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Abstract Preliminaries of q-calculus for functions of two variables over finite rectangles in the

plane are introduced. Some q-analogues of the famous Hermite–Hadamard inequality of functions

of two variables defined on finite rectangles in the plane are presented. A q1q2-Hölder inequality for

functions of two variables over finite rectangles is also established to provide some quantum

estimates of trapezoidal type inequality of functions of two variables whose q1q2-partial derivatives

in absolute value with certain powers satisfy the criteria of convexity on co-ordinates.
� 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is

an open access article under the CCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Quantum calculus or q-calculus is the study of calculus with-
out limits. In the eighteenth century, Euler initiated the study

of q-calculus by introducing the number q in Newton’s work of
infinite series. Many remarkable results such as Jacobi’s triple
product identity and the theory of q-hypergeometric functions
were obtained in the nineteenth century. In early twentieth
century, Jackson (1910) had started a symmetric study of
q-calculus and introduced q-definite integrals. The subject of

quantum calculus has numerous applications in different areas
of mathematics and physics such as number theory, combina-
torics, orthogonal polynomials, basic hypergeometric func-
tions, quantum theory, mechanics and in theory of relativity.

This subject has received exceptional consideration by many
researchers and hence it has appeared as an interdisciplinary
subject between mathematics and physics. Interested readers

are referred to Ernst (2012), Gauchman (2004) and Kac and
Cheung (2002) for some recent developments in the theory of
quantum calculus and theory of inequalities in quantum

calculus.
Theory of inequalities and theory of convex functions have

been observed to be profoundly dependent on each other and

consequently a vast literature on inequalities has been
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produced by a number of researchers using convex functions,
see Dragomir and Pearce (2000), Dragomir and Agarwal
(1998) and Ion (2007). The Hermite–Hadamard inequalities

are extensively studied during past three decades and the fol-
lowing inequalities, known as Hermite–Hadamard inequali-
ties, provide a necessary and sufficient condition for a

continuous function f : I � R ! R to be convex on ½a; b�,
where a; b 2 I with a < b

f
aþ b

2

� �
6 1

b� a

Z b

a

f xð Þdx 6 f að Þ þ f bð Þ
2

: ð1:1Þ

For further reading on integral inequalities using classical
convexity and other important inequalities we refer our reader
to Sudsutad et al. (2015) and Tariboon and Ntouyas (2014).

Most recently, Noor et al. (2015a,b,c) and Zhuang et al.
(2016) have contributed to the ongoing research and have
developed some integral inequalities which provide quantum

estimates for the right part of the quantum analogue of Her-
mite–Hadamard inequality through q-differentiable convex
and q-differentiable quasi-convex functions. Ghany (2009,
2012, 2013a,b) gave integral representations of basic com-

pletely monotone functions, integral representations of basic
completely alternating functions, q-derivative of basic hyperge-
ometric series with respect to parameters and discussed some

properties of the derivatives of basic hypergeometric series
with respect to parameters. Motivated by the recent progress
in the field of quantum calculus, our aim is to further develop

this theory for functions of two variables and to provide some
quantum analogues of Hermite–Hadamard inequality of func-
tions of two variables over finite rectangles. At the next step,

we will also provide some quantum estimates for the right part
of the q-analogue of Hermite–Hadamard inequality of func-
tions of two variables using convexity and quasi-convexity
on co-ordinates of the absolute value of the q1q2-partial

derivatives.

2. Preliminaries

The readers are referred to Tariboon and Ntouyas (2013),
Sudsutad et al. (2015), Kac and Cheung (2002) and Ernst
(2012) for some q-calculus essentials and inequalities over finite

intervals.
We will also use the following definite q-integrals to prove

our results.

Lemma 1 Sudsutad et al., 2015. Let 0 < q < 1, the following

hold

Dq :¼
Z 1

0

t 1� 1þ qð Þtj j 0dqt ¼ q 1þ 4qþ q2ð Þ
1þ qþ q2ð Þ 1þ qð Þ3 ;

Wq :¼
Z 1

0

1� tð Þ 1� 1þ qð Þtj j 0dqt ¼ q 1þ 3q2 þ 2q3ð Þ
1þ qþ q2ð Þ 1þ qð Þ3

and

Uq :¼
Z 1

0

1� 1þ qð Þtj j 0dqt ¼ 2q

1þ qð Þ2 :

In what follows we introduce q-partial derivatives and def-
inite q-integrals for functions of two variables.
Definition 1. Let f : a; b½ � � c; d½ �#R2 ! R be a continuous
function of two variables and 0 < q1 < 1; 0 < q2 < 1, the
partial q1-derivatives, q2-derivatives and q1q2-derivatives at

x; yð Þ 2 a; b½ � � c; d½ � can be defined as follows

a@q1 f x; yð Þ
a@q1x

¼ f q1xþ 1� q1ð Þa; yð Þ � f x; yð Þ
1� q1ð Þ x� að Þ ; x– a

c@q2 f x; yð Þ
c@q2y

¼ f x; q2yþ 1� q2ð Þcð Þ � f x; yð Þ
1� q2ð Þ y� cð Þ ; y – c

and

a;c@
2
q1 ;q2

f x; yð Þ
a@q1xc@q2y

¼ 1

1� q1ð Þ 1� q2ð Þ y� cð Þ x� að Þ
� f q1xþ 1� q1ð Þa; q2yþ 1� q2ð Þcð Þ½
� f q1xþ 1� q1ð Þa; yð Þ � f x; q2yþ 1� q2ð Þcð Þ
þ f x; yð Þ�; x – a; y– c:

The function f : a; b½ � � c; d½ �#R2 ! R is said to be partially
q1-, q2- and q1q2-differentiable on a; b½ � � c; d½ � if

a@q1 f x;yð Þ
a@q1 x

; c
@q2 f x;yð Þ
c@q2 y

and
a;c@

2
q1 ;q2

f x;yð Þ
a@q1 xc @q2 y

exist for all x; yð Þ 2 a; b½ � � c; d½ �.
We can similarly define higher order partial derivatives.

Definition 2. Suppose that f : a; b½ � � c; d½ �#R2 ! R is a con-
tinuous function. Then the definite q1q2-integral on
a; b½ � � c; d½ � is defined by

Z y

c

Z x

a

f x; yð Þadq1xcdq2y ¼ x� að Þ y� cð Þ 1� q1ð Þ 1� q2ð Þ

�
X1
m¼0

X1
n¼0

qn1q
m
2 f qn1xþ 1� qn1

� �
a; qm2 y

�
þ 1� qm2
� �

c
� ð2:1Þ

for x; yð Þ 2 a; b½ � � c; d½ �. It is clear from (2.1) thatZ y

c

Z x

a

f x; yð Þadq1xadq2y ¼
Z x

a

Z y

c

f x; yð Þcdq2yadq1x:

If x1; y1ð Þ 2 a; xð Þ � c; yð Þ, thenZ y

y1

Z x

x1

f x; yð Þadq1xadq2y

¼
Z y

y1

Z x

a

f x; yð Þadq1xadq2y�
Z y

y1

Z x1

a

f x; yð Þadq1xadq2y

¼
Z y

c

Z x

a

f x; yð Þadq1xadq2y�
Z y1

c

Z x

a

f x; yð Þadq1xadq2y

�
Z y

c

Z x1

a

f x; yð Þadq1xadq2yþ
Z y1

c

Z x1

a

f x; yð Þadq1xadq2y:

ð2:2Þ
From (2.2), we also note that

Z y

c

Z x

a

f x; yð Þadq1xcdq2y ¼
Z y

c

Z x

a

f x; yð Þadq1x
� �

cdq2y

¼
Z x

a

Z y

c

f x; yð Þcdq2y
� �

adq1x:
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Remark 1. It is easy to observe that the Definition 2 contains

the Definition 2.3 in Tariboon and Ntouyas (2014) as special
case when f is a function of single variable.

The following theorems hold for definite q1q2-double
integrals.

