Fizika Nizkikh Temperatur, 2010, v. 36, No. 7, p. 711-723

Decay of excited surface electron states in liquid helium

and related relaxation phenomena induced

by short-wavelength ripplons

Yu.P. Monarkha, S.S. Sokolov, and A.V. Smorodin

B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of Sciences of Ukraine
47 Lenin Ave., Kharkov 61103, Ukraine
E-mail: sokolov@ilt.kharkov.ua

Nelson Studart

Departamento de Fisica, Universidade Federal de Sao Carlos, 13565-905, Sdo Carlos, Sdo Paulo, Brazil

Received December 8, 2009, revised January 21, 2010

Decay rates of excited surface electron states on liquid helium are theoretically studied for different electron

confinement potentials and in the presence of quantizing magnetic field. Contributions of both one-ripplon and

two-ripplon scattering processes are analyzed. Regarding the decay rate of the first excited surface level (/ = 2),

two-ripplon emission of short wave-length capillary waves is shown to dominate the conventional one-ripplon

scattering in two distinct cases: the ambient temperature is low enough, or the surface state excitation energy

A — A1 does not match an excitation energy of the in-plane motion quantized under a strong magnetic field or in

a quantum dot. In these cases, magnetic field and confinement cannot essentially reduce the decay rate which is

-1 . .
of order of 10° s~ and does not depend on temperature. Importance of these findings for a microwave resonance

experiment is discussed.

PACS: 73.20.-r Electron states at surfaces and interfaces;

73.20.-b Electron states and collective excitations in multilayers, quantum wells, mesoscopic, and na-

noscale systems;

73.90.+f Other topics in electronic structure and electrical properties of surfaces, interfaces, thin films,

and low-dimensional structures.

Keywords: liquid helium, surface electrons, microwave resonance, decay rate of excited states, quantum dot,

quantum wire, two-ripplon scattering.

1. Introduction

Electrons trapped at the free surface of liquid helium
can move freely along the interface forming a remarkable
two-dimensional (2D) electron liquid (for reviews see
[1,2]). At low electron densities the energy spectrum of the
in-plane motion is continuous, g; = ik’ 2m, where k
is a 2D wave-vector, and m 1is the free electron mass. In
the direction normal to the interface, motion of surface
electrons (SEs) is restricted to hydrogen-like bound states
with energies A; =-Ap/ I, where [ is an integer
(I=1,2,...) and Ay =mA>/2h?* is the effective Rydberg
energy [here A =e? (spye —1)/4(spe +1), and &g is4the
dielectric constant of liquid helium]. For liquid 'He
(ege =1.0572), Ap is about 7.6 K. The holding electric
field E, applied usually in experiments on SEs shifts rela-

tive positions of surface states similarly to the conventional
Stark effect.

In recent years an essential attention is paid to the prob-
lem of the decay rate of excited surface states (/>1) at
low temperatures where electron scattering is determined
by interaction with surface excitations of liquid helium
(ripplons). The interest to this problem firstly arose be-
cause of the suggestion that SEs occupying two lowest
Rydberg states with /=1 and /=2 can be used as elec-
tronic qubits controlled by a microwave (MW) field [3]. In
this case the decay of the first excited level restricts the
execution time of quantum computations. The decay rate
affects also the linewidth of inter-subband transitions of
SEs induced by MW radiation [4] and surface level occu-
pancies N; at the MW resonance [5].
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In the absence of magnetic field and at 7 = 0.1 K, one-
ripplon scattering processes are quite sufficient for descrip-
tion of electron momentum relaxation, the decay rate of
excited surface levels and the linewidth of the MW re-
sonance. Electron scattering involving only one quantum
of capillary waves is nearly elastic. The energy of ripplons
involved 7w, < T and the average ripplon occupation
number N, =T7'/ho, >1 (here o, is ripplon dispersion)
because the ripplon wave-vector q is restricted by electron
wave-vector of the in-plane motion: ¢ < 2k. For liquid *He
at 7 ~0.5 K, the SE momentum relaxation rate is about
107 —10%s7! and it is weakly decreasing with cooling. The
above stated is true even for the decay rate of the excited
surface levels (/>1) because the energy difference be-
tween two levels is not given out but is transferred to the
kinetic energy of electron motion along the interface. The
later is the reason for decay heating of SEs in a MW reson-
ance experiment [5,6].

It should be noted that, for conventional one-ripplon
scattering, low temperature behaviors of the momentum
relaxation rate and the decay rate of the first excited sur-
face level are quite different. For example, the holding
field term of the interaction Hamiltonian eE | &(r) [here e
is electron charge and &(r) is the surface displacement]
leads to electron momentum relaxation proportional to
N, /& < T /g [2] and, therefore, its contribution into the
average momentum relaxation rate is independent of tem-
perature. On the contrary, this term obviously does not
contribute into the decay rate of excited surface states,
while the contribution of other linear terms of the inter-
action Hamiltonian is proportional to 7/ |A, —A1| which
decreases steadily with cooling. The same is valid for the
ripplon-limited width of MW resonance absorption. Ac-
cording to Ando [4], the diagonal matrix elements of the
electron-ripplon coupling U, enter the ripplon-limited
linewidth as the combination (U,);;—(U,),, which is
zero for the considering term (U, —eE| ). Moreover,
because of the strong cancellation of electron-ripplon inte-
raction in such a combination of matrix elements, the main
contribution into the ripplon-limited width of the MW re-
sonance comes from the term which represents the decay
rate of the excited surface state. Therefore, a theoretical
analysis of contribution from interaction terms of higher
orders (two-ripplon scattering) can be essential for under-
standing the low temperature behavior of the decay rate of
excited surface states, the rate of information erasure in SE
qubits, and the linewidth of MW resonance absorption.

