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For certain orientations of Josephson junctions between two px-wave or two d-wave supercon-
ductors, the subgap Andreev bound states produce a 4�-periodic relation between the Josephson
current I and the phase difference �: I � sin( )� 2 . Consequently, the ac Josephson current has the
fractional frequency eV �, where V is the dc voltage. In the tunneling limit, the Josephson current
is proportional to the first power (not square) of the electron tunneling amplitude. Thus, the
Josephson current between unconventional superconductors is carried by single electrons, rather
than by Cooper pairs. The fractional ac Josephson effect can be observed experimentally by mea-
suring frequency spectrum of microwave radiation from the junction.

PACS: 74.50.+r, 74.70.Kn, 74.72.–h

1. Brief history of the ac Josephson effect

In 1962, Josephson [1] predicted theoretically that
if a dc voltage V is applied to a junction between two
superconductors, ac supercurrent with the frequency
2eV � appears between the superconductors. The ac
Josephson radiation was first observed experimentally
40 years ago in Kharkov by Yanson, Svistunov, and
Dmitrenko [2,3]. In Ref. 3, the spectrum of microwave
radiation from tin junctions was measured and a sharp
peak in the frequency spectrum at 2eV � was found. It
is amazing that without any attempt to match impe-
dances of the junction and waveguide, Dmitrenko and
Yanson [3] found the signal several hundred times
stronger than the noise and the ratio of linewidth to the
Josephson frequency less than 10–3. This discovery was
followed by further work in the United States [4] and
Ukraine [5]. The results of these investigations were
summarized in the classic book [6]. Since then, the ac
Josephson radiation has been observed in many materi-
als in various experimental setups. For example, a peak
of Josephson radiation was found in Ref. 7 in indium
junctions at the frequency 9 GHz with the width 36
MHz. In Ref. 8, a peak of Josephson radiation was ob-
served around 11 GHz with the width 50 MHz in
Bi Sr CaCu O2 2 2 8 single crystals with the current along
the c axis perpendicular to the layers.

The theory of the Josephson effect was originally de-
veloped for conventional s-wave superconductors. In
this paper, we study Josephson junctions between un-
conventional superconductors, such as d-wave cuprates
or px-wave organic superconductors. We show that the
midgap Andreev states in these materials produce a
4�-periodic relation between the Josephson current I
and the phase difference �: I � sin( )� 2 . Conse-
quently, the ac Josephson current has the fractional fre-
quency eV �, a half of the conventional value. We
hope that this effect can be observed experimentally as
the corresponding peak in the frequency spectrum of
Josephson radiation from unconventional superconduc-
tors, such as d-wave cuprates, in the manner similar to
the pioneering experiments [2,3] performed on conven-
tional s-wave superconductors.

2. Introduction

In many materials, the symmetry of the supercon-
ducting order parameter is unconventional, i.e., not
s-wave. In the high-Tc cuprates, it is the singlet
dx y2 2� -wave [9]. There is experimental evidence that,
in the quasi-one-dimensional (Q1D) organic super-
conductors (TMTSF)2X [10], the symmetry is triplet
[11], most likely the px -wave [12], where the x axis is
along the conducting chains. The unconventional pair-

© Hyok-Jon Kwon, K. Sengupta, and Victor M. Yakovenko, 2004



ing symmetry typically results in formation of midgap
Andreev bound states on the surfaces of these super-
conductors. For d-wave cuprate superconductors, the
midgap Andreev states were predicted theoretically in
Ref. 13 and discovered experimentally as a zero-bias
conductance peak in tunneling between normal metals
and superconductors (see Ref. 14). For the Q1D or-
ganic superconductors, the midgap states were theo-
retically predicted to exist at the edges perpendicular
to the chains [15,16]. When two unconventional su-
perconductors are joined together in a Josephson junc-
tion, their Andreev surface states hybridize to form
Andreev bound states in the junction. These states are
important for the Josephson current. Andreev bound
states in high-Tc junctions were reviewed in Ref. 17.
The Josephson effect between two Q1D p-wave super-
conductors was studied in Refs. 18 and 19.