Theorem 1. Let f : a; b½ � � c; d½ �#R2 ! R be a continuous
function. Then

(1)
a;c@

2
q1 ;q2

a@q1 xc @q2 y

R y
c

R x
a f t; sð Þadq1 tcdq2s ¼ f x; yð Þ

(2)
R y
c

R x
a

a;c@
2
q1 ;q2

f t;sð Þ
a@q1 tc @q2 s

adq1 tcdq2s ¼ f x; yð Þ
(3)

R y
y1

R x
x1

a;c@
2
q1 ;q2

f t;sð Þ
a@q1 tc @q2 s

adq1 tcdq2s¼ f x; yð Þ � f x; y1ð Þ � f x1; yð Þþ
f x1; y1ð Þ, x1; y1ð Þ 2 a; xð Þ � c; yð Þ.

Proof

(1) By Definition 2 and the definition of partial
q1q2-derivatives, we have"
a;c@
2
q1 ;q2

a@q1x c@q2y
x�að Þ y�cð Þ 1�q1ð Þ 1�q2ð Þ

�
X1
m¼0

X1
n¼0

qn1q
m
2 f qn1xþ 1�qn1

� �
a;qm2 yþ 1�qm2

� �
c

� �#

¼ 1

1�q1ð Þ 1�q2ð Þ y�cð Þ x�að Þ

�
"
q1q2 1�q1ð Þ 1�q2ð Þ y� cð Þ x�að Þ

�
X1
m¼0

X1
n¼0

qn1q
m
2 f qnþ1

1 xþ 1�qnþ1
1

� �
a;qmþ1

2 yþ 1�qmþ1
2

� �
c

� �
�q1 x�að Þ y� cð Þ 1�q1ð Þ 1�q2ð Þ

�
X1
m¼0

X1
n¼0

qn1q
m
2 f qnþ1

1 xþ 1�qnþ1
1

� �
a;qm2 yþ 1�qm2

� �
c

� �
�q2 x�að Þ y� cð Þ 1�q1ð Þ 1�q2ð Þ

�
X1
m¼0

X1
n¼0

qn1q
m
2 f qn1xþ 1�qn1

� �
a;qmþ1

2 yþ 1�qmþ1
2

� �
c

� �
þ x�að Þ y�cð Þ 1�q1ð Þ 1�q2ð Þ

�
X1
m¼0

X1
n¼0

qn1q
m
2 f qn1xþ 1�qn1

� �
a;qm2 yþ 1�qm2

� �
c

� �#

¼
X1
m¼1

X1
n¼1

qn1q
m
2 f qn1xþ 1�qn1

� �
a;qm2 yþ 1�qm2

� �
c

� �

�
X1
m¼0

X1
n¼1

qn1q
m
2 f qn1xþ 1�qn1

� �
a;qm2 yþ 1�qm2

� �
c

� �

�
X1
m¼1

X1
n¼0

qn1q
m
2 f qn1xþ 1�qn1

� �
a;qm2 yþ 1�qm2

� �
c

� �

þ
X1
m¼0

X1
n¼0

qn1q
m
2 f qn1xþ 1�qn1

� �
a;qm2 yþ 1�qm2

� �
c

� �¼ f x;yð Þ
(2) By the definition of partial q1q2-derivatives and Defini-

tion 2, we have
Z y

c

Z x

a

a;c@
2
q1 ;q2

f t;sð Þ
a@q1 tc @q2 s

cdq2 sadq1 t

¼
Z y

c

Z x

a

1

1�q1ð Þ 1�q2ð Þ s� cð Þ t�að Þ

� f q1tþ 1�q1ð Þa;q2sþ 1�q2ð Þcð Þ� f q1tþ 1�q1ð Þa;sð Þ½

�f t;q2sþ 1�q2ð Þcð Þþ f t;sð Þ�cdq2 sadq1 t

¼
X1
m¼0

X1
n¼0

f qnþ1
1 xþ 1�qnþ1

1

� �
a;qmþ1

2 yþ 1�qmþ1
2

� �
c

� ��

�f qnþ1
1 xþ 1�qnþ1

1

� �
a;qm2 yþ 1�qm2

� �
c

� �
�f qn1xþ 1�qn1

� �
a;qmþ1

2 yþ 1�qmþ1
2

� �
c

� �
þf qn1xþ 1�qn1

� �
a

� �
; qm2 yþ 1�qm2

� �
c

� �� ��

¼
X1
m¼1

X1
n¼1

f qn1xþ 1�qn1
� �

a;qm2 yþ 1�qm2
� �

c
� �

�
X1
m¼0

X1
n¼1

f qn1xþ 1�qn1
� �

a;qm2 yþ 1�qm2
� �

c
� �

�
X1
m¼1

X1
n¼0

f qn1xþ 1�qn1
� �

a;qm2 yþ 1�qm2
� �

c
� �

þ
X1
m¼0

X1
n¼0

f qn1xþ 1�qn1
� �

a
� �

; qm2 yþ 1�qm2
� �

c
� �� �¼ f x;yð Þ:

Using (2.2) and applying the result (2), we obtain
(3)
 Z y

y1

Z x

x1

a;c@
2
q1 ;q2

f t; sð Þ
a@q1xc @q2y

adq1 tcdq2s

¼
Z y

c

Z x

a

a;c@
2
q1 ;q2

f t; sð Þ
a@q1xc @q2y

adq1 tcdq2s

�
Z y1

c

Z x

a

a;c@
2
q1 ;q2

f t; sð Þ
a@q1xc @q2y

adq1 tcdq2s

�
Z y

c

Z x1

a

a;c@
2
q1 ;q2

f t; sð Þ
a@q1xc @q2y

adq1 tcdq2s

þ
Z y1

c

Z x1

a

a;c@
2
q1 ;q2

f t; sð Þ
a@q1xc @q2y

adq1 tcdq2s

¼ f x; yð Þ � f x; y1ð Þ � f x1; yð Þ þ f x1; y1ð Þ: �
Theorem 2. Suppose that f; g : a; b½ � � c; d½ �#R2 ! R are
continuous functions, a 2 R. Then, for x; yð Þ 2 a; b½ � � c; d½ �,

(1)
R y
c

R x
a f t; sð Þ þ g t; sð Þ½ �adq1 tcdq2s ¼ R y

c

R x
a f t; sð ÞadqtþR y

c

R x
a g t; sð Þadq1 tcdq2s.

(2)
R y
c

R x
a af t; sð Þadq1 tcdq2s ¼ a

R y
c

R x
a f t; sð Þadq1 tcdq2s.

(3) The following integration by parts formula for iterated

q1q2-double integrals holds:
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Z y

y1

Z x

x1

f t; sð Þ a;c@
2
q1 ;q2

g t; sð Þ
a@q1x c@q2y

adq1 tcdq2s

¼ f x;yð Þg x;yð Þ� f x;y1ð Þg x;y1ð Þ� f x1;yð Þg x1;yð Þ

þ f x1;y1ð Þg x1;y1ð Þ�
Z y

y1

g x;q2sþ 1� q2ð Þcð Þ c@q2 f x; sð Þ
c@q2s

cdq2s

þ
Z y

y1

g x1;q2sþ 1� q2ð Þcð Þ c@q2 f x1; sð Þ
c@q2s

cdq2s

�
Z x

x1

g q1tþ 1� q1ð Þa;yð Þ a@q1 f t;yð Þ
a@q1 t

adq1 t

þ
Z x

a

g q1tþ 1� q1ð Þa;y1ð Þ a@q1 f t;y1ð Þ
a@q1 t

adq1 t

þ
Z y

y1

Z x

x1

g q1tþ 1� q1ð Þa;q2sþ 1� q2ð Þcð Þ

� c;a@
2
q2 ;q1

f t; sð Þ
c@q2sa@q1 t

adq1 tcdq2s; x1;y1ð Þ 2 a;xð Þ� c;yð Þ:
Proof. The proof of (1) and (2) follows by definition of definite
q1q2-double integrals. (3) By applying (3) of Theorem 3.3

