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Abstract

For a truncated exponential family of distributions with a truncation parameter v and a nat-
ural parameter @ as a nuisance parameter, the stochastic expansions of bias-adjusted maximum
likelihood estimators (MLEs) 44,,. and 4as+ of v when 6 is known and when 6 is unknown,
respectively, are derived. The second order asymptotic loss of 45,1« relative to %’Q 1+ 1s also
obtained through their asymptotic variances. Further, some examples are given.
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1 Introduction

In multiparameter cases, the estimation of an interest parameter has been discussed under suitable
regularity conditions. It is important to grasp the effect on the presence of nuisance parameters in
the estimation. In order to discriminate asymptotically efficient estimators, the concept of loss of
information is useful (see Fisher (1925) and Rao (1961)). It is also known to be closely connected
with the asymptotic deficiency discussed by Hodges and Lehmann (1970) (see Akahira (1981, 1986)).
On the other hand the conditional likelihood method is well known as a way of eliminating nuisance
parameters (see, e.g. Basu (1977)). However, in the case when the regularity conditions are not
necessarily satisfied, the asymptotic comparison of asymptotically efficient estimators has not been
sufficiently discussed in the presence of nuisance parameters in higher order asymptotics yet.

For a truncated exponential family of distributions with a natural parameter 6 and a truncation

parameter v which is regarded as a typical non-regular case, Bar-Lev (1984) and Akahira (2013)



considered a problem of estimating € in the presence of v as a nuisance parameter. Let 97\/[ ;, and Ol
be the MLEs of 6 based on a sample of size n when -y is known and when + is unknown, respectively.
Let 0y7¢r be the maximum conditional likelihood estimator (MCLE). Then it was shown by Bar-
Lev (1984) that the MLEs HAX/[L, éML and the MCLE éMCL have the same asymptotic normal
distribution, hence they are shown to be asymptotically equivalent in the sense of having the same
asymptotic variance. Further, Akahira (2013) compared them asymptotically up to the second
order, i.e. the order n~!, in the asymptotic variance, and showed that a bias-adjusted MLE é}k\/l L
and 0 mcor were second order asymptotically equivalent, but they were asymptotically worse than
GALL in the second order. The second order asymptotic losses on the asymptotic variance among
them were also obtained.

In this paper we consider a problem of estimating «y in the presence of § as a nuisance parameter
in exchanging an interest parameter for a nuisance parameter. Let ’y% 1, and 477, be the MLEs of
based on a sample of size n when 6 is known and when 6 is unknown, respectively. The stochastic
expansions of the bias-adjusted MLEs ’y% 1~ and Yy« are given, and the second order asymptotic
loss of 4asr+ relative to ‘yﬂL* is also obtained. Further some examples on the Pareto, truncated

exponential and truncated normal cases are given.

2 Truncated exponential family of distributions

In a similar way to Bar-Lev (1984) and Akahira (2013), we consider the formulation as follows.
Suppose that Xy, Xa, -+, X, - is a sequence of independent and identically distributed (i.i.d.)

random variables according to Py, having a density

Ou(x)
% forc <y <z <d,

f(z;0,7) = (2.1)

0 otherwise

with respect to the Lebesgue measure, where —oco < ¢ < d < 00, a(-) is a nonnegative and continuous

almost surely, and u(-) is absolutely continuous with du(x)/dx # 0 over the interval (v, d). Let

O(y) = {0 ‘ 0<b8,y):= [Yd a(z)e™ @ dx < oo} (2.2)

for v € (¢,d). Then it is shown that for any 71, v2 € (¢,d) with 71 < y2, ©(71) C O(7y2). Assume
that for any v € (¢,d), © = ©(y) is a nonempty open interval. A family P :={FP, |0 € ©, v ¢

(c,d)} of distributions Py, having a density (2.1) with a truncation parameter v and a natural



parameter 6 is called a truncated exponential family of distributions. Let

k(0,7) = a(y)e” ) /b(8,7), (2.3)
B 1 co(7)
40 =~ { g + 40 24
with
co(y) := d'(7) + a(y)u' (7). (2.5)
Then
1 9 1o co(7) _
v (o omk®m) ) = S0 1= ke 40,7) (26)
Indeed, since, by (2.2)
8bg9,;7) _ _a(,,)/)eeu('y)7 (27)

it follows from (2.3), (2.4), (2.5) and (2.7) that

0 . a'(v) ’ _ 1 ﬁ
57 log k(6,7) = — -, + 0u'(7) {876(977)}

_ M o a(7)66u(v)
=l T e
()