In order to reduce the decay rate of the first exited Ryd-
berg state of SEs it was proposed to separate electron ener-
gy levels applying a strong magnetic field in the direction
normal to the surface or to use SEs confined in a small
geometry (quantum dot system) [7]. In this case one-
ripplon scattering is strongly inelastic and the wavelength
of ripplons involved is much shorter than the electron
magnetic length (Lg) or the electron localization radius

712

(L.) which makes the probability of scattering exponen-
tially small. This was the reason for an optimistic estimate
of the decay rate v,_,; S 10% 57! given previously [7] for
T ~ 0.1 K. It is clear that such strong suppression of one-
ripplon scattering requires an accurate analysis of contribu-
tions from two-ripplon scattering events because for pairs
of ripplons emitted by an electron in nearly opposite di-
rections it is possible to conserve energy and momentum
keeping the total momentum exchange small: |q'+q| <
SU/L,, 1/Lp < q,q" . The importance of two-ripplon
emission of short wavelength ripplons for SE energy re-
laxation and lifetime of excited Landau levels was proven
already in 1978 [8]. Investigation of the lifetime of the first
excited surface state for free SEs indicates that its low
temperature asymptote is limited by spontaneous emission
of pairs of short-wavelength surface excitations. The limit-
ing value of the lifetime is about 107%s , and it cannot be
substantially increased by application of any strong mag-
netic field [9].

For confined SEs, two-ripplon scattering was consider-
ed previously only for nearly elastic processes, when an
electron level of the in-plane quantization of the ground
surface state is close to the corresponding level of the first
excited surface state [7]. In this case only long-wavelengh
ripplons with ¢,q"'<1/L. are involved in scattering
events. For such excitations, two-ripplon scattering proba-
bilities of SEs are extremely small. At the same time, di-
rect scattering between an excited surface state and the
ground surface state involving pairs of short-wavelength
ripplons with ¢,q' > 107 em™' was disregarded. Since
surface excitations of superfluid helium with such large
wave numbers are conventionally assumed to be well de-
fined quasiparticles [10-12], their contribution into the
decay rate of the excited states of confined SEs is of great
importance.

Recently, the existence of remarkable magnetocon-
ductivity oscillations induced by radiation and governed by
the ratio of the radiation frequency = (A, —A))/h=
=A,, /% to the cyclotron frequency ®, was demonstrat-
ed for SEs on liquid *He [13]. Magnetoconductivity G, is
shown to be a periodic function of the parameter Ay, / fioo,
having maxima when A,;/hw, — integer (level match-
ing conditions). In order to describe this effect one needs to
know inter-level scattering rates at arbitrary relation bet-
ween A,; and an excitation energy of the in-plane motion
(n'—n)hw,. As we shall see, a small mismatch bet-
ween surface level excitation and Landau level excitation
A,y #(n'—n)im, can suppress drastically conventional
decay rates v,_,; even for the vapor atom scattering re-
gime which requires inclusion into consideration inelastic
two-ripplon scattering processes not affected significantly
by the excitation energy mismatch.

In this work, we report results of theoretical investi-
gation of the decay rate and inter-level scattering rates of
excited surface states on liquid helium induced by two-
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ripplon scattering events involving short-wavelength ripp-
lons (quO7 cm_l) and compare them with results of
conventional treatments. Special attention is given to the
system of SEs confined in a small geometry. We discuss
also the effects of two-ripplon scattering on observable
properties of SEs such as the lifetime of a qubit state, line-
width of the MW resonance and even electron conductivity
under MW excitation.

The article is organized as follows. In Sec. 2 we de-
scribe the approaches used to obtain the energy spectrum
and wave functions of SE. In Sec. 3 we give the interaction
Hamiltonians and expressions for the matrix elements of
electron scattering. Some details are placed in Appendix.
In Secs. 4-6 we calculate the decay rates of the excited SE
surface state for 2D electron system, quantum dot, and
quantum wire. The results of the work are summarized in
Conclusion.

2. Energy spectrum and wave functions

To obtain SE wave functions in the presence of the per-
pendicular electric field £, a variational procedure is
usually used. Trial wave functions are chosen to be of the
same analytical form as those found explicitly for the case
E| =0 and Vjy = [here V|, is the repulsion barrier at
the interface]. For two lowest surface levels, we assume

N1(2)= Az exp (—712), (1)
fr(2)= Azz(l—%zjexp (=122), @)

where Y, =v;+7v;2, v, and y, are variational parame-

ters. The normalization constants are given by 4 = 2y13 2

and

B
4,

2 2\1/2°
(i —nv2+72)
It is convenient to use dimensionless variational para-
meters x; =7v; /v and x, =y, /v, where yq = mA | .
The surface level energies can be represented as

3
h2 2
A =0y 21| 3)
2m x o
h2 2
Ay = G

X [x% (xl2 — XXy + 7x§ )—3x, (xl2 —2xx) + 3x§) +
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with yi =3meLE | / (2h%) . The parameters x; and x, are
determined by the variation.

In the case of free SEs, the in-plane motion is described
by the wave function @y (r) =S -2 exp (ik-r) (here S is
the surface area occupied by electrons). The single-elec-
tron energy spectrum is given by E; ; =A;+¢g;. For SEs
under magnetic field B oriented normally to the interface,
g is replaced by the Landau spectrum €, =%, (n+1/2),
where ®, =eB/mc is the cyclotron frequency and
n=0,1,2,... . For SEs confined in a small geometry, we
shall use an appropriate approximation for the wave func-
tions and energy spectrum of the in-plane motion modelled
by an harmonic potential.

3. Interactions

One-ripplon scattering is described by the interaction
Hamiltonian linear in surface displacements:

a =%2Uq(z)§q exp(iq-r). %)
q

Here éq is the Fourier transformation of the surface dis-
placement operator &(r), and Uq(z) is the electron-rip-
plon coupling. In the usual perturbation treatment (Bloch
approach), the later can be presented in the following
form [2]

©0)
U, (2)=eE,(2)+eE, — agez , (6)
where
€Fy(2) = Ag? {—1 e (qz)} ™
(92) 9z

is the polarization term, Ve(o) (z) 1is the total potential of a
SE at the flat interface (§=0), and K,,(x) is the modified
Bessel function of the second kind. The diagonal matrix
elements of the last term are obviously zero
(v /oz);, =0 [here (V) , =(I|V|I)]. The off-dia-
gonal matrix elements can be rlé{arranged as

o 2 .
(—g—] -hofo-(Z) @
z L 2m aZ l,l'

where v(z)=—-Ag/z+eE |z, and fl, (z) is the derivative
of the SE wave function. It should be noted that v(z) is
only an attractive part of Ve(o) (2) =Vy0(=2)+v(z) with
0(x) being the unit step function. At z <0, there is the
repulsion barrier V;; ~1 eV . In the limiting case V{; = o
the values f/(0) can be expresses in terms of matrix ele-
ments of 0v/0z [4] as

1/2
11(0) =@(ZV] , ©)

N
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so that the condition (—GVE(O) /0z);; =0 1is satisfied. It
should be noted that one-ripplon scattering matrix elements
are independent on which treatment (Bloch approach or
adiabatic approximation) is used.

