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The results of investigation of uniaxial and biaxial nematic liquid crystals dynamics with molecules of the various
forms are presented. These condensed matters possess internal spatial anisotropy and for their adequate description
introduction of additional dynamic quantities is necessary. They are vectors of spatial anisotropy and conformational
degrees of freedom. Investigation of dynamics of the given condensed matters is based on Hamiltonian formalism
in which framework the nonlinear dynamic equations for uniaxial and biaxial nematic liquid crystals are derived.

Spectra of collective excitations are obtained and their polarization features are investigated.

PACS: 61.30Cz, 83.10.Bb
1. INTRODUCTION

Nematic liquid crystals are orientationally or-
dered anisotropic liquids with spontaneously broken
symmetry to rotations in configuration space. Be-
sides, they possess the internal molecular structure
capable to be deformed in the process of evolution,
which also must be considered at the macroscopic
level. Hence, for the description of dynamics of
such condensed matters introduction of the addi-
tional variables connected both with broken symme-
try and with the form and the size of molecules is
necessary.

In the given work features of dynamics of uni-
axial and biaxial nematic liquid crystals taking into
account internal structure are considered, and possi-
bility of distribution of collective excitations and their
polarization structure is studied.

2. FEATURES OF DYNAMICS AND
POLARIZATION STRUCTURE OF
ACOUSTIC SPECTRA OF UNIAXIAL
NEMATIC LIQUID CRYSTALS

2.1. Nematics with rod-like molecules

For uniaxial nematics along with usual dynamic vari-
ables - densities of mass p, momentum m; and en-
tropy o, the additional parameter - unit vector of
spatial anisotropy (director) n (x) is introduced [1].
Using Hamiltonian approach of [2, 3] we obtain dy-
namic equations of uniaxial nematic with rod-like
molecules [4]:

7i = —Vitik,

p=-V;m, o =—Vi (ovg),
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[ = —v, (%) Vl(x) + 1 (x) n (2) nj () Vjvi(x),
n; = —vsVsn; + (5% (n) ngViv;.
(1)

Momentum flux density looks like

9 9 9
ti = Péi + ﬁﬁi + —8V:nl Vin; + 3—§nmkl (2)
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+nk5il (n) on; V] —6anl
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Here P = —¢ + Ega + mvlm is pressure, v; =

7,/ p is macroscopic velocity, 8z (n) = 8 — ning, €

is energy density, [ is length of a molecule.
Linearization of (1) near equilibrium state leads

to the system of linear and homogeneous equations

3)

which have a nontrivial solution for the vanishing of
the determinant

Di]‘ (k,w) 51]]‘ (k, w) = 07

det D;; = OOt + WL = 0,

(4)
where w is frequency, k is wave vector and

I, (k) = —k2¢% — ) (kn)® < 0,
I (k) = ¢*A (k2 - (kn)2) (kn)>>0.

Here A = p%g—;,f
usual liquid. From (4) it is clear, that in unixial
nematic with rod-like molecules the propagation of
two acoustic oscillation modes w3 (k) = 3 (k) k? is
possible corresponding to the first and second sound.
The solution with a sigh (4+) corresponds to the first
sound analogous to that in usual liquid. The so-
lution with a sigh (-) is new branch of excitations
caused by conformational degree of freedom - rod-like
molecule length. In spherical system of coordinates

> 0 and c is sound velocity in
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kn = kcosf, where 0 is polar angle, hence, velocities
cy look like [2]:

cy (0) = [1+ Acos® 0

(6)

Sk

1/2
i[(l + A cos? 9)2 — Asin? 29}1/2] )

Calculated angular values of extremum points (§ =
7 /4) for sound velocity c¢_ coincide with experimental
data [5, 6].

Let’s consider solutions of (3) corresponding to
modes w = kcy. Expression for 6v§i) (k) we are
looking for in the form of decomposition on three or-
thogonal vectors:

dui™) (k) = k;do™ (k) + [k x ml 50 (k) +

Mol () (k).
From (3) we find, that 51)%? (k) = 0. Then

[k x n] x k}j e ).

v (k) = kjou [ (k) + ; o

J
Hence, solutions corresponding to the first and sec-
ond sounds are superposition of longitudinal and
transversal components and the relation of these am-
plitudes has the form:

+ _ 1.5 2 _ .2 2 4
51};3 _ k2 (3 — ) + APk £ )
A2kikT - ’

(7)

Using (6) we rewrite (7) in terms of polar angle:

1 + Acos? 6 cos 20
" Asin26sinfcos? 0
\/(1 + Acos?2 0)® — Asin® 20

A sin 20 sin 6 cos? §

f+(0)