(Tariboon and Ntouyas, 2013), we have

Z y

y1

Z x

x1

f t; sð Þ a;c@
2
q1 ;q2

g t; sð Þ
a@q1 tc @q2s

adq1 t

 !
cdq2s

¼
Z y

y1

f x; sð Þ c@q2g x; sð Þ
c@q2s

� f x1; sð Þ c@q2g a; sð Þ
c@q2s

�

�
Z x

x1

c@q2g q1tþ 1� q1ð Þa; sð Þ
c@q2s

a@q1 f t; sð Þ
a@q1 t

adq1 t

	
cdq2s

¼
Z y

y1

f x; sð Þ c@q2g x; sð Þ
c@q2s

cdq2s�
Z y

y1

f x1; sð Þ c@q2g x1; sð Þ
c@q2s

cdq2 s

�
Z x

x1

Z y

y1

c@q2g q1tþ 1� q1ð Þa; sð Þ
c@q2s

a@q1 f t; sð Þ
a@q1 t

cdq2s

 !
adq1 t

¼ f x;yð Þg x;yð Þ � f x;y1ð Þg x;y1ð Þ

�
Z y

y1

g x;q2sþ 1� q2ð Þcð Þ c@q2 f x; sð Þ
c@q2s

cdq2s

� f x1;yð Þg x1;yð Þ þ f x1;y1ð Þg x1;y1ð Þ

þ
Z y

y1

g x1;q2sþ 1� q2ð Þcð Þ c@q2 f x1; sð Þ
c@q2s

cdq2s

�
Z x

x1

g q1tþ 1� q1ð Þa;yð Þ a@q1 f t;yð Þ
a@q1 t

adq1 t

þ
Z x

x1

g q1tþ 1� q1ð Þa;y1ð Þ a@q1 f t;y1ð Þ
a@q1 t

adq1 t

þ
Z y

y1

Z x

x1

g q1tþ 1� q1ð Þa;q2ð

þ 1� q2ð ÞcÞ c;a@
2
q2 ;q1

f t; sð Þ
c@q2 sa@q1 t

adq1 tcdq2 s

which is the expected result. h
3. Main results

Before we proceed to prove the main results of this section, we
refer the readers to Dragomir (2001), Latif and Alomari (2009)

and Özdemir et al. (2012) to study the basic properties of
convex and quasi-convex functions on the co-ordinates on
a; b½ � � c; d½ �. In this section, we first prove Hermite–Hadamard
type inequality for functions of two variable which are convex

on the co-ordinates on a; b½ � � c; d½ �.

Theorem 3. Let f : a; b½ � � c; d½ �#R2 ! R be convex on
co-ordinates on a; b½ � � c; d½ �, the following inequalities holds
f
aþ b

2
;
cþ d

2

� �
6 1

2 b� að Þ
Z b

a

f x;
cþ d

2

� �
adq1x

þ 1

2 d� cð Þ
Z d

c

f
aþ b

2
; y

� �
cdq2y

6 1

b� að Þ d� cð Þ
Z b

a

Z d

c

f x; yð Þcdq2yadq1x

6 q1
2 1þ q1ð Þ d� cð Þ

Z d

c

f a; yð Þcdq2y

þ 1

2 1þ q1ð Þ d� cð Þ
Z d

c

f b; yð Þcdq2y

þ 1

2 1þ q2ð Þ b� að Þ
Z b

a

f x; dð Þadq1x

þ q2
2 1þ q2ð Þ b� að Þ

Z b

a

f x; cð Þadq1x

6 q1q2f a; cð Þ þ q1f a; dð Þ þ q2f b; cð Þ þ f b; dð Þ
1þ q1ð Þ 1þ q2ð Þ :

Proof. Since f : a; b½ � � c; d½ �#R2 ! R is convex on co-
ordinates on a; b½ � � c; d½ �, we have

f
aþ b

2
;
cþ d

2

� �
¼ f

taþ 1� tð Þbþ tbþ 1� tð Þa
2

;
cþ d

2

� �

6 1

2
f taþ 1� tð Þb; cþ d

2

� �

þ 1

2
f taþ 1� tð Þb; cþ d

2

� �

The q1-integration with respect to t over 0; 1½ �, q2-integration
with respect to y over c; d½ � on both sides of the above inequal-
ity and by the change of variables, give

f
aþ b

2
;
cþ d

2

� �
6 1

b� a

Z b

a

f x;
cþ d

2

� �
adq1x: ð3:1Þ

Now

f
aþ b

2
;
cþ d

2

� �
¼ f

aþ b

2
;
csþ 1� sð Þdþ sdþ 1� sð Þc

2

� �

6 1

2
f

aþ b

2
; csþ 1� sð Þd

� �

þ 1

2
f

aþ b

2
; cdþ 1� sð Þc

� �

The q1-integration with respect to x over ½a; b�, q2-integration
with respect to s over 0; 1½ � on both sides of the above inequal-

ity and by the change of variables, give

f
aþ b

2
;
cþ d

2

� �
6 1

d� c

Z d

c

f
aþ b

2
; y

� �
cdq2y: ð3:2Þ

Adding (3.1) and (3.2) and dividing both sides by 2, we get
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f
aþ b

2
;
cþ d

2

� �
6 1

2 b� að Þ
Z b

a

f x;
cþ d

2

� �
adq1x

þ 1

2 d� cð Þ
Z d

c

f
aþ b

2
; y

� �
cdq2y: ð3:3Þ

Consider now

1

2 b� að Þ
Z b

a

f x;
cþ d

2

� �

¼ 1

2 b� að Þ
Z b

a

f x;
csþ 1� sð Þdþ sdþ 1� sð Þc

2

� �
adq1x

6 1

4 b� að Þ
Z b

a

f x; csþ 1� sð Þdð Þ adq1x

þ 1

4 b� að Þ
Z b

a

f x; sdþ 1� sð Þcð Þ adq1x

The q2-integration with respect to s over 0; 1½ �, yields

1

2 b� að Þ
Z b

a

f x;
cþ d

2

� �
6 1

4 b� að Þ
Z b

a

Z d

c

f x;yð Þcdq2yadq1x

þ 1

4 b� að Þ
Z b

a

Z d

c

f x;yð Þ cdq2yadq1x

¼ 1

2 b� að Þ d� cð Þ
Z b

a

Z d

c

f x;yð Þcdq2yadq1x:

ð3:4Þ

Similarly

1

2 d� cð Þ
Z d

c

f
aþ b

2
; y

� �
cdq2y

6 1

2 b� að Þ d� cð Þ
Z b

a

Z d

c

f x; yð Þcdq2yadq1x: ð3:5Þ

Addition of (3.4) and (3.5), gives

1

2 b� að Þ
Z b

a

f x;
cþ d

2

� �
þ 1

2 d� cð Þ
Z d

c

f
aþ b

2
; y

� �
cdq2y

6 1

b� að Þ d� cð Þ
Z b

a

Z d

c

f x; yð Þcdq2yadq1x: ð3:6Þ

We also observe that

Z b

a

Z d

c

f x; yð Þcdq2yadq1x

¼ b� að Þ
Z 1

0

Z d

c

f tbþ 1� tð Þa; yð Þcdq2y0dq1 t

6 b� að Þ
Z 1

0

Z d

c

1� tð Þf a; yð Þcdq2y0dq1 t

þ b� að Þ
Z 1

0

Z d

c

tf b; yð Þcdq2y0dq1 t

¼ q1 b� að Þ
1þ q1

Z d

c

f a; yð Þcdq2yþ
b� að Þ
1þ q1

Z d

c

f b; yð Þcdq2y: ð3:7Þ
and

Z b

a

Z d

c

f x; yð Þcdq2yadq1x

¼ d� cð Þ
Z b

a

Z 1

0

f x; sdþ 1� sð Þcð Þcdq2s0dq1x

6 d� cð Þ
Z b

a

Z 1

0

sf x; dð Þcdq2 s0dq1x

þ d� cð Þ
Z b

a

Z d

c

1� sð Þf x; cð Þcdq2s0dq1x

¼ d� cð Þ
1þ q2

Z b

a

f x; dð Þadq1xþ q2 d� cð Þ
1þ q2

Z b

a

f x; cð Þadq1x: ð3:8Þ

Adding (3.7) and (3.8) and multiplying the resulting inequality

by 1
2 b�að Þ d�cð Þ, we get

1

b� að Þ d� cð Þ
Z b

a

Z d

c

f x; yð Þcdq2yadq1x

6 q1
2 1þ q1ð Þ d� cð Þ

Z d

c

f a; yð Þcdq2y

þ 1

2 1þ q1ð Þ d� cð Þ
Z d

c

f b; yð Þcdq2y

þ 1

2 1þ q2ð Þ b� að Þ
Z b

a

f x; dð Þadq1x

þ q2
2 1þ q2ð Þ b� að Þ

Z b

a

f x; cð Þadq1x: ð3:9Þ

Lastly, we have

q1
2 1þ q1ð Þ d� cð Þ

Z d

c

f a;yð Þcdq2yþ
1

2 1þ q1ð Þ d� cð Þ
Z d

c

f b;yð Þcdq2y

þ 1

2 1þ q2ð Þ b� að Þ
Z b

a

f x;dð Þadq1x

þ q2
2 1þ q2ð Þ b� að Þ

Z b

a

f x;cð Þadq1x

6 q1
2 1þ q1ð Þ

Z 1

0

f a; sdþ 1� sð Þcð Þ0dq2s

þ 1

2 1þ q1ð Þ
Z 1

0

f b; sdþ 1� sð Þcð Þ0dq2s

þ 1

2 1þ q2ð Þ
Z 1

0

f tbþ 1� tð Þa;dð Þ0dq1 t

þ q2
2 1þ q2ð Þ

Z 1

0

f tbþ 1� tð Þa;cð Þ0dq1 t

6 q1f a;dð Þ
2 1þ q1ð Þ

Z 1

0

s0dq2sþ
q1f a;cð Þ
2 1þ q1ð Þ

Z 1

0

1� sð Þ 0dq2s

þ f b;dð Þ
2 1þ q1ð Þ

Z 1

0

s0dq2sþ
f b;cð Þ

2 1þ q1ð Þ
Z 1

0

1� sð Þ 0dq2s

þ f b;dð Þ
2 1þ q2ð Þ

Z 1

0

t0dq1 tþ
f a;dð Þ

2 1þ q2ð Þ
Z 1

0

1� tð Þ0dq1 t

þ q2f b;cð Þ
2 1þ q2ð Þ

Z 1

0

t0dq1 tþ
q2f a;cð Þ
2 1þ q2ð Þ

Z 1

0

1� tð Þ0dq1 t

¼ q1q2f a;cð Þþ q1f a;dð Þþ q2f b;cð Þþ f b;dð Þ
1þ q1ð Þ 1þ q2ð Þ : � ð3:10Þ
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Remark 2. When q1 ! 1� and q2 ! 1�, Theorem 3 becomes

Theorem 1 from Dragomir (2001, page 778).

We need the following results to prove our main results.

Theorem 4 (Hölder inequality for double sums). Suppose
anmð Þn;m2N; bnmð Þn;m2N with anm; bnm 2 R or C and

1
p þ 1

p0 ¼ 1; p; p0 > 1, the following Hölder inequality for double

sums holds

X1
n¼0

X1
m¼0

anmbnmj j 6
X1
n¼0

X1
m¼0

anmj jp
 !1

p X1
n¼0

X1
m¼0

bnmj jp0
 ! 1

p0

;

where all the sums are assumed to be finite.

Theorem 5 (q1q2-Hölder inequality for functions of two

variables). Let f and g be functions defined on a; b½ � � c; d½ �
and 0 < q1; q2 < 1. If 1

r1
þ 1

r2
¼ 1 with r1; r2 > 1, the following

q1q2-Hölder inequality holdsZ x

a

Z y

c

f x;yð Þg x;yð Þj j cdq2y adq1x

6
Z b

a

Z d

c

f x;yð Þj jr1 cdq2y adq1x

� � 1
r1
Z b

a

Z d

c

g x;yð Þj jr2 cdq2y adq1x

� � 1
r2

:

ð3:11Þ

Proof. By the definition of q1q2-integral and applying Theo-
rem 4, we have

Z b

a

Z d

c

f x; yð Þg x; yð Þj j cdq2y adq1x

¼ 1� q1ð Þ 1� q2ð Þ x� að Þ y� cð Þ

�
X1
n¼0

X1
m¼0

qn1q
m
2 f qn1xþ 1� qn1

� �
a; qm2 yþ 1� qm2

� �
c

� �

 


� g qn1xþ 1� qn1

� �
a; qm2 yþ 1� qm2

� �
c

� �

 


¼
X1
n¼0

X1
m¼0

1� q1ð Þ 1� q2ð Þ x� að Þ y� cð Þ½ � 1r1 qn1q
m
2

� � 1
r1

� f qn1xþ 1� qn1
� �

a; qm2 yþ 1� qm2
� �

c
� �

 



� 1� q1ð Þ 1� q2ð Þ x� að Þ y� cð Þ½ � 1r2 qn1q
m
2

� � 1
r2

� g qn1xþ 1� qn1
� �

a; qm2 yþ 1� qm2
� �

c
� �

 



6 1� q1ð Þ 1� q2ð Þ x� að Þ y� cð Þ
X1
n¼0

X1
m¼0

qn1q
m
2

 

� f qn1xþ 1� qn1
� �

a; qm2 yþ 1� qm2
� �

c
� �

 

r1� 1

r1

� 1� q1ð Þ 1� q2ð Þ x� að Þ y� cð Þ
X1
n¼0

X1
m¼0

qn1q
m
2

 

� g qn1xþ 1� qn1
� �

a; qm2 yþ 1� qm2
� �

c
� �

 

r2� 1

r2

¼
Z b

a

Z d

c

f x; yð Þj jr1 cdq2y adq1x

� � 1
r1

�
Z b

a

Z d

c

g x; yð Þj jr2 cdq2y adq1x

� � 1
r2

: �

Lemma 2. Let f : K#R2 ! R be a twice partially
q1q2-differentiable function on K� for 0 < q1; q2 < 1. If partial

q1q2-derivative
a;c@

2
q1 ;q2

f t;sð Þ
a@q1 t c@q2 s

is continuous and integrable on

a; b½ � � c; d½ �#K�, then the following equality holds
!q1 ;q2 a;b;c;dð Þ fð Þ :¼ q1q2f a;cð Þþ q1f a;dð Þþ q2f b;cð Þþ f b;dð Þ
1þ q1ð Þ 1þ q2ð Þ

� q2
1þ q2ð Þ b� að Þ

Z b

a

f x;cð Þ adq1x

� 1

1þ q2ð Þ b� að Þ
Z b

a

f x;dð Þ adq1x

� q1
1þ q1ð Þ d� cð Þ

Z d

c

f a;yð Þ cdq2y

� 1

1þ q1ð Þ d� cð Þ
Z d

c

f b;yð Þ cdq2y

þ 1

b� að Þ d� cð Þ
Z b

a

Z d

c

f x;yð Þ cdq2y adq1x

¼ q1q2 b� að Þ d� cð Þ
1þ q1ð Þ 1þ q2ð Þ

Z 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þ

� a;c@
2
q1 ;q2

f 1� tð Þaþ tb; 1� sð Þcþ sdð Þ
a@q1 t c@q2 s

0dq1 t 0dq2 s: ð3:12Þ

Proof. By the definition of partial q1q2-derivatives and definite
q1q2-integrals, we haveZ 1