In the present paper, we predict a new effect for
Josephson junctions between unconventional (non-
chiral) superconductors, which we call the fractional
ac Josephson effect. Suppose both superconductors
forming a Josephson junction have surface midgap
states originally. This is the case for the butt-to-butt
junction between two px -wave Q1D superconductors,
as shown in Fig. 1,a, and for the 45°/45° in-plane
junction between two d-wave superconductors, as
shown in Fig. 3,a. (The two angles indicate the orien-
tation of the junction line relatively to the b axes of
each dx y2 2� superconductor.) We predict that the
contribution of the hybridized Andreev bound states
produces a 4�-periodic relation between the supercur-
rent I and the superconducting phase difference �:
I � sin( )� 2 [20]. Consequently, the ac Josephson ef-
fect has the frequency eV �, where e is the electron
charge,V is the applied dc voltage, and h is the Planck
constant. The predicted frequency is a half of the con-
ventional Josephson frequency 2eV � originating
from the conventional Josephson relation I � sin�
with the period of 2�. Qualitatively, the predicted ef-
fect can be understood as follows. The Josephson cur-
rent across the two unconventional superconductors is
carried by tunneling of single electrons (rather than
Cooper pairs) between the two resonant midgap
states. Thus, the Cooper pair charge 2e is replaced by
the single charge e in the expression for the Josephson
frequency. This interpretation is also supported by the
finding that, in the tunneling limit, the Josephson
current is proportional to the first power (not square)
of the electron tunneling amplitude [21–23]. Possibi-
lities for experimental observation of the fractional ac
Josephson effect are discussed in Sec. 4.

The predicted current-phase relation I � sin( )� 2
is quite radical, because every textbook on supercon-
ductivity says that the Josephson current must be a
2�-periodic function of � [20]. To our knowledge, the

only paper that discussed the 4�-periodic Josephson
effect is Ref. 24 by Kitaev. He considered a highly ide-
alized model of spinless fermions on a one-dimensional
(1D) lattice with superconducting pairing on the
neighboring sites. The pairing potential in this case
has the px -wave symmetry, and midgap states do exist
at the ends of the chain. They are described by the
Majorana fermions, which Kitaev proposed to use for
nonvolatile memory in quantum computing. He found
that, when two such superconductors are brought in
contact, the system is 4�-periodic in the phase differ-
ence between the superconductors. Our results are in
agreement with his work. However, we formulate the
problem as an experimentally realistic Josephson ef-
fect between known superconducting materials.

3. The basics

In this paper, we consider singlet pairing and trip-
let pairing with the spin polarization vector n having a
uniform, momentum-independent orientation [11,12].
If the spin quantization axis z is selected along n, then
the Cooper pairing takes a place between electrons
with the opposite z axis spin projections � and �:
� ( ) � ( ) ( )c c� � �k k k� � � , where � ( )c� k is the annihila-

tion operator of an electron with momentum k and
spin �. The pairing potential has the symmetry
� � �� � �( ) ( ) ( )k k k� � � �� , where the upper and
lower signs correspond to the singlet and triplet cases.

We select the coordinate axis x perpendicular to
the Josephson junction plane. We assume that the in-
terface between the two superconductors is smooth
enough, so that the electron momentum component ky
parallel to the junction plane is a conserved good
quantum number.

Electron states in a superconductor are described by
the Bogoliubov operators �	, which are related to the
electron operators �c by the following equations [25]

� [ ( ) � ( ) ( ) � ( )]* * †	 � � � � �n k n k k n k ky y y y y
dx u x c x v x c x� 
� ,

(1)

� ( ) [ ( )� ( )� ]* †c x u x v xk n k
n

n k n k n ky y y y y
� � � � �

	 	� 
� ,

(2)

where k ky y� � , and n is the quantum number of the
Bogoliubov eigenstates. The two-components vectors

 � � �n k n k n ky y y

x u x v x( ) [ ( ), ( )]� are the eigenstates
of the Bogoliubov–de Gennes (BdG) equation with
the eigenenergies En ky� :
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where �k ix x� � � is the x component of the electron
momentum operator, and U x( ) is a potential. In
Eq. (3) and below, we often omit the indices � and ky
to shorten notation where it does not cause confusion.