At A << 1 the relation of amplitudes for the first
sound fy (0) becomes simpler:

Acos® §
F+0) = 4sin?6 "
We can conclude, that at § — 0 function fy () — oo,
hence, at such values of polar angle sound is transver-
sal. At @ — 7/2 function fy (8) — 0, hence, at such
values of polar angle sound is longitudinal. For the
second sound the relation of amplitudes f_ (6) looks
like
11— Asin? 0 cos 20
~ Acosfsint6

f-(0) (8)

We can conclude, that at § — 0 and § — /2 func-
tion f_ () — oo, hence, at such values of polar angle
sound is transversal.
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2.2. Nematics with disc-like molecules

The direction of orientation of such liquid crystals is
defined by unit vector of a normal to molecule plane.
Studying of dynamic behavior of uniaxial nematic
with disc-like molecules we will carry out similar to
earlier considered case of uniaxial nematic with rod-
like molecules. Dynamic equations of uniaxial ne-
matic with disc-like molecules are as follows [4]:

p=-Vimi, 7 =—-Vitik, 6=-—Vi(ov),
d = —v,Ved — dojs, (n) Vi, (9)
’flj = —vsvsnj — nzéjﬁ (1’1) V)\Ui,

tir = P + OOTE’CTQ + é)Vé):m Vin; + %d@i (n) +

1 Oe . Oe
+nid;; (n) (a_nl -V v, m

Here d is molecule diameter. Dispersion equation has

the form (4), where coefficients I,, a = 2.4 are as fol-
lows:

LK) = k22 — 2\ (K2 — (kn)2) <0,

I (k) = '\ <k2 - (kn)2) (kn)? > 0, (10)

a2 92
p?é)—dg > 0.

acoustic spectra w? (k) = ¢ (k) k2. In this case also
two anisotropic velocities of acoustic waves exist [2]:

where A = From here we come to

ey (0) = % [14 Asin®6 +

1/2711/2
i[(lmsin?ef—mm?w}/] (1)

Polarization structure of the received spectra of
collective excitations looks like

[k x n] x k|,

+ + +
v (k) = kjov) + - i),
and relation of amplitudes has the form
o (k) k(A — ) + AGkkt )
= =0+ .
oui) (k) Actky k1
(12)
Using (11) we rewrite (12) in terms of polar angle:
1
) = ————— (1 — Asin® 6 cos 20
96 (0) = S ogameg (L Asin Ocos20) 3
\/(1 + Asin? 9)2 — \sin? 26
Asin 26 sin® 0 '

At A << 1 the relation of amplitudes for the first
sound ¢4 () becomes simpler:

Asin® 6

4cosf
We can conclude, that at § — 0 function g4 () — 0,
hence, in this case sound is longitudinal. At § — /2
function g4 () — oo, hence, in this case sound is
transversal. At A << 1 expression for c¢_ does not
depend on molecule form, so the relation (8) is iden-
tical for uniaxial nematics with rod-like and disc-like
molecules.

g+ (0) =



3. FEATURES OF DYNAMICS AND

POLARIZATION STRUCTURE OF

ACOUSTIC SPECTRA OF BIAXIAL
NEMATIC LIQUID CRYSTAL

3.1. Nematics with ellipsoidal molecules

In the case of biaxial nematic with ellipsoidal mole-
cules the set of thermodynamic variables contains
additionally two unit and orthogonal vectors of spa-
tial anisotropy n (x),m (x) and three conformational
parameters u (x) ,v (x),p (x) describing sizes of long
and short molecule axes and an angle between them.
Acting further similarly to previously considered case
of uniaxial nematics, we obtain dynamic equations of
biaxial nematic with ellipsoidal molecules [4]:

p=—-Vim, 7 =—Vitik, ¢6=—Vi(ow),
My (x) = —vs (x) Vsng (x) — Fixj (x) Vavi (%),

mj (x) = —vs (x) Vemj (x) — Ging (x) Vav; (%),
o (x) = —v; (x) Viu (x) — Fij (x) Vjv; (%),
0 (x) = —v; (x) Vv (x) — Gij (x) Vv (x)

P(x) = —vs (X) Vsp (x) — Hij (x) Viv; (x),
’Lk? - Pézk: + 071. ™+ 6V86n vinl + avaksml vzml+
88-Fk: + gEG’L’C + alek+
le]
+Flkl (am VJ OV n; )+ lel ( Vj Omez) ’

where P = —¢ + 5?@“ + 3Vm Vin; + 3vlm
pressure, FU,GW,HU and Fjj;i, Giji, Hij, are some
functions of n (x),m (x) and v (x),v (x),p(x). Lin-
earization of (13) near equilibrium state leads to the
system of linear and homogeneous equations