Two-ripplon scattering originates mostly from non-
linear (in iq ) terms of the interaction Hamiltonian

Z q(Z)E.sq rexp[z(q-irq) ]

q,q

(10)

because the electron potential at the interface has an ex-
tremely sharp structure. Next order terms of the pertur-
bation treatment for the linear Hamiltonian (5) give much
smaller probabilities of electron scattering in the ripplon
wavelength range considered here. By now the two-ripplon
coupling function Waq (z) 1is found accurately only for
two opposite limiting cases of short and long-wavelength
ripplons. The matrix elements of two-ripplon scattering
and energy conservation restrict the total momentum of a
ripplon pair involved, and usually we have |q + q'| <gq.In
this case the two-ripplon coupling depends mostly on
q~q', and we replace Wq,q by anew function W, .

In the limiting case of short-wavelength ripplons, the
main contribution into W, comes from the interaction
term Vy[0(§—z)—0(—z)] whose important feature is that
the matrix elements (l '| W, |l> does not depend on the rip-
plon wave number[8]

2 472

o), (%)
0 32 I aZ llll

where kg =n/\2mV, ~ 2-10%cm is the penetration
length of the SE wave function into the liquid phase. Since
(', |1) ~ Vo . this perturbation treatment cannot be
used in the limiting case V{y —oo. In order to find the ap-
plicability range of Eq. (11), one should compare it with
the result of the approximation V|, = analyzed previous-
ly [14].

For ¥V, = oo, the electron wave function is zero at the
interface z=§&(r). The replacement of the variable
z=2Z2+§&(r), which is analogous to an adiabatic treatment
with the trial wave function f;(z—§), introduces the
second order correction to the electron kinetic energy

pi(v &) /2m . Gathering it and the second order terms of
the polarization attraction one can find

1627© I
N = (‘—e ~ Vool /7 (0)/7(0) =
Il

)

.2 , 2
owoi-(2] 2-nf2-Li) .
" =z I

s

(12)
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Numerical calculations show that the second term of
Eq. (12) is important only when ¢ < 2y;. It leads to an addi-
tional reduction in (/ '|Wq(1°n)|l> in the long-wavelength
limit. For g > 2y, , the first term dominates being pro-
portional to q2 .

Two-ripplon coupling of Eq. (12) does not depend on
Vo, but it increases fast with the absolute value of the
wave vector of ripplons involved in scattering events.
Thus, the matrix elements of Egs. (11) and (12), as func-
tions of ripplon wave number, intersect at a certain value
g which equals gy =2\ kgy; ~1.6-107cm™" for
I=1"=1. This means that the approximation Vj =, or
the trial wave function of the adiabatic approach
[f;(z=8)], fails for g > qS, because the wave function
adjusting to the interface causes kinetic energy perturba-
tions which are much higher than initial electron-ripplon
interaction energies. Similarly, the short-wavelength
asymptote of Eq. (11) is not applicable for g < qg because
the adiabatic adjustment of the electron wave function
leads to weaker scattering. Since it is impossible to de-
scribe two-ripplon coupling in the intermediate range (
qn~ qé) we shall use the following interpolation

W, =W{6(g5 —q)+ W ™0(q - q).

(13)

where both Wq(k’n) and Wq(Sh) are considered as operators
defined by their matrix elements given in Egs. (12) and
(11), respectively. Recently, such an approximation was
shown to describe well the energy relaxation rate of elec-
trons occupying the ground surface level in a nonlinear
transport experiment [15].

4. Decay rate of excited surface levels

We shall define the decay rate v; of an excited surface
level as a sum of transition rates v;_,y to all lower electron
levels (I' <1) due to scattering. This quantity depends cru-
cially on the properties of electron motion along the helium
surface. Here we consider the following cases of electron
confinement: 1) 2D electron system on a flat interface,
including the case when a quantizing magnetic field B is
applied normally; 2) an electron is confined in a quantum
dot; 3) electrons restricted to move freely in one-dimension
only (quantum wire).

4.1. 2D electron system

1) B=0. If there is no magnetic field applied, electron
states bound to the interface are characterized by the sur-
face level number / and by the wave vector of the in-plane
motion k. For the interaction Hamiltonian of Eq. (10) and
the displacement operator &; = Qq by +qu [here by is
the Bose destruction operator, Qq hg/(2pw,S), and p
is the liquid mass density], the decay rate due to emissions
of two ripplons with nearly opposite momenta is
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ngr)(gk) ZZ‘ | a.9- s

l </4q-8
x Q(fQ‘fl_s‘(Nq FD(Njgy +1)

X O(Ay — A +8‘k+s‘ —g& +h(oq +hm‘q—s‘) (14)

where s=q+q’ is the total momentum of a ripplon pair,
N, =[exp (ho, /T )—1]_1 . The familiar expression for
ripplon frequency, o, ~/o./ pq3/ 2 (here o is the surface
tension), is well-grounded for long wavelength excitations
qnr~ 10*-10% em~'. However, for short wavelength rip-
plons with g ~ 105 em™, strong deviations from the ca-
pillary spectrum are broadly discussed [10,11,12].