= a0 + k(0,7)

= _k2(97 ’Y)A(Ha 7)7

hence (2.6) holds. In the subsequent sections we obtain the bias-adjusted MLE 'ﬁw 7+ and Yprp+ of
~ for known and unknown 6, respectively. Calculating their asymptotic variances based on their
stochastic expansions, we get the second order asymptotic loss of 4p;r+ relative to ’y]@w [+- Some

examples are given, and the proofs of theorems are located in appendix.



3 The bias-adjusted MLE 44,;. of v when 6 is known

For given ® := (x1,--- ,z,) satisfying v < x(y) := mini<;<, 7; and z(,) = maxi<i<p 7 < d, the

likelihood function of « is given by

1 n n
Lo(y;x) = 0. {11_11 a(xi)} exp {Gzzgu(xl)} (3.1)

when 6 is known. From (2.2) and (3.1) it follows that the MLE 44,, of v is given by Xay =

miny <j<p Xj. Let Ty := n(X(1) — 7). Then we have the following.

Theorem 3.1. For the truncated exponential family P of distributions having a density (2.1) with
a truncation parameter v and a natural parameter 6, let ’Ayﬁ/[L* = XEkl) be a bias-adjusted MLE of v

such that

. 1
X(l) = X(]_) — = 5 (32)

kon

where kg = k(0, X(1)). Then the stochastic expansion of T(*l) = n(XEkl) — ) is given by

. 1 1 /90 1

where k = k(6,7), and the second order asymptotic mean and variance are given by
. 1
E, [T(l)} =0(—). (3.4)

. 2 (0 1
v, (k:T(l)> —1-— (mlog k) +0 (712) : (3.5)

respectively.

4 The bias-adjusted MLE #%,,;- of v when ¢ is unknown

For any « € (¢, d), logb(6, ) is strictly convex and infinitely differentiable in § € © and

ol

Aj(0,7) =

= - logh(0,7) (4.1)



is the j-th cumulant corresponding to (2.1) for j = 1,2,---. For given z satisfying v < x(;) and
T(n) < d, the likelihood function of v and 6 is given by

L(v,0;x) = b”(;,'y) {};[1 a(mi)} exp {0 ; u(xz)} . (4.2)

Let A1, and éML be the MLEs of v and 6, respectively. From (4.2) it is seen that 9y/1, = X(l) and
L(X(y, OrrL: X) = supgeo L(X(1),0; X), hence 01, satisfies the likelihood equation

— Z — A1 ( ‘9ML7 (1)) =0, (4.3)

where X = (X1, -+, X,,). Let Ao = X\2(6,~) and U= \/Agn(éML —0). Then we have the following.

Theorem 4.1. For the truncated exponential family P of distributions having a density (2.1) with

a truncation parameter v and a natural parameter 0, let Yprp« = X(*1*) be a bias-adjusted MLE of

1 1 ok\ [1 [o\ A3
X=Xy -+ |27 ||t =
OO G T R2Agn? (89) {k ((%) mg}
1 o2k o [ok)”
- T~ _~ _ a0 T~ A 9 (4.4)
2k2\on2 | 062 k \ 00

where ];? = k(éML,X(l)), 6315/803 = (8]k/803)(éML,X(1)) (j = 1,2), j\j = )\j(éML,X(l)) (] = 2,3)
and O\ /0y = (8A1/87)(éML,X(1)). Then the stochastic expansion of T(y) := n(X[y) —7) is given

such that

T =T\ — 1 + 1 % U + 1 l % + ﬁ
O =N WAl Voan \k \ 9y 2)\s
1 /90 1 82k 2 (Ok\?| /s
T (aybg ’“) o+ 32 {692 Tk <39> } (0*-1)

+0, (n\f) (4.5)

where k = k(6,7v), \j = Xj(0,7) (j = 1,2,3), and the second order asymptotic mean and variance

are given by

Ep [T(*lﬂ =0 <nln> , (4.6)



w1 2 (2 L) — A2 1
Vo (kT(l)) =1 - <8fy log k) + )\2n(u(’y) A)“+ 0 <n\/ﬁ> . (4.7)

5 The second order asymptotic loss of 4,7~ relative to 44,;.

From the results in previous sections, we can asymptotically compare the bias-adjusted MLEs ’Ay% I+

and Ypsr+ of v using their second order asymptotic variances as follows.