(13)

Vim; is

(5’Uj (k, w) Dij (k, w) =0. (14)
Condition for the existence of a nontrivial solution
of (14) is the vanishing of the determinant detD =
WO 4+ wtly + w2y + Iy = 0, where coefficients I,,a =
0,2,4 are some functions of k,F,G,H and F,G,H
are some functions of n (x),m (x),k and parameters
Ao, @ =1,2.3:

u? 82€> \ 0% 9%
1T e o2 T 2T e 2
N = PO%
°T b2 op?

As a result we come to bicubic dispersion equation

WO+ Iy (k, 0, p) wh + Iy (k, 0, ) w? + I (k, 0, ) = 0.
(15)
From (15) it is clear, that in biaxial nematic
with ellipsoidal molecules in general case propaga-
tion of three acoustic oscillation modes w? 23(k) =
03273 (k) k? is possible corresponding to the ﬁrst sec-
ond and third sounds. Detailed analysis of the ob-
tained spectra is given in [4].
Let’s consider solutions of (14
to modes wi, s = cf,5(0,9) k2

) corresponding
Expression for

5v§1’2’3) (k) we are looking for in the form of decom-
position on three orthogonal vectors:

so1:23) (k)=
[[kx1 ><k
+ 7

kiovf 2 (k) +

6 123 (k).

[k x 1],60 7% (k) +

From (14) we find that these solutions are su-
perposition of one longitudinal and two transver-
sal components. It can be shown, that at
# — 0 sounds are cross-polarized with components
51)&’2’3) k), 51)51’2’3’) (k); at § — m/2 sounds are

cross-polarized with component (51)(1 2:3) (k).

3.2. Nematics with discoidal molecules

Dynamic equations of biaxial nematic with discoidal
molecules are as follows [4]:

=-V,m, 7 =—Vitik, &6=—Vyi(ovg),
T'Lj (%) = —vs (%) Vin; (%) = finj (%) Vavi (%),
1 (%) = —vs (x) Vemy; (x) — girj (x) Vavi (x)
q(x) = —vi (%) Vig (x) — fi; (x) Vjvi (%),
t(x) = —vi (x) V; t( ) = 9ij (x) Vi (%),
p(x) = —vs (x) Vop (%) = hij (x) Vivj (%), (16)
tin = Poi + g)—sm + 52— Vina + goe Vima

S fir + G gin + Sohar + fira ;)Ti—vjavafm)

+gikx (W - Vjavé_:—.gmA) .

Here n (x),m (x) are unit and orthogonal vectors of
spatial anisotropy, ¢ (x),t(x),p(x) are conforma-
tional parameters describing sizes of long and short
molecule axes and an angle between them, fi;, gi;, hij
and fijk, gijk, hijr are some functions of n (x),m (x)
and ¢ (x),t(x),p(x). Linearization of (16) near
equilibrium state leads to the system of linear and
homogeneous equations

(5’Uj (k,w) Dij (k,w) =0. (17)

Condition for the existence of a nontrivial solution
of (17) is the vanishing of the determinant detD =
w8 4+ wtly + w2y + Iy = 0, where coefficients I, a =
0,2,4 are some functions of k,f, g, h and f,g,h are
some functions of n (x),m (x),k and parameters A,
a=1,2,3:

2 82 t2 82
M=L2 050 n=—2 >0,
pc? 0q? pc? Ot?

2 9%
>\ng—2—2

pc? Op

As a result we come to bicubic dispersion equation

WO+ I, (k, 0, p) wt + I (k, 0, p) w? + Iy (k, 6, p) = 0.

(18)
From (18) it is clear, that in biaxial nematic with dis-
coidal molecules in general case propagation of three
acoustic oscillation modes w?, 3 (k) = i, 3 (k)k?
also is possible corresponding to the first, second and
third sounds. Detailed analysis of the obtained spec-
tra is given in [4].
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Let’s consider solutions of (17) corresponding
to modesw;, 3 = f,3(0,¢0)k*  Expression for

511](1’2’3) (k) we are looking for in the form of decom-
position on three orthogonal vectors:

50i"*% (k) :H;f(j%jﬁ) (k) + [k x 1] 00> (k)
XA XK ; 1,2,3,
+ gl (k)