4. Junctions between quasi-one-dimensional
superconductors

In this Section, we consider junctions between two
Q1D superconductors, such as organic superconduc-
tors (TMTSF)2X, with the chains along the x axis, as
shown in Fig. 1,a. For a Q1D conductor, the electron
energy dispersion in Eq. (3) can be written as
� �� � ��

2 2 2 2k m t bkx b ycos( ) , where m is an effec-
tive mass, � is the chemical potential, b and tb are the
distance and the tunneling amplitude between the
chains. The superconducting pairing potentials in the
s- and px -wave cases have the forms

� ( , � )
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�
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where �k mF � 2 � is the Fermi momentum, and � is
treated as + for � and – for �. The index � � R L, labels
the right (x > 0) and left (x < 0) sides of the junction,
and �� acquires a phase difference � across the junction:

� �L � 0, � �R
i� 0e �. (5)

The potentialU x U x( ) ( )� 0� in Eq. (3) represents the
junction barrier located at x � 0. Integrating Eq. (3)
over x from —0 to +0, we find the boundary condi-
tions at x � 0:


 
L R� , � � � �x R x L Fk Z
 
 
( )0 , (6)

Z mU kF� 2 0
2

� , D Z� 
4 42( ), (7)

where D is the transmission coefficient of the barrier.

4.1. Andreev bound states

A general solution of Eq. (3) is a superposition of
the terms with the momenta close to �kF , where the in-
dex � = � labels the right- and left-moving electrons:
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Here � � � for R and L. Eq. (8) describes a subgap
bound state with an energy | |E ' � 0,which is localized
at the junction and decays exponentially in x within
the length 1  . The coefficients (u��� , v��� ) in Eq.
(8) are determined by substituting the right- and left
-moving terms separately into Eq. (3) for x ( 0,
whereU x( ) � 0. In the limit kF ))  , we find

u
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where v k mF F� � is the Fermi velocity, and ���� is
equal to � �� for s-wave and to � �� for px -wave, with
�� given by Eq. (5). The ky -dependent Fermi momen-
tum � �

~
cos( )k k t bk vF F b y F� 
 2 in Eq. (8) elimi-

nates the dispersion in ky from the BdG equation.
Substituting Eq. (8) into the boundary conditions

(6), we obtain the linear homogeneous equations for
the coefficients A� and B�. The compatibility condi-
tion for these equations gives an equation for the ener-
gies of the Andreev bound states. There are two
subgap states with the energies E aEa � 0( )� labeled
by the index a = �:

E D s ss
0 0

21 2( )( ) sin ( ),� �� � � �� junction ,

(10)

E D p pp
x x0 0 2( )( ) cos( ),� �� � �� junction .

(11)

The energies (10) and (11) are plotted as functions
of � in the left panels (b) and (c) of Fig. 1. Without
barrier (D � 1), the spectra of the s—s and px—px
junctions are the same and consist of two crossing
curves E � �� 0 2cos( )� , shown by the thin lines in
the left panel of Fig. 1,b. A non-zero barrier (D < 1)
changes the energies of the Andreev bound states in
the s—s and px—px junctions in different ways. In the
s—s case, the two energy levels repel near � �� and
form two separated 2�-periodic branches shown by the
thick lines in the left panel of Fig. 1,b [25,26]. In con-
trast, in the px—px case, the two energy levels con-
tinue to cross at � �� , and they are separated from the
continuum of states above 
� 0 and below �� 0, as
shown in the left panel of Fig. 1,c. The absence of en-
ergy levels repulsion indicates that there is no matrix
element between these levels at � �� in the px—px
case, unlike in the s—s case.

As shown in Sec. 5, the 45*/45* junction between
two d-wave superconductors is mathematically equiv-
alent to the px—px junction. Eq. (11) was derived for
the 45*/45* junction in Ref. 22,23, and 27.

4.2. dc Josephson effect in thermodynamic
equilibrium

It is well known [25,28] that the current carried by
a quasiparticle state a is

I
e E

a
a�

�

�
2
� �

. (12)
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The two subgap states carry opposite currents, which
are plotted versus � in the right panels (b) and (c) of
Fig. 1 for the s—s and px—px junctions. In thermo-
dynamic equilibrium, the total current is determined
by the Fermi occupation numbers fa of the states at
temperature T:

I
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e E E
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2
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tanh . (13)

For the s—s junction, substituting Eq. (10) into Eq.
(13), we recover the Ambegaokar–Baratoff formula
[29] in the tunneling limit D << 1.
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and the Kulik–Omelyanchuk formula [30] in the
transparent limit D , 1
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. (15)

Taking into account that the total current is propor-
tional to the number N of conducting channels in the
junction (e.g., the number of chains), we have re-
placed the transmission coefficient D in Eq. (14) by
the junction resistance R Ne D� � 2 2 in the normal
state.