Theorem 5.1. For the truncated exponential family P of distributions having a density (2.1) with
a truncation parameter v and a natural parameter 0, let ’yg/[L* and Yprr+ be the bias-adjusted MLEs
of v when 0 is known and when 0 is unknown, respectively. Then the second order asymptotic loss

of ymr~ = X7y relative to A = X{y 1s given by

o (usze ) = n Vo (k1) =75 (k1)) = PO oy

as n — oo.
The proof is straightforward from Theorems 3.1 and 4.1.

Remark 5.1. The second order asymptotic loss of 4,7+ relative to 'Ay& 1+ coincides with that of the
bias-adjusted MLE 97\4 1, of 0 when v is unknown relative to the MLE é}i 1, of & when v is known,
which seems to show a dual relation on the second order asymptotic loss (see Akahira (2013)). It

is noted that the standardization is necessary in the comparison.

Remark 5.2. Suppose that Xy, Xo, ---, X, --- is a sequence of i.i.d. random variables according

to an upper-truncated exponential family P’ of distributions with a density

Ou(x)
m forc<x <v<d,
f(x;@,u): b(0>’/)
0 otherwise
with respect to the Lebesgue measure, where b(f,v) is a normalizing factor. Letting YV; = —X;

(1 =1,2,---), and returning to the case of the lower-truncated exponential family with (2.1), we
may obtain similar results to the above in a problem of estimating an upper truncation parameter

v in the presence of § as a nuisance parameter.



6 Examples

Some examples on the second order asymptotic loss of the estimators are given for the Pareto
distribution, a truncated exponential distribution and a truncated normal distribution. Note that

the examples are treated in Akahira (2013).

Example 6.1 (Pareto distribution). Let ¢ = 0, d = o0, a(z) = 1/z and u(z) = —logz for
0 <y < 2 < oo in the density (2.1). Then b(#,~) = 1/(6~?) for § € © = (0, 00), and it follows from
(2.2) and (2.3) that k(0,v) = 0/v, 0k/00 = 1/ and 0k/0y = —0/+?. When 0 is known, it follows
from (3.2) that the bias-adjusted MLE 44, . of v is given by

. 1
Xy = <1 - ,9n> Xy,

hence by (3.4) and (3.5)
. 1

0 . 2 1
as n — 00, where Tf}) = n(X(*l) — 7). On the other hand, in the Pareto case, it is known that the

uniformly minimum variance unbiased (UMVU) estimator of v is given by

1
~0 L _ *
YTomvu ‘= (1 - n0> Xy = X(l)
and its variance is

72

~0 _
Yy <7UMVU> = nB(nb — 2)
(see, e.g. Voinov and Nikulin (1993)), hence

nb g no 2 1
4 =2 _ —1+—+0(= 6.2
VW<77UMVU> 0 — 2 T <n2>’ (6.2)
which is equal to (6.1) up to the order 1/n as n — oc.
Next we consider the case when @ is unknown. Since 9%k/06? = 0, \; = —(1/6) — log~,
Ao = 1/6% A3 = —2/6% and O\ /0y = —1/~, it follows from (4.4) that the bias-adjusted MLE A/



of v is given by

11\ 1
X =q1-( -+ =) 77— X
no Nt/ Oy

where 0y, = n/ > i log(X(;)/ X)) from (4.3). Since (0/97y)logk = —1/v, we have from (4.6)
and (4.7)

Eg [T(*B] =0 (Tl\l/ﬁ> ;

0 1 2 1
T ) =1+=(14+= — .
VH,’y <’Y (1)) + o ( + 0) + 0 (n2> (6 3)

as n — 00, where T(*l*) = n(XE‘l*) — ). On the other hand, in the Pareto case, it is known that the