For short-wavelength ripplons with g > 107 cm™! , us-
ing energy conservation one can find that s < g . Then,
the decay rate averaged over distribution of €; reduces to

_ 2mS
(2r) ZZ‘ |
o Qg exp |:_ (2h(1)q —A”')

where Ay =A;—Ap and T, is the electron temperature.
The structure of the exponential factor of this equation
illustrates that for 7, <] Ay | the energy of ripplon pairs
most frequently emitted by electrons 27w, S 1Ay

We define ql(l%r) as the solution of the equation
2hw, =| Ay | . Consider the decay rate of the first excited
surface level v(zr) _ngr) Assuming o, = o/pg’?,
we have

1/3 2/3
(2r) [ ) ﬂj ) (16)
21 "\ 4y h

Even for the smallest value of A,; ~5.7 K which is
achieved at FE L= =0, the typical wave number

(2") ~3.8-107 cm '> 4¢ . Therefore, W, of both regions
q < ‘10 and g > ‘10 [see Eq. (13)] contrlbutes to V§2r) The
contribution into vé ") from ripplons with g > qo can be

found as
47tp(xh 0z 2,2 oz 1,1

2/3
| 427 en 2 T,
951" — qO 951 3 AZ]

‘(N +1)% x

0 210, —A”')}, (15)

e

exp (—x) dx
o (x+Ay /T)"

amn

At low electron temperature 7, < A,; the third term in
the square brackets of Eq. (17) can be disregarded. Then,
gathering contributions from both regions of ¢ we obtain

_er _ mgp) N
21
20mpai| 2m -
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Here the matrix element

\ 2

P | _len’ nn

m |l 22 A2 2 (19)
Mo 3mT Y0 Y2 +v2)

is calculated using the wave functions of Egs. (1) and (2).

The first term of Eq. (18) represents the contribution
from W(lon) glven in Eq. (12), of which the second term is
omitted because qo is substantially larger than 2vy;. If we
would use the approximation f(z)= f;(z—&) in the
whole range of ¢ including ¢~ qulr) , then Eq. (18)
would have only the first term of which the parameter qS
should be replaced by q(2 ). In this case the decay rate
vgzg)l would be much higher than the result given by Eq.
(18), as shown in Fig. 1 by the dotted line. For pure Bloch
treatment (qf; — 0), the decay rate is much lower (dashed
line). Taking into account the long-wavelength reduction
in W, which appears in the adiabatic (or V) — ) ap-
pr0x1mat10n we obtain a bit lower decay rate v(zr) (solid
line), which behaves similar to that found in the Bloch ap-
proach. Thus, for continuous spectrum of the in-plane mo-
tion of SEs, the long-wavelength reduction in W, dis-
cussed above leads only to inconsequential numerical
correction to the result obtained previously. As we shall
see, the situation will be different for a discrete energy
spectrum ¢, of the in-plane motion which appears under
strong magnetic field or in the quantum dot system.

The result given in Eq. (18) represents the contribution
from processes of spontaneous emission of ripplon pairs. It
does not depend on temperature and, therefore, it can be
considered as a lowest decay rate which can be achieved in

100

V,= infinity
80f ; e

no’ s

_(2r)
Vo

0 50 100 150 200 250 300
E|, V/icm

Fig. 1. Decay rates of the first excited surface level due to emis-
sion of pairs of short-wavelength ripplons for different theoretical
models: approximation Vy =oo (dotted line), usual perturbation
treatment ¥ =1 eV (dashed line), combined model discussed in
the text (solid line).
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experiments on SEs in liquid helium. At finite temperature
one-ripplon scattering can contribute substantially. In order
to estimate the importance of the result obtained above for
typical experimental conditions, consider one-ripplon scat-
tering described by the Hamiltonian given in Eq. (5). For
quasi-elastic scattering (7w, < T'), we have

(1r) 27: Z qu K ‘Uq‘ >

x (2N, +1)8(A1r _Al T €r) (20)
where  U,(z) is defined in Eq. (6). Assuming
N, ~T/hwo, > 1, after averaging over g; we have

—(1r) _ T
v m——————x
! 4\/Eoch\/i
®de 2 (8 —All')z
q ’ q
<> —‘ ru, z‘ exp| ——4—17 | (o)
“ !32/2 < | | > 4g,T,

where &, = h2q2 /2m . Because of the complicated g-de-
pendence of eE,(z) given in Eq. (7), the integral of the
right side of this expression can be evaluated only numeri-
cally using the explicit form of the matrix elements

I'\u i} For the first excited level v(lr) _-%1_1)1 , the
straightforward transformation gives the followmg expres-

sion

S _ 4T B12Y0TI 262, 2kry |
Vo1 T \/; Y12

2
X exp _[y_élAT_zlyj dy + Bu“/o(eEL)j [2kTyj><

e Y12

2 2
X exp —(y— A1 J dy +TF# (22)
AT,y 20hA,,
where kr =./2mT, /7 is electron thermal wave number
and the rest of notations is given in Appendix.

The comparison between _g _))1 (E|) and v _( " (E)) as
functions of the holding electric field is shown in F1g. 2 for
different ambient temperatures. One can see that increasing
E| extends the temperature region where ng;) domi-
nates because vg »)1 increases faster with £, than vgi)l
This is in contrast with results obtained previously for in-
tra-level collision frequency in which the one-ripplon con-
tribution increases with £, much faster because of the
interaction term eE | &. Here for inter-level scattering the
matrix elements of this interaction term are zero.

The quantity v(2 N2 represents the decay rate con-
tribution to the rlpplon -limited width of the MW resonance
absorption. The whole width y,, for optical transitions
between levels /=1 and /=2 can be represented as a

716

10°

-1
1r): T=10 K
(1):TZ107K |

E,, V/icm

Fig. 2. The Vglg)l vs E| calculated for three ambient tempera-
(dashed,dotted, and dash-dotted lines).
independent v( ) is shown by the solid line.

tures Temperature

sum of diagonal and off- dlagonal terms [4] Yop =
=Y11-22 + Y21, Where v,, —V2_>1(8k)/2 and

! Zmif][<l|Uq|l>_<2|Uq|2>] O(Ejcq ~Ek)

-
M-22 75

Generally, v, is a function of electron energy of the
in-plane motion ¢y . Therefore we shall consider the aver-
aged quantities Y, = V(Zi)l /2 and 7jj_p which can be
represented in the form similar to Eq. (21)

2d 2 -
s )
(23)

As already noted in the Introduction, the terms eE; and
—8Ve(0) / 0z entering into Uy give zero result for vy _p;.
Moreover, there is a strong cancellation of diagonal terms
even for the residual coupling eE, (z) . Therefore, the main
contribution to one-ripplon broadening of the MW re-
sonance comes from the off-diagonal term 7,; equal to the
half of the decay rate v(l’ ) . This situation is illustrated in
Fig. 3. Lines 7Y,; and v2 »1 /2 intersect approximately at
T ~0.017 K. This also allows us to speculate that at
T <0.017 K, electron emission of pairs of short-wave-
length ripplons will govern the ripplon-limited width of the
MW resonance.