Substituting Eq. (11) into Eq. (13), we find the
Josephson current in px—px junction in thermody-
namic equilibrium:
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DeR
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T
. (16)

The temperature dependences of the critical cur-
rents for the s—s and px—px junctions are shown in
Fig. 2. They are obtained from Eqs. (14) and (16) as-
suming the BCS temperature dependence for � 0. In
the vicinity of Tc, Ip , and I s have the same behavior.
With the decrease of temperature, I s quickly satu-
rates to a constant value, because, for D << 1,
Ea

s( ) + �� 0 (10), thus, for T � � 0, the upper subgap
state is empty and the lower one is completely filled.
In contrast, Ip rapidly increases with decreasing tem-
perature as 1 T and saturates to a value enhanced by
the factor 2 D relative to the Ambegaokar–Baratoff
formula (10) at T = 0. This is a consequence of two ef-
fects. As Eqs. (14) and (16) show, I Ds � and
I Dp � , thus I Ip s)) in the tunneling limit D << 1.
At the same time, the energy splitting between the
two subgap states in the px—px junction is small com-
pared to the gap: E Dp

0 0 0
( ) � ''� � . Thus, for

D� 0 � T � � 0, the two subgap states are almost
equally populated, so the critical current has the 1 T
temperature dependence analogous to the Curie spin
susceptibility.

Equation (16) was derived analytically for the
45*/45* junction between two d-wave superconduc-
tors in Refs. 21,22, and a similar result was calculated
numerically for the px—px junction in Refs. 18,19.
Notice that Eq. (16) gives the Josephson current
Ip ( )� that is a 2�-periodic functions of �, both for
T = 0 and T ( 0. This is a consequence of the thermo-
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Fig. 1. Josephson junction between two Q1D px-wave su-
perconductors (a). The energies (left panel) and the cur-
rents (right panel) of the subgap states in the s—s junc-
tion as functions of the phase difference � for D = 1 (thin
lines) and D = 0.9 (thick lines) (b). The same as (b) for
the px—px junction at D = 0.2 (c).
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Fig. 2. Critical current of the s—s (dashed line) and px—px
(solid line) Josephson junction as function of temperature
for D = 0.3.



dynamic equilibrium assumption. At T = 0, this assump-
tion implies that the subgap state with the lower energy
is occupied, and the one with the higher energy is
empty. As one can see in Fig. 1, the lower energy is al-
ways a 2�-periodic functions of �. The assumption of
thermodynamic equilibrium was explicitly made in Ref.
22 and was implicitly invoked in Refs. 18,19, and 21 by
using the Matsubara diagram technique. In Ref. 31,
temperature dependence of the Josephson critical cur-
rent was measured in the YBCO ramp—edge junctions
with different crystal angles and was found to be quali-
tatively consistent with the upper curve in Fig. 2.

4.3. Dynamical fractional ac Josephson

The calculations of the previous section are applied
in the static case, where a given phase difference � is
maintained for an infinitely long time, so the occupa-
tion numbers of the subgap states have enough time to
relax to thermodynamic equilibrium. Now let us con-
sider the opposite dynamical limit. Suppose a small
voltage eV '' � 0 is applied to the junction, so the
phase difference acquires dependence on time t:
�( )t eVt� 2 �. In this case, the state of the system is
determined dynamically starting from the initial con-
ditions. Let us consider the px—px junction at T = 0 in
the initial state � � 0, where the two subgap states
(11) with the energies �E0 are, correspondingly, oc-
cupied and empty. If �( )t changes sufficiently slowly
(adiabatically), the occupation numbers of the subgap
states do not change. In other words, the states shown
by the solid and dotted lines in Fig. 1,c remains, corre-
spondingly, occupied and empty. The occupied state
(11) produces the current (12):