UMVU estimator of v is given by

yomve = Xy — &
(n — 1)9ML
and its variance is
A2
Voo Guarve) = (n— 1)0(nf — 2)

(see, e.g. Voinov and Nikulin (1993)), hence

nd . n20 1 2 1
Vs <NUMVU> “moDwi-2 ' Th (1 * 0) o (n) ! (6.4

which is equal to (6.3) up to the order 1/n as n — oo. It also follows from (5.1), (6.1) and (6.3)

that the second order asymptotic loss of 4psp+ = X (*1*) relative to ﬁ% e =X (*1) is given by

Ao (res Aze) =1+ 0(1) (6.5)

as n — oo. From (6.2) and (6.4) it follows that the second order asymptotic loss of vy relative

Ag .
to Yomvu 18

. . no . nb
d <'YUMVU77(01MVU) =n {Ve,w <77UMVU) -V (,Y'VlngVU)}

=<n_1?§§9_2>=1+0<31>’

which coincides with (6.5) as n — oc.




Example 6.2 (Truncated exponential distribution). Let ¢ = —o0, d = 00, a(z) = 1 and u(x) = —=x
for —0o < 4 < & < 0o in the density (2.1). Since b(#,~) = e /6 for # € © = (0, 00), it follows from
(4.1) that A\ (8,7) = —y — (1/0), X2(0,7) = 1/6%, A3(0,v) = —2/6%. Since, by (2.3), k(0,7) = 0,
it is seen that (9/00)k(0,~) = 1, (0?/002)k(0,~) = 0. When 6 is known, it follows from (3.2) that
the bias-adjusted MLE ﬁ/l 1+ of v is given by

) 1
Xy =Xn— 5

When 0 is unknown, it is seen from (4.3) that the MLE /7 of 0 is given by 0y = 1/(X — X))
hence by (4.4) the bias-adjusted MLE 45+ of 7y is given by

> (X —X@)-

From Theorem 5.1 it follows that the second order asymptotic loss of 4ar+ = X Ekl*) for unknown 6

1 1

X =Xo - (n + s

relative to &% =X (*1) for known 6 is given by
dn <’?ML*, ’ﬁu*) =1+o0(1)
as n — oo.

Example 6.3 (Truncated normal distribution). Let ¢ = —o0, d = 00, a(z) = ¢ /2 and u(z) = z
for —oo < v < x < oo in the density (2.1). Since b(0,7y) = ®(0 —~)/p(0) for 6 € © = (—o0, 00), it
follows from (4.1) that

a>\1(07 ’Y)
o

A2(6,7) =1~ (0 —7)p(0 —~) — p*(6 — ),

AL(6,7) =0+ p( — ), = (0 —)p0 =)+ p*(6 — ),

A3(6,7) = p(0 — ) {20%(0 — ) +3(0 = )p(0 — ) + (6 —7)* — 1},

where p(t) := ¢(t)/P(t) with

O(z) = /"” o(t)dt, o(t) = \/127_‘_61‘/2/2 for —oo <t < o0.

We also have from (2.3)

k0.7 = 00—, PO g0 ) 20— )




2
61;(:2’7) :P(G—V) {2p2(9—’y)—|—3(9—7)p(9_7)_{_(9_7)2_1}’

9k (0, 7)

oy = @ =p0 =) +p*(0 = ).

When 6 is known, it follows from (3.2) that the bias-adjusted MLE 44, . of 7 is

1

XNn=X3H-—-
) @ p(0 — Xy)n

When 6 is unknown, it is seen from (4.3) that the MLE 07, of 6 satisfies the equation

PO — X)) = X — O,

hence the bias-adjusted MLE 457+ of 7 is

1 1— (X = X)X = X1y + X — 0urr)

XEkl*) - X(l) - — =~ “I— 5 v =~ — =~ — .
n(X—HML) 2n (X—HML){l—(X—@ML)(X—X(l))}

From Theorem 5.1 it follows that the second order asymptotic loss of X (*1*) for unknown 6 relative

to X (*1) for known @ is given by

o oe {0 —v+p(6 —7)}
dn (X755 X0y) = 7= @08 =) =2y oW

as n — oQ.