2) B#0. In the presence of the magnetic field oriented
in the normal direction to the surface, the electron spect-
rum of the in-plane motion is a set of equally spaced Lan-
dau levels [ g, = hw,(n+1/2)]. In this case the decay rate
of the first excited surface level (/=2, n=0) can be
written as a sum of decay transition rates to all lower states
[=1, n<ng,y (here ny,, is the integer part of the ratio
Ay /hw, ). For two-ripplon scattering, following Ref. 9,
we can find
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- E,=107 V/em
o ~ 100L
= ;
S
i<} 10? _(21) ilfs
E i Vo1 /2 121
g
§ lp——fmm e
=] E
o
8 ~
= 0,1¢ -— Y1122
=
001 T e
10° 107 107 10°
T,K

Fig. 3. The width of the MW resonance for electron scattering by
ripplons and helium vapor atoms (solid) and the half of the decay
rate of the first excited surface level induced by one-ripplon scat-
tering (short-dashed line) and by two-ripplon emission processes
(dashed line). The diagonal term 7;1_pp is shown by the short-
dotted line.

Mmax

222

8nLpp

v (B) =

2—)1

2 3
(2] 2
(oqn qn/aqn‘

(24)

where Ly =+/hic/eB is the magnetic length, g, is the
root of the equation 27w, = Ay —nho, . Using the new
expression for two-ripplon coupling operator of Eq. (13),
the decay rate can be found as

2
V@) (B = 1 . 712¢*
n=

1,2

ov ov _ *
+KS[ - ] ( j 720(d, - 40)].
Z 22 aZ

This result indicates the importance of the long-wave-
length (¢ <q8) reduction in the coupling operator W,
given by the adiabatic approach with f(z) = f;(z—-¢&) . For
usual perturbation treatment, v(zzg)l (B) o< l/qi/ 2 500
when nhw. — Ay (g, —0), as illustrated in Fig. 4 by
the dotted line. The new form of W, gives the decay rate
which is finite even for g, — 0 (solid line). It should be
noted that the sharp triangle-like bending of the solid line
is the consequence of the interaction model [Eq. (13)]. For
real interaction, they should be smoothed out. In the low
field limit (B — 0), the solid line naturally approaches the
result of Eq. (18) shown by the dashed line.

Consider now the one-ripplon scattering contribution to

; (1r)
the electron decay rate under magnetic field v; LI(B). If

(25)
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10

1

6

(B)/10°, s

e
Vo

2 4 6 8 10

Fig. 4. The decay rate of the first excited surface level in the
presence of strong magnetic field due to emission of pairs of
short-wavelength ripplons for two theoretical models: usual per-
turbation treatment ¥y =1¢eV (dotted line), and the new model
based on Eq. (13) (solid line).

A, does not match the excitation spectrum of the in-plane
motion (n'—n)ho, the energy conservation requires short
wavelength excitations with ©, ~®. to be involved in
scattering. At the same time, momentum conservation
which follows from matrix elements (4" )y .y, (here
X is the orbit center quantum number) restricts sub-
stantially the momentum exchange ¢ < LB because
|(exp (g X) | oc exp (— qu /2). Thus, one-ripplon scat-
tering contribution into the decay rate v21 )1 is expo-
nentially small unless A,; is close enough to the match-
ing condition (n'—n)hiw, =A,; when excitations with
q ,SLE;I can be involved in scattering. In this case, the
singular nature of density of states (DOS) of noninteracting
electrons is very important, and one should take into ac-
count the broadening of Landau levels I';.,, induced by
scatterers. Here the subscript / indicates that the strength
of electron-ripplon interaction and the broadening depend
on the surface level number. Thus, instead of the delta-
function of DOS of noninteracting electrons d(e—¢,) we
should use —Im G ,(¢)/ nh, where Gj,(g) the single-
electron Green's function. The cummulant expansion me-
thod [16] results in the Gaussian shape of Landau levels,

2
2(e—
—Im G, (s)=mh exp| - 2E 28") (26)
Ln I,n

The T 7 1s usually expressed as the 1ntegra1 over ¢ whose
integrand is proportional to Qq o |l> (2N, +1) [2].

In order to introduce the level broadenmg into the prob-
ability of electron scattering correctly, we shall use the
way described in Ref. 17. In short, the probability should
be rearranged into the form, containing the density of
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states of the initial and final states. Then the replacement
d(e—¢,) > -ImG; ,(¢)/nh is used. This simple self-
consistent way gives the correct result for magneto-
conductivity in 2D electron systems which coincides with
the result of more complicated treatment [18]. Thus, one
can find

v = — ZZ 2|V T (0P Ly 1 2D(2N, + 1)
nn' q
x [de w(e) Tm Gy, (6) Im Gy (6 +Ayp), (27
where
() = [min (n,n")]! [n—n'| .—x \n n'|
I () [max(n,n’)]!x ¢ [ mln(nn)(x)J -(28)

L) (x) are the associated Laguerre polynomials, and w(g)
describes electron distribution over Landau levels.