I t
De t De eVt

p ( ) sin
( )

sin�
�

�
��

�

�
�� �

�

�
�

�

�
�

� �0 0

2� � �

�
. (17)

The frequency of the ac current (17) is eV �, a half of
the conventional Josephson frequency 2eV �. The
fractional frequency can be traced to the fact that the
energies of Eq. (11) and the corresponding wave
functions have the period 4� in �, rather than conven-
tional 2�. Although at � �� 2 the spectrum in the left
panel of Fig. 1,c is the same as at � � 0, the occupa-
tion numbers are different. The lower state is empty
and the upper state is occupied. Only at � �� 4 the
occupation numbers are the same as at � � 0.

The 4� periodicity is the consequence of the energy
levels crossing at � �� . In contrast, in the s-wave
case, the levels repel at � �� in Fig. 1,b, thus the en-
ergy curves are 2�-periodic. As discussed at the end of
Sec. 4.1, there is no matrix element between the cross-
ing energy levels at � �� . Thus, there are no transi-
tions between them, so the occupation numbers of the
solid and dotted curves in Fig. 1,c are preserved. In or-

der to show this more formally, we can write a general
solution of the time-dependent BdG equation as a su-
perposition of the two subgap states with the time-de-
pendent �( )t : 
 
 �( ) ( ) [ ( )]t C t ta aa

� � . The matrix
element of transitions between the states is propor-
tional to � | � | � | ( )� 
 
 � 
 

 � � �� � � �


 � � 
H E E .
We found that it is zero in the px -wave case, thus
there are no transitions, and the initial occupation
numbers of the subgap states at � � 0 are preserved dy-
namically.

As one can see in Fig. 1,c, the system is not in the
ground state when � � �' ' 3 , because the upper ene-
rgy level is occupied and the lower one is empty. In
principle, the system might be able to relax to the
ground state by emitting a phonon or a photon. At pre-
sent time, we do not have an explicit estimate for such
inelastic relaxation time, but we expect that it is quite
long. (The other papers [18,19,21,22] that assume ther-
modynamic equilibrium for each value of the phase �
do not have an estimate of the relaxation time either.)
To observe the predicted ac Josephson effect with the
fractional frequency eV �, the period of Josephson os-
cillations should be set shorter than the inelastic rela-
xation time, but not too short, so that the time evolu-
tion of the BdG equation can be treated adiabatically.
Controlled nonequilibrium population of the upper
Andreev bound state was recently achieved experimen-
tally in a s-wave Josephson junction in Ref. 32.

Equation (17) can be generalized to the case where
initially the two subgap states are populated ther-
mally at � � 0, and these occupation numbers are pre-
served by dynamical evolution

I t
e E t

f Ep
a

a
a( )

[ ( )]
[ ( )]�

�

�
� ��2

0
�

�

�
� (18)

� �

�
�

�

�
�

�

�
�
�

�

�
�
�sin tanh

eVt

DeR

D

T�

�� �0 0

2
. (19)

Note that the periodicities of the dynamical equation
(16) and the thermodynamic Eq. (19) are different.
The latter equation assumes that the occupation num-
bers of the subgap states are in instantaneous thermal
equilibrium for each �.

4.4. Tunneling Hamiltonian approach

In the infinite barrier limit D , 0, the energies
�E p

0
( ) of the two subgap states (11) degenerate to

zero, i.e., they become midgap states. The wave func-
tions (8) are simplified as follows:




 


� �0
0 0

2
L Rx x( ) ( )�

, (20)
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L F
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�
� �sin( ) ( )e , (21)
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�R F
x

i

i
k x

i
x0

2

2
2�

�

�

�
�
�

�

�
�
�

�
�

sin( ) ( )e e

e
. (22)

Since at D = 0 the Josephson junction consists of two
semi-infinite uncoupled px -wave superconductors,

 L0 and 
R0 are the wave functions of the surface
midgap states [15] belonging to the left and right su-
perconductors. Let us examine the properties of the
midgap states in more detail.