0

Z 1

0

1� 1þq1ð Þtð Þ 1� 1þq2ð Þsð Þ

� a;c@
2
q1 ;q2

f 1� tð Þaþ tb; 1� sð Þcþ sdð Þ
a@q1 tc@q1 s

0dq1 t 0dq2 s

¼ 1

1�q1ð Þ 1�q2ð Þ b�að Þ d� cð Þ
Z 1

0

Z 1

0

1� 1þq1ð Þtð Þ 1� 1þq2ð Þsð Þ
st

� f tq1bþ 1� tq1ð Þa;sq2dþ 1� sq2ð Þcð Þ� f tq1bþ 1� tq1ð Þa;sdþ 1� sð Þcð Þ½
� f tbþ 1� tð Þa;q2sdþ 1�q2sð Þcð Þþ f tbþ 1� tð Þa;sdþ 1� sð Þcð Þ� 0dq1 t 0dq2 s

¼ 1

b�að Þ d� cð Þ
X1
n¼0

X1
m¼0

1� 1þq1ð Þqn1
� �

1� 1þq2ð Þqm2
� �

� f qnþ1
1 bþ 1�qnþ1

1

� �
a;qmþ1

2 dþ 1�qmþ1
2

� �
c

� ��
� f qnþ1

1 bþ 1�qnþ1
1

� �
a;qm2 dþ 1�qm2

� �
c

� �
� f qn1bþ 1�qn1

� �
a;qmþ1

2 dþ 1�qmþ1
2

� �
c

� �þ f qn1bþ 1�qn1
� �

a;qm2 dþ 1�qm2
� �

c
� ��

¼ 1

b�að Þ d� cð Þ
X1
n¼1

X1
m¼1

f qn1bþ 1�qn1
� �

a;qm2 d
� þ 1�qm2

� �
c

!

� 1

b�að Þ d� cð Þ
X1
n¼1

X1
m¼0

f qn1bþ 1�qn1
� �

a; 1�qm2
� �

cþqm2 d
� �

� 1

b�að Þ d� cð Þ
X1
n¼0

X1
m¼1

f qn1bþ 1�qn1
� �

a;qm2 dþ 1�qm2
� �

c
� �

þ 1

d� cð Þ b�að Þ
X1
n¼0

X1
m¼0

f qn1bþ 1�qn1
� �

a;qm2 dþ 1�qm2
� �

c
� �

� 1þq1ð Þ
q1 b�að Þ d� cð Þ

X1
n¼1

X1
m¼1

qn1f qn1bþ 1�qn1
� �

a;qm2 dþ 1�qm2
� �

c
� �

þ 1þq1ð Þ
q1 b�að Þ d� cð Þ

X1
n¼1

X1
m¼0

qn1f qn1bþ 1�qn1
� �

a; 1�qm2
� �

cþqm2 d
� �

þ 1þq1ð Þ
b�að Þ d� cð Þ

X1
n¼0

X1
m¼1

qn1f qn1bþ 1�qn1
� �

a;qm2 dþ 1�qm2
� �

c
� �

� 1þq1ð Þ
b�að Þ d� cð Þ

X1
n¼0

X1
m¼0

qn1f qn1bþ 1�qn1
� �

a;qm2 d
�

þ 1�qm2
� �

c
�� 1þq2ð Þ

q2 b�að Þ d� cð Þ
X1
n¼1

X1
m¼1

qm2 f qn1bþ 1�qn1
� �

a;qm2 d
� þ 1�qm2

� �
c

!

þ 1þq2ð Þ
b�að Þ d� cð Þ

X1
n¼1

X1
m¼0

qm2 f qn1bþ 1�qn1
� �

a; 1�qm2
� �

cþqm2 d
� �

þ 1þq2ð Þ
q2 b�að Þ d� cð Þ

X1
n¼0

X1
m¼1

qm2 f qn1bþ 1�qn1
� �

a;qm2 dþ 1�qm2
� �

c
� �

� 1þq2ð Þ
b�að Þ d� cð Þ

X1
n¼0

X1
m¼0

qm2 f qn1bþ 1�qn1
� �

a;qm2 dþ 1�qm2
� �

c
� �

þ 1þq1ð Þ 1þq2ð Þ
q1q2 b�að Þ d� cð Þ

X1
n¼1

X1
m¼1

qn1q
m
2 f qn1bþ 1�qn1

� �
a;qm2 dþ 1�qm2

� �
c

� �

� 1þq1ð Þ 1þq2ð Þ
q1 b�að Þ d� cð Þ

X1
n¼1

X1
m¼0

qn1q
m
2 f qn1bþ 1�qn1

� �
a; 1�qm2
� �

cþqm2 d
� �

� 1þq1ð Þ 1þq2ð Þ
q2 b�að Þ d� cð Þ

X1
n¼0

X1
m¼1

qn1q
m
2 f qn1bþ 1�qn1

� �
a;qm2 dþ 1�qm2

� �
c

� �

þ 1þq1ð Þ 1þq2ð Þ
b�að Þ d� cð Þ

X1
n¼0

X1
m¼0

qn1q
m
2 f qn1bþ 1�qn1

� �
a;qm2 dþ 1�qm2

� �
c

� �
: ð3:13Þ
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We observe that

1

b� að Þ d� cð Þ
X1
n¼1

X1
m¼1

f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

¼ f a; cð Þ
b� að Þ d� cð Þ þ

1

b� að Þ d� cð Þ
�
X1
n¼1

X1
m¼1

f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

; ð3:14Þ

� 1

b� að Þ d� cð Þ
X1
n¼1

X1
m¼0

f qn1bþ 1� qn1
� �

a; 1� qm2
� �

cþ qm2 d
� �

¼ � f a; dð Þ
b� að Þ d� cð Þ �

1

b� að Þ d� cð Þ
�
X1
n¼1

X1
m¼1

f qn1bþ 1� qn1
� �

a; 1� qm2
� �

cþ qm2 d
� �

; ð3:15Þ

� 1

b� að Þ d� cð Þ
X1
n¼0

X1
m¼1

f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

¼ � f b; cð Þ
b� að Þ d� cð Þ �

1

b� að Þ d� cð Þ
�
X1
n¼1

X1
m¼1

f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

; ð3:16Þ

1

b� að Þ d� cð Þ
X1
n¼0

X1
m¼0

f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

¼ f b; dð Þ
b� að Þ d� cð Þ þ

1

b� að Þ d� cð Þ

�
X1
n¼1

X1
m¼1

f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

; ð3:17Þ

� 1þ q1ð Þ
q1 b� að Þ d� cð Þ

X1
n¼1

X1
m¼1

qn1f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

¼ 1þ q1ð Þf b; cð Þ
q1 b� að Þ d� cð Þ �

1þ q1ð Þ
q1 b� að Þ d� cð Þ

�
X1
n¼0

qn1f qn1bþ 1� qn1
� �

a; c
� �� 1þ q1ð Þ

q1 b� að Þ d� cð Þ

�
X1
n¼1

X1
m¼1

qn1f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

; ð3:18Þ

1þ q1ð Þ
q1 b� að Þ d� cð Þ

X1
n¼1

X1
m¼0

qn1f qn1bþ 1� qn1
� �

a; 1� qm2
� �

cþ qm2 d
� �

¼ � 1þ q1ð Þf b; dð Þ
q1 b� að Þ d� cð Þ þ

1þ q1ð Þ
q1 b� að Þ d� cð Þ

�
X1
n¼0

qn1f qn1bþ 1� qn1
� �

a; d
� �þ 1þ q1ð Þ

q1 b� að Þ d� cð Þ

�
X1
n¼1

X1
m¼1

qn1f qn1bþ 1� qn1
� �

a; 1� qm2
� �

cþ qm2 d
� �

; ð3:19Þ

1þ q1ð Þ
b� að Þ d� cð Þ

X1
n¼0

X1
m¼1

qn1f qn1bþ 1� qn1
� �

a;qm2 dþ 1� qm2
� �

c
� �

¼ 1þ q1ð Þ
b� að Þ d� cð Þ

� �
X1
n¼0

qn1f qn1bþ 1� qn1
� �

a;d
� �þX1

n¼0

qn1f qn1bþ 1� qn1
� �

a;c
� �" #

þ 1þ q1ð Þ
b� að Þ d� cð Þ

X1
n¼0

X1
m¼0

qn1f qn1bþ 1� qn1
� �

a;qm2 dþ 1� qm2
� �

c
� �

;