For SEs on liquid helium, Landau levels are extremely
narrow, I, <T,ho.. In this case, we can replace
w(€) > w(g,) and find

[ds'1m Gy, (') Im Gy (' + Ayy) =

; 2

_ o [A21 = ('~ n) o ]

= eXpy— B 5
Fn,”' rn,n'

where F%,n' = (F%;n + 1“12;”,) /2 . Then, the decay rate is
—(r) _ 272 ze—nhmc/Te
21 hZ d
[
1 [AZI —(n'—n)h(oc}
X exp 5
F’l,”' 1—‘n,n’

2
x> 07 (U] S (@ Ly 12)CN, +1), (29
q

where ZH = / [1+coth (A, /2T,)]. Thus for strong mag-
netic fields T, < Ao, <Ay, vg 1/ (B) is exponentially
small, except for very narrow regions where
(n'—n) ho, > Ay .

Similar and even more instructive equation can be
found for the electron decay rate induced by scattering at
helium vapor atoms vgil Using the interaction pseudo-
potential of the contact type [ mt) «d(R,-R,) ], wecan
easily integrate over ¢ and complete averaging over n to
obtain

_ ho Ay —nho, T2
g?)]_szO) 1/2 SZIZeXp{ [ = 2 C] ‘|9(30)
I'm =0 r

By
S”'__B )

B} = [ @@ dz. (31
0

718

where vflo) is the electron collision frequency in the ab-

sence of magnetic field, T = (% hzmcvflo))]/ 2 is the broa-
dening induced by vapor atoms (it does not depend on #).
Thus, «close to the Ilevel matching conditions

|A21 nho L<< I') the decay rate is enhanced by the fac-
tor fio, /(I'm ) > 1 which represents the number of mul-
tiple scattering events within the lifetime. Beyond theses
conditions (|A21 —nhcoc| >I") the decay rate induced by
vapor atoms Vg‘l_))l is exponentially small, and therefore,
even for high ambient temperatures 7 ~ 1K where vapor
atoms scattering usually dominates, we should compare it
with the contribution from two-ripplon scattering
_(2r) ~(B) found above.

The comparison between vgﬂl and vgi)l is illustrated
in Fig. 5 for T=1K and E; ~100 V/cm . Once can see
that Vg“_))l is a periodic function of the parameter
Ayy/hw, with narrow peaks at A, /ho, — integer .
Beyond these peaks it sharply decreases and becomes
much less than the decay rate obtained for two-ripplon
emission ngr) (B). Under the condition of this figure
_(1 ) _,1(B) can be disregarded because it has the same struc-
ture as vggl(B) but with much smaller amplitude and
broadening. Thus, under strong magnetic field even at high
temperatures 7'~ 1 K there are regions where decay rate
of the first excited surface level is determined by interac-
tion with short wavelength ripplons.

If heating of the electron system is small, at the MW re-
sonance the relative occupancy of the first excited surface
level can be found using the two-level model [5]

&: me+v2—>lexp( A21/T)

(32)
M Ry +Vos

where R, is the absorption (emission) rate stimulated by
MW, and v,_,; is the decay rate induced by all scattering
processes discussed above. For vapor atom dominated re-

10
V(a)
L 21
— 8 / H\«
o @) g
- A%
CO 6 _2—)1
= \
2 \
— 4 [ \ l‘\
& \ TS
> \\ ] S S -~d
2h ceviiaa A TR SkLZo. by O I el ¢
0 1 2 3 4
Ay /Ao

Fig. 5. Decay rates of the first excited surface level induced by

vapor atoms V(chl (solid) and by short wavelength ripplons

v(22_)r)l(B) (dashed) in presence of strong magnetic field. Dotted
2r

line represents v3"J; at B=0.
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gime Vy_, =~ Vg—)n +V§2_r>)l From Egs. (30) and (32), we

conclude that at sufficient MW excitation the occupancy of
the second surface level is a periodic function of the para-
meter Ayy/ho,. It is large (N, /N; ~1) in between of
the level matching conditions where vgil — 0 and it
reduces fast when A, /7w, — integer because of the fast
increase in vg‘gl This affects SE magnetoconductivity
G, induced by vapor atom scattering because diagonal
matrix elements s;; for the ground and the first excited
level differ substantially. For cold SEs (7, =T') variations
in o, can be up to about 30%. A strict description of
magnetoconductivity oscillations requires heating of SEs

to be taken into account and will be given elsewhere.

5. Quantum dot

According to the theoretical model [3,7] and implemen-
tations [19], a SE qubit is formed by a single electron loca-
lized in x—y plane due to the confining potential of the
bottom electrode (quantum dot). Therefore, in this Section,
we consider the decay rate of SE states assuming electron
localization in the plane as well. Using a parabolic approx-
imation for a confinement potential we classify the energy
levels by the subscript {i} = {/,n,n,} as follows

El’nx’ny =A; +ho, (nx +%j+ hoay (ny +%

oty =0,1,2.

j (33)

n

The oscillatory-like Hermite wave functions describe in-
plane x—y motion of SEs, whereas the wave functions for
the perpendicular motion are assumed to be the same as
those of Egs. (1) and (2).

Considering the problem of the decay rate in a quantum
dot one should emphasize, as an essential point, that one-
ripplon processes give an exceptionally small contribution
into v}lr) . Indeed, one can obtain the decay rate limited by
one-ripplon processes for a state {/,n,,n,} as

oy Z 0% Kz |Uq(z)|l>2 x

l!!v

SNy,

(1r)

A%
Ungmy)

Tutan AL 12) T (515,12)

X{NqS[Al'_Al+hwx(”;c x)+h0) ( y) ho ]
+(Ny +D3[Ay = Ay + 7o, (ny — 1)+ hoy, (n), —n,) +ho, ]}
(34)

where Li- =h/(mo;) with j equal x or y, and
Jn;cnx (x) is given by the Eq. (28).

As noted above the typical value of Ay —A; ~6 K. If
we do not consider the special case Ay +ho, (n, —n,)+
+ho, (nj, —ny) — 0 when the excitation energy of per-
pendicular motion matches the excitation energy of the in-
plane motion, for i, ~ 7o, =0.1 K an analysis of the

Fizika Nizkikh Temperatur, 2010, v. 36, No. 7

argument of the o -function gives typical values of
q> 107 cm_l, whereas Lj >107% cm. As a result,
Jn’n (qu2 /2) is extremely small and the one-ripplon
contr1but10n v is negligible for any reasonable
range of temperatureg and holding fields. Under this condi-
tion only two-ripplon processes should be considered.