If ( , )u v is an eigenvector of Eq. (3) with an
eigenvalue En , then ( , )* *�v u for s-wave and ( , )* *v u
for p-wave are the eigenvectors with the energy
E En n� � . It follows from these relations and Eq. (1)
that � �†	 	� �n k n ky y

C� with | |C � 1. Notice that in the
s-wave case, because ( , )u v and ( , )* *�v u are orthogo-
nal for any u and v, the states n and n are always
different. However, in the p-wave case, the vectors
( , )u v and ( , )* *v u may be proportional, in which case
they describe the same state with E � 0. The states
(21) and (22) indeed have this property:

v iuL L0 0� * , v iuR R0 0� � * . (23)

Substituting Eq. (23) into Eq. (1), we find the
Bogoliubov operators of the left and right midgap
states

� �†	 	
� �L k L ky y

i0 0� , � �†	 	
� �R k R ky y

i0 0� � . (24)

Operators (24) correspond to the Majorana fermions
discussed in Ref. 24. In the presence of a midgap
state, the sum over n in Eq. (2) should be understood
as 


) �� �1 2
0 0n n

, where we identify the second

term as the projection P �c of the electron operator
onto the midgap state. Using Eqs. (23), (24), and
(2), we find

P � ( ) ( )� ( )�* †c x u x v xk k ky y y
� � �

	 	� �0 0 0 0
. (25)

Let us consider two semi-infinite px -wave supercon-
ductors on a 1D lattice with the spacing l, one occupy-
ing x l l. � � and another x l/ . They are coupled by the
tunneling matrix element 0 between the sites l and l:

� [� ( ) � ( ) � ( ) � ( )]† †H c l c l c l c l
k

L k R k R k L k

y
y y y y0

�
� � � �0� 
� .

(26)

In the absence of coupling (0 � 0), the subgap wave
functions of each superconductor are given by Eqs. (21)
and (22). Using Eqs. (25), (23), (21), and (22), the

tunneling Hamiltonian projected onto the basis of
midgap states is

P � [ ( ) ( ) ](� � )* †H u l u lL R L R0 0 	 	� 
 
 �
� �0 0 0 0c. c. H.c.

� 

� � � �� 0 0 0 0 02D

L R R Lcos( )(� � � � )† †� 	 	 	 	 , (27)

where D k l vF F� 4 20 sin � is the transmission am-
plitude, and we omitted summation over the diagonal
index ky . Notice that Eq. (27) is 4�-periodic in � [24].

Hamiltonian (27) operates between the two degen-
erate states of the system related by annihilation of
the Bogoliubov quasiparticle in the right midgap state
and its creation in the left midgap state. In this basis,
Hamiltonian (27) can be written as a 2 21 matrix

P � cos( )H D0 ��
�

�
�

�

�
�� 0 2

0 1

1 0
. (28)

The eigenvectors of Hamiltonian (28) are ( , )1 1� , i.e.,
the antisymmetric and symmetric combinations of the
right and left midgap states given in Eq. (20). Their
eigenenergies are E� �( ) cos( )� ��� 0 2D , in agree-
ment with Eq. (11). The tunneling current operator is
obtained by differentiating Eqs. (27) or (28) with re-
spect to �. Because � appears only in the prefactor,
the operator structures of the current operator and
the Hamiltonian are the same, so they are diagonal in
the same basis. Thus, the energy eigenstates are si-
multaneously the eigenstates of the current operator
with the eigenvalues

I De� � � �

�
�

�

�
�

� 0

2�
sin

�
, (29)

in agreement with Eq. (17). The same basis ( , )1 1�

diagonalizes Hamiltonian (28) even when a voltage V is
applied and the phase � is time-dependent. Then the
initially populated eigenstate with the lower energy
produces the current I D e eVtp � ( )sin( )� 0 � � with
the fractional Josephson frequency eV �, in agreement
with Eq. (17).