7 Concluding Remarks

In a truncated exponential family of distributions with a two-dimensional parameter (6, ~y), we con-
sidered the estimation problem of a truncation parameter « in the presence of a natural parameter
0 as a nuisance parameter. Using the stochastic expansions of the bias-adjusted MLEs 'Ay]ou 1+ and
Apmr+ of v when 6 is known and when 6 is unknown, respectively, we obtained their second order
asymptotic variances, from which the second order asymptotic loss of 4p;7+ relative to ’Ayﬁﬂ 1+ Was
derived. As is stated in Remark 5.1, the second order asymptotic loss coincides with that of the
bias-adjusted MLE 6* of 6 when ~ is unknown relative to the MLE éX/l ;, of & when v is known,
which means that the invariance on the second order asymptotic loss holds even if the exchange of
an interest parameter for a nuisance parameter is done.

The results of Theorems 3.1, 4.1 and 5.1 can be extended to the case of a two-sided truncated

10



exponential family of distributions with two truncation parameters v and v and a natural parameter

f as a nuisance parameter, including an upper-truncated Pareto distribution which is important in

applications (see Akahira and Ohyauchi (2015)). For such a family of distributions, Akahira et.al

(2014) compared a bias-adjusted MLE HA}/[ ;, and MCLE e, of 8 for unknown ~v and v as nuisance

parameters with the MLE é}ﬁ of 6 for known ~ and v, and obtained the second order asymptotic

losses of 97\/[ 1, and 0 v relative to HAXfL

Appendix

Before proving Theorems 3.1 and 4.1, we prepare two lemmas.

Lemma A.1. The second order asymptotic density of T(y) is given by

fT(1) (t) = k(9, ’Y)eik(e’v)t'%

fort >0, and
Epr(Thy) = k(; o %A(G,v) +0 (;) ,
_ 2 6{co(7)b(0,7) + a?(y)e? M} 1
Ee,v(T(Zl)) - k2(9,'y) - a(’y)b(e,’y)k?’(@,’y)n O <712> ,

where k(0,7), A(0,7) and co(7y) are given as (2.3), (2.4) and (2.5), respectively.

(A1)

The proof of (A.1) is omitted, since it is given in Akahira (2013), and (A.2) and (A.3) are

straightforwardly obtained.

Lemma A.2. Let U := VA2 (0, ’y)n(éML —0). Then the asymptotic expectation of U, U? and UT(l)

are given by

=t ()2} (5)

where \j = X\;(0,7) (j =1,2,3) and k = k(0,7).

11

(A.4)

(A.5)

(A.6)



Proof The formulae (A.4) and (A.5) are given in Akahira (2013). Letting

>\2n Z{u - A}

we have

N A= (5) oo (5)

(see Theorem 2 in Akahira (2013)). Since

w00 (5)} o (),

1 1
EQW(Z%T(U) - E + O <7’L) ,

Ey ’Y(ZlT( ))

(see Lemmas 2 and 3 in Akahira (2013)), it follows from (A.3) that

. 1 A 1
Eo~(UT(y) = oo {U(W) — A1 — 2;2} +0 <n\/ﬁ> ;

hence (A.6) is obtained. Thus we complete the proof.

The proof of Theorem 3.1 By Taylor’s expansion we have

) T, ok(0,y) T 1
ko = k(0, X (1)) = k (aws)) k(o) + 20 o) (ﬁ)

0 n
kg Ok ok Tay\  0k(6,7) 1
—_— = — X = — =
. T(l) 1
AGZA(QaX(l)) =A 977"1'7 :A(077)+OP E :

Since by (A.8)

1 1 [0k e 1
i%e_k{l k<m> w O (U}’

substituting (A.8), (A.9) and (A.10) for (3.2), we obtain from (2.6)

. . 1 1 [ kg 1.
Tfy =n(XGy —7) =n(Xa) —7) - P 14:37 ((97) - —A

12

(A7)

(A.8)

(A.9)

(A.10)