For two-ripplon emission, the decay rate of an excited
surface level can be evaluated straightforwardly in the
same way as Eq. (14):

ngr)(g”x’”y)wﬂl’z' qzqu K ‘ ‘>2><
Mysity g8

X< opon (ST DT (57151 2)x

x8Ay — A +ho, (n, —n )+ ho, ( —ny,)+2ho,], (35)
where s, <gq, and s, Lq,. For this reason,
I o (szL2 /2) and J,, (szL2 /2) can be of the order
of umty which gives the éecay rate comparable with the
decay rate of free SEs considered in the previous Section.
With the approximation of W, given by Eq. (13),

(2221 of the quantum dot can be found as

(2r)
Vo1 T

12nL, L 3/2 1/2 Z \/7

2
2
X p_Z
2m
1,2

4
Qn,n’e(qz; - qn,n’) +

ov ov *
+ K5 (a—j [—j 9(qn,n'—%):|> (36)
z )2\ 02 )1
where
1/3
, , 213
o

The summation is carried out over all n, and ), satis-
fying the condition Ay +hw,(n, —ni)+ hew,(n, —n)) >
>0,and

0
=[x ZJH},nj (x) dx . (37)

For g, » > qg Eq. (36) transforms into the result brief-
ly reported in Ref. 20. Still, one should take into account
the first term when Ay + %o, (n, —ny )+ + ho, (n, —nj)
strongly decreases to avoid the divergence 1/ /gy ' -

In Fig. 6, v

5.y 1s plotted as a function of the holding
electric field. A weak oscillatory dependence of
vgz_r))l (E}) in standard perturbation treatment ( gy p* > )
is due to approaching the condition g, ,» — 0 for a given

value of A,; when varying £, [20]. The modification of
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-1

(2r)

Vol »S

10 100 1000

E , V/iem

Fig. 6. The v(22_r>)1 as a function of the holding electric field for
ho, =0.6 K, 7o, =0.7 K and n, =n,, =1: usual perturbation
treatment (dotted line) and the model based on Eq. (13) (solid
line).

the long-wavelength (g, , <gq) part of W, discussed
above eliminates singularities 1/ /gy, of the two-ripplon
coupling function (straight line). The Fig. 6 indicates also
that the decay rate of the first excited surface level in a
quantum dot v(zzj))l is of the same order as that shown in

Fig. 1 for free SEs.

6. Quantum wire

Consider a quasi-one-dimensional electron system of
which electrons are free to move in one in-plane direction
only, whereas their motion across this direction is re-
stricted (quantum wire). For such a SE system, the energy
levels {i} = {/,k,,n} are given by
E; =A;+g;, +ho, (’Hlj (39)

ok, = BT e 0 )
where a parabolic confinement is assumed, »=0,1,2...,
and e, = hzkf /2m . Practically, the confinement poten-
tial is created by a distortion of the liquid helium surface
over a specially created substrate due to capillary forces

[21]. In this case ® is a function of the curvature radius
R and the holding electric field:

[e EJ_ jl/ 2
Oy = | —— .
mR
Under the approximation, the wave functions of the os-
cillatory part of the energy spectrum of Eq. (38) are given
by Hermite functions. If SE confinement is created by an
external potential using a system of specially arranged

electrodes, the frequency ®; will be dependent on the
magnitude of the potentials applied to these electrodes.

(39)

720

In a quantum wire, the decay rate for two-ripplon pro-
cesses can be written as

Vi (ko) = ZZQq (], ‘>‘2J,,n(s§L§ /2)x

l"

x O [Al! - Al + h({)o(l’ll - I’l) + Skx+Sx - Skx + 2h())q] . (40)

Averaging this equation over Boltzmann distribution of
€k results in an expression for a decay rate vl(zr)(n) de-
pending on two discrete quantum numbers / and n (here
we separate the in-plane number n by placing it in round

brackets). For the first excited surface level,
(2r)( )= vgz_r))l (n) is found as
2 r/3 ml/? 4
el ) -

(n) = (3
V2l V2 (176) 126503, Z

r(10/3)r(1/6) { p? 2
x{6r(23/6)r(2/3)[j12(q ) 0(a5 - 37 )+

+ Kg(@j (@j 1- B, qo, +
0Oz 2,2 Oz 1,1 q’zuf

2
2
q )4 "\4 "%
+B4[ nﬂ}{—;} (@51)" |0(a5T —a0) (>
m
921 1,2

where Iy =[1/(mwy)]"?, I, is given by Eq. (37),

(41)

13

nn' P 2/3

1 =|—— | A2 t+hoy(n—n)
[4(xh2j [ ]

r(1/6) T *dt

k(y)_4fr(2/3)o./1_t

Equation (41) obtained for two-ripplon coupling opera-
tor of Eq. (13) is valid for T, < Ay; +hwg(n—n'). The
summation is carried out over all »n' satisfying the condi-
tion of positiveness of A,; +hmy(n—n'") for given n. The
result of usual perturbation treatment obtained previously
follows from Eq. (41) as the limiting case qg —0.

In analogy with a free 2D electron system, one can ex-
pect a substantial contribution from one-ripplon scattering
into the decay rate of a quantum wire at high enough tem-
peratures. Following the standard procedure one can find
the result similar to that of Eq. (20):

2
W) =25 SO\ g @28 120
I'<l q

X (2Nq +1) S[Al' _AZ +hw0(n'—n)+8kx+qx — & ]

X

(42)
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After averaging over g we arrive at the following decay
rate of the quantum wire induced by one-ripplon scattering
processes:

Vi) () =

21

T
X
TCS/ZOLhZH A [ h(DOTe

0 2
n Ay /hwg +n—n'
Xz.[dxexp LBy [ Ay Ty tn—n N
7o~ 4T, x

X.[ 2 2 ‘]nn’(yz)x
o (x"+y%)

