€ A1) = Wicigo (B ) + Wicaniso (E,A;) (12)
where
Wiso () = = (1, = 3) (13)
with
I =%+, 2 (14)

and c; is a material constant related to the elastin stress
response.

The collagen component is assumed to be of the form

Wicaniso (E 'Al) = E_;(eq - 1) (15)

Where k;, and ko, are material constants related to the
collagen stress response and

q=pko (I, —1)? + (1 - p)(I, - 3)? (16)

Where 14 is the fourth stretch invariant given by

I, = Ajcos? (¢) + AZsin? (¢) 17
To estimate the parameters in (13) and (15), the stress-
stretch relationships must be derived such that they can be
optimised using experimental data.
The dispersion factor, p, represents the amount of dispersion
from the ideal alignment of the fibers [22]. A value of unity
assumes that there are not any fibers oriented in the
isotropic direction. For a value of zero the fibers are
assumed to be isotropically oriented as presented by
Demiray et al [18]. In this model, it is assumed to be unity.

423 CAUCHY STRESS FOR EACH ARTERIAL LAYER
Equations (4), (10) and (11) can now be used to describe
each of the three arterial layers, (1) to calculate the Cauchy

stress components, oy and o in the circumferential and
axal directions respectively. Thus for the intima (1 =n),

In = Kop (4y — 12 (18)

L =Agcos? (¢, ) + AZsin? () 19)

om = o1 (1 - 52) +Kupetn(ly = @0
Dcos? (¢,)] A5

6un = [e1n (1 = 753) + KinetnCly, - (21)

Dsin? (p,)]2;

Similar expressions can be obtained the media layer ( 1=m)
and the adventitia (1=a).

Stress equilibrium in the wall is assumed such that the mean
wall Cauchy stress components, o, and o in the
circumferential and axial directions can be calculated. These
are shown in equations (22) and (23) where h is the wall
thickness after deformation.

(Gen hn + Gom hm + Oga ha) (22)
Gte = h
(23)
(Gznhn + szhm + Gzaha)
Otz =

h

It is these stresses that are compared to the complete arterial
wall data to estimate the parameters in the elastin and
collagen strain-energy functions [14].

43 OPTIMISATION

The parameters used to calculate the stresses in equations
(20) to (23) were optimised using the Levenberg—
Marquardt method Constraints based on the physiological
response presented in [5] were used.The root mean square
error was calculated according to the following equation
(24)

Where N is the number of data points and Q is the number
of parameters of the strain energy function, o is the sumof
all Cauchy stresses for each point divided by the number of
all data points .y is the summation of the difference between
the model and the thin wall estimation.

Parameter sensitivity analysis was investigated for the
material parameters of the coronary artery. The aim of
parameter sensitivity is to decide if variations of the
parameter values have a noticeable impact on the results
and error estimation and to make sure these values represent
the least achievable error.



5 RESULT S AND DISCUSSION
The stretch in a coronary artery as a function of pressure is 150
given in Figure 2. The parameter sensitivity analysis is
shown in figure 3. This shows in general that collagen
material parameters are significantly more effective than the
elastin ones.The estimated circumferential Cauchy and axial
stresses are shown in Figures 4a and 4b respectively.
Experimental curves obtained from [5] are shown for
comparison. These show that the material parameters used
in the strain-energy function give results which are in a
similar range to experimentally obtained curves. Using
these material parameters, the strain-energy as a function of
luminal pressure was derived as shown in Figure 5.
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Figure 4. Estimated data calculated from experimental
data in [10] and selected experimental data from [5] for
coronary artery adventitia (square), media (triangle) and
intima (circle) layers. Filled symbols are used for
experimental data while empty ones are for model results
for a) circumferential and b) axial direction.
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Figure 3: Parameter sensitivity for the twelve parameters of
the coronary artery. A thick continuous line is used for the
angle; a thick dashed line for k5, a thin dashed line for k; and
¢y is drawn using a thin continuous line. The intimal layer is
represented by a circle, the adventitial layer by a square and
medial layer by a triangle.
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Figure 5: Estimated strain-energy for the adventitia
(squares) and media (triangle) as a function of luminal
blood pressure for the coronary artery

This figure suggests that at a given blood pressure, for
example 100 mmHg, the strain-energy in the intima is
highest (not shown) followed by adventitia and media. To
investigate the effect of firing rate from mechanoreceptors
in each layer, all the receptors were considered to have the
same arbitrary threshold strain-energy of around 1 kJ, with
saturation occurring around 4.5 kJ. With these limits, the
data suggests that mechanoreceptors in the adventitia would
have a threshold blood pressure of around 30 mmHg and
would saturate at around 140 mmHg. For the media, this
scenario suggests receptors here would start firing at around
70 mmHg and do not saturate. Only the media and the
adventitia are considered because histological studies [15]
[16] suggest that mechanoreceptors do not exist in the
intima.

This data is an estimate with root mean square error for the
three layers being shown to be as great as 0.05 for the media
and the adventitia. However, this study does present some
evidence that suggests C-fibres could be predominantly
located in the more elastic regions such as the media with
A-fibres predominantly in the stiffer regions such as the
adventitia. Further experimental studies would be needed to
investigate this further.
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19 SUMMARY

20

21 This paper presents a method of estimating thesstrain behaviour of the three distinct layers
5:23 of the coronary artery, the intima, media and attianThe study involves assuming a constant
24 strain field across three thin layers, in orderetimate the layer anisotropic hyperelastic
25 material parameters using a constrained optimisatimethod employing whole-wall
g? experimental data. Parameter sensitivity analystd @mparison with experimental data from
28 individual layers suggest that the estimated stpesdiles using this simple three layer
29 cylindrical model are consistent with physiologiGatings.

30

31

gé 1 1 INTRODUCTION

34 2 The study of the mechanical properties of cardiows blood vessels allows both engineers
35 3 and clinicians to understand how changes due teadés lifestyle and ageing can impact on
g? 4  cardiovascular homeostasis. However, there exigtrak practical barriers to obtaining good
38 5 quality, detailed, experimental data to assiste¢hegestigations [1]. Thus the primary aim of this
39 6 paper is to propose a simple engineering methoestonate the stress profiles in the intima,
32 7 media and adventitia layers within vascular walishg experimental data collected from intact
42 8 arteries. The second aim is to compare the modplbagainst experimental data from layers of
43 9 arterial tissue [1-2].

44

45 10  All the experimental data used in this investigatwere taken from surgically removed arteries
46 11 and tissue. Although the experimental data wemmfsurgically extracted arteries, the method
48 12 presented here has the potential to estimate riy@egies in each layer of tissue from non-
49 13 surgical clinically derived experimental data, suah that obtained from ultrasonic Doppler
50 14 techniques[3].

15 The extra information obtained from the study dtaal layer data (as opposed to whole-wall
54 16 data) allows the study of certain phenomena; f@ngxe , the effect of stiffening of the intima
55 17 in arteriosclerosis [4] and the effect of matemssiffness on mechanoreceptor signalling of
18 changes in blood pressure and volume.
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In the first application, if the change in stiffiseig the intima can be estimated, then it may be
possible to diagnose and hence treat this condikon the second application, it has been well
documented that at least two types of mechanoreremxist with different stress-strain
thresholds[5]. By studying the stress-strain peoifil the layer of tissue in which these receptors
are embedded, a better understanding of the siggatiechanism can be obtained. This can
assist in studying hypertension.

The first part of this paper (i) defines the biatad problem with a review of histological studies
of the coronary artery and (ii) discusses the dlaason of the wall into three layers. Previous
experimental and mathematical studies upon whigh Work is based are then reviewed.
Following this, the specific model based on the Zdpfel et al hyperelastic formulation is
presented. The authors’ approach of assuming atamunstrain field across three thin walled
layers to formulate the link between the whole-wailless-strain profile with the individual
layers is then described.

The second part of the paper describes the datctedl from a series of experimental

investigations from two independent research tefdr®3. The whole-wall data for the coronary

artery from [1] was used in the estimation of thatenial parameters in the proposed model,
while the coronary artery layer data from [2] waed to assess the validity of the predictions.

2 ARTERIAL WALLS
Histological studies have shown that arterial wellsa be considered as three layers as shown in
figure 1 [6]. It can be seen that interface regiseparate these three layers: intima, media and
adventitia. This section reviews the findings oftember of histological and experimental studies
to give an estimation of the physical structure aanposition of these layers. Particular
attention has been given to coronary arteries @setlare the focus of this study. The specific
findings from these studies are given in table 1.

In particular, it is suggested that the intima he tmechanically dominant layer in coronary
arteries with nonatherosclerotic intimal thickenifig. This is due to the existence of a high
content of collagen. It has been shown that thmanhas a typical thickness of 27% with respect
to the total wall thickness [1] and comprises aetagf endothelium cells coating a sub-
endothelial layer, composed of dispersed collagees (Type I), dispersed smooth muscle cells
and elastin [7]. Unlike collagen and smooth muscédls, elastin is arranged in a three-
dimensional network of elastic fibres.

On the basis of the experimental data the medgemeral is the softest layer over the whole
deformation domain [1]. It consists of a three-dmsional network of bundles of collagen
fibrils, elastin and smooth muscle cells [8] Codlag(Type IIl), and smooth muscle cells, are
located in the circumferential direction. This sttred arrangement gives the media the ability
to resist high loads in the circumferential dirent[1]. When under tensile stress, these fibres are
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55 reoriented towards the circumferential directiohisTis why the media has been shown to be
56  stiffer in the circumferential direction in compson to the longitudinal direction [9].

©CoO~NOUTA,WNPE

10 57 The adventitia consists mainly of fibroblasts, dibytes, and collagen fibres organized in thick
11 58 bundles. The collagen fibres (Type I), are arrangedin the ground-matrix and form a fibrous

59 tissue [10]. In this layer, the orientation of #tmlagen fibres is dispersed.

14 60

15 61 It is worth noting that the intimal thickness asliwibe other layer thicknesses may differ

62  significantly based on subject, age, disease aratitm [11]. The intimal thickness as well the
18 63  other layer thicknesses presented in this studybaasd on this specific experimental data.

20
21 64 3 REVIEW OF MATHEMATICAL MODELS
5:23 65 The model presented in this paper is based onsthengtions that (i) the arterial wall tissue can

24 66 be considered as a hyperelastic material, i.eamsenergy function exists and (ii) any artery or
25 67 layer within the artery can be modelled as a thalled cylindrical vessel. The previous work
26 68 reviewed here has focussed on deriving phemonatygiderived forms of the strain-energy
28 69 function for thin walled arteries.

30 70 Fung et al produced an exponential form of theirsieaergy function for a thin-wall whole

31 71 artery[12]. This model did not fit the experimentidta at low pressures. Also, the material
72 parameters in that model did not relate physictilythe constituent materials in the arterial
34 73  tissue. This issue was addressed by Holzapfel @34l Forming a model for thin wall arterial

35 74  response, Holzapfel et al presented a two ternmstr@ergy function that used experimentally
75 obtained elastin and collagen responses to modsiygextension. The effect of smooth muscle
38 76  cells was neglected , as it was assumed that thes®t contribute to the passive stiffness[14-
39 77  15]. Thus, only elastin and collagen were consilexe the constituents which act during the
78  extension of the arterial wall, in response to lumhiarterial pressure. However, that model did
42 79  not consider the specific responses for the indisidayers constituting the arterial wall (intima,

43 80 media and adventitia). The research performed by Maltzahn et al offers one of the most
44 81 important contributions to the field [16-18]. IngJLexperimental measurements of the elastic
46 82  properties of media and adventitia were preseniéek arterial wall was considered to be
47 83  orthotropic, but it did not include the role of thrgima. In older patients, the intima has been
48 84  shown to be of significant importance [1]. The isir@nergy presented by von Maltzahn et al
50 85 lacked a coherent relationship with the materialsstituting the arterial wall (e.g: elastin and
51 86 collagen) [18]. Demiray et al introduced anotheamistenergy function [19]. However, this

52 87 model lacked any comparison with experimental dathit also assumed the vascular wall to be
54 88 completely isotropic, i.e. it did not take into sieration collagen fibre anisotropy. Demiray
55 89 and Vito used a two layer model, neglecting thes rof the intima [20]. The media was

56 90 considered orthotropic, while the adventitia wassidered isotropic. No axial force—pressure
58 91 relationship was presented. Similarly, the relatiop between the two layers and the whole
59 92  structural stress was not presented. Based on wprRIJM Spencer [21], Holzapfel et al

3
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presented layer specific strain-energy equatiossragg arterial layers, but no relationship for
the stress-strain response of the whole-wall wasenji]. Recently [22] Holzapfel et al
discussed the role the intima plays in load beaand the significance of its thickness for
nonatherosclerotic intimal thickening cases. Hdiebet al also covered a complete 3D analysis
of residual stress including bending [15]. The gtpdesented in this paper also concentrates on
producing a model for subjects with intimal thickegnfor nonatherosclerotic cases and does not
include bending or residual stress.

4 PROPOSED MODEL
The aim of the model proposed in this paper isstalble to estimate the stress-strain relationship
in each of the arterial layers, using experimed#h from the complete arteries. To achieve this,
the arterial wall is modelled as three concentgltindrical layers (figure 2). The layers are
assumed to behave as transversely isotropic horeogsnnearly incompressible hyperelastic
materials in which strain-energy functiond®, are assumed to exist. These consist of a linear
combination of phenomenologically derived collagen elastin components [1, 12-13, 15, 23-
26]. The average stiffness in each layer is es@ithaising a thin wall approximation. Finally,
individual layer stresses are combined to give edvadll stresses. This is achieved by assuming
a constant strain across the entire wall and ndmayar thicknesses of 26.2%, 34.9% and
38.8% for the intima, media and adventitia respebt[1, 27].

In this section we describe the form of the hyestit constitutive equations. These are based
on the theory presented by Holzapfel et al [1}sthy, the strain-energy function is formulated in
terms of the principal stretches and the seconthwmchhoff stress tensor. These are then
related to material parameters using the collages @astin phemonological formulations
developed by Holzapfel et al [1]. The assumptibthon wall theory is employed such that the
specific stress responses for each thin layemastibns of circumferential and axial stretch) can
be derived. Thin wall theory is finally used agdo calculate the whole-wall stress, both
circumferentially and axially.

41 Formulation of strain-energy function

The strain-energy function)V,defined as the strain energy per unit volume ®| timloaded
reference configuration can be used to find thatieship between the second Piola-Kirchhoff
stress tensof, and Green-Lagrange strain tendgras shown in equation (1).

ow )
S=—
0E
The second Piola-Kirchhoff stress tensfirdoes not offer a simple physical interpretatiau, it

can be used to calculate the (physically more nmedml) Cauchy stress tensas, using the
following inverse Piola transformation.
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10 126 where, J, is the Jacobian; equal to the determwofahe deformation gradieyF.

12 127 Using the Lagrangian multiplier, a relationshiglexived between the total strain-energy and the
13 128  volumetric, U(J) and isochoric component. (E, Ai). Assuming the arterial walls to be
15 129  incompressible, and that the total strain-energy fisnction of the Green-Lagrange strain tensor
16 130 representing one family of collagen fibres, we have

18 W (E, Al) = Wi (Eic 'Al) 3)

20 131

29 where

23 A =a,®aq 4)

25 and

27 0

28 a, =| cos

29 ' v 5)

sin @

132 given that,p, is the angle between collagen fibre orientation #vedcircumferential direction,
34 133 using cylindrical coordinates.

37 134  Applying Lagrange multiplier
39 135
41 Wi, N a] (6)

0E 0E
136  where P has the units of hydrostatic pressure iddehoric Green-Lagrange strain-stretch

45 137  relationship is given by

1 (7)
48 B =54 —1)
49 138  where) is the isochoric principal stretch. The circumferal and axial second Piola Kirchhoff

139  stress components, ind, g, respectively, are given, For thin wall cylindes® usually
5o 140 assume a plane stress state with zero stresdestinickness direction , i.e=8

54 S, = lavVLc _ i iaWic (8)
55 T % g A3 A, 0N,
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where Ay , Az, Ar are the principal stretches in the circumferéngigial and radial directions
respectively.

C_lowe 1 10w (©)
27, 0, A3 Ag OA,

4.2 Collagen and elastin strain-energy functions
For each layer, the strain-enerif¥e, is considered to be the linear combination oftelaend

collagen contributions.
Wi.(E,Ay) = Wiciso (Eic ) + Wicaniso (Eic, A1) (10)

The form of the elastin strain-energy compon&faito(E;.), is approximated to be

(11)
C1
Wiciso (Eic) N 7 (Il —-3)
The first invariant of stretch ,lis defined as
I = A2 + 20,0 + 2,2 12)
and g, is a material constant related to the elastirsstresponse.
The form of the collagen contribution can be déxsatiby
ky
Wicaniso(Eic fAl) = k_z(eq -1) (13)

where k, and k are material constants related to the collagesstresponse and q is calculated
to be

q = pko(Is —1)? + (1 = p)(I; — 3)? (14)

wherep is the dispersion factor, is the fourth stretch invariant given by

I, = Mcos (9)% + AZsin ()2 (15)
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154  The dispersion factor value represents the amoludispersion from the ideal alignment of the
155  fibres [25]. A value of unity assumes that all finees are oriented in thegdirection. For a value
156  of zero the fibres are assumed to be randomlyapaally oriented, as presented by Demiray et
10 157  al[19].

158 4.3  Thinwall approximation

©CoO~NOUTA,WNPE

14 159 To estimate the mean stress-strain relationshigsagh layer and the whole arterial wall, it is
15 160 assumed that thin wall theory can be applied. Fetrag [12] noted that the arterial wall is not so
161  thin, but it was considered to be thin enough &tify the use of thin wall theory. Fung et al
18 162  observed that neglecting the variation of stressuth the wall thickness will have an effect on
19 163 the quality of a model prediction [23]. However, goantitative error estimation was given.
20 164 Holzapfel et al used thin wall theory to represémt circumferential and axial responses
2o 165 [13].When modelling the layer response, he disalisise usage of different strain-energy forms
23 166 for each layer . In order to formulate the anabftienodel, Holzapfel et al made certain
24 167 assumptions. As all collagen fibres are embeddetidrtangential surface of the tissue, it was
26 168 assumed that there are no components in the midkaition [1, 13, 26]. This supported the use
27 169 of the thin wall approximation [28]. On comparingrcamferential and radial stresses,
28 170  circumferential stresses appear to be far biggetusTthis justifies only considering
30 171 circumferential and axial stresses in this ingzgion [13]. Although bending and residual
31 172 stresses are important in some arterial regioms niot taken into consideration in this study due
32173 to lack of experimental data that fits within tte@e of this research.

35 174 4.3 Layer stress response

36 175 Equations (2), (8) and (9) can now be used to des@ach of the three arterial layekrsp
37 176 calculate the Cauchy stress componesdsandoy, in the circumferential and axial directions
177  respectively. Thus for the intimd € n),

41 178

1 1
43 Ogn = [Cln (1 - m) + klneqn((l ~— Pn )(Iln - 3) (1 - K_g> pn(l4n - 1) COS((PH)Z)] }‘g

4
0z

(16)

179
48 Ozn = [Cln (1 - xé%‘z‘) + klneqn((l - pn) (Iln - 3) (1 - é) + pn(l4n_1)5in ((Pn)z)]x; (17)

51 180  Similar expressions can be obtained the media [dyan) and the adventitial€a)
52 181

54 182 4.4 \Whole-wall stressresponse
55 183  This paper proposes using stress equilibrium inthkkto calculate the mean wall Cauchy stress

g? 184  componentsgyandoy; in the circumferential and axial directions aswshaon equations (18) and
58 185  (19) where h is the wall thickness after defornmatio

59

60
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_ (Genhn + Gemhm + Geaha) (18)
Ot = h
(19)
_ (Gznhn + Gymhm + 62ah4)
Otz =

h

These Cauchy stresses can be related back to lubtowal pressure and axial stress using thin
wall theory [12-13] . Assuming a deformed thicksds, deformed radius, r, a luminal pressure,
p, and an axial force, f, we have

r 1 (20)
=i
o, f 1)
Oz = o T orrh

5 EXPERIMENTAL

5.1 Method

To investigate the validity of the assumptions usetthie model to relate whole-wall data to layer
stress-strain response, experimental data arereglqui was found that extensive investigations
have already been reported in the literature apdating these is not the primary purpose of this
study. Thus data from peer reviewed journal papene used. The two particular studies used
were both from older nonatherosclerotic patienthgbhat they are directly comparable.

The first part of the experimental investigationswsourcing and extracting the data from
research papers in a suitable digital form. Davanfwhole-wall coronary arteries were used to
optimise the layer model parameters using a Leuenblarquardt optimiser available in
Matlab® and applying the Monte Carlo method. Théinsisation was constrained based on
experimental and histological findings and a pat@msensitivity analysis was carried out.
These technigues were applied to increase the pitapa@f finding the global optimum solution.
The resulting estimates of the stress-strain priahips were then compared with the outputs
from a range of experiments on layered coronamriafttissue from an independent study. It
should be noted that data from the whole-wall angided wall stress-strain responses for the
same artery would be a suitable next step.
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1

2

3

4

5

? 206 5.2 Data collection

8 207  This section describes the data sets used inniésiigation. To optimise the model, whole-wall
9 208 coronary artery data were used. To independemfywthe quality of the model estimates,
12 209 coronary arterial wall layer data were selected.

ig 210 To optimise the parameters in the layer model pgedan this paper, whole arterial wall data

14 211 from an investigation carried out by van Andel kt[d] were used. This group published data
15 212 showing the relationships of external arterial cééen and axial force against luminal blood
213 pressure for a variety of arteries from older neathclerotic subjects. Data for a whole-wall
18 214 coronary artery has been selected for this analfygisre 3).

20 215 The experimental setup reported was as follows F#ktly, the arteries were dissected from
21 716 cadavers. To establish a constant mechanical resptime arteries were preconditioned before
o3 217  the experiment. An axial pre-stretch was then appland pressure applied statically. Finally,
24 218 the external diameter and corresponding axial fareee measured and graphically presented in
25 219 [2]. To import the data into the algorithm usedoftimise the model in this paper, the authors
o7 220  extracted the data from using a 17-point digiteatnethod across the pressure range.

28 221 To assess the validity of the estimated materialapaters and resulting stress-strain
29 222 relationships, selected data were extracted fronexi@nsive investigation on coronary artery
31 223 layer data from older nonatherosclerotic subjeatsied out by Holzapfel et al [1] using the 17-
32 224 point digitisation technique in Matl&bDue to the large number of samples in this stuldg, t
33 225 model outputs are examined in the context of therepresented in the Holzapfel et al study. A
226  summary of the experimental data used is giveahtet2.

37 227 5.3 Optimisation

38 228 A constrained optimisation of the model parametems achieved using the Levenberg
229  Marquardt method with a root mean square errortfongrovided by Matlab®. The constraints
41 230 were based on the physiological response presentgt]. The intima stress responses, both
42 231 axially and circumferentially, were constrained he stiffer than the adventitia responses.
232  (Stiffness is defined as the ratio of Cauchy sttesthe associated extension ratio (stretch)). In
45 233 the same manner, the adventitia was constrainedoetostiffer than the media both
46 234 circumferentially and axially. Also, the specifayker responses of the intima and adventitia were
235  constrained to be stiffer axially than circumferally. Whereas, the media was constrained to be
49 236  stiffer circumferentially than axially. Followindpé¢ layer dominance for arteries presented in [1]
50 237 , the media was constrained as the dominant lag@rnoferentially. The root mean square error
51 738  was calculated according to the following equation

nl - n2 (22)
57 Oref

59 239
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where n is the number of data points angdis the number of parameters of the strain-energy
function, o is the sum of all Cauchy stresses for each pouded by the number of all data
points. ¥° is the summation of the stress difference betwien model and the thin wall
estimation.

The optimisation procedure was repeated ten timea fandom starting points [29] within the
physiological range defined by experimental datflinEach time 50000 solutions with a mean
square error less than 0.050 were recorded. Fremtdtal data set the probability density
functions of all parameter were examined. They walefound to be unimodal, implying a
unique set of parameters. Thus, the mean and sthrikviation of each parameter were
calculated according to the standard Monte Caneguture. The optimised parameters used to
calculate the stresses in equations (16) to (2. )shown in tables 3 and 4. The collagen fibre
angles from the circumferential direction are assadito be different for each of the three layers
in the hyperelastic model [1] as shown in table 4.

Parameter sensitivity analysis was used to asdasther variations of the parameter values have
a noticeable impact on the quality of simulatioardPeter sensitivity was carried out according
to the following procedure [30-32] . Each parametes varied + 50 % across its mean, while
the other parameters were kept constant at théimsed values. The error was plotted across
the range of normalised parameter values. The pdgeamintersected at their lowest error point.
This procedure is known as one way parameter satysanalysis[32] . To ensure the validity of
the results &olmogorovSmirnov test was used to compare the statisticdfilution of the
accepted and the unaccepted ranges. If the gstatidlistributions were identical, the parameter
was deemed to be insensitive.

5.4 Results

Figure 4 shows a graph of the estimated axial @r@imferential Cauchy stresses versus
luminal pressure for the coronary artery data exth from [2] . The root mean square error
(rms) values were found to be 0.060 and 0.092 otisiedy indicating a “good” fit in both cases.
This results in a total rms error of 0.050, whidmpares favourably to the averaged layer rms
error of 0.080 in [1]. Figure 5 shows estimatecdsdrstrain data for the three layers,( intima,
media and adventitia) in the same coronary artesy.comparison a shaded region, showing the
range of the experimental data from [1], has bedgsed. A set of experimental curves with
similar material constants for a single coronatergr from [1] is also shown for comparison
purposes. Figure 6 shows the effect of increasixigl re-stretch on the maximum strain
achieved by the artery. Figure 7 shows graphseptrameter sensitivity for the coronary artery
data. Figure 8 concentrates on comparing the effette collagen fibre angle for each layer.
Figure 9 shows the whole-wall experimental, estedatesults and the estimated layer stress-
strain profiles for the same artery.

10

http://mc.manuscriptcentral.com/cnm
PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



Page 11 of 38 International Journal for Numerical Methods in Biomedical Engineering

©CoO~NOUTA,WNPE

278

279
280
281
282

283
284
285
286
287
288
289
290
291
292

293
294
295
296
297
298

299
300
301
302
303
304
305
306
307
308
309
310
311

6 DISCUSSION

This section firstly explores the proposal of usihg mathematical model based on layer strain-
energy functions for the whole-wall stress-stragtireation. Secondly, the resulting individual
layer stress-strain estimations and layer matpashmeter sensitivity are discussed. Finally the
model sensitivity to physiological assumptionsigcdssed.

6.1 Whole-wall stress-strain estimation

Figure 4 shows the estimated whole-wall stressnegidbns using the layered model approach.
The low mean standard error value of 0.050 indg#te model is a reasonably “good” fit. It is
also consistent with the experimental data in thestimates that the static axial stress response
is higher than the circumferential static strespoase. However, at low luminal pressures the
model fit is not so good. A possible explanatierthat at lower pressures only the elastin is
under tension and stretches, whilst at higher pressboth the elastin and collagen are under
tension and thus both fibre types stretch. Basethignt is suggested that improving the form of
the elastin strain-energy function could incredmseduality of the overall fit [27] . Further work
would be needed to investigate this assumption.

6.2 Layer stress-strain estimation

The inferred layer stress-strain profiles produsedhe process of estimating the whole-wall
stress-strain profile, as shown in figure 5 andrigg9, are consistent with the experimental layer
data in [1] and [16-18, 20]. For example, in fig@a it can be seen that in all cases the order of
decreasing stiffness is the intima, adventitia anally the media. This is due to the constrained
optimisation procesdescribed in Section 5.3.

The layer material parameters optimised to prodiaeestress-strain profiles have also been
compared to those estimated by Holzapfel et algusiper experimental data [1], (Tables 3 and
4). It can be seen that the values estimated bylayer model in this paper for the single
coronary artery in [1] are within the range of \eduor the range of coronary arteries studied by
Holzapfel et al [1]. From these it was estimateat the stress-strain profiles are similar to those
in [1] for all layers and the adventitia and meitighe axial direction. A possible explanation for
this is due to the differences in applying the sstes. In the whole-wall artery experiments,
biaxial stresses were applied using an axial petest, whereas in the layered wall experiments,
uniaxial stresses were applied. The effect of gxiatstretch on maximum circumferential stress
of a whole arterial wall was further investigatesing the three layer model. The results are
presented in Figure 6. It can be seen that inargabie axial pre-stretch increases the range of
the circumferential strain. This could possibly kexp why the intimal response falls outside the
experimental range in [1].
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6.3 Layer material parameter sensitivity

To investigate the validity of the layer model paeders further, a sensitivity analysis was
carried out. The Kolmogoredmirnov test indicated that the model was sensitivall the
material parameters within the physiological range.

Figure 7 shows that the minimum error occurs whirthe parameters are at the optimised
values and there are no other error minima obsewiéuiin the physiological range. It also
suggests that the solution is most sensitive tgtedominant angle of the dispersed collagen
fibres. It is also worth noting that the error rangas included for 50% above and below the
optimised value. This can be seen in more detafigure 8 which shows that the solution is
most sensitive tap in the layers with the highest collagen contend &xence the greatest
stiffness. This suggests that collagen fibre dioects a major factor in determining the arterial
wall stiffness and thus dominates the responskdrintima and adventitia, and a less significant
effect in the media.

6.4 Model assumptions

In this section the major assumptions used in produ the model are discussed. Factors
considered include a thin wall cylinder approxiraati abrupt junctions between the layers, a
constant strain profile, and a constant ratio gétahicknesses.

The aim of this study is to produce an analyticdlyived model such that the effect of material
parameters can be studied. In section 4.3 a rewfestudies using cylindrical thin wall models
suggested that analytical solutions for thick waedksels is far from a trivial task and finite
element analysis is a more suitable method [2&weVer, the results in this paper based on [13]
suggest that a thin wall model does produce redhl$ are consistent with experimental
findings. The model is also based on assumingdiers have abrupt junctions. The results of
the histological study shown in Figure 1 show ttheg thickness of the junction regions are
relatively small compared with the layer thicknesaad hence this is a reasonable assumption.
However, this ignores any effects of the interdakec lamina and external elastic lamina that
separate the media from the intima and advenéspectively [15] [33]. A model that takes into
account inter layer lamina effects may act to imprdéhe goodness of fit of the whole model
[34]. The assumption of a constant strain acrossthinee layers is used as this is one of the
constraints required for the application of thinlwiaeory. Finally, the assumption of using fixed
layer ratios is addressed. The intimal thickne$s§s been reported to be about 27% of the total
thickness for the data used in this study, whiist adventitial and medial thicknesses are more
variable and there is no universal ratio for thétowever, the studies show that the media is the
largest layer. This suggests that the media vénédseen 36.5% and 63.0% and the adventitia
between 10.0% and 36.5%. Using these extreme vahmsnodel error was found to be 0.050 +
0.005, which compares favourably with the errorsprded by Holzapfel et al [1] of
0.067+0.033.
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9 CONCLUSIONS

This paper has presented a mathematical model lmsedhyperelastic formulation using the
condition of stress equilibrium to estimate theessrstrain profiles in both whole and layered
arterial walls. The material parameters in the rhddee been optimised using whole-wall
experimental data from studies carried by Holzafff¢land van Andel [2]. For the whole-wall
estimations of a single coronary artery, the todalt mean square error was found to be 0.050
which compares well with previous studies. This gagis the proposed method provides a
simple approach to estimating the layer materiahpeters. A comparison with experimental
data from a study on layered data suggested thaicmd to the model were physiologically
feasible; however, differences in experimental geprevent this judgement from being
completely conclusive.

In optimising the material parameters, it was rémgato find that the errors in the estimated
stresses were particularly sensitive to the dontinaliagen angle in the stiffest layer, the intima.
This suggests the role of collagen content andilplyssbre orientation should be investigated
further for conditions such as arteriosclerosis.
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Normalised parameter rar

Figure7: Parameter sensitivity for tHifteen parameters in the model of thoronan
artery. A small full symbol is used fgr, k; is represented by a small empty symbeisk
represented by a large closed symbol and finallydispersion is represented by ¢
empty symbol. The intimal layer is represented lyiamgle, the adventitial layer by
circle and medial layer by a square. Elastin caristas are the least significa@ind ar
not shown.
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47 Figure 8: Parameter sensitivity for collagen filaregles of the coronary artery. The intimal layer
48 is represented by a triangle, the adventitial ldyera circle and medial layer by a square. Each
49 respective physiological range is marked with yisilsol and the common physiological range is
50 shaded.

27

http://mc.manuscriptcentral.com/cnm
PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



©CoO~NOUTA,WNPE

International Journal for Numerical Methods in Biomedical Engineering

100

)

Circumferential Cauchy stress [kl

13
Circumferential stretc
250 \
b)
200+ -
‘©
a
=
v 150F h
(O]
=
(%]
>
-
(&)
= 100+ |
(@]
©
2 /
<
50+ 2 -
G—_v = | | |
0 3—8—8 — A —a—p—a—pE-ER-EEEER
1.05 1.1 1.15 12 1.25 13

Figure 9: The ayer response is compared with the tresponsén two directions
a) circumferential b) axial, triangle is used fatina, circle for adventitiaT he
model results are shown in a dashed line and theremental results are showr

continuous line.

Circumferential stretc

http://mc.manuscriptcentral.com/cnm

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com

Page 28 of 38

28



Page 29 of 38 International Journal for Numerical Methods in Biomedical Engineering

Table 1
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Coronary artery characteristics

15 feature Intima Medie Adventitie

16 Collagen contel Highes Lowes Mediunr

17 Collagen distributio | Disperse! Circumferentic Disperse

21 Stiffer directior Longitudina Circumferentic Longitudina

23 Stiffnes: Stiffest Softes Mediunr

25 Elastn distributior 3-D network of elastic fibre

27 Effect of elastin at th | Linear relationshi
29 curve start

31 Percentage ¢ 27% 40% 33%
32 thickness

http://mc.manuscriptcentral.com/cnm
PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



©CoO~NOUTA,WNPE

International Journal for Numerical Methods in Biomedical Engineering

Table 2

Coronary artery characteristics

Characteristi Coronary arten
Anatomy Cylindrical
External diametr 3.96 mn
Thicknes 1.06 mn
Axial pre-stretct 10%
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Table 3
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Optimised material parameters for the combinedrlayedel and Holzapfel et al's individual
10 layer experiments [1]

13 Model Holzapfel's
14 Estimated| parameter| parameters
15 parametel Meantstd| Meanzstd
17 (to2d.p.)| (to2d.p)[1]
18 Kan 45.41+0.00 | 170.88 + 125.4

20 Kom 9.14+0.08 | 821 +3.2

22 K2a 35.95 +0.09 | 85.03 £58.9

24 Cin, [KPa | 8.96+0.47 | 13.95+5.30

26 cim [KPa] | 033+0.04 | 0.63+0.36

Ca[kPa] | 1.58+0.27 | 3.78+2.33

31 kin [kPa] | 7.03+0.52 | 65.91+122.73

33 kim [kPa] | 6.28 +£0.24 5.40+1.78

35 kia [KPa] | 5.68+0.36 | 9.64+8.13

37 pn 0.64+0.00 | 0.51%0.1¢

pm 0.14+0.01 | 0.25+ 0.0¢

pa 0.72+0.00 | 0.55 + 0.1
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Table 4

Page 32 of 38

Estimated collagen fibre angles (from the circuenfeial direction) for each layer for two

vessels
Layet Model angle| Holzapfel Model [1
Mean + std Mean + std
(to2d.p.) (to2d.p.)
Intima 72.49+0.4. | 60.30+ 18.20
Medie 16.37£1.1! | 20.61+ 5.5C
Adventitie | 62.87+0.4. | 67.00+8.5C
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1
2
3 .
4 Dear Sir,
5
6 We would like to thank you for your comments. These comments have proved very valuable
; and enriching to our research. As advised, we have only concentrated on the collagen types
9 that appear in the coronary artery. We have changed the thickness ratio to agree with what
10 have been suggested. We removed the volumetric portion of the strain energy function.
g Please find below every point raised and its reply. We are hopeful that after the changes
13 done to our paper, it is raised to the level of acceptance of publication.
14
15 Regards
16
g Michel E Mickael
19
20
21
22
23
g;" Response to Referee’s Comments
g? 1 | The summary of the results obtained in [7] (lin- | Collagen in intima changed
28 48) is misleading. According to that pap|typelasin[1]
29 collagen is largely of type I in the intima and th
30 is very little SMC in the intima.
31
gg 2 | Reference [8] cited on line 51 is for the aorta s| Reference changed to
34 not appropriate here. As clearly stated in
35 references including [1] (and now stated in t
36 manuscript) the properties of the coronary arte
37 differ from elsewhere in the body and with a
gg Therefore, the authors should focus solely
40 coronary arteries in this section.
41
42 3 | According to reference [7] cited by the authors,| Collagen in media changed
43 media collagen is largely of type Ill. In the tq type | only[1]
jg line 51, they state types | and Ill are found in {
46 layer.
47 - -, . -
48 4 | The definition of the term softest should | Below this table we have sho\
49 clarified. If the authors mean slope of tthe analysis we have done
52 stress/strain curve, then the stiffness of the nhq verify the statement used in th
22 layer in the circumferential direction is nearly eq| paper and by Holzapfel. Th
53 to the of the adventitia up to a stretch of 1.25 (I graph in Fig. 7 is calculated da
54 7, reference [1]). We have performed our analys
55 on the experimental data. T
56 results do suggest that in gene
g; the media is the softest layer.
59 5 | It appears there is a typo in line 52. | think | Change
60 authors really mean the SMC are aligned in

circumferential direction (not perpendicular to f
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circumferential direction as they sta

There appears to biserious error in the select
layer thicknesses on line 109. The authors set
thickness of the individual layers relative to the
entire wall thickness of the intima, media,
adventitia as [27,40,33] percent respectively (citi
[1]) whereas [1] gives the values [27, 36, 40],
respectively (page H2051). It appears that the
last two are switched. This is an underlying
approximation in all the calculations in this papet
S0 may alter the results.

Changed and updated, initia
the separate thickness are giv
by[3] as follows:

27+0.02, 0.36%0.03 an

en

0.40+0.03, but it could be noticed
that these values when added
exceeds unity as each thickness

was measured separately a
separating the three layers. It
also worth noting that th
thickness of the artery increas
after being taken out of the bod
Thus the value of unity wa
assumed and the values of {
intact thickness were calculats
according to the above ratio to
For nominal layer thicknesses
26.2%, 34.9% and 38.8% for tk
intima, media and adventit
respectively. The simulation
have been repeated with the n
values. This has improved tk
curve fit as can be seen

Figures 2,3 and 4 and has
altered the main findings of th
work.

er
1S
e
es
y.
S
he
od
De
of
ne
a
S
ew
ne
in
not

There is no need to introduce a volumeportion
of the strain energy function on line 129-130 si
the authors are later using the incompressib
assumption. There seems to be some confusio
page 5 about this issue. It would be better if t
used the incompressible model from the start.

Changed as advis

In (8), the authors have eliminated thegrange
multiplier (P) without explanation of what th
loading is (boundary conditions). Since bound
conditions are needed to eliminate P, great

must be taken. Of possible great significance is
it appears that the Lagrange multiplier W
eliminated in equation (8) by setting 8qual to
zero. Namely, there are equations far S, S
which all involve the Lagrange multiplier (P). Th
Lagrange multiplier has been eliminated from (8
Equation (8) will be obtained if,Ss set to zero
However, this cannot be correct, since the aut
are considering pressure inflation.

S=0 because of the use of t
thin wall assumption see (3,4,5
Equations are summarised bel
this table.

DW

From an initial assessment of the results | n

That is a good observation, t
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thatthe predicted curves in Fig 5 do not go to :
when stretch reduces to one. This is very strang
may be related to the errors above.

reason is that tharterial segmer
is pre-stretched in the axi
direction, so when the stretch
the circumferential direction i
applied the stress does not co
to zero, see equations 16, 17.

n

me

1C

It should be noted that the results presented il
are for uniaxial loading while the authors disc
pressure inflation on pages 8 and 9. It is not @
that this was accounted for in Fig. 5.

Yes, we are aware that the int

arterial experiments are biaxial

and the layer experiments are

uniaxial, due to difficulties stated
by the author (3). We discuss th

in lines 303-310.

S

11

On line 120, it should be stated that W is the s
energy per unit volume in the unloaded refere
configuration.

Corrected as advise

point 4

Evidence supporting the assumption of “the media in generas the softest layer”

The experimental stiffness of the media and adveniitige compared using experimental
data given in [2] (figures 2, 3 and 4).
The curves were digitised and the stiffness (gradientsupfes in figures 2,3 and 4 were
calculated for each artery of the media and advaniitie stiffness was calculated before and
after the knee point on each curve given by (1.15 strélti®).results are shown in figure 1
and table 1. The box plots show the median and the figstrawrd quartiles.
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Table showing stiffness estimations in KPa

Artery

before
kneepoint
media

before
kneepoint
adventitia

after
kneepoint
media

after
kneepoint
adventitia

©CoO~NOUTA,WNPE

141.0187

180.36

268.6541

420.83

148.15

48.1489

201.9438

405.5046

137.3442

67.0154

251.9001

130.6419

100.566

137.7069

219.0854

877.0304

N | |o [ (00

109.3664

123.9843

151.1208

172.88

10

50.9369

182.4311

201.5652

978.5079

13.8107

137.7069

87.9107

877.0304

The table shows that the media is less stiff than the adventitia for 71% of the samples before and

86% of the samples after the knee point. The knee point was chosen as a border between the two

phases of operation, where phase one, is elastin dominated, and the second phase after 1.15 stretch

is dominated by collagen with some elastin contribution.

It is also worth noting that figure 7 of reference [2] is based on the values of the mean of the model

of the 13 arteries and not experimental data.

Point 8 Why S,=0

This is an extract from [5]. Our S, =Sz is this paper’s notation.

1
A B

I

w,
o

0

0

0

1 ﬂ'ﬁ"'_’_ 7
A, dA, ”"i

0

hhg

(A4)

0
AW

+ pAZA;

(15

Furthermore:, nsing the plane suress constoaint (5,5 — 0) the third row of Eq. (15) allows the hydrostatic
pressute 1o be explicitly cxpressed as

W

TOAA AS(AL A)

http://mc.manuscriptcentral.com/cnm
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Obscrve that for membranows structires the incompreasibility condition is already incorporated due
to Eg. (9) and the Lagrangian multiplier g introduced in Eg. (11) serves here as an arbitrary scalar
function to enfarce the plane stress condition.

Hence, a back-substitution of the pressurc into rclations (15),, (13), leads to the following two
non-zero components 5|, .. L.C.

P LA -
SRR A A A 7]
\ 177
co_@ _doW 1 ew |
2= % TG, AAd FAalA Azl
1
AT, .
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%coronary artery pogram%

cle;

clear;

% Module 1:data input

D=4.94%*1e-03; %D=wall external diameter
H=(D*0.30) ; %H= wall thickness

%dnew=[4.81 4.83 4.88 4.95 5 5.05 5.06 5.18 5.26 5.3 5.5 6.7 7.75 7.8]*1e-03;
dnew=[4.81 4.83 4.88 4.9555.05 5.1 5.13 5.155.18 5.25 5.28 5.3]*1e-03;

12=1.1;

%Module 2:Thin wall theory
d=(H*(D-H))/12;
b=((dnew."2./4)-d).”(0.5);
h=(dnew./2)-b;
r=(dnew-h)/2;

R=(D-H)/2;

sigma=[ 0.0350 0.038 0.04 0.05 0.070 0.08510 0.110 0.1550.230.28 0.370.46 0.600183 ]*1e05;

s2=[0.029 0.035881 0.045151 0.07 0.0988 0.125 0.17 0.23 0.33 0.4 0.5050.6 0.75839 ]*1e05;
%sigma=[ 0.0570 0.06 0.067 0.0866 0.09 0.1110 0.130 0.195 0.2961 0.600183 0.805 1.2621
1.6741 2.8]*1e05;

%s2=[0.0194 0.03081 0.041151 0.07 0.0988 0.15 0.20 0.35 0.505 0.75839 0.85 1.1 1.2
1.4]1*1e05;

%s2=[0.0194 0.03081 0.041151 0.07 0.0988 0.15 0.20 0.35 0.505 0.75839 0.85 1.1 1.2
1.4]1*1e05;

%strain=[0.03 0.05 0.06 0.07 0.09 0.1 0.11 0.13 0.14 0.15 0.16 0.17 0.18 0.182];
strain=[0.03 0.05 0.06 0.07 0.09 0.1 0.11 0.12 0.13 0.135 0.140.1450.15 ];

lamda=1./(1-2*strain).”(0.5);
q=((r./h)-(0.5));

p=sigma./q;

%Module 3, assumptions intima=i media=m adventitia=a

hi=0.262%*h;

hm=0.349%h;

ha=0.388%h;

%I1b=[0.73 0.26 1.09 45.41 4.94 26.09 8650 320 1450 3.9¢03 3.625¢03 3.7¢03 0.37 0.14 0.37];

%ub=[1.37 0.45 1.31 130 13.1 120 19000 900 6000 100e03 7.2e¢03 17.5¢03 0.65 0.34 0.73];
%a=[0.918419836396082,0.41583025021729,1.092130680919774,53.3933731535554,10.8705861753712,48.4858815
885614,13799.3852585224,5196.84278107774,17500;]

%a=[0.88934452774139,0.306473744245994,1.09152905299021,48.6763804123347,9.16139299976272,47.54344770
23866,15246.7183041945,4732.33021735782,17500;]
%a=[0.923998924200236,0.295168469396933,1.12290975783508,56.3301427371482,11.6128999579224,31.1578064
319077,11128.3487039323,4661.25749407590,17500;]
%a=[0.968559245444828,0.305394898232727,1.25146338797463,58.3736813748610,10.5948874271261,33.4574593
590495,13613.2580946418,4779.23430019145,17500;]
%a=[0.968559245444828,0.305394898232727,1.25146338797463,58.3736813748610,10.5948874271261,33.4574593
590495,13613.2580946418,4779.23430019145,17500;]
a=[0.918405361868358,0.293391770833512,1.09731791690408,55.2264463401203,11.8045714022707,30.010101494
4855,11817.1303875404,4305.55328177654,17500;]

thetai=a(1);
thetam=a(2);
thetaa=a(3);
k2i=a(4);



k2m=a(5);
k2a=a(6);
¢1i=4000;
c¢1m=400;
c1a=5500;
kli=a(7);
k1m=3700;
kla=a(8);
rowi=0.58;
rowm=0.15;
rowa=0.55;

%Module 4: HYPERELASTIC MODEL%

[4m=(lamda."2).*(cos(thetam)).”2+(12./2).*(sin(thetam ))."2;

qm=k2m*((I14m-1)."2);

sml=[clm.*(1-(1./((12.”2).*(lamda)."4)))+k1m* exp(qm).*(I14m-1).*(cos(thetam )).*2].*(lamda.”2); %circumferential
stress in the media %

sm2=[clm.*(1-(1./((lamda."2).*¥(12)."4)))+tk1m* exp(qm).*(I14m-1).*(sin(thetam ))."2].*¥(12.72);  %Axial stress in
the media %

%module 4b : for adeventitia %

[4a=(lamda."2).*(cos(thetaa)).”2+(12.72).*(sin(thetaa)).”2;

qa=k2a*((I4a-1)."2);

sal=[cla.*(1-(1./((12.72).*(lamda)."4)))+k1a* exp(qa).*(14a-1).*(cos(thetaa )).*2].*(lamda.”2); %circumferential
stress in the adventitia %

sa2=[cla.*(1-(1./((lamda.”2).*(12).74)))+k1a* exp(qa).*(I14a-1).*(sin(thetaa))."2].*(12./2) ; %Axial stress in the
adventitia %

%module 4 c: for intima%

[4i=(lamda.”2).*(cos(thetai ))."2+(12.72).*(sin(thetai))."2;

qi=k2i*((14i-1).72);

sil=[cli.*(1-(1./((12.72).*(lamda).”4)))+k1i* exp(qi).*(I4i-1).*(cos(thetai )).*2].*(lamda."2); Y%circumferential stress
in the intima %

si2=[cli.*(1-(1./((lamda.”2).*(12).74)))+k1i* exp(qi).*(14i-1).*(sin(thetai ))."2].*(12.72);%Axial stress in the intima %
%module 5: total stress calculation%

st1=((sil.*hi+sm1.*hm+sal.*ha)./(h)) %total circumferentioal stress%
st2=(si2.*hi+sm2.*hm+sa2.*ha)./(h); %total axial stress

%MODEL 6: Results plotting%

figure(3)

plot(lamda,sil/1000,'g',lamda,sm1/1000,'r',lamda,sal/1000,'b','LineWidth',2,'Marker','0")
xlabel('Circumferential stretch')

ylabel('Circumferential Cauchy stress [kPa]')

figure(4)
plot(lamda,si2/1000,'g',Jlamda,sm2/1000,'r',lamda,sa2/1000,'b','LineWidth',2,'Marker','0")
xlabel('Circumferential stretch')

ylabel('Axial Cauchy stress [kPa]')

figure(8)
plot(lamda,(st1/1000),"-ro',Jamda,sigma/1000,'--','LineWidth',2)

figure(9)
plot(lamda,st2/1000,'-ro',Jlamda,s2/1000,'--','LineWidth',2)
xlabel('Circumferential stretch')

ylabel(' Cauchy stress [kPa]')

%figure(9)

%plot(p/133.32,h,'r")
kai=sum((sigma-st1)."2+(s2-st2)."2);
kail=(kai/22)."0.5;
sigmaref=sum(st1+st2)/34;
eplsonl=kail/sigmaref

%

bai=sum((sigma-st1)."2);
bail=(bai/5).”0.5;
bigmaref=sum(st1)/17;



eplsonb=bail/bigmaref
%kesh kesha mat3rdha 2%
cai=sum((s2-st2).”2);
cail=(cai/5)."0.5;
cigmaref=sum(st2)/17;
eplsonc=cail/cigmaref



%coronary artery program%

cle;

clear;

% Module 1:data input

D=3.96*1e-03; %D=wall external diameter
H=(D*0.27) ; %H= wall thickness

p=[0:12.5:200].*¥133.32 %transumural pressure

dnew=[3.97 3.9954.02 4.1 4.18 4.21 4254.28 4.3 4.32 433 435 4.36 4.37 4.38 4.39 4.4]*1e-03;
12=1.1;

%Module 2:Thin wall theory

d=(H*(D-H))I12;

b=((dnew."2./4)-d).”(0.5);

h=(dnew./2)-b;

r=(dnew-h)/2;

R=(D-H)/2;

lamda=r./R;

q=((r/h)-(0.5));

sigma=p.q;

sigma2l=sigma./2;

f=[ 0.07 0.072 0.073 0.09 0.13 0.15 0.19 0.23 0.265 0.3 0.32 0.37 0.39 0.41 0.43 0.47 0.54];
B=f./(2.*pi.*r.*h);

s2=((sigma21)+B) ;

%Module 3, assumptions intima=i media=m adventitia=a

hi=0.262*h;

hm=0.349%h;

ha=0.388%h;

thetai=a(1);
thetam=a(2);
thetaa=a(3)
k2i=a(4);
k2m=a(5);
k2a=a(6);
cli=a(7);
clm=a(8);
cla=a(9);
kli=a(10);
klm=a(11);
kla=a(12);
rowi=a(13);
rowm=a(14);
rowa=a(15);

%Module 4: HYPERELASTIC MODEL%

[4m=(lamda."2).*(cos(thetam)).”2+(12./2).*(sin(thetam ))."2;

qm=k2m*((I14m-1)."2);

sml=[clm.*(1-(1./((12.72).*(lamda)."4)))+k1m* exp(qm).*(I14m-1).*(cos(thetam )).*2].*(lamda.”2); %circumferential
stress in the media %

sm2=[clm.*(1-(1./((lamda.”2).*¥(12)."4)))+tk1m* exp(qm).*(I14m-1).*(sin(thetam ))."2].*¥(12.72);  %Axial stress in
the media %

%module 4b : for adeventitia %

[4a=(lamda."2).*(cos(thetaa)).”2+(12.72).*(sin(thetaa)).”2;

qa=k2a*((I4a-1)."2);

sal=[cla.*(1-(1./((12.72).*(lamda)."4)))+k1a* exp(qa).*(14a-1).*(cos(thetaa )).*2].*(lamda.”2); %circumferential
stress in the adventitia %

sa2=[cla.*(1-(1./((lamda.”2).*(12).74)))+k1a* exp(qa).*(I14a-1).*(sin(thetaa))."2].*(12./2) ; %Axial stress in the
adventitia %

%module 4 c: for intima%

[4i=(lamda.”2).*(cos(thetai ))."2+(12.72).*(sin(thetai))."2;

qi=k2i*((14i-1).72);

sil=[cli.*(1-(1./((12.72).*(lamda).”4)))+k1i* exp(qi).*(I4i-1).*(cos(thetai )).*2].*(lamda."2); Y%circumferential stress
in the intima %



si2=[cli.*(1-(1./((lamda."2).*(12).”4)))tk1i* exp(qi).*(14i-1).*(sin(thetai ))."2].*(12.72);%Axial stress in the intima %
%module 5: total stress calculation%

stl1=(sil.*hi+sm1.*hm+sal.*ha)./(h) %total circumferentioal stress%

st2=(si2.*hi+sm2.*hm+sa2.*ha)./(h); %total axial stress



%coronary artery program%

cle;

clear;

% Module 1:data input

D=3.96*1e-03; %D=wall external diameter
H=(D*0.27) ; %H= wall thickness

p=[0:12.5:200].*¥133.32 %transumural pressure

dnew=[3.97 3.9954.02 4.1 4.18 4.21 4254.28 4.3 4.32 433 435 4.36 4.37 4.38 4.39 4.4]*1e-03;
12=1.1;

%Module 2:Thin wall theory

d=(H*(D-H))I12;

b=((dnew."2./4)-d).”(0.5);

h=(dnew./2)-b;

r=(dnew-h)/2;

R=(D-H)/2;

lamda=r./R;

q=((r/h)-(0.5));

sigma=p.q;

sigma2l=sigma./2;

f=[ 0.07 0.072 0.073 0.09 0.13 0.15 0.19 0.23 0.265 0.3 0.32 0.37 0.39 0.41 0.43 0.47 0.54];
B=f./(2.*pi.*r.*h);

s2=((sigma21)+B) ;

%Module 3, assumptions intima=i media=m adventitia=a

hi=0.262*h;

hm=0.349%h;

ha=0.388%h;
a=[1.265,0.2858,1.097,45.4323,8.988,36.082,8795.973,1514.11,7070.2211,6064.528,5713.593,0.6499,0.168,0.7272]

thetai=a(1);
thetam=a(2);
thetaa=a(3)
k2i=a(4);
k2m=a(5);
k2a=a(6);
cli=a(7);
clm=a(8);
cla=a(9);
kli=a(10);
klm=a(11);
kla=a(12);
rowi=a(13);
rowm=a(14);
rowa=a(15);

%Module 4: HYPERELASTIC MODEL%

[4m=(lamda."2).*(cos(thetam)).”2+(12./2).*(sin(thetam ))."2;

qm=k2m*((I14m-1)."2);

sml=[clm.*(1-(1./((12.72).*(lamda)."4)))+k1m* exp(qm).*(I14m-1).*(cos(thetam )).*2].*(lamda.”2); %circumferential
stress in the media %

sm2=[clm.*(1-(1./((lamda.”2).*¥(12)."4)))+tk1m* exp(qm).*(I14m-1).*(sin(thetam ))."2].*¥(12.72);  %Axial stress in
the media %

%module 4b : for adeventitia %

[4a=(lamda."2).*(cos(thetaa)).”2+(12.72).*(sin(thetaa)).”2;

qa=k2a*((I4a-1)."2);

sal=[cla.*(1-(1./((12.72).*(lamda)."4)))+k1a* exp(qa).*(14a-1).*(cos(thetaa )).*2].*(lamda.”2); %circumferential
stress in the adventitia %

sa2=[cla.*(1-(1./((lamda.”2).*(12).74)))+k1a* exp(qa).*(I14a-1).*(sin(thetaa))."2].*(12./2) ; %Axial stress in the
adventitia %

%module 4 c: for intima%

[4i=(lamda.”2).*(cos(thetai ))."2+(12.72).*(sin(thetai))."2;

qi=k2i*((14i-1).72);

sil=[cli.*(1-(1./((12.72).*(lamda).”4)))+k1i* exp(qi).*(I4i-1).*(cos(thetai )).*2].*(lamda."2); Y%circumferential stress
in the intima %



si2=[c1i.*(1-(1./((lamda.”2).*(12).74)))+k1i* exp(qi).*(14i-1).*(sin(thetai ))."2].*(12.72);%Axial stress in the intima %
%module 5: total stress calculation%

stl1=(sil.*hi+sm1.*hm+sal.*ha)./(h) %total circumferentioal stress%
st2=(si2.*hi+sm2.*hm+sa2.*ha)./(h); %total axial stress

%MODEL 6: Results plotting%

figure(3)

plot(lamda,si1/1000,'y',lamda,sm1/1000,'r',lamda,sal/1000,'b','LineWidth',2,'Marker','0")
xlabel('Circumferential stretch')

ylabel('Circumferential Cauchy stress [kPa]")

figure(4)
plot(lamda,si2/1000,'y',Jlamda,sm2/1000,'r',lamda,sa2/1000,'b','LineWidth',2,'Marker','0")
xlabel('Circumferential stretch')

ylabel('Axial Cauchy stress [kPa]'")

grid

figure(8)
plot(lamda,st1/1000,'r',lamda,sigma/1000,'b',lamda,st2/1000,'g',Jlamda,s2/1000,'m’,'LineWidth',2,'Marker','0")
xlabel('Circumferential stretch')

ylabel(' Cauchy stress [kPa]')

grid

Y%figure(9)

%plot(p/133.32,h,'r")

kai=sum((sigma-st1)."2+(s2-st2)."2);

kail=(kai/22).70.5;

sigmaref=sum(st1+st2)/34;

eplsonl=kail/sigmaref

%

bai=sum((sigma-st1).*2);

bail=(bai/5)."0.5;

bigmaref=sum(st1)/17;

eplsonb=bail/bigmaref

%kesh kesha mat3rdha 2%

cai=sum((s2-st2)."2);

cail=(cai/5).”0.5;

cigmaref=sum(st2)/17,

eplsonc=cail/cigmaref