1 1 1 0 1 1

1 1 0 1
where k = k(6,~) and A = A(6, ). Hence we get (3.3). From (2.6), (3.3) and (A.2) it is easily seen
that (3.4) holds, i.e. E,Y(T(*l)) = O(1/n?). From (3.3), (A.2) and (A.3) we have

L o] 2 [0k 1\? 1

EV[T(I)}—{lnLan(aV E | (Toy -7 ) [+0(
B 2 [0k 1 6(cob+a®e™) 24 1
_{1+/~c2n<&y>}{k2_abk3n O\

2 ,0u
1 6(cob+a®e’™) 24 2 glogk‘ L0 1 ’ (A11)
oy n?2

where k = k(@,fy), a = CL("}’), b= b(ea’)/)) Co = C9(7)7 U = U(W) and A = A(e,"}/) Since k(97’7) =
a(y)e?™ ) /b(8,~), it follows that

2 abln T B

Ou(y)
a(v)e S (A.12)

b(0, K3 (0,7)  K2(0,7)
hence by (A.11), (2.3) and (2.6)
Lol 1 6 co 2 1/0 1
B0’ = = e (o) _k:Zn{kA_k (mlogk>}+0 (w)

1 2 0 1

From (3.4) and (A.13) we get (3.5). Thus we complete the proof.

The proof of Theorem 4.1 By Taylor’s expansion we have
; 5 j Tt
k‘Zk(HML,X(l)) =k QML,’)/"FT

0 {0 ) {0} o+ {2 o)

o (o)

13



Since

1 1 1 ok\ ~ 1 [0k 1 9%k ~ 1 [0k\? -
= __ - (= - ([Z\7 - [ 2 i 2
ik k2un <89> U=t <8'y) D 2k2x9m (aa?) U oan (ae) u

0 (nf)
1
Aj = Aj (9ML,X(1)> =X;i(0,7) + Oy <n> (4 =2,3),
ok Ok /- ik 1 :
% = @ <9ML7X(1)) - %(077) + Op <n> (] - 172)7
ok Ok ok 1
% 6’)/ <9ML7X(1)) - %(977) + Op <n> )

. ~ 1
A=A <0ML7X(1)> = A(977> + Op () ’

it follows from (4.4) that
Ty =n(X(5) —7)
1 1 (ok) [1 [0\ A3 1 [0k
=n(X — -+ | = + — — -
Ko=) 5 o (89> { (M) 2>\2} kn <8’y>
1 [ o% AN
- T _~ 72 + ~ o~ A A - 714
2k2Xon o0 k3Xam n
1 1 1 Ok A 1 1 /0\ A3
T ——— A —— [ Y B (S I
o=kt g () 10 7 G (5) + o)

1 [0k 1 1 Pk 2 (Ok\?] /- 1
— (=Y (1= = -}z _ 2= 2_q
T <67> ( M k> * oan {802 k (ae) (02 -1) +o, <nf>
(A.14)

bl

>

where k = k(6,v), A= A(f,7v) and A\; = X;(0,7) (j = 1,2,3), which derives (4.5) from (2.6). From
(A.7), (A.14) and Lemmas A.1 and A.2 we obtain (4.6) and

Voy <T(*1§) =Eoy [T(**)Q} +0 ( \1/ﬁ>

1\*| 24 1 1 (0k\? no
=5y | (T 1) | =580 [T = ] + e () 00 (O

14



2 ok ~ 1 1 1 [0\ A3 1

—— (= ) Ey, | T\ U — = =)+ =2 (1 - =
e () B 1000+ e () - (705
2 [0k 1)’
i (3:) 2o | (700-5)

(
() 2 [(70-3) 0]~ (57)

1 6(cgb+ae®) 24 1 <8k>2 2 <

00) " k*n

k2 abk3n Tn k4 \on

Since

0
20 log k(0,7) = u(y) — A (0,7),

it follows from (2.6), (A.12) and (A.15) that

) - - ) - ()

1 2 /9 1 ) 1
== 2 (Logk )+ )\ 7
K &n <87 °8 ) s (W) Z M)A O (nﬁ) ’
where a = a(y) and ¢y = cp(y) = d'(7) + ba(y)u' (), which shows that (4.7) holds. Thus we

complete the proof.
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