ð3:20Þ
� 1þ q2ð Þ
q2 b� að Þ d� cð Þ

X1
n¼1

X1
m¼1

qm2 f qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

¼ 1þ q2ð Þf a; dð Þ
q2 b� að Þ d� cð Þ �

1þ q2ð Þ
q2 b� að Þ d� cð Þ

�
X1
m¼0

qm2 f a; qm2 dþ 1� qm2
� �

c
� �� 1þ q2ð Þ

q2 b� að Þ d� cð Þ

�
X1
n¼1

X1
m¼1

qmf qn1bþ 1� qn1
� �

a; qm2 dþ 1� qm2
� �

c
� �

; ð3:21Þ

1þ q2ð Þ
b� að Þ d� cð Þ

X1
n¼1

X1
m¼0

qm2 f qn1bþ 1� qn1
� �

a; 1� qm2
� �

cþ qm2 d
� �

¼� 1þ q2ð Þ
b� að Þ d� cð Þ

� �
X1
m¼0

qm2 f b; 1� qm2
� �

cþ qm2 d
� �þX1

m¼0

qm2 f a; 1� qm2
� �

cþ qm2 d
� �" #

þ 1þ q2ð Þ
b� að Þ d� cð Þ

X1
n¼0

X1
m¼0

qm2 f qn1bþ 1� qn1
� �

a; 1� qm2
� �

cþ qm2 d
� �

;

ð3:22Þ
1þ q2ð Þ

q2 b� að Þ d� cð Þ
X1
n¼0

X1
m¼1

qm2 f qn1bþ 1�qn1
� �

a;qm2 dþ 1� qm2
� �

c
� �

¼� 1þq2ð Þf b;dð Þ
q2 b�að Þ d� cð Þ

þ 1þ q2ð Þ
q2 b� að Þ d� cð Þ

X1
m¼0

qm2 f b;qm2 dþ 1�qm2
� �

c
� �

þ 1þ q2ð Þ
q2 b� að Þ d� cð Þ

X1
n¼1

X1
m¼1

qm2 f qn1bþ 1� qn1
� �

a;qm2 dþ 1� qm2
� �

c
� �

;

ð3:23Þ
1þ q1ð Þ 1þ q2ð Þ

q1q2 b� að Þ d� cð Þ
X1
n¼1

X1
m¼1

qn1q
m
2 f qn1bþ 1� qn1

� �
a;qm2 dþ 1� qm2

� �
c

� �

¼� 1þ q1ð Þ 1þ q2ð Þf b;dð Þ
q1q2 b� að Þ d� cð Þ

� 1þ q1ð Þ 1þ q2ð Þ
q1q2 b� að Þ d� cð Þ

X1
n¼0

qn1f qn1bþ 1� qn1
� �

a;d
� �

� 1þ q1ð Þ 1þ q2ð Þ
q1q2 b� að Þ d� cð Þ

X1
m¼0

qm2 f b;qm2 dþ 1� qm2
� �

c
� �

þ 1þ q1ð Þ 1þ q2ð Þ
q1q2 b� að Þ d� cð Þ

X1
n¼0

X1
m¼0

qn1q
m
2 f qn1bþ 1� qn1

� �
a;qm2 dþ 1� qm2

� �
c

� �
ð3:24Þ

� 1þ q1ð Þ 1þ q2ð Þ
q1 b� að Þ d� cð Þ

X1
n¼1

X1
m¼0

qn1q
m
2 f qn1bþ 1� qn1

� �
a; 1� qm2
� �

cþ qm2 d
� �

¼ 1þ q1ð Þ 1þ q2ð Þ
q1 b� að Þ d� cð Þ

X1
m¼0

qm2 f b; 1� qm2
� �

cþ qm2 d
� �

� 1þ q1ð Þ 1þ q2ð Þ
q1 b� að Þ d� cð Þ

X1
n¼0

X1
m¼0

qn1q
m
2 f qn1bþ 1� qn1

� �
a; 1� qm2
� �

cþ qm2 d
� �

ð3:25Þ
and

� 1þ q1ð Þ 1þ q2ð Þ
q2 b� að Þ d� cð Þ

X1
n¼0

X1
m¼1

qn1q
m
2 f qn1bþ 1� qn1

� �
a;qm2 dþ 1� qm2

� �
c

� �

¼ 1þ q1ð Þ 1þ q2ð Þ
q2 b� að Þ d� cð Þ

X1
n¼0

qn1f qn1bþ 1� qn1
� �

a;d
� �

� 1þ q1ð Þ 1þ q2ð Þ
q2 b� að Þ d� cð Þ

X1
n¼0

X1
m¼0

qn1q
m
2 f qn1bþ 1� qn1

� �
a;qm2 dþ 1� qm2

� �
c

� �
:

ð3:26Þ
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Using (3.14)–(3.26) in (3.13) and simplifying, we getZ 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þ

� a;c@
2
q1 ;q2

f 1� tð Þaþ tb; 1� sð Þcþ sdð Þ
a@q1xc@q2y

0dq1 t 0dq2s

¼ q1q2f a; cð Þ þ q1f a; dð Þ þ q2f b; cð Þ þ f b; dð Þ
q1q2 b� að Þ d� cð Þ

� 1þ q1ð Þ 1� q1ð Þ
q1 b� að Þ d� cð Þ

X1
n¼0

qn1f qn1bþ 1� qn1
� �

a; c
� �

� 1þ q1ð Þ 1� q1ð Þ
q1q2 b� að Þ d� cð Þ

X1
n¼0

qn1f qn1bþ 1� qn1
� �

a; d
� �

� 1þ q2ð Þ 1� q2ð Þ
q2 b� að Þ d� cð Þ

X1
m¼0

qm2 f a; qm2 dþ 1� qm2
� �

c
� �

� 1þ q2ð Þ 1� q2ð Þ
q1q2 b� að Þ d� cð Þ

X1
m¼0

qm2 f b; 1� qm2
� �

cþ qm2 d
� �

þ 1þ q1ð Þ 1þ q2ð Þ 1� q1ð Þ 1� q2ð Þ
q1q2 b� að Þ d� cð Þ

�
X1
n¼0

X1
m¼0

qn1q
m
2 f qn1bþ 1� qn1

� �
a; qm2 dþ 1� qm2

� �
c

� �

¼ q1q2f a; cð Þ þ q1f a; dð Þ þ q2f b; cð Þ þ f b; dð Þ
q1q2 b� að Þ d� cð Þ

� 1þ q1ð Þ
q1 b� að Þ2 d� cð Þ

Z b

a

f x; cð Þ adq1x

� 1þ q1ð Þ
q1q2 b� að Þ2 d� cð Þ

Z b

a

f x; dð Þ adq1x

� 1þ q2ð Þ
q2 b� að Þ d� cð Þ2

Z d

c

f a; yð Þ cdq2y

� 1þ q2ð Þ
q1q2 b� að Þ d� cð Þ2

Z d

c

f b; yð Þ cdq2y

þ 1þ q1ð Þ 1þ q2ð Þ
q1q2 b� að Þ2 d� cð Þ2

Z b

a

Z d

c

f x; yð Þ cdq2y adq1x: ð3:27Þ

Multiplying both sides of (3.27) by q1q2 b�að Þ d�cð Þ
1þq1ð Þ 1þq2ð Þ , we get the

desired equality. h

Remark 3. As q1 ! 1� and q2 ! 1�, !q1 ;q2 a; b; c; dð Þ fð Þ !
! a; b; c; dð Þ fð Þ, where

! a;b; c;dð Þ fð Þ :¼ f a; cð Þ þ f a;dð Þ þ f b; cð Þ þ f b;dð Þ
4

� 1

2 b� að Þ
Z b

a

f x; cð Þdx� 1

2 b� að Þ
Z b

a

f x;dð Þdx

� 1

2 d� cð Þ
Z d

c

f a;yð Þdy� 1

2 d� cð Þ
Z d

c

f b;yð Þdy

þ 1

b� að Þ d� cð Þ
Z b

a

Z d

c

f x;yð Þdydx

and hence the result of Lemma 2 becomes the result of Lemma

1 proved in Sarikaya et al. (2012, page 139).