From (17) we find that like in the previous case of
biaxial nematic with ellipsoidal molecules these solu-
tions are superposition of one longitudinal and two
transversal components. It can be shown, that at
0 — 0 sounds are cross-polarized with components
51}&’2’3) (k),évéﬂ_’zg’) (k); at 8 — m/2 sounds are

cross-polarized with component 51}&2’3’) (k).
4. CONCLUSIONS

On the basis of Hamiltonian approach the dynamic
theory of uniaxial and biaxial nematic liquid crystals
with molecules of different geometry is constructed.
For all types of liquid crystals nonlinear dynamic
equations are derived, acoustic spectra of collective
excitations are received and their polarization struc-
ture is studied. It is shown that in the case of uni-
axial nematics the first sound is mostly longitudinal
and the second one is mostly transversal; for biaxial

nematics the first, second and third sounds mostly
possess transversal polarization.
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ITOJIAPN3AIINOHHBIE OCOBEHHOCTU AKYCTUNYECKUX CIIEKTPOB B
OJHOOCHBIX N1 ABYXOCHbBIX HEMATUNYECKUNX 2KNJKNX KPUCTAJIJIAX

M.FO. Kosanescruti, JI.B. Jloeeurosa, B.T. Mauxesuy

IIpencraBiieHbl Pe3yabTATHI KCCIAEAOBAHNS JUHAMUKY OHOOCHBIX U JIBYXOCHDBIX HEMATHIECKUX KUIKUX KPU-
CTAJIJIOB C MOJIEKYJIAM¥ PA3IUIHON (DOPMBI. DTU KOHIEHCUPOBAHHBIE CPEIbI 00JIAAI0T BHYTpPEHHEH Mpo-
CTPAHCTBEHHOM aHU30TPOMUEH, W /I UX aJ€KBATHOTO OMUCAHWS HEOOXOIWMO BBEIEHUE JIOMOJHUTEIHHBIX
JAUHAMAYECKUX IepeMeHHbIX. VIMu SBJIMI0TCH BEKTOPbHI IPOCTPAHCTBEHHON aHU30TPONNK U KOH(MOPMAIINOH-
Hble cTernenu cBoOobl. VlcciieioBanne JUHAMUKY JTAHHBIX KOH/IEHCUPOBAHHBIX CPeJl OA3UPyeTcsd HA raMulb-
TOHOBOM (popMa/m3Me, B PAMKAX KOTOPOIO BbIBE/IEHbI HEJMHEIHbIEe YPABHEHUs [IWHAMUKHU 1151 OJHOOCHBIX
¥ JIBYXOCHBIX HEMATUYIECKUX JKUIKAX KPUCTAJIIOB. [l0o/IydeHbl ClIeKTPhl KOJIJIEKTUBHBIX BO30YKIECHUN U UC-
CJIEZIOBAHBI UX TIOJISIPU3AIMOHHBIE OCOOEHHOCTH.

IIOJISIPIZAIIIHI OCOBJIMBOCTI AKYCTUYHUX CIIEKTPIB B OJJHOBICHUX TA
JABOBICHUX HEMATNYHUX PIJKNX KPUCTAJIAX

M.FKO. Kosaaescvkuti, JI.B. Jloesinosa, B.T. Maukxesuy

IIpencraBiieHO pe3yabTATH JOCTI/IZKEHb JUHAMIKHA OJHOBICHUX Ta JIBOBICHUX HEMATHUYHUX PIAKUX KPUCTAJIB
3 mosekymamu pizuoi ¢opmu. 1li KoHIEeHCOBaHI cepesoBHUINA MAIOTh BHYTPIIIHIO IPOCTOPOBY AHI30TPOIIIO,
TOXK I 1X a/IEKBATHOIO OMHCY HEOOXiTHO BBEIEHHs JIO0JATKOBHX AUHAMIYHMX 3MiHHHX. Humm € BeKTOpH
MIPOCTOPOBOI aHizoTpomil Ta kKoHdoOpMariini cryneri csoboau. JlocaimKeHHs fUHAMIKE JaHUX KOHIEHCOBA-
HUX CEpeOBUIl, 0a3yEThCA HA, TAMiJIBTOHOBOMY (DOpMaJIi3Mi, y paMKaxX SKOTO BUBEIECHI HEJIHIWHI PIBHIHHS
JAHAMIKY JIJIsI OJHOBICHUX Ta JBOBICHUX HEMATHYHUX PiAKMX KpucTadiB. OTpUMaHO CHEKTpHU KOJEKTHBHIX
30y/2KEeHDb Ta, IOCIIKEHO X MOJIsTpu3alliiiti 0Co0IUBOCTI.
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