2

Yo |hog(x* +y7)
— |t A2 | >
Y12 Ay

(43)

where now Z :%[l+coth (howg /2T,], and other nota-
tions are the same as those in Eq. (21) and in Appendix.
The comparison between the conventional contribution
into the electron decay rate v(zlg)l and the corresponding
contribution from short-wavelength ripplons v(zzgl is shown
in Fig. 7 for a fixed value of the confinement frequency
@ . In the case of a fixed curvature radius R with
given by Eq. (39), the results of numerical calculations
give similar results with some lower curves which is in-
consequential for our analysis. The curves of Fig. 7 are
plotted for high enough holding fields E, where the
square of the transverse oscillation mode frequency is posi-
tive [22] which provides the stability of the system. One
can see that for such strong holding fields, \/(22_?1 domi-
nates the conventional contribution already at 7 ~ 0.1 K
due to a more strong field dependence already noticed
above for the free 2D electron system on liquid helium. It
should be noted that regarding the decay rate of excited

x| Br2vo (hog )(x* + yH ey,

108
T 107 @)
: (1r): T=10" K
C>r\| ———————— )
6 ——————— ]

:% T 102K
E At
$>N ------------------

105 FPPTPEEEEL
: 1000

E,, V/em

Fig. 7. The decay rate v(;:))l of the quantum wire vs E| calcu-

lated for three ambient temperatures (dashed and dotted), n=1
(2r)

and Aoy =0.5 K. Temperature independent v3,

is shown by
the solid line.
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surface levels the quantum wire is similar rather to free
SEs than to a quantum dot system or SEs under quantizing
magnetic field, because of the continuous component of
the electron spectrum & ky -

7. Conclusion

In the present work we theoretically studied the decay
rate of excited surface electron states in liquid helium un-
der different conditions with regard to external fields and
confinement potentials which are usually used in ex-
periments with SEs especially in those where qubits are
modelled. In addition to conventional one-ripplon proces-
ses involving only long wavelength excitations, two-ripp-
lon emission of short wavelength capillary waves is consi-
dered taking into account the reduction in the coupling
operator due to adiabatic adjustment of SE wave functions
to the interface. This reduction is shown to be very impor-
tant for SEs under a strong magnetic field oriented in the
normal direction to the interface or in a quantum dot sys-
tem, because it eliminates singular behavior of the decay
rate when the in-plane excitation energy ¢, —¢, ap-
proaches the excitation energy of surface levels A, .

For all confinement potentials and external fields consi-
dered here, the decay rate of the first excited surface level
induced by emission of short wavelength ripplons is found
to be independent of temperature. Therefore, at low
enough temperatures it dominates the conventional one-
ripplon contribution which is proportional to the average
ripplon occupation number N, ocT'. The characteristic
temperature where both these contributions are of the same
order depends on the holding electric field and varies from
about 0.01 K to about 0.1 K for typical experimental
conditions. The lowest decay rate V(zz—r>)1 ~4.10°s7! s
obtained for zero holding electric field. This number can
be considered as the lowest rate of information erasure
which can be achieved for a qubit formed by an electron
occupying two lowest surface levels over superfluid he-
lium.

The analysis given here shows also that in the presence
of a strong magnetic field or in a quantum dot system, the
temperature region where the electron decay rate induced
by short wavelength ripplons dominates can be extended
up to high temperatures 7'~ 1 K. This happens when the
surface state excitation energy A,; does not match the in-
plane excitation energy €,/ —¢,,. In particular, under mag-
netic field the vapor-atom induced decay rate is found to
be a sharp oscillatory function of the parameter A,/ hw, .
It exceeds the corresponding contribution from short wave-
length ripplons only in the vicinity of the level matching
conditions: A, /hw, — integer. These matching condi-
tions are restricted by the Landau level broadening which
is much smaller than #w,. Therefore, even in the high
temperature regime, where electron conductivity is go-
verned by scattering at vapor atoms, the decay rate of ex-
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cited surface levels induced by interaction with short wa-
velength ripplons can determine level occupancies of SEs
in a MW resonance experiment.

It should be noted that short wavelength excitations of a
liquid helium surface with ¢ ~5-10"ecm™ are well de-
fined quasi-particles only for liquid *He. In the case of
liquid "He, damping effects are Very strong already for
capillary waves with g ~ 10°cm™ Therefore the results
obtained here for SEs over superfluid He cannot be ap-
plied directly for SEs formed on liquid 3He. Still, it is
known experimentally that ripplon-limited mobility of SEs
over liquid *He is not affected by strong damping effects.
This allows us to speculate that generally two-ripplon de-
cay rate of the first excited surface level over liquid ’He
should be the same as that found here. Anyway, an expe-
rimental observation of a significant difference in the de-
cay rate and surface level occupation under MW resonance
for SEs formed on such a Fermi-liquid substrate would be
of great importance.

This work was partly supported by STCU through
Project 3718. One of us (N.S.) is supported by a grant from
CNPq.

Appendix

Here we give the expressions for the matrix elements of
one-ripplon scattering processes.

The interaction Hamiltonian for the electron scattering
by one-ripplon is given by

AN (r,2,0)= 3 0,U, (2)(aq ¢ 4" 0 +qf ¢ 17000
q
The matrix elements can be written as [2]

<l'|Uq (z)|l> = Ay <1"Zi2—%1<1 (¢2)

()2, (3]
1 0z 1l Oz 144 0z ”/

The last term is essential for inter-subband (/ # /) scat-
tering only.
If we consider /,/"=1,2 and apply the trial wave func-
tions of Egs. (1) and (2) we obtain
2
@11( . J"’eEJ_;
2y

l>+ eEJ_SHf +F}'l;

(1 @)=

<2|Uq (Z)|2> = 1322<P22 ( ;12 j+95¢’
2
<1|Uq (Z)|2> =20 01, [éj + 13
with
722

oz

2
(@j = 2By 1-12 4 T2 1A 2 v ek, ;
0z )y 3y, 18y3

ov 2
(a—j =BraAoviz -
Z /21

The parameters B's depend on the y’s according to the
relations

(@j = 2A0712 +ek | ;
11

3/2.5/2
B, _ 8 Y172 .
3 2.0/2°
V3 20 — 112 +73)
373
o =

2 N
(i —v1v2 +v2)

The function ¢’ s are given by
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