Now, we can present some integral inequalities for func-

tions whose partial q1q2-derivatives satisfy the assumptions
of convexity on co-ordinates on a; b½ � � c; d½ �.
Theorem 6. Let f : K#R2 ! R be a twice partially q1q2-
differentiable function on K� with 0 < q1 < 1 and 0 < q2 < 1. If

partial q1q2-derivative
a;c@

2
q1 ;q2

f

a@q1
t c@q2 s

is continuous and integrable on

a; b½ � � c; d½ �#K� and
a;c@

2
q1 ;q2

f

a@q1
t c@q2 s











r

is convex on co-ordinates on

a; b½ � � c; d½ � for r P 1, then the following inequality holds

!q1 ;q2 a;b; c;dð Þ fð Þ

 

6 q1q2 b� að Þ d� cð Þ
1þ q1ð Þ 1þ q2ð Þ Uq1Uq2

� �1�1
r

� Wq1Wq2

a;c@
2
q1 ;q2

f a; cð Þ
a@q1 t c@q2s













r

þDq1Wq2

a;c@
2
q1 ;q2

f a;dð Þ
a@q1 t c@q2s













r(

þDq2Wq1

a;c@
2
q1 ;q2

f b;cð Þ
a@q1 t c@q2s













r

þDq1Dq2

a;c@
2
q1 ;q2

f b;dð Þ
a@q1 t c@q2s













r)1

r

: ð3:28Þ

Proof. Taking the absolute value on both sides of the equality
of Lemma 2, using the q1q2-Hölder inequality for functions of

two variables and convexity of
a;c@

2
q1 ;q2

f

a@q1 t c@q2 s




 


r on co-ordinates on

a; b½ � � c; d½ �, we have

!q1 ;q2 a;b; c;dð Þ fð Þ

 

6 q1q2 b� að Þ d� cð Þ
1þ q1ð Þ 1þ q2ð Þ

�
Z 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j 0dq1 t 0dq2s

� �1�1
r

�
Z 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j
� �

� 1� tð Þ 1� sð Þ a;c@
2
q1 ;q2

f a; cð Þ
a@q1 t c@q2s













r

þ 1� tð Þs a;c@
2
q1 ;q2

f a;dð Þ
a@q1 t c@q2s













r "

þ 1� sð Þt a;c@
2
q1 ;q2

f b; cð Þ
a@q1 t c@q2 s













r

þ st
a;c@

2
q1 ;q2

f b;dð Þ
a@q1 t c@q2s













r#

0dq1 t 0dq2s

!1
r

:

ð3:29Þ
From Lemma 1, we observe thatZ 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j 0dq1 t 0dq2s

¼
Z 1

0

1� 1þ q1ð Þtð Þj j 0dq1 t

� � Z 1

0

1� 1þ q2ð Þsð Þj j 0dq2s

� �
¼ Uq1Uq2 ;

Z 1

0

Z 1

0

1� tð Þ 1� sð Þ 1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j 0dq1 t 0dq2s

¼
Z 1

0

1� tð Þ 1� 1þ q1ð Þtj j 0dq1 t

� �

�
Z 1

0

1� sð Þ 1� 1þ q2ð Þsj j 0dq2s

� �
¼ Wq1Wq2 ;

Z 1

0

Z 1

0

1� tð Þs 1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j 0dq1 t 0dq2s

¼
Z 1

0

1� tð Þ 1� 1þ q1ð Þtj j 0dq1 t

� �

�
Z 1

0

s 1� 1þ q2ð Þsj j 0dq2s

� �
¼ Dq1Wq2 ;
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Z 1

0

Z 1

0

t 1� sð Þ 1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j 0dq1 t 0dq2s

¼
Z 1

0

t 1� 1þ q1ð Þtj j 0dq1 t

� �

�
Z 1

0

1� sð Þ 1� 1þ q2ð Þsj j 0dq2 s

� �
¼ Dq2Wq1

andZ 1

0

Z 1

0

ts 1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j 0dq1 t 0dq2s

¼
Z 1

0

t 1� 1þ q1ð Þtj j 0dq1 t

� �

�
Z 1

0

1� sð Þ 1� 1þ q2ð Þsj j 0dq2 s

� �
¼ Dq1Dq2 :

Using the values of the above q1q2-integrals, we get the
required inequality. h

Remark 4. When q1 ! 1� and q2 ! 1� in Theorem 6, we get

the result proved in Theorem 4 in Sarikaya et al. (2012, page
146).

Theorem 7. Let f : K#R2 ! R be a twice partially

q1q2-differentiable function on K� with 0 < q1 < 1 and

0 < q2 < 1. If partial q1q2-derivative
a;c@

2
q1 ;q2

f

a@q1 t c@q2 s
is continuous and

integrable on a; b½ � � c; d½ �#K� and
a;c@

2
q1 ;q2

f

a@q1 t c@q2 s




 


r1 is convex on

co-ordinates on a; b½ � � c; d½ � for r1 > 1, then the following
inequality holds

!q1 ;q2 a; b; c; dð Þ fð Þ

 

 6 q1q2 b� að Þ d� cð Þ
1þ q1ð Þ 1þ q2ð Þ½ �1þ 1

r1

Aq1 r2ð ÞAq2 r2ð Þ� � 1
r2

� q1q2
a;c@

2
q1 ;q2

f a; cð Þ
a@q1 t c@q2s













r1

þ q1
a;c@

2
q1 ;q2

f a; dð Þ
a@q1 t c@q2s













r1

(

þ q2
a;c@

2
q1 ;q2

f b; cð Þ
a@q1 t c@q2s













r1

þ a;c@
2
q1 ;q2

f b; dð Þ
a@q1 t c@q2s













r1
) 1

r1

; ð3:30Þ

where 1
r1
þ 1

r2
¼ 1.

Proof. Taking the absolute value on both sides of the equality

of Lemma 2, using the q1q2-Hölder inequality for functions of

two variables and convexity of
a;c@

2
q1 ;q2

f

a@q1 t c@q2 s




 


r on co-ordinates on

a; b½ � � c; d½ �, we have

!q1 ;q2 a; b; c; dð Þ fð Þ

 

 6 q1q2 b� að Þ d� cð Þ
1þ q1ð Þ 1þ q2ð Þ

�
Z 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj jr2 0dq1 t 0dq2s

� � 1
r2

�
Z 1

0

Z 1

0

1� tð Þ 1� sð Þ a;c@
2
q1 ;q2

f a; cð Þ
a@q1 t c@q2s













r1

" 

þ 1� tð Þs a;c@
2
q1 ;q2

f a; dð Þ
a@q1 t c@q2s













r1

þ 1� sð Þt a;c@
2
q1 ;q2

f b; cð Þ
a@q1 t c@q2s













r1

þ st
a;c@

2
q1 ;q2

f b; dð Þ
a@q1 t c@q2s













r1
#

0dq1 t 0dq2s

! 1
r1

: ð3:31Þ
We observe thatZ 1

0

1� 1þ q1ð Þtj jr2 0dq1 t ¼
Z 1

1þq1

0

1� 1þ q1ð Þtð Þr2 0dq1 t

þ
Z 1

1
1þq1

1þ q1ð Þt� 1ð Þr2 0dq1 t:

ð3:32Þ
Consider the first q1-integral from (3.32) and making use of the
substitution 1� 1þ q1ð Þt ¼ s, we obtainZ 1