4.5. Josephson current carried by single electrons,
rather than Cooper pairs

In the tunneling limit, the transmission coefficient
D is proportional to the square of the electron tunnel-
ing amplitude 0: D � 02. Eqs. (17) and (29) show
that the Josephson current in the px—px junction is
proportional to the first power of the electron tunnel-
ing amplitude 0. This is in contrast to the s—s junc-
tion, where the Josephson current (14) is proportional
to 02. This difference results in the big ratio
I I Dp s � 2 between the critical currents at T = 0 in
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the px - and s-wave cases, as shown in Fig. 2 and dis-
cussed in Sec. 4.2. The reason for the different powers
of 0 is the following. In the px -wave case, the transfer
of just one electron between the degenerate left and
right midgap states is a real (nonvirtual) process.
Thus, the eigenenergies are determined from the secu-
lar equation (28) already in the first order of 0. In the
s-wave case, there are no midgap states, so the trans-
ferred electron is taken from below the gap and placed
above the gap, at the energy cosh 2 0� . Thus, the
transfer of a single electron is a virtual (not real) pro-
cess. It must be followed by the transfer of another elec-
tron, so that the pair of electrons is absorbed into the
condensate. This gives the current proportional to 02.

This picture implies that the Josephson super-
current across the interface is carried by single elec-
trons in the px—px junction and by Cooper pairs in
the s—s junction. Because the single-electron charge e
is a half of the Cooper-pair charge 2e, the frequency of
the ac Josephson effect in the px—px junction is eV �,
a half of the conventional Josephson frequency 2eV �

for the s—s junction. These conclusions also apply to
a junction between two cuprate d-wave superconduc-
tors in such orientation that both sides of the junction
have surface midgap states, e.g., to the 45*/45* junc-
tion (see Sec. 5).

In both the px—px and s—s junctions, electrons
transferred across the interface are taken away into
the bulk by the supercurrent of Cooper pairs. In the
case of the px—px junction, a single transferred elec-
tron occupies a midgap state until another electron
gets transferred. Then the pair of electrons becomes
absorbed into the bulk condensate, the midgap state
returns to the original configuration, and the cycle re-
peats. In the case of the s—s junction, two electrons
are simultaneously transferred across the interface and
become absorbed into the condensate. Clearly, electric
charge is transferred across the interface by single
electrons at the rate proportional to 0 in the first case
and by Cooper pairs at the rate proportional to 02 in
the second case, but the bulk supercurrent is carried
by the Cooper pairs in both cases.

5. Josephson junctions between d-wave
superconductors

In this section, we study Josephson junctions be-
tween two d-wave cuprate superconductors. As before,
we select the coordinate x perpendicular to the junc-
tion line and assume that the electron momentum com-
ponent ky parallel to the junction line is a conserved
good quantum number. Then, the 2D problem separates
into a set of 1D solutions (8) in the x direction labeled
by the index ky . Using an isotropic electron energy dis-

persion law � �� 
 ��
2 2 2 2( )k k mx y , we replace the

Fermi momentum kF and velocity vF by their x-compo-

nents k k kFx F y� �2 2 and v k mFx Fx� � . Thus, the

transmission coefficient D in Eq. (7) becomes ky -de-
pendent. The total Josephson current is given by a sum
over all occupied subgap states labeled by ky .

For the cuprates, let us consider a junction parallel
to the [ , ]1 1 crystal direction in the a—b plane and
select the x axis along the diagonal [ , ]1 1 , as shown in
Fig. 3,a. In these coordinates, the d-wave pairing po-
tential is

� ( , � ) �� �� ��k x y x Fy
x k k k k� 2 2 , (30)

where the same notation as in Eq. (4) is used. Direct
comparison of Eqs. (30) and (4) demonstrates that
the d-wave superconductor with the 45° junction
maps to the px -wave superconductor by the substitu-
tion � �0 02, � k ky F . Thus, the results obtained in
Sec. 4 for the px—px junction apply to the 45°/45°
junction between two d-wave superconductors with
the appropriate integration over ky . The energies and
the wave functions of the subgap Andreev states in
the 45°/45° junction are 4�-periodic, as in Eqs. (11).
Thus the ac Josephson current has the fractional fre-
quency eV �, as in Eq. (17).

On the other hand, if the junction is parallel to the
[ , ]0 1 crystal direction, as shown in Fig. 3,b, then
� ( , � ) ( � )� �� ��k x x y Fy

x k k k k� �2 2 2 . This pairing poten-
tial is an even function of kx , thus it is analogous to
the s-wave pairing potential in Eq. (4). Thus, the
0°/0° junction between two d-wave superconductors
is analogous to the s—s junction. It should exhibit the
conventional 2�-periodic Josephson effect with the
frequency 2eV �.
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Fig. 3. Schematic drawing of the 45°/45° junction (a) and
0°/0° junction (b) between two d-wave superconductors.
The thick line represents the junction line. The circles illus-
trate the Fermi surfaces, where positive and negative pair-
ing potentials � are shown by the solid and dotted lines.
The points A, B, C, and D in the momentum space are con-
nected by transmission and reflection from the barrier.



For a generic orientation of the junction line, the
d-wave pairing potential acts like px -wave for some
momenta ky and like s-wave for other ky . Thus, the to-
tal Josephson current is a sum of the unconventional
and conventional terms [20]:

I C C� 
 
1 22sin( ) sin( ) ...,� � (31)

with some coefficients C1 and C2. We expect that
both terms in Eq. (31) are present for any real junc-
tion between d-wave superconductors because of im-
perfections. However, the ratioC C1 2 should be max-
imal for the junction shown in Fig. 3,a and minimal
for the junction shown in Fig. 3,b.

6. Experimental observation of the fractional ac
Josephson effect

Conceptually, the setup for experimental observa-
tion of the fractional ac Josephson effect is straight-
forward. One should apply a dc voltage V to the junc-
tion and measure frequency spectrum of microwave
radiation from the junction, expecting to detect a
peak at the fractional frequency eV �. To observe the
fractional ac Josephson effect predicted in this paper,
it is necessary to perform this experiment with the
45°/45° cuprate junctions shown in Fig. 3,a. For con-
trol purposes, it is also desirable to measure frequency
spectrum for the 0°/0° junction shown in Fig. 3,b,
where a peak at the frequency eV � should be mini-
mal. It should be absent completely in a conventional
s—s junction, unless the junction enters a chaotic re-
gime with period doubling [33]. The high-Tc junctions
of the required geometry can be manufactured using
the step-edge technique. Bicrystal junctions are not
appropriate, because the crystal axes a and b of the
two superconductors are rotated relative to each other
in such junctions. As shown in Fig. 3,a, we need the
junction where the crystal axes of the two superconduc-
tors have the same orientation. Unfortunately, attempts
to manufacture Josephson junctions from the Q1D or-
ganic superconductors (TMTSF)2X failed thus far.

The most common way of studying the ac
Josephson effect is observation of the Shapiro steps
[34]. In this setup, the Josephson junction is irradi-
ated by microwaves with the frequency 2, and steps in
dc current are detected at the dc voltagesV n en � �2 2 .
Unfortunately, this method is not very useful to study
the effect that we predict. Indeed, our results are ef-
fectively obtained by the substitution 2e e, . Thus,
we expect to see the Shapiro steps at the voltages
V m e m em � �� �2 22 2 , i.e., we expect to see only
even Shapiro steps. However, when both terms are
present in Eq. (31), they produce both even and odd
Shapiro steps, so it would be difficult to differentiate

the novel effect from the conventional Shapiro effect.
Notice also that the so-called fractional Shapiro steps
observed at the voltage V e1 2 4� �2 corresponding to
n � 1 2 have nothing to do with the effect that we pro-
pose. They originate from the higher harmonics in the
current-phase relation I � sin( )2� . The fractional
Shapiro steps have been observed in cuprates [35], but
also in conventional s-wave superconductors [36]. An-
other method of measuring the current-phase relation
in cuprates was employed in Ref. 37, but connection
with our theoretical results is not clear at the moment.

7. Conclusions

In this paper, we study suitably oriented px—px or
d—d Josephson junctions, where the superconductors
on both sides of the junction originally have the sur-
face Andreev midgap states. In such junctions, the
Josephson current I, carried by the hybridized subgap
Andreev bound states, is a 4�-periodic function of the
phase difference �: I � sin( )� 2 , in agreement with
Ref. 24. Thus, the ac Josephson current should exhibit
the fractional frequency eV �, a half of the conven-
tional Josephson frequency 2eV �. In the tunneling
limit, the Josephson current is proportional to the first
power of the electron tunneling amplitude, not the
square as in the conventional case [21–23]. Thus, the
Josephson current in the considered case is carried by
single electrons with charge e, rather than by Copper
pairs with charge 2e. The fractional ac Josephson ef-
fect can be observed experimentally by measuring fre-
quency spectrum of microwave radiation from the
junction and detecting a peak at eV �.
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