1þq1

0

1� 1þ q1ð Þtð Þr2 0dq1 t ¼ � 1

1þ q1

Z 0

1

sr2 0dq1s

¼ 1

1þ q1

Z 1

0

sr2 0dq1s

¼ 1� q1

1þ q1ð Þ 1� qr2þ1
1

� � : ð3:33Þ

Consider the second q1-integral from (3.32) and making use of
the substitution 1þ q1ð Þt� 1 ¼ s, we getZ 1

1
1þq1

1þ q1ð Þt� 1ð Þr2 0dq1 t ¼
1

1þ q1

Z q1

0

sr2 0dq1s

¼ 1� q1ð Þqr2þ1
1

1þ q1ð Þ 1� qr2þ1
1

� � : ð3:34Þ

Substitution of (3.33) and (3.34) in (3.32) gives

Z 1

0

1� 1þ q1ð Þtj jr2 0dq1 t ¼
1� q1ð Þ 1þ qr2þ1

1

� �
1þ q1ð Þ 1� qr2þ1

1

� �
¼ Aq1 r2ð Þ: ð3:35Þ

Similarly, one can haveZ 1

0

1� 1þ q2ð Þsj jr2 0dq2s ¼
1� q2ð Þ 1þ qr2þ1

2

� �
1þ q2ð Þ 1� qr2þ1

2

� �
¼ Aq2 r2ð Þ: ð3:36Þ

Finally, we also haveZ 1

0

1� tð Þ 0dq1 t ¼
q1

1þ q1
;

Z 1

0

1� sð Þ 0dq2s ¼
q2

1þ q2
;

Z 1

0

t 0dq1 t ¼
1

1þ q1
and

Z 1

0

s 0dq2s ¼
1

1þ q2
: �

Remark 5. When q1 ! 1� and q2 ! 1� in Theorem 7, we get

the following inequality proved in Sarikaya et al. (2012, page
144).

! a;b;c;dð Þ fð Þj j6 b� að Þ d� cð Þ
4

1

r2 þ 1

� � 2
r2

�
@2f a;cð Þ
@t@s




 


r1 þ @2f a;dð Þ
@t@s




 


r1 þ @2f b;cð Þ
@t@s




 


r1 þ @2f b;dð Þ
@t@s




 


r1
4

8<
:

9=
;

1
r1

:

ð3:37Þ
Indeed, the inequality (3.37) follows by applying L’Hospital
rule to the limits

lim
q1!1�

1� q1

1� qr2þ1
1

and lim
q2!1�

1� q2

1� qr2þ1
2

:
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The next two results are for quasi-convex functions on co-
ordinates on a; b½ � � c; d½ �.

Theorem 8. Let f : K#R2 ! R be a twice partially
q1q2-differentiable function on K� with 0 < q1 < 1 and

0 < q2 < 1. If partial q1q2-derivative
a;c@

2
q1 ;q2

f

a@q1 t c@q2
s is continuous

and integrable on a; b½ � � c; d½ �#K� and
a;c@

2
q1 ;q2

f

a@q1
t c@q2 s











r

is quasi-

convex on co-ordinates on a; b½ � � c; d½ � for r P 1, then the

following inequality holds

!q1 ;q2 a;b;c;dð Þ fð Þ

 

6 q1q2 b�að Þ d� cð Þ
1þq1ð Þ 1þq2ð Þ

4q1q2

1þq1ð Þ2 1þq2ð Þ2
 !

� sup
a;c@

2
q1 ;q2

f a;cð Þ
a@q1 t c@q2 s












; a;c@

2
q1 ;q2

f b;cð Þ
a@q1 t c@q2 s












; a;c@

2
q1 ;q2

f a;dð Þ
a@q1 t c@q2 s












; a;c@

2
q1 ;q2

f b;dð Þ
a@q1 t c@q2 s














( )
:

ð3:38Þ

Proof. Lemma 2, an application of the q1q2-Hölder inequality

and quasi-convexity of
a;c@

2
q1 ;q2

f

a@q1 t c@q2 s




 


r on a; b½ � � c; d½ �, yield

!q1 ;q2 a; b; c; dð Þ fð Þ

 

 6 q1q2 b� að Þ d� cð Þ
1þ q1ð Þ 1þ q2ð Þ

�
Z 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j 0dq1 t 0dq2s

� �1�1
r

�
Z 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j
�

� a;c@
2
q1 ;q2

f 1� tð Þaþ tb; 1� sð Þcþ sdð Þ
a@q1 t c@q2s













r

0dq1 t 0dq2s

!1
r

¼ q1q2 b� að Þ d� cð Þ
1þ q1ð Þ 1þ q2ð Þ

�
Z 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj j 0dq1 t 0dq2s

� �

� sup
a;c@

2
q1 ;q2

f a; cð Þ
a@q1 t c@q2s













r

;
a;c@

2
q1 ;q2

f b; cð Þ
a@q1 t c@q2s













r

;
a;c@

2
q1 ;q2

f a; dð Þ
a@q1 t c@q2s













r

;

( 

� a;c@
2
q1 ;q2

f b; dð Þ
a@q1 t c@q2s













r)!1

r

: ð3:39Þ

Now using the properties of supremum and Lemma 1, we get
the required result from (3.39). h

Theorem 9. Let f : K#R2 ! R be a twice partially

q1q2-differentiable function on K� with 0 < q1 < 1 and

0 < q2 < 1. If partial q1q2-derivative
a;c@

2
q1 ;q2

f

a@q1 t c@q2 s
is continuous and

integrable on a; b½ � � c; d½ �#K� and
a;c@

2
q1 ;q2

f

a@q1 t c@q2 s




 


r1 is convex on

co-ordinates on a; b½ � � c; d½ � for r1 > 1, then the following
inequality holds

!q1 ;q2 a;b;c;dð Þ fð Þ

 

6 q1q2 b�að Þ d�cð Þ
1þq1ð Þ 1þq2ð Þ Aq1 r2ð ÞAq2 r2ð Þ� � 1

r2

� sup
a;c@

2
q1 ;q2

f a;cð Þ
a@q1 t c@q2 s












; a;c@

2
q1 ;q2

f b;cð Þ
a@q1 t c@q2 s












; a;c@

2
q1 ;q2

f a;dð Þ
a@q1 t c@q2 s












; a;c@

2
q1 ;q2

f b;dð Þ
a@q1 t c@q2 s














( )
:

ð3:40Þ
Proof. With the similar reasoning as in proving (3.38), we

notice that

!q1 ;q2 a;b;c;dð Þ fð Þ

 

6 q1q2 b� að Þ d� cð Þ
1þ q1ð Þ 1þ q2ð Þ

�
Z 1

0

Z 1

0

1� 1þ q1ð Þtð Þ 1� 1þ q2ð Þsð Þj jr1 0dq1 t 0dq2 s

� � 1
r1

�
Z 1

0

Z 1

0

a;c@
2
q1 ;q2

f 1� tð Þaþ tb; 1� sð Þcþ sdð Þ
a@q1 t c@q2 s













r2

0dq1 t 0dq2 s

 ! 1
r2

:

ð3:41Þ
Using the properties of the supremum, the quasi-convexity of

a;c@
2
q1 ;q2

f

a@q1 t c@q2 s




 


r on a; b½ � � c; d½ �, (3.35) and (3.36), we get (3.40). h

Remark 6. As q1 ! 1� and q2 ! 1� in Theorems 8 and 9, we
get the corresponding results of classical calculus of functions
of two variables.
4. Conclusion

In this manuscript partial q1q2-derivative and definite q1q2-
integrals over the finite rectangles are discussed for the first
time. Some q-analogues of integral inequalities for functions

of two variables are presented using the notion of q-calculus
of functions of two variables over the finite rectangles and the
concept of two types of convexity on co-ordinates. The results
of this paper have very clear physical understanding of mini-

mizing the error bounds in the two variable trapezoidal rule.
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Özdemir, M.E., Akdemir, A.O., Ağri, Yildiz, C., Erzurum, 2012. On

co-ordinated quasi-convex functions. Czechoslovak Math. J. 62

(137), 889–